Electronic Journal of Differential Equations, Vol. 2011 (2011), No. 98, pp. 1-13.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A
SINGULAR SEMILINEAR ELLIPTIC PROBLEM IN R?

MANASSES DE SOUZA

ABSTRACT. Using minimax methods we study the existence and multiplicity of
nontrivial solutions for a singular class of semilinear elliptic nonhomogeneous
equation where the potentials can change sign and the nonlinearities may be
unbounded in z and behaves like exp(as?) when |s| — +oco. We establish the
existence of two distinct solutions when the perturbation is suitable small.

1. INTRODUCTION

In this article, we consider the semilinear elliptic equation

—Au+V(z)u= W—i—h(x) in R?, (1.1)
where a € [0,2), the functions V,g : R? — R and f : R — R are continuous with
f(0) = 0 and h € (H*(R?))* = H~! is a small perturbation, h # 0. We are
interested in finding nontrivial solutions of (1.1 when the nonlinearity f(s) has
the maximal growth which allows to treat ariationally in the Sobolev space
HY(R?).
On the potentials we assume the hypothesis
(V1) There exist D > 0 such that V(z) > —D, for all z € R?;
(V2) M = infuep oy lullE/ul3 > 0;

where E is the following subspace of H'(R?)

E={ue H'(R?: / V(z)u® dz < oo},
RQ

which is a Hilbert space endowed with the scalar product
(u,v)g = / [Vu - Vo + V(z)uv]dz
R2

to which corresponds the norm ||lul|g = (u, u>}5/2 (see [IT7, Lemma 2.1 and Proposi-

tion 3.1]). Here, as usual, H'(R?) denotes the Sobolev spaces modelled in L?(R?)
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2 MANASSES DE SOUZA EJDE-2011/98

with norm
9 9 1/2
fula = ( [ (VP +1uP) az)
R2

To ensure the continuous imbedding of E into H'(R?), we assume the condition
(V2) on the first eigenvalue of the operator A = —A + V(x) (see [I7, Proposition
2.2]).

We use the following notation: if 2 C R? is open and s > 2, we set

24V 21d
uweHL(Q)\{0} (Jo luf* da) /s

and we put vs()) = oo. To obtain a compactness result, we shall consider the
following assumptions:

(V3) limp_o vs(R?\Bg) = co.

(V4) There exist a function K(x) € L{ (R?), with K(z) > 1, and constants

a > 1, ¢y, Ry > 0 such that
K(x) < co[L+ (V* (@),
for all |z| > R, where V*(z) = max,cg2{0, V(x)}.
It is also well known that assumptions (V3)—(V4) imply that the imbeddings of E
into L9(R?) are compact for all 2 < g < oo (see [17, Proposition 3.1]).

Concerning the function g, we assume that it is strictly positive and does not
have to be bounded in x provided that the growth of g is controlled by the growth
of V(z). More precisely:

(H1) There exists ag, by > 0 such that ag < g(z) < boK(z) for all z € R%.
Moreover, we suppose that f(s) satisfies the following conditions:

(H2) lim,_o £ = 0.

S

(H3) There is a number g > 2 such that for all s € R\{0}

0 < pF(s):= u/osf(t)dt < sf(s).

Motivated by Trudinger-Moser inequality (see [14] [19]) and by pioneer works of
Adimurthi [I] and de Figueiredo et al. [6] we treat the so-called subcritical case,
which we define next. We say that a function f(s) has subcritical growth at +oo if
for all 3 >0

fel_ (1.2)

Is|—>too €59
Throughout this paper, we denote by H ! the dual space of H*(R?) with the usual

norm ||+ ||z-1.
Next we state our existence result.

Theorem 1.1. If f(s) has subcritical growth at +oo and (V1)-(V4), (H1)-(H3)
are satisfied then problem has a weak solution with positive energy if h = 0.
Moreover, if h # 0, there exists 6 > 0 such that if |h||g-1 < &, problem has
at least two weak solutions. One of them with positive energy, while the other one
with negative energy.

