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NONTRIVIAL SOLUTIONS FOR NONLINEAR PROBLEMS
WITH ONE SIDED RESONANCE

GEORGE SMYRLIS

ABSTRACT. We find nontrivial smooth solutions for nonlinear elliptic Dirichlet
problems driven by the p-Laplacian (1 < p < o0), when one sided resonance
occurs at the principal spectral interval.

1. INTRODUCTION

Let Q C RY (N > 1) be a bounded domain with a C2-boundary 9€2. We consider
the nonlinear Dirichlet problem

—Apu(z) = f(z,u(z)) a.e. in Q,

u|aQ =0.

(1.1)

Here A, denotes the p-Laplacian differential operator defined by
Ayu(z) = div(||Du(2)|[P"2Du(z)), where 1 < p < occ.

The aim of this article is to derive nontrivial smooth solutions for (L.1)), when one
f(z,2)

z|P—2z
lies in the principal spectral interval [A1, A\2) and possibly interacts A;. Herel)\‘l, A2
are the first and the second eigenvalue respectively of the negative p-Laplacian with
Dirichlet boundary conditions, denoted henceforth by —AE .

Starting with the celebrated paper of Landesman-Lazer [I1], many authors have
proved existence results for resonant elliptic boundary-value problems (see, e.g.
[3, B M2] 191 20] 2T, 22] and the references therein). These works have established
the existence of one solution or one nontrivial solution or multiple solutions of ,
under Landesman-Lazer (LL)-type conditions on the nonlinearity. For the use of
the minimax method or the degree theory, one can refer for example to [3], [12],
[19]. Another method used to deal with the resonance problem is the well-known
Morse theory (see, e.g. [ 12, 22]). Leray Schauder degree theory and saddle point
theorem are also used to deal with the resonance problem when the nonlinearity is
unbounded (see, e.g. [20, 21]).

sided resonance occurs. Namely, asymptotically as |x| — oo, the quotient
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In the present work we do not use LL-type conditions and our hypotheses are
in principle easier to verify. Our approach combines variational methods based on
the critical point theory, together with techniques from Morse theory.

2. MATHEMATICAL BACKGROUND

Let X be a Banach space and X* its topological dual. By (-,-) we denote the
duality brackets for the pair (X, X*). By “ % ” and “ — 7 we denote the weak
and strong convergence respectively, on X.

We say that amap A : X — X*isof type (5)4, if for each sequence {z,, }n>1 € X
such that

T, % xin X and limsup(A(z,),z, —z) <0,

n—oo
one has r,, — = in X.

Let Q@ C RY (N > 1) be a bounded domain with a C%-boundary 9. In the
analysis of problem (L)), we will use the Sobolev space Wy (Q) (1 < p < o)
which is the closure with respect to the Sobolev norm of the linear space

C&(ﬁ) = {u € Cl(ﬁ) : u|aQ = 0}.
Let A: W, P(Q) — (WyP(Q))* be the operator, defined by

(A(z),y) = /Q | Dz(2)||P~2(Dx(2), Dy(2))g~ dz, for all z,y € Wol’p(Q).

Then A is of type (S);. (Here (-,-)g~ denotes the usual inner product in RY and
Dz is the gradient of x).

Next, let us recall a few basic definitions and facts from critical point theory and
from Morse theory.

Let ¢ € C'(X). We say that ¢ satisfies the Palais-Smale condition, if every
sequence {z,}n>1 C X such that

sup [o(z,)| < oo and ||¢'(zn)]|« — 0, asn — oo,
n

has a strongly convergent subsequence.

A similar compactness condition which is weaker than PS-condition is the Cerami
condition. Namely, we say that ¢ satisfies the Cerami condition, if every sequence
{zn}n>1 € X such that

sup |p(zn)| < oo and (14 [|znl)][¢'(@n)l« — 0, asn — oo,

admits a strongly convergent subsequence.
For each ¢ € R, we introduce the sets

¢ ={x e X :9(x) <c} (thesublevel set of p at c)
K,={z€ X :¢(x) =0} (the critical set of ).

Let (Y1,Y2) be a topological pair with Y3 C Y> C X. For every integer k > 0,
by Hy(Y2,Y1) we denote the kt'-relative singular homology group of (Y3, Y2) with
integer coefficients. Special case: Hy(X,0) = 65 0Z,k > 0.

