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HIGHER ORDER VIABILITY PROBLEM IN BANACH SPACES

MYELKEBIR AITALIOUBRAHIM, SAID SAJID

Abstract. We show the existence of viable solutions to the differential inclu-
sion

x(k)(t) ∈ F (t, x(t))

x(0) = x0, x(i)(0) = yi
0, i = 1, . . . , k − 1,

x(t) ∈ K on [0, T ],

where k ≥ 1, K is a closed subset of a separable Banach space and F (t, x) is
an integrable bounded multifunction with closed values, (strongly) measurable
in t and Lipschitz continuous in x.

1. Introduction

The aim of this paper is to establish the existence of local solutions of the higher-
order viability problem

x(k)(t) ∈ F (t, x(t)) a.e on [0, T ]

x(0) = x0 ∈ K, x(i)(0) = yi
0 ∈ Ωi, i = 1, . . . , k − 1,

x(t) ∈ K on [0, T ].

(1.1)

where K is a closed subset of a separable Banach space E, F : [0, 1] × K → 2E

is a measurable multifunction with respect to the first argument and Lipschitz
continuous with respect to the second argument, Ω1, . . . ,Ωk−1 are open subsets of
E and (x0, y

1
0 , . . . , yk−1

0 ) is given in K ×
∏k−1

i=1 Ωi.
As regards the existence result of such problems, we refer to the work of Marco

and Murillo [6], in the case when F is a convex and compact valued-multifunction
in finite-dimensional space.

First-order viability problems with the non-convex Carathéodory Lipschitzean
right-hand side in Banach spaces have been studied by Duc Ha [3]. The author
established a multi-valued version of Larrieu’s work [4], assuming the tangential
condition:

lim inf
h→0+

1
h

d
(
x +

∫ t+h

t

F (s, x)ds, K
)

= 0,

where K is the viability set and d(., .) denotes the Hausdorff’s excess.
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Lupulescu and Necula [5] extended the result of Duc Ha [3] to first-order func-
tional differential inclusions with the non-convex Carathéodory Lipschitzean right-
hand side in Banach space. The authors used the same kind of tangential conditions
that in Duc Ha [3].

Recently, Aitalioubrahim and Sajid [1] proved the existence of viable solution to
the following second-order differential inclusions with the non-convex Carathéodory
Lipschitzean right-hand side in Banach space E:

ẍ(t) ∈ F (t, x(t), ẋ(t)) a.e.;

(x(0), ẋ(0)) = (x0, y0);

(x(t), ẋ(t)) ∈ K × Ω;
(1.2)

where K (resp. Ω) is a closed subset (resp. an open subset) of E. The authors
introduced the tangential condition:

lim inf
h→0+

1
h2

d
(
x + hy +

h

2

∫ t+h

t

F (s, x, y)ds, K
)

= 0. (1.3)

In this paper we extend this result to the higher-order case with the tangential
condition:

lim inf
h→0+

1
hk

d
(
x +

k−1∑
i=1

hi

i!
yi +

hk−1

k!

∫ t+h

t

F (s, x)ds, K
)

= 0.

2. Preliminaries and statement of the main result

Let E be a separable Banach space with the norm ‖.‖. For measurability purpose,
E (resp. U ⊂ E) is endowed with the σ-algebra B(E) (resp. B(U)) of Borel
subsets for the strong topology and [0, 1] is endowed with Lebesgue measure and
the σ-algebra of Lebesgue measurable subsets. For x ∈ E and r > 0 let B(x, r) :=
{y ∈ E; ‖y − x‖ < r} be the open ball centered at x with radius r and B̄(x, r)
be its closure and put B = B(0, 1). For x ∈ E and for nonempty sets A,B of
E we denote d(x,A) := inf{‖y − x‖; y ∈ A}, d(A,B) := sup{d(x,B);x ∈ A} and
H(A,B) = max{d(A,B), d(B,A)}. A multifunction is said to be measurable if its
graph is measurable. For more detail on measurability theory, we refer the reader
to the book of Castaing-Valadier [2].

Let us recall the following Lemmas that will be used in the sequel. For the
proofs, we refer the reader to [8].

Lemma 2.1. Let Ω be a nonempty set in E. Assume that F : [a, b]×Ω → 2E is a
multifunction with nonempty closed values satisfying:

• For every x ∈ Ω, F (., x) is measurable on [a, b];
• For every t ∈ [a, b], F (t, .) is (Hausdorff) continuous on Ω.