The results in this paper were in part motivated by several recent papers on
elliptic problems involving exponential growth. See for example de Souza [7] for
the singular and homogeneous case, Giacomoni-Sreenadh [13] for the singular and
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nonhomogeneous case, do O et al. [12] and Tonkes [I8] for the nonsingular and
nonhomogeneous case, Cao [5], de Figueiredo et al. [6] and do O [II] for the
nonsingular and homogeneous case. Our paper is closely related to the recent
works of do O et al. [12] and Rabelo [I5]. Indeed, we improve and complement
the results in do O et al. [I2] for the subcritical case in the sense that we use
nonlinearities unbounded in z and potentials which can change sign. Moreover in
[12] was studied the existence and multiplicity of weak solutions of in terms
of the Trudinger-Moser inequality for the nonsingular case. We point out that ours
results are closely related with results in [3] [7), 8] @] [10].

The proofs of our existence results rely on minimization methods in combination
with the mountain-pass theorem. In the subcritical case we are able to prove that
the associated functional satisfies the Palais-Smale compactness condition which
allow us to obtain critical points for the functional. As a consequence we can
distinguish the local minimum solution from the mountain-pass solution.

Remark 1.2. The study of such a class of problem has been motivated in part
by the search for standing waves for the nonlinear Schréodinger equation (see for
instance [4] and [16])
0 )
z’aif = —Ap+ W(z)p — G| — eML(x), =€R?
where 1) = 9(t, ), 9 : Rx R? — C, X is a positive constant, W : R? — R is a given
potential and for suitable functions G : Rt — R, L:R? — R.

This article is organized as follows. Section [2] contains some preliminary results
including a singular Trudinger-Moser inequality. In Section [3| contains the vari-
ational framework and we also check the geometric conditions of the associated
functional. In Section [4] we prove some properties of the Palais-Smale sequences.
Finally, in section [l we complete the proofs of our main results.

2. PRELIMINARY RESULTS

Let Q be a bounded domain in R?, we know by the Trudinger-Moser inequality
that for all 3 > 0 and u € HL(Q), e?* € L*(Q) (see [14, 19]). Moreover, there
exists a positive constant C' such that

sup / P Az <19 if f < A4,
wEHL(Q) : [|Vull2<1 /0

where |2 denotes Lebesgue measure of . This inequality is optimal, in the sense

that for any growth e’ with B > 4w the correspondent supremum is infinite.

Adimurthi-Sandeep [2] proved a singular Trudinger-Moser inequality, which in the

case N = 2 reads:

Bu?
/ —T o <00 forallue H(Q), B> 0,
Q |
where () is a smooth bounded domain in R? containing the origin and a € [0,2).
Moreover, there exists a positive constant C'(, a) such that
2

Bu
sup / e—adx < C(B,a)? ifand onlyif fG/4r+a/2<1. (2.1)
w€HY(Q):||Vul2<1JQ |z|
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Here we shall use the following extension of these results for the whole space R?
obtained by Giacomoni and Sreenadh in [I3] (see also [7]):

Lemma 2.1. If 3> 0, a € [0,2) and u € H*(R?) then
Bu® _ 1
/ udm < 00. (2.2)
Rz |z|®

Moreover, if B/4m + a/2 < 1 and ||u||2 < M, then there exists a positive constant
C =C(B,M) such that

Bu® _
sup / ud:v <C(B,M). (2.3)
[Vula<1Jrz  |Z]®

Our choice of the variational setting E ensures that the imbedding is continuous
in H'(R?) and compact in L*(R?), for s > 2 (see [I7, Lemma 2.1 and Proposition
3.1]). This lemma in [I7] provides a inequality which will be needed throughout
the paper:

lullg > C/ [Vul? da, (2.4)
R2
for some ¢ > 0 and for all u € F.

Lemma 2.2. Let 8 > 0 and r > 1. Then for each 6 > r there exists a positive
constant C = C(0) such that for all s € R

(7 — 1) < O —1).