If xo € X is an isolated critical point of ¢ with ¢(xg) = ¢, then the critical
groups of ¢ at xg are defined by

Crlp, o) = Hi (¢ NU, e NU\ {zo}) forall k >0,
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where U is a neighborhood of z¢ such that K, NN U = {xo} (see [3, [16]).
The excision property of singular homology implies that the above definition is
independent of the particular neighborhood U we use.

Now, suppose that ¢ € C*(X) satisfies the Palais-Smale or the Cerami-condition
and inf p(K,) > —oo. Let ¢ < inf ¢(K,). The critical groups of ¢ at infinity are
defined by

Cr(p,00) = Hi(X, ) forallk >0
(see []).

The second deformation theorem (see, e.g. [7]) implies that this definition is
independent of the particular choice of the level ¢ < inf ¢(K,).

If Ci(p,00) # 0, for some k > 0, then there exists a critical point x € X of ¢,
such that Ci(p,x) # 0.

Finally, let us recall some basic facts about the spectrum of the negative Dirichlet
p-Laplacian with weight m, denoted by (—Af, m). So, let

L>(Q); = {m € L*(Q) : m(z) >0 a.e. in Q},
let m € L*>°(Q2)4+ \ {0} and consider the weighted nonlinear eigenvalue problem
—Aju(z) = Am(2)[u(z)|P"%u(z), ae. inQ,

- (2.1)
u‘ag =0, AeR

By an eigenvalue of (_Az]? ,m) we mean a real number X, such that has a
nontrivial solution w. Nonlinear regularity theory (see e.g. [7, pp. 737-738]) implies
that u € C3(Q). The least X € R for which has a nontrivial solution is the
first eigenvalue of (—A[,m) and it is denoted by Xl(m). We recall some basic
properties of A; (m):

° :\\1 (m) > 0.

e \i(m) is isolated (i.e., there exists £ > 0 such that (A;(m),A\;(m) + ¢)
contains no eigenvalues).

o\ (m) is simple (i.e., the corresponding eigenspace is one-dimensional).

. Xl(m) is characterized by the Rayleigh quotient:

~ Du|?
Ai(m) = il’lf{fHu”p
Q

: WP (Q 0!}.
m\u|pdz u € 0 ( )7“3’_é }

The above is attained on the one dimensional eigenspace of Xl(m). Let uy be a
normalized eigenfunction of \;(m), i.e.,

/ m|uy|Pdz = 1.
Q

We already know that u; € C3(Q) and from the Rayleigh quotient, it is clear that
i, does not change sign, so we may assume that @;(z) > 0, for all z € Q. Using
the nonlinear maximum principle of Vazquez [23], we obtain that u;(z) > 0, for all
z € Q. It turns out that for each A\ (m)— eigenfunction u we have that u(z) # 0,
for all z € Q. For more details we refer for example to [I1 [7, 14} [15].

Since —Af is (p—1)-homogeneous operator, the Ljusternik-Schnirelmann theory

implies that we have a whole strictly increasing sequence {Xk (m)}r>1 of eigenvalues
such that

~

Ax(m) — 400, ask — 400
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(see [6]). These eigenvalues are called the “LS-eigenvalues” of (—AZ, m).

We know that :\\z(m) is the second eigenvalue of (—AL m); ie., /)\\g(m) > :\\1(m)
and there are no eigenvalues between A;(m) and Aa(m).

Viewed as functions of the weight m € L>®(Q), \ {0}, the eigenvalues A;(m)
and Xg(m) are continuous functions and exhibit certain monotonicity properties,
namely:

o If m(z) < 171(2), a.e. on Q, with strict inequality on a set of positive
measure, then A () < Ay (m).
o If m(z) < m(z), a.e. on €, then Ay(m) < Aa(m) (see [2]).

Special cases: If m = 1, then we write )\k(m) = Mg,k > 1 and Ay is the k-th
eigenvalue of the negative Dirichlet p-Laplacian _A;l? .

If m = A\ for some k > 1, then clearly Xk()\k) =1.

3. MAIN RESULT

In this section we establish the existence of at least one nontrivial smooth solution
of the problem , when one-sided resonance occurs at the principal spectral
interval [A1, Ag) of —Af.

The hypotheses on the reaction f(z,x) are:

(H) f: QxR — R is a Carathéodory function such that f(z,0) =0 for a.a. z € Q,
(i)
f(z,2)] < a(z) + er|zP~
for a.a. z € Q, all € R, with @ € L>®(Q)4,¢; > 0.