Then for any measurable function x(.) : [a, b] → Ω, the multifunction F (., x(.)) is
measurable on [a, b].

Lemma 2.2. Let G : [a, b] → 2E be a measurable multifunction and y(.) : [a, b] → E
a measurable function. Then for any positive measurable function r(.) : [a, b] → R+,
there exists a measurable selection g(.) of G such that for almost all t ∈ [a, b]

‖g(t)− y(t)‖ ≤ d
(
y(t), G(t)

)
+ r(t).
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Before stating our main result, for any integer n ≥ 2, we recall the tangent set
of nth order denoted by An

K(x0, x1, . . . , xn−1) introduced by Marco and Murillo [7,
Def. 3.1] as follows.

For y ∈ E,we say that y ∈ An
K(x0, x1, . . . , xn−1) if

lim inf
h→0+

n!
hk

d
( n−1∑

i=0

hi

i!
xi +

hn

n!
y, K

)
= 0.

Let gr(An
K) be its graph.

Assume that the following hypotheses hold:
(H1) K is a nonempty closed subset in E and for i = 1, . . . , k − 1, Ωi is a

nonempty open subset in E, such that K ×
∏k−1

i=1 Ωi ⊂ gr(An
K).

(H2) F : [0, 1] × K → 2E is a set valued map with nonempty closed values
satisfying
(i) For each x ∈ K, t 7→ F (t, x) is measurable.
(ii) There is a function m ∈ L1([0, 1], R+) such that for all t ∈ [0, 1] and

for all x1, x2 ∈ K

H(F (t, x1), F (t, x2)) ≤ m(t)‖x1 − x2‖
(iii) For all bounded subset S of K, there is a function gS ∈ L1([0, 1], R+)

such that for all t ∈ [0, 1] and for all x ∈ S

‖F (t, x)‖ := sup
z∈F (t,x)

‖z‖ ≤ gS(t)

(H3) (Tangential condition) For every (t, x, (y1, . . . , yk−1)) ∈ [0, 1] × K ×∏k−1
i=1 Ωi,

lim inf
h→0+

1
hk

d
(
x +

k−1∑
i=1

hi

i!
yi +

hk−1

k!

∫ t+h

t

F (s, x)ds, K
)

= 0.

Theorem 2.3. If assumptions (H1)–(H3) are satisfied, then there exist T > 0 and
an absolutely continuous function x(.) : [0, T ] → E, for which x(i)(.) : [0, T ] → E,
for all i = 1, . . . , k − 1, is also absolutely continuous, such that x(.) is solution of
(1.1).

3. Proof of the main result

Let r > 0 and B̄(yi
0, r) ⊂ Ωi for i = 1, . . . , k − 1. Choose g ∈ L1([0, 1], R+) such

that
‖F (t, x)‖ ≤ g(t) ∀(t, x) ∈ [0, 1]× (K ∩B(x0, r)). (3.1)

Let T1 > 0 and T2 > 0 be such that∫ T1

0

m(t)dt < 1, (3.2)∫ T2

0

(
g(t) + (k − 1)r + 1 +

k−1∑
i=1

‖yi
0‖

)
dt <

r

2
. (3.3)

For ε > 0 there exists η(ε) > 0 such that∣∣∣ ∫ t2

t1

g(τ)dτ
∣∣∣ < ε if |t1 − t2| < η(ε). (3.4)
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Set

T = min{T1, T2, 1}, (3.5)

α = min
{

T,
1
2
η(

ε

4
),

ε

4

}
. (3.6)

We will used the following Lemma to prove the main result.

Lemma 3.1. If assumptions (H1)–(H3) are satisfied, then for all ε > 0 and all
y(.) ∈ L1([0, T ], E), there exists f ∈ L1([0, T ], E), z(.) : [0, T ] → E differentiable
and a step function θ : [0, T ] → [0, T ] such that

• f(t) ∈ F (t, z(θ(t))) for all t ∈ [0, T ];
• ‖f(t)− y(t)‖ ≤ d(y(t), F (t, z(θ(t))) + ε for all t ∈ [0, T ];
•

∥∥z(k−1)(t)− yk−1
0 −

∫ t

0
f(τ)dτ

∥∥ ≤ ε for all t ∈ [0, T ].

Proof. Let ε > 0 and y(.) ∈ L1([0, T ], E) be fixed. For (0, x0, (y1
0 , . . . , yk−1

0 )) ∈
[0, T ]×K ×

∏k−1
i=1 Ωi, by (H3),

lim inf
h→0+

1
hk

d
(
x0 +

k−1∑
i=1

hi

i!
yi
0 +

hk−1

k!