In particular, for r € [1,a), we have that K(x)"
all u € HY(R?).

belongs to L'(R?) for

Proof. The proof of the inequality above is a consequence of L’Hospital Rule (see
[12, Lemma 2.2] for a proof). Now, as K(z) € L (R?), for R > 1 we have that

loc

R2 ||

Bu” _ 1)
< Cl/ udx —|—/ K(z) (e —1)"dz
|z|<R |lz|>R

opu” 1 2
< 02/ e -1 dz + 03/ K(z)" (e’ — 1) da.
|lz|<R |z|>R

From Lemma [2.1| it follows that the first term is integrable. To estimate the other
term, we note that

xreﬂﬁzf_ T = S (aﬁ)m JZT’U,Qm T
[ K@ —ar= 32 B0 [ wy e ar

m=1

By (V4) and Holder inequality, we have

/ K(2)"|u*™ dz

<Callalf+Cs [ (V@) P ds

|z[>Ro
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/ (a=r)/
vV (2)|ul? dm]r a[/ |u|2(ma—r)/(afr)} o a.

(E|>R0

< Callulgy + s | |

‘(E|>R0

By (V2) and the continuous imbedding E < L*(R?), for all s > 2, we can conclude
that

/ K () [uf*™ dz < Cllul2™.
]RZ

Thus, we obtain

Bu? 1)
K(z rle ) dz
R? ||
of oby CZ - (08]1ul1%)
< 1/ x + U 2.5
lz|<R |$|a P (25)
(@%u2 —-1) 2
< Cl/ ———dz +C [exp (96||u||E) - 1] < 00,
|z|<R 2|
which completes the proof. (I
Corollary 2.3. Ifv e E, 3> 0, ¢ >0 and |v]|g < M with ﬁﬁg +§ <1, then
there exists C = C(8, M, q,() > 0 such that
Bv® _ 1
k@ ar < ool
R2 ||
Proof. By Holder inequality,
(™ ~1) M VR
K(@)lo|t == de < ol | [ K V)" 2
R? || |z

where r > 1 is close to 1 and s=r/(r—1). Now we consider 6 > r close to r such

that ef% + % < 1. By (2.5) and Lemma! we have that

2

BV _
K(m)|v|qg dz

R2 ||
08M2 v 2
3 vau) —1 1/r (2.7)
<{of l ety fexp (09212) 1} ol
|z|<R ||
< Csllv||%-
(I

To show that the weak limit of a Palais-Smale sequence in E is a weak solution of
(1.1) we will use the following convergence result, which is a version of Lemma 2.1
in [6].

Lemma 2.4. Let Q C R? be a bounded domain and f : R — R a continuous
function. Then for any sequence (uy,) in L' () such that u, — u in L' (),

g(x)fgu’n) c LI(Q) G/I’Ld / g(x)‘f(qj‘n)unl dZC S Cl;
|| Q |z|
up to a subsequence we have

9(@)f(un) 9@ () g

|| ||
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Proof. 1t suffices to prove

9@ )l ([ o))l
/Q E / e

Since u, g(z) f(u)/|z|* € L*(Q), for each € > 0 there is a § > 0 such that for any
measurable subset A C €,

/ |u|dz < e and / lo(@)f ()] de <e if |4 <o. (2.8)
A Azl

Next using the fact that u € L'(Q2) we find M; > 0 such that
{x € Q:|u(z)] > M} <4 (2.9)

Let M = max{M;,C;/e}. We write
[l g [ B gy,
o lz[° o |z

where

lg(2) f(un)|
I, = —— 2 duz,
: /[un>M] !

||

_ o) ()], 9 ()|
T ’/Hun<M] || /[lu<M] || 7
lg(z) f(u)]
I3, = 7 dx.
i /[lu>M] ’

||
Now we estimate each integral separately.
ha- [ el [ il O
[lun|>M)] [lun|>M]

’ ||

From (2.8) and (2.9), we have I3, <e.