(i)

A1 < liminf —

HEE RS (CF)

|—2

< A2, uniformly for a.a.z € Q.

(ili) If F(z,2) = [; f(z,s)ds, then
lim [f(z,2)x — pF(z,2)] = +oo, uniformly for a.a.z € Q.

|z|—o0

(iv) There exist 7,0 € (1,p), do > 0, ca > 0 such that for almost all z € Q and
for all |z| < g, we have

F(z,x) > ealz|”, oF(z,2) > f(z,z)x.

Note that Hypothesis H(ii) implies that we have one-sided resonance at the
principal spectral interval [\, A2) of _Az?' On the other hand, hypothesis H(iii)
enables us to avoid conditions of Landesman-Lazer type which are usually imposed
on the nonlinearity when one deals with problems at resonance.

Remark 3.1. Each weak solution u € W,"”(Q) of problem (T.1) is smooth; i.e.,
u € CY(Q). This follows from the nonlinear regularity theory (see [10], [13]) and
from the fact that the function « in hypothesis H(i) lies in L>(€)4.

Example 3.2. The following function satisfies H(i)-(iv) (for the sake of simplicity,
we drop the z-dependence):

M|zlP 2%z — |z|7 22, if |z >1
f(@:{ e | o

AMlz|" 22 — |z|P722, if|z] <1

)
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with 1 < 7 < p < oo. Indeed, H(i) is easily checked whereas lim ;|00 ‘xj‘c& =)\

P2y
and hence H(ii) holds. Moreover, for |z| > 1 and for some ¢35 > 0 we have

xf(x) — pF(x) = (g —1Dx|” —e3 — +o00, as x| — 0
and thus, H(iii) also holds. Finally, to obtain H(iv) choose
o€ (r,p), c€(0, %) and dp € (0,1) with 677 < p(7 — o).
Then for |z| < dg we have

oF () =2 f(@) = \(C = DIl + (1= 2)lal? 20,

|| |z[P"

= Doy - L o

T p

In [20], f(z) is unbounded for x < 0 and bounded for > 0. For the function f
defined above we have that f(400) = +o0.

Now we set g(x) = f(x) — A\1]|z|P~ 22,2 € R. Under the classic versions of the LL
- conditions, the limits g(+o00) are real numbers (see for example [3], [11]). Unlike
these works, the above defined function g satisfies g(+o00) = Foo.

Moreover, generalized LL - conditions are used in [12] 19, 2T),22] in the semilinear
case (p = 2). In all these works, the function g satisfies the following condition:

For each sequence {w,} C W, *(Q) with

F(z)

A
) = cal|".
-

HwnH — 00, ||P1wn|| —1,
[[wnl
we have that
Prw,(2)

limsup/ W (2))7=——dz > 0,
where P is the projection operator from WO1 2(Q) onto the principal
eigenspace of —AP.

In our example this condition fails. To see this, let u; be the normalized positive

smooth principal eigenfunction of —Af and set w, = nuy, n > 1. Clearly, ||w,| —

oo and ||Pywy]|/||wn] = 1, for all n > 1 (note that for p # 2, the projection P; is

still well defined). On the other hand, for all n > 1/ ming 4; we have

len(z)

g(wn(2))oLdy = —n" ! / u1(2)"dz — —o0, asn — oo.
/Q ([ Prown | Q

We introduce the energy functional
1
o(u) = §||Du||g — / F(z,u(z))dz, we€ Wol’p(Q).
Q

Under hypothesis H(i), ¢ € C'(W,*(Q)) and each weak solution of the problem
is a critical point of .

Since f(z,0) = 0, a.e. in ), the origin 0 is trivially a critical point of ¢. We
search for nontrivial critical points of ¢. For this purpose, we are going to compute
the critical groups

Cr(p,0), Ci(p,0), k>0.
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First, we compute the critical groups of ¢ at infinity. In this direction, we prove
an auxiliary result which slightly extends [I8, Lemma 2.4] (the latter is formulated
in Hilbert spaces).