∫ h

0

F (s, x0)ds, K
)

= 0.

Hence, there exists 0 < h ≤ α such that

d
(
x0 +

k−1∑
i=1

hi

i!
yi
0 +

hk−1

k!

∫ h

0

F (s, x0)ds, K
)

<
αhk

4k!
.

Put

h0 := max
{

h ∈]0, α] : d
(
x0 +

k−1∑
i=1

hi

i!
yi
0 +

hk−1

k!

∫ h

0

F (s, x0)ds, K
)

<
αhk

4k!

}
.

In view of Lemma 2.2, there exists a function f0 ∈ L1([0, h0], E) such that f0(t) ∈
F (t, x0) and

‖f0(t)− y(t)‖ ≤ d(y(t), F (t, x0)) + ε, ∀t ∈ [0, h0].

Then

d
(
x0 +

k−1∑
i=1

hi
0

i!
yi
0 +

hk−1
0

k!

∫ h0

0

f0(s)ds, K
)

<
αhk

0

4k!
.

So, there exists x1 ∈ K such that

k!
hk

0

∥∥x1 −
(
x0 +

k−1∑
i=1

hi
0

i!
yi
0 +

hk−1
0

k!

∫ h0

0

f0(s)ds
)∥∥

≤ k!
hk

0

d
(
x0 +

k−1∑
i=1

hi
0

i!
yi
0 +

hk−1

k!

∫ h

0

f0(s)ds, K
)

+
α

4
,

hence ∥∥x1 − x0 −
∑k−1

i=1
hi
0

i! yi
0

−
1
h0

∫ h0

0

f0(s)ds
∥∥ < α.

Set

u0 =
x1 − x0 −

∑k−1
i=1

hi
0

i! yi
0

hk
0

k!

,
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then

x1 =
(
x0 +

k−1∑
i=1

hi
0

i!
yi
0 +

hk
0

k!
u0

)
∈ K, u0 ∈

1
h0

∫ h0

0

f0(s)ds + αB.

For i = 1, . . . , k − 1, put

yi
1 =

k−1∑
j=i

hj−i
0

(j − i)!
yj
0 +

hk−i
0

(k − i)!
u0.

Since f0(t) ∈ F (t, x0) for all t ∈ [0, h0] and by (3.1), (3.3) and (3.6), we have

‖x1 − x0‖ =
∥∥ k−1∑

i=1

hi
0

i!
yi
0 +

hk
0

k!
u0

∥∥
≤ h0

k−1∑
i=1

‖yi
0‖+

∫ h0

0

g(s)ds + h0α

≤
∫ h0

0

(
g(s) + 1 +

k−1∑
i=1

‖yi
0‖

)
ds <

r

2
.

Then x1 ∈ B(x0, r). For i = 1, . . . , k − 2, we have

‖yi
1 − yi

0‖ ≤
k−1∑

j=i+1

hj−i
0

(j − i)!
‖yj

0‖+
hk−i

0

(k − i)!
‖u0‖

≤ h0

k−1∑
j=i+1

‖yj
0‖+

∫ h0

0

g(s)ds + h0α

≤
∫ h0

0

(
g(s) + 1 +

k−1∑
j=i+1

‖yj
0‖

)
ds <

r

2
,

and

‖yk−1
1 − yk−1

0 ‖ ≤ h0‖u0‖

≤
∫ h0

0

g(s)ds + h0α

≤
∫ h0

0

(g(s) + 1)ds <
r

2
.

Then yi
1 ∈ B(yi

0, r) for all i = 1, . . . , k−1. We reiterate this process for constructing
sequences hq, tq, xq, y

1
q , . . . , yk−1

q , fq and uq satisfying for some rank m ≥ 1 the
following assertions:

(a) For all q ∈ {0, . . . ,m− 1},

hq := max
{

h ∈]0, α] : d
(
xq +

k−1∑
i=1

hi

i!
yi

q +
hk−1

k!

∫ tq+1

tq

F (s, xq)ds, K
)

<
αhk

4k!