Next we claim I5,, — 0 as n — 4o00. Indeed,

< ’/ X[|un|<M](|g(w)f(un)lfIg(fv)f(U)l)dw’
2,n > 0 |$|a
(Xjunl<rr) — Hu<an)lg(2) f ()]
+ ’/Q ] dx’

and gn(r) = Afju,|<an(9(2) f(un)l — |g(x)f(u)]) — 0 almost everywhere in Q.
Moreover,
(@) < 4 19@F@] i fun @) = M,
C+lg(@)f(w)| if |un(@)] < M,

where C' = sup{|g(z)f(t)| : (x,t) € Q x [-M, M]}. So, by the Lebesgue dominated
convergence theorem, we obtain

‘/ Mjun<2) (|9(2) f (un)| — 1g(2) f(w)])
Q

2o dz| — 0 asn — oo.
T

Moreover,

{zeQ:|up(z)| < MI\{z €Q:|ulx)| <M} C{ze:|ulz) > M}
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Hence by (2.8),
’/ | <M] — X[|u\<M])\g(fv)f(U>|dx‘ S/ \g(w)f(U)ldxq’
[

||

which completes the proof. O

3. THE VARIATIONAL FRAMEWORK

We now consider the functional I given by

I(u) = E/R’z [\Vu\z + V(x)uﬂ dx f/ Mdz - /R2 h(z)udz. (3.1)

2 Rz |7

Under our assumptions we have that I is well-defined and is C' on E. Indeed, by
(H3), given € > 0 there exists § > 0 such that |f(s)| < e|s| always that |s| < .
On the other hand, for 8 > 0 we have that there exists C' > 0 such that |f(s)| <
C(e?** — 1) for all s > §. Thus

[F()] < els] + Ca(e™ —1), (3.2)
for all s € R. By (H1), (H3), (V4) and Holder inequality, we obtain
F K (z)u? K pu
[ LI TP C U CLEI P
R2

|| R |2 R2 ]

u?
< Cl/ dw—f—e/ K(z)u?da
‘ |z|>1

z|<1 ‘x|a

B 1) 1
+Cg||u|s[/RQK(x)r(>dx} |

|x|ar

where r € [1,a) and s = r/(r — 1), with ar < 2. Considering the continuous
imbedding E < L., (R?) for s > 2, a € [0,2) and Lemma [2.2} it follows that
g(z)F(u)/|z|* € L*(R?) which implies that I is well deﬁned

Next, we show that [ is in C' on E. Indeed, letting N (u) = [po g(2)F(u)/|z|* dz,

we have by dominated convergence theorem that
(1'(0),6) = {u.6) — limg 1 [N(u+16) = N(w)] — [ h(w)ods
R2
= (u,¢)E—/ Mdm— h(z)¢dx,
R? R2

||
for all ¢ € E. As I'(u) is linear and bounded, it suffices to show that the Gateaux
derivative of I is continuous. It is clear that the first and last term are C'. Hence,
it remains to prove that N is C'. Let u, — u in E. By Proposition 2.7 in [12],
there exists a subsequence (uy, ) in E and ¢(x) € H'(R?) such that u,, (z) — u(x)
and |uy, (7)] < £(z) almost everywhere in R2. Given ¢ € E, we define

9(@) f(un, (2))&(x)

||

an (l') =

Then
H,, (2) — H(z) = 20/ (W0))

= T almost everywhere in R2.
x
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Using (3.2) and Lemma we obtain that H,, (z) is integrable, it follows by
dominated convergence theorem that

lim H, (z)dz = H(x)dz.
k—oo JR2 R2

Thus, for each § € E with ||§||g = 1, we obtain
[N (u,) = N'(u)||p- = lim - sup [(N'(up, ) = N'(u), €)]

k=00 |j¢|| p=1
— sup lim 9(@)[f (un,) = f(u)]€ d
gl z=1 k=00 JRr2 ||

r=0

and the proof is complete.
The geometric conditions of the mountain-pass theorem for the functional I are
established by our next two lemmas.

Lemma 3.1. Suppose that (V1)-(V2), (V4), (H1)-(H3) and ( are satisfied.
Then there exists & > 0 such that for each h € H'(R?) with ||hHH 1 < 4, there
exists pp, > 0 such that

I(u) >0 whenever ||u|lg = pn.
Proof. In the same manner that (3.2)) was obtained, we can see that
2
[f(s)] < els| + Culs|*(e” — 1), (3.3)

with ¢ > 2. Thus, considering the continuous imbedding F — L%(m)(RQ) for s > 2
(see [I7, Proposition 3.1]), we obtain for € > 0 sufficiently small