Proposition 3.3. Let X be a Banach space and (t,u) — hi(u) be a homotopy
which belongs to C*([0,1] x X) and it is bounded. Suppose that
(i) there exists R > 0 s.t. for all t € [0,1],

Kht QER:{{EEXZ H:L’H §R}
(ii) the maps u — Othi(u) and uw — hi(u) are both locally Lipschitz
(iii) ho and hy both satisfy the C-condition
(iv) there exist B € R and 6 > 0 s.t.
he(u) < B = (L+ [[ul)[[hi(u)lls = 6 for all t €[0,1].
Then C(hg, 0) = Ck(h1,00), for all k > 0.

Proof. By the hypothesis h € C'([0,1] x X), we know that it admits a pseudogra-
dient vector field ¥ = (vg,v) : [0,1] x (X \ Bgr) — [0,1] x X. Moreover, taking
into account the construction of the pseudogradient vector field, we know that
vo = O¢hy. Also, by definition (¢,u) — wv(u) is locally Lipschitz and in fact for
every t € [0,1], v(+) is a pseudogradient vector field for the functional h:(-). So,
for every (t,u) € [0,1] x (X \ Bg) we have

(hi(w), ve(w)) = [[Ay(w)]l3. (3.1)
The map

|Ohe (u)|

vi(u) = wi(u) € X
e =
is well defined and locally Lipschitz. Since by hypothesis (¢, u) — h¢(u) is bounded,
we can find n < 0 s.t.

X\FRBU

n < inf[h,(u) : ¢t € [0, 1], [Ju|| < R).

We choose n < 8s.t. hi # 0 or h] # 0, (if no such n can be found, then Cy (hg, o0) =
Ci(h1,00) = Hi(X,0) = 63 0Z for all k > 0 and so we are done). To fix things, we
assume that h] # () and choose y € h{. We consider the following Cauchy problem

d§
Z=w(© telol, §0)=y. (32)

Since wy is locally Lipschitz, this Cauchy problem admits a unique local flow (see
[7 p. 618]). We have

Lhel€) = (1(6), %) + Buhu(©)

dt
= (hi (&), wi(€)) + 0the(§)  (see (3-2))
< —[0the(§)] + Ophe(§) <

(see (3.1))). This implies that the mapping ¢ — hy(£(¢,y)) is non-increasing. There-
fore,

he(€(t,9)) < ho(€(0,9)) = holy) <1 < B,
= (L+ 1€ DI EE )« = 0
(by hypothesis); therefore, hy({(t,y)) # 0.
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This shows that the flow £(-,y) is global on [0,1]. Then £(1,y) is a homeomor-
phism between h{ and a subset of h]. Reversing the time (¢ — 1 — ¢), we show
that h{ is a homeomorphism to a subset of hJ. Therefore h] and h] are homotopy
equivalent and so

Hi(X,hl) = Hy(X,h)) for all k > 0,
= Ci(hg,00) = Ck(hy,00) forall k> 0.
]

To proceed, let @1 be a Aj-eigenfunction of —AL with ||, ]|, = 1. Consider the
set

V={uecW,PQ): / a2 'udz = 0}.
Q
Then V is a closed linear subspace of VVO1 P(Q) and we have
WP (Q) =R, & V.
We introduce the quantity

[ D3

)\V:inf{ :uEV,u;éO}.

[[ulls
We know that A; < Ay < Ay (see [8, Lemma 3.3)).
Let p € (A1, Av) and consider the O"-functional 1 : W, *(€2) — R defined by
1 H
P(u) = 5||Du||§j — ;Hu”ﬁ for all u € W, ().

Using standard arguments we may show that ¢ has the following properties:

e 0 is the unique critical point of .
e 1 satisfies the Palais-Smale condition.
® V|rg,is anticoercive, 1|y is coercive.

The last two properties yield
C1(th,5) £ 0 (3.3)

(see [4, Proposition 3.8]).
We intend to prove the following statement.

Proposition 3.4. Under hypotheses H(i), (ii), (iii), we have
Ok(% OO) = Ok'(¢a OO), k > 0.
For the proof of Proposition we shall need the following result.

Proposition 3.5. Assume that hypotheses H(i), (ii), (iii) hold. We consider the
homotopy h : [0,1] x Wy’ (Q) — R defined by

ht,u) = (1 —t)o(u) + tp(u)  for all (t,u) € [0,1] x WP ().
Let {tn}ns1 C WoP(Q), {tn}ns1 C[0,1] be sequences such that
tn =1, (L4 [lun D1 (s un)lle = 0, JJun|| — +oo.
Then by passing to subsequences, we obtain

tn, — 0, |up(2)| — 400, a.e. inQ, h(ty,u,) — +o0.
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Proof. By the convergence
(14 [lun DI (B un) [l — 0

we have
nllh
[(A(un), h) = (1=t / Fz,un hdz—tnu/ a2 unhdz] < < c ” ” e 9
Unp

for all h € Wy*(Q), with &, — 0.