}
;

(b) t0 = 0, tm−1 < T ≤ tm with tq =
∑q−1

j=0 hj for all q ∈ {1, . . . ,m};
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(c) For all q ∈ {1, . . . ,m} and for all j ∈ {1, . . . , k − 2}

xq = x0 +
k−1∑
j=1

q−1∑
i=0

hj
i

j!
yj

i +
q−1∑
i=0

hk
i

k!
ui, xq ∈ K ∩B(x0, r),

yk−1
q+1 := yk−1

q + hquq = yk−1
0 +

q∑
i=0

hiui, yk−1
q ∈ B(yk−1

0 , r),

yj
q = yj

0 +
k−1∑

l=j+1

q−1∑
i=0

hl−j
i

(l − j)!
yl

i +
q−1∑
i=0

hk−j
i

(k − j)!
ui, yj

q ∈ B(yj
0, r);

(d) For all t ∈ [tq, tq+1] and for all q ∈ {0, . . . ,m− 1},

uq ∈
1
hq

∫ tq+1

tq

fq(s)ds + αB, fq(t) ∈ F (t, xq),

‖fq(t)− y(t)‖ ≤ d(y(t), F (t, xq)) + ε.

It is easy to see that for q = 1 the assertions (a)-(d) are fulfilled. Let now q ≥ 2.
Assume that (a)-(d) are satisfied for any j = 1, . . . , q. If, T ≤ tq+1, then we take
m = q + 1 and so the process of iterations is stopped and we get (a)-(d) satisfied
with tm−1 < T ≤ tm. In the other case, i.e, tq+1 < T , we define y1

q+1, . . . , y
k−1
q+1 and

xq+1 as follows

xq+1 := xq +
k−1∑
i=1

hi
q

i!
yi

q +
hk

q

k!
uq =

(
x0 +

k−1∑
j=1

q∑
i=0

hj
i

j!
yj

i +
q∑

i=0

hk
i

k!
ui

)
∈ K,

yk−1
q+1 := yk−1

q + hquq = yk−1
0 +

q∑
i=0

hiui,

yj
q+1 :=

k−1∑
l=j

hl−j
q

(l − j)!
yl

q +
hk−j

q

(k − j)!
uq = yj

0 +
k−1∑

l=j+1

q∑
i=0

hl−j
i

(l − j)!
yl

i +
q∑

i=0

hk−j
i

(k − j)!
ui

for j = 1, . . . , k − 2. By (3.1), (3.3) and (3.6), we have

‖xq+1 − x0‖ ≤
k−1∑
j=1

q∑
i=0

hj
i

j!
‖yj

i ‖+
q∑

i=0

hk
i

k!
‖ui‖

≤
k−1∑
j=1

q∑
i=0

hi(r + ‖yj
0‖) +

q∑
i=0

‖hiui‖

≤
q∑

i=0

hi

(
(k − 1)r +

k−1∑
j=1

‖yj
0‖

)
+

q∑
i=0

( ∫ ti+1

ti

‖fi(t)‖dt + αhi

)

≤
∫ tq+1

0

(
g(t) + 1 + (k − 1)r +

k−1∑
j=1

‖yj
0‖

)
dt < r,

which ensures that xq+1 ∈ K ∩B(x0, r). For all j = 1, . . . , k − 2, we have

‖yj
q+1 − yj

0‖ ≤
k−1∑

l=j+1

q∑
i=0

hl−j
i

(l − j)!
‖yl

i‖+
q∑

i=0

hk−j
i

(k − j)!
‖ui‖
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≤
k−1∑

l=j+1

q∑
i=0

hi(r + ‖yl
0‖) +

q∑
i=0

‖hiui‖

≤
q∑

i=0

(
hi

(
(k − j − 1)r +

k−1∑
l=j+1

‖yl
0‖

)
+

∫ ti+1

ti

g(t)dt + αhi

)

≤
∫ tq+1

0

(
g(t) + 1 + (k − j − 1)r +

k−1∑
l=j+1

‖yl
0‖

)
dt < r

and

‖yk−1
q+1 − yk−1

0 ‖ ≤
q∑

i=0

hi‖ui‖

≤
q∑

i=0

( ∫ ti+1

ti

g(t)dt + αhi

)
≤

∫ tq+1

0

(g(t) + 1)dt < r,

which ensures that yj
q+1 ∈ B(yj

0, r) for all j = 1, . . . , k − 1.
Now, we have to prove that this iterative process is finite; i.e., there exists a

positive integer m such that tm−1 < T ≤ tm. Suppose to the contrary, that is
tq ≤ T , for all q ≥ 1. Then the bounded increasing sequence {tq}q converges to
some t̄ such that t̄ ≤ T . Hence for q > p,

‖xq − xp‖ ≤
∫ tq

tp

g(t)dt + (tq − tp)
(
(k − 1)r + 1 +

k−1∑
i=1

‖yi
0‖

)
→ 0 as q, p →∞

and for j = 1, . . . , k − 2,

‖yj
q − yj

p‖ ≤
∫ tq

tp

g(t)dt + (tq − tp)
(
(k− j− 1)r + 1 +

k−1∑
l=j+1

‖yl
0‖

)
→ 0 as q, p →∞

and

‖yk−1
q − yk−1

p ‖ ≤
∫ tq

tp

(g(t) + 1)dt → 0 as q, p →∞.