1 K(x)u? K (z)[u]tt (P — 1
I(u) > 5”’&”215 _8/2 (a:|zl dz — C - (@)lul |x§l )dx - /R2 h(z)udx
K (z)|ultt (P — 1
> ( e)lullf - Ch / )l PO )dx— . h(z)udz

and since 2 47r( + § < 1if |lu|| g < o is sufficiently small, we can apply Corollary .
to conclude that

1 1
I(u) 2 (5 = &) lulls = Cllull g™ = 1Al lulle-

Thus there exists pp > 0 such that I(u) > 0 whenever ||u||g = pp and ||h||g-1 is
sufficiently small. Indeed, for € > 0 sufficiently small and ¢ > 2, we may choose
pr > 0 such that
1
(5 —&)pn — Cip} > 0.
Thus, for ||h||g-1 sufficiently small there exists pp > 0 such that I(u) > 0 if
lull2 = pn- O

Lemma 3.2. Assume that (H1), (H3) and (1.2)) are satisfied. Then there exists
e € E with |le|l|g > pn, such that

I(e) < inf I(u).

llwll=pn
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Proof. Let u € E\{0} with compact support and v > 0. Integrating (H3) we obtain
that there exist ¢,d > 0 such that

F(s) >ecs* —d
for all s € R. Thus, denoting K = supp(u) and using (H1), we have that

il - tu/ g<>| da +d/K|<”|ijd —t/ h(e)udz

5||u||E Clt”/ —dx+02 (K]) - /h Juda,

I(tu)

| /\

| /\

for all ¢ > 0, which implies that I(tu) — —o00 as t — 00. Setting e = tu with ¢ large
enough, the proof is complete. O

To find an appropriate ball to use a minimization argument we need the following
result.

Lemma 3.3. If f(s) satisfies (1.2) and h # 0, there exist n > 0 and v € E with
lv|e =1 such that I(tv) <0 for all 0 < ¢ < n. In particular,

inf I(u) <O
llul<n (w)

Proof. For each h € H~', by applying the Riesz representation theorem in the
space E, the problem
~Av+V(zx)v=h, zcR?

has a unique weak solution v in E. Thus,
/ h(z)vdz = |[v]|% >0 for each h # 0.
R2

Since f(0) = 0, by continuity, it follows that there exists 17 > 0 such that

%I(tv) = tl|v]|% — /]R? de - /11@2 h(z)vdx <0,

for all 0 < ¢t < n. Using that I(0) = 0, it must hold that I(tv) < 0 for all
0<t<n. ([l

4. PALAIS-SMALE SEQUENCES

To prove that a Palais-Smale sequence converges to a solution of problem (|1.1))
we need to establish the following lemma.

Lemma 4.1. Assume (H3) and that f(s) satisfies (1.2)). Let (u,) in E such that
I(uy) — ¢ and I'(u,) — 0. Then ||lu,||p < C,

JRC T Py C TR P
R? ¢ B R? -

]

Proof. Let (u,) C E be a sequence such that I(u,) — ¢ and I'(u,) — 0, that is,
for any ¢ € E,

}u2— ()()x— T)updr = ¢
shually = [ 25 ar— [ b dr = e+, (11)
and
9(x) f(un)ep
’ R2[VunV<p+V(x)un<p] dac—/]R2 de /]R2 h(x)cpdx’ <enllolle, (4.2)
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where §,, — 0 and ¢, — 0 as n — oo. Taking ¢ = u, in (4.2) and using (H3), we
have

ple+6,) +enllunlle + (u— 1)/ hz)uy, dz
R2

H g(@)[F (un) — f(un)un]
> (5 = Dl - [ - do
2 2 ‘l‘|
1
> (B )y
Consequently, ||u,||g < C and by (4.1) and (4.2), we obtain

/ 9@ (n) 4 < ¢ and / gl wn)un] 4,
R2  |z|® B R? || B

O

Corollary 4.2. Let (uyn) a Palais-Smale sequence for I. Then (uy) has a sub-
sequence, still denoted by (un), which is weakly convergent to a weak solution of