We set y,, = HZ—"H, n > 1. Then |ly,|| = 1 for all n > 1 and so we may assume
that

Yn =y in WP (Q), y, —yin LP(Q), yn(z) — y(z), ae. in Q. (3.5)
Dividing both sides of (3.4) by [|u,||”~! we have
Ao = (=) [ SES sty [yl 2yon

L el
— 71’
@+ Tunl P

Hypothesis H(i) implies that the sequence

[Jetaly o), peip =1,

[[en [P~

for all n > 1.

is bounded. Thus, we may assume that it is weakly convergent in L’ (Q). Using
hypothesis H(iii) and reasoning as in [I7, Proposition 5], we may find £ € L>(Q)
such that

W el 2y in IP(Q) and A < E(2) < A ae. in Q. (3.7)

In (3.6) we choose h =y, —y € Wol’p(Q), pass to the limit as n — oo and use (3.5)).
Then
lim (A(yn), yn —y) =0,

n—oo
which implies y,, — y in Wy (Q) (since A is of type (S)y). Then
lyll = 1. (3.8)
So, if in we pass to the limit as n — oo and use . and (| . then

<mwm:uf@Lawﬂmm+méwwwwzﬁnﬂhem%my

which implies
Ay) = &ly|P™2y  with & = (1 — )& + t;
therefore,
- Apy(z) = ft(2)|y(z)\p_2y(z) a.e. in Q, uw = 0 on 0. (39)

Note that A\ < &(2) < Az a.e. in Q (recall that t € [0,1],\1 < p < A2). If
& # A1, then the monotonicity properties of the weighted eigenvalues (see Section
2) yield

)\1(&) < )\1()\1) =1, )\2(&) > )\2()\2) =1
therefore, y = 0 (see (3.9))) which contradicts (3.8)).
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Thus, & = A1, sot = 0 and £ = ;. It follows from (3.9) that y is a Aj-
eigenfunction and hence, y(z) # 0, a.e. in Q. Consequently,

lun (2)] = |Jun|lyn(2)] — 400, a.e. in Q. (3.10)
It remains to show that
h(ty, upn) — +00.
Indeed, the convergence

(1 + llun Dl (s wn) [« — O
implies that
(R (tny up), un) — 0.
Moreover, combined with hypothesis H(iii) and also with Fatou’s lemma
gives

[ 2)) = D (2l = .

Now the conclusion follows from the formula

ph(tn, un) = <h;(tnaun)aun> +(1—tn) /Q[un(z)f(za un(2)) — pF(z,un(2))]dz,

n > 1. O

Corollary 3.6. Under hypotheses H(i), (ii), (iii), the energy functional ¢ satisfies
the Cerami condition.

Proof. Suppose that {u,}n>1 C Wy*(Q) satisfies
sup [p(un)| <00, (14 [[un Il (n) s — 0.
We claim that {u,}n>1 is bounded in W, (). Indeed, if this is not the case, then
by passing to subsequences we may assume that
[n || = +-o00.

Now we observe that o(u) = h(0,u), for all u € Wy (). Applying Proposition
and by passing to subsequences we deduce that ¢(u,) = h(0,u,) — +oo (false).
This proves our claim, i.e., {ty, }n>1 is bounded in Wy* ().
Therefore, we may assume that
Uy = uwin WyP(Q) and  w, — u in LP(). (3.11)

Then in conjunction with hypothesis H(i) and also with the convergence
[l (un)l+ — 0 yields
[ FCu) =)z =0, (). =) 0.
But
(Al =) = [ FCu() = w)ds = (¢ (un)wn — e 01,
S0, ’

lim <A(u’ﬂ)7un - U> = O, = U, — U in W(})p(Q)

n—oo

(since A is of type (S5)4). O
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Proof of Proposition[3} We consider the homotopy h : [0,1] x Wy (Q) — R de-
fined by
h(t,u) = (1 —t)p(u) + tp(u) for all (t,u) € [0,1] x W3 P(Q).
Clearly, h(0,-) = ¢, h(1,-) = ¢. By Proposition it suffices to show that there
exist 3 € R,d > 0, such that for all ¢ € [0,1], u € W, (),
h(t,u) < B = (14 |lul)) IR, (¢t w)ll. > 6.
Suppose that this is not the case. Then we may find

{tntnz>1 € [0,1],  {untn>1 € WyP(Q),
such that
tn =t €[0,1], (1 + [Jun DIy (tns un)llx — 0, Altn, un) — —o0.