Therefore, the sequences {xq}q and {yj
q}q, for all j = 1, . . . , k − 1, are Cauchy

sequences and hence, they converge to some x̄ ∈ K and ȳj ∈ Ωj respectively. Hence,
as (t, x̄, (ȳ1, . . . , ȳk−1)) ∈ [0, T ] ×K ×

∏k−1
i=1 Ωi, by (H3), there exist h ∈]0, α] and

an integer q0 ≥ 1 such that for all q ≥ q0 and for all j = 1, . . . , k − 1

d
(
x̄ +

k−1∑
j=1

hj

j!
ȳj +

hk−1

k!

∫ t̄+h

t̄

F (s, x̄)ds, K
)
≤ hkα

8(k + 5)(k!)
;

‖xq − x‖ ≤ hkα

8(k + 5)(k!)
;

‖yj
q − yj‖ ≤ hk−jαj!

8(k + 5)(k!)
; (3.7)

t̄− tq < min{η(
hα

8(k + 5)
), h};
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t̄

m(t)‖xq − x̄‖dt ≤ hα

8(k + 5)
.

Let q > q0 be given. For an arbitrary measurable selection φq of F (t, xq) on
[0, t̄ + h], there exists a measurable selection φ of F (t, x̄) on [0, t̄ + h] such that

‖φq(t)− φ(t)‖ ≤ d(φq(t), F (t, x̄)) +
α

2(k + 5)
≤ m(t)‖xq − x̄‖+

α

8(k + 5)
. (3.8)

Relations (3.7) and (3.8) imply

d
(
xq +

k−1∑
j=1

hj

j!
yj

q +
hk−1

k!

∫ tq+h

tq

φq(s)ds, K
)

≤ ‖xq − x‖+
k−1∑
j=1

hj

j!
‖yj

q − yj‖+ d
(
x̄ +

k−1∑
j=1

hj

j!
ȳj +

hk−1

k!

∫ t̄+h

t̄

φ(s)ds, K
)

+
hk−1

k!

∫ t̄

tq

‖φq(s)‖ds +
hk−1

k!

∫ tq+h

t̄

‖φq(s)− φ(s)‖ds +
hk−1

k!

∫ t̄+h

tq+h

‖φ(s)‖ds

≤ ‖xq − x‖+
k−1∑
j=1

hj

j!
‖yj

q − yj‖+
hk−1

k!

∫ t̄

tq

g(s)ds

+ d
(
x̄ +

k−1∑
j=1

hj

j!
ȳj +

hk−1

k!

∫ t̄+h

t̄

φ(s)ds, K
)

+
hk−1

k!

∫ t̄+h

t̄

m(s)‖xq − x̄‖ds

+
hkα

8(k + 5)(k!)
+

hk−1

k!

∫ t̄+h

tq+h

g(s)ds

≤ hkα

8(k + 5)(k!)
+ (k − 1)

hkα

8(k + 5)(k!)
+

hkα

8(k + 5)(k!)
+

hkα

8(k + 5)(k!)

+
hkα

8(k + 5)(k!)
+

hkα

8(k + 5)(k!)
+

hkα

8(k + 5)(k!)
<

hkα

4k!
.

Since φq is an arbitrary measurable selection of F (t, xq) on [0, t̄ + h] it follows
that

d
(
xq +

k−1∑
j=1

hj

j!
yj

q +
hk−1

k!

∫ tq+h

tq

F (t, xq)ds, K
)

<
hkα

4k!
.

On the other hand, by (3.7), we have tq+1 ≤ t < tq+h and hence h > tq+1−tq = hq.
Thus, there exists h > hq (for all q ≥ q0) such that 0 < h ≤ α and

d
(
xq +

k−1∑
i=1

hi

i!
yi

q +
hk−1

k!

∫ tq+h

tq

F (t, xq)ds, K
)

<
hkα

4k!
.

This contradicts the definition of hq. Therefore, there is an integer m ≥