TI).
Proof. Using Lemma[f.1], up to a subsequence, we can assume that u,, — u weakly
in E. Now, from (4.2)), taking the limit and using Lemma we have
/ (VuVe + V(z)up)dz — / Mgpdx - h(z)pdz = 0,
R2 R2

| R?
for all ¢ € C§°(R?). Since C§°(R?) is dense in E, we conclude that u is a weak

solution of (1.1)). d

5. PrROOF OF THEOREM 1.1

Let (uy) in E such that I(u,) — ¢ and I'(u,) — 0. We will use the Mountain-
Pass Theorem to obtain a nontrivial solution of (1.1)). Since

. PO (up, — u) dz,

we have that the Palais-Smale condition is satisfied if

@)~ f),
lim /R2 (up, —u)d 0.

n—oo ‘mla
By (3.2) and Hélder inequality, we conclude that
/ 9(@)[f (un) — f(u)]
R2

||

<c / K ()2 ([tn] + fu]) fn — u] dz
R?

|ty — u| dz

vo [ K@= @ =)

R? || ||

< [ K@l + ), ~ ] do
R2

Jun — u| d

B ) (B _ 1) 1r
+02Hun—u||s{/R2 K(z)r[( - )" — ) ]d:r}
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with 7 > 1 close to 1 such that ar < 2 and s = r/(r —1). Since f(s) has subcritical
growth and E < L*(R?) is compact for s > 2, the second term converges to zero.

Now, to estimate the other term we will use Holder inequality, Young inequality
and that |Ju,||g < C, thus we obtain

/ K@)l (] + ), — ] do

( K@l (o [ K@)l dx)l/Q( 2 K (@)|up — uf? dx)lﬂ
R

\II“ R |z|®

1/2
{ o ||t — ul|? + / K(z)|u, — ul? dx} .

(5.1)
Using (V4), we have
K(z)|u, — uf*dz
R2
_ / K (2)|un — uf? dz + / K(@)|un — uf? de
|z|<Ro lz|>Ro
< max {K(x / U — ul? dz 2
\EISRU{ ()} ens |un — ul (5.2)
+/ coll + (VF (@) *]jun — uf® de
|z|>Ro
<Cflun—ulf+ [ V@)Y~ uf? da},
[z]>Ro
By Holder inequality, we obtain
/ V()Y Y, — uf? de
|w‘>R0 (5 3)

1/a (a—1)/c
< {/ V+(m)\un _ ’LL|2 dx} [/ |y, — u|(2a—2)/(a—1) dx]
|z|>Ro |

z|>Ro
and by (V1), we have

/ V() |uy, — ul da
|z|>Ro

= V(z)|un —u|2dx—/ V(z)|un —u\Qdm—/ V= (2)|uy — uf? da
R2 |z|<Ro |z|>Ro
< / [|V(un —w)* + V() |u, — u|2] dx
R?
From (5.3, (5.4) in (5.2)) and using (V3), we obtain

K(z)|u, —ul*da
R2

1/« 20—2)/a
< C{Jlun — ull + (fun — ulE + Dllun —ull)" lun — ull o300y} (5:5)

(5.4)

-D « « (073 (073
< O{ffun —ul3+ (1+ )" 7 lun — ull G2y}

[ = ullg
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Thus, by (5.1),
/R K@)l (unl + )ty — ]

2/a 2(a—1)/ay1/2
< C{Collun — ul)? + [Jun — |3 + Csllun — ull 2™y, — 3D/},

By compact embedding of E in L*(R?) for any s > 2, we obtain
/ K(x)|z|”*(Jun| + |u|)|un —u]dz — 0 as n — 4oc.
R2

Hence the Palais-Smale condition is satisfied. Therefore, the functional I has a
critical point up; at minimax level

ey = inf Jnax I(y(t)) > 0,

I = {y € C(E,R): 7(0) = 0, (1) = e},

On the other hand, if h # 0, then we obtain a second solution of with negative
energy. Indeed, let py be as in Lemma Since Eph is a complete metric space
with the metric given by norm of E, convex and the functional I is of class C' and
bounded below on Eph, it follows by Ekeland variational principle that there exists
a sequence (u,) in B, such that

I(uy) —co= inf I(u) and |I'(un)|g — O. (5.6)

llulle<pn

We now apply the argument above again to conclude that (|1.1)) possesses a solution
ug such that I(ug) = ¢y < 0.
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