Now Proposition guarantees that {u, },>1 is bounded so, we may assume that

(3.11)) holds. Applying (3.4) for h = u,, — u and passing to the limit as n — o0,
we obtain

lim (A(up), tn —u) =0

n—oo

which implies u,, — u in Wy *(Q) (since A is of type (S) ). Therefore, h(t,, u,) —
h(t,u), which is a contradiction. O

Next, we compute the critical groups of ¢ at zero. Without loss of generality we
may assume that 0 is an isolated critical point of ¢ (otherwise we can produce a
whole sequence of distinct critical points of ¢, so we are done). We start with two
lemmas.

Lemma 3.7. Let g € C1([0,1]) such that either g(1) <0 or g(1) = 0,¢'(1) > 0. If
g(t) > 0, for some t € (0,1), then there exists t5 € (t,1), such that

g(t2) =0, ¢'(t2) <0.

Proof. We claim that

g(t1) =0, for some t; € (t,1).
Indeed, this is clear from Bolzano’s theorem, in the case g(1) < 0.

Suppose now that g(1) = 0,¢'(1) > 0. By continuity of ¢’, we may find 6 € (0, 1),

such that

0<t<f<1, ¢ >0 onld1]
Since g(1) = 0, we obtain that ¢ < 0 on [f,1) and the claim follows again from

Bolzano’s theorem.
To proceed, we set

to = min{t € [t,1] : g(t) = 0}.
Then
t<ty<t, g(ta)=0, g(t)#0, forallte [t).
But since g() > 0, the continuity of g gives g(t) > 0 for all t € [t,15). Then

~ t
JE) = 1m 28 <o,
t—t, t— 12

which completes the proof. O
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Lemma 3.8. Let X be a Banach space and o € CY(X),p > 0 such that
(¢’ (u),u) >0, for allu € B, \ {0} with p(u) = 0.
Then
(i) for each u € ©° N B,, we have [0,u] C @Y, where
[0,u] = {tu:t € [0,1]}.
(ii) the set " N B, is contractible.

(Here B, is the closed ball centered at the origin with radius p and ©° is the sublevel
set of ¢ at 0.)

Proof. (i) Suppose on the contrary that
o(tu) >0, for some u € (¢° N B,)\ {0}, t € (0,1).
Define g(t) = @(tu), t € [0,1]. Then g() > 0.
If o(u) < 0, then ¢g(1) < 0.
If p(u) = 0, then g(1) = 0 and
9'(1) = (¢'(u),u) > 0.

Hence, g satisfies the hypotheses of Lemma so we may find ty € (tA, 1), such
that

g(ta) =0,  ¢'(t2) <0.
But then
0< <<p/(%\2uv%\2u> = %\29,(%\2) <0,

which is a contradiction. - -
(ii) Define the homotopy h : [0,1] x (¢° N B,) — ¢°N B, by

h(t,u) = (1 —t)u.

Due to (i), h is well defined whereas it is clearly continuous. Since i(1,u) = 0 for
all u € ¢° N B,, we derive that the set ¢ N B, is contractible in itself. O

Proposition 3.9. Under hypotheses H(i), H(iv), we have
Cr(¢,0) =0, forallk > 0.
Proof. From hypothesis H(iv), we can find cs, ¢4 > 0 such that
F(z,x) > cslz|” — cu|z|” forall z € Q, all z € R, (3.12)

with p < r < p* ( p* denotes the critical Sobolev exponent).
Claim 1: There exists p € (0,1) small such that

(¢ (u),u) >0, forallue B,\ {0} with ¢(u) = 0.
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To see this, choose u € Wy () \ {0} such that ¢(u) = 0. Then
(¢ (). = Dl = [ e upudz
—(1- %)||Du||§ + /Q(UF(Z,u) — f(zwuw)dz  (since o(u) = 0)
(1ZWDU%4tAW<%¥0F@ﬂ0f@ﬂ0de

oF(z,u) — f(z,u)u)dz.
o EFE = e

(3.13)
By hypothesis H(iv), we have
/ (0F(z,u) — f(z,u)u)dz > 0. (3.14)
{lu[<é0}
Moreover, hypothesis H(i) implies
/ (cF(z,u) — f(z,u)u)dz > —cs||ul|, (3.15)
{lul>80}

for some c5 > 0 and with p < r < p*.

Returning to (3.13) and use (3.14)), (3.15) with the embedding W ?(Q) C L" (),

to obtain

(o (u),u) > (1— %)||Du||§ — ¢cgl|Dul|,, for some cg > 0.

Now Claim 1 follows easily from the last inequality, because of the fact that o <
p<r.
Taking into account Claim 1 in conjunction with Lemma [3.§[ii) we deduce that

0N Ep is contractible.

Claim 2: For each u € W,?(Q) \ {0}, there exists t* = t*(u) € (0,1) small such
that

p(tu) <0 for all t € (0,t").
Indeed, for t > 0 and u € W, *(2), we have

P
p(tu) = —||Du||£ - / F(z,tu)dz
p Q
P
< Duly - cat”ull + cat' ;- (seo EID).

Then Claim 2 follows from the fact that 7 < p < r. -
Claim 3: Let p > 0 be as postulated in Claim 1. Then for each u € B, with
©(u) > 0, there exists a unique t(u) € (0,1) such that

o(t(u)u) = 0.

To prove this, let u € B, be fixed with ¢(u) > 0. Then Claim 2 combined with
Bolzano’s theorem yield

e(t(u)u) =0, for some t(u) € (0,1).
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We need to show that this ¢(u) € (0,1) is unique. We argue by contradiction. So,
suppose we can find

0 < ti(u) <tz2(u) <1 such that p(t;(w)u) = @(t2(u)u) = 0.

Then we have @(tta(u)u) < 0 for all ¢t € [0,1] (see Claim 1 and Lemma i)).
tl(u)

Hence 775 € (0,1) is a maximizer of the function ¢ — ¢(tt2(u)u), t € [0,1].
Therefore J () d
1w
Zo(tt =2 L o i = 0.
o Pt (wu)li= b () il 2(“)“)@%
But

d
S Pt (@)= = (¢t (w)u), tr (w)u) > 0,
by Claim 1. Thus, we arrived at a contradiction and the proof of Claim 3 is

complete.
Summarizing the above arguments we obtain the following:

e For each u € B, with ¢(u) < 0, we have that ¢ < 0 on [0,u]. Moreover,
the set 0 N Fp is contractible.
e For each u € B, \ {0} with p(u) > 0, there exists a unique t(u) € (0,1)
such that
p(t(u)u) =0, @ <0on (0,t(w)u), ¢ >0on (t(u)u,ul.

To proceed, let ¢ : B, \ {0} — (0, 1] be defined by
() = 1 if ue B, \ {0}, p(u) <0
1 t(w) ifueB,\ {0}, p(u) > 0.

According to the previous discussion, ¢ is well-defined and the implicit function
theorem implies that ¢ is continuous.
Let Q: B, \ {0} — (¢° N B,) \ {0} be defined by

Q(u) = q(u)u.
Clearly, @ is continuous and Q‘(gaf’nﬁp)\{o} = id|(go0r1§p)\{0}' It follows that (¢° N

B,) \ {0} is a retract of B, \ {0}. Since Wy*(Q) is infinite dimensional, the set
B, \ {0} is contractible in itself, hence so is the set (¢° N B,) \ {0}. Finally, since
both ¢° N B, and (¢ N B,) \ {0} are contractible, we conclude that

Cr(p,0) = Hp(¢" N B,, (9" NB,)\ {0}) =0 forallk>0
(see Granas -Dugundji [9, p. 389]). O
Now we are ready to state and prove our existence result.

Theorem 3.10. Under hypotheses H(i)-(iv), problem (1.1} has at least one non-
trivial smooth solution.

Proof. By Proposition [3.4 we obtain that
Cy(p,0) ~ C1(h,00) #0
(see (3.3))), which implies that
Ci(p,u) #0, for some u € K.

Clearly, u is a smooth weak solution to the problem (see remark . On the other
hand, Proposition says that C1(p,0) = 0. Hence, u # 0. O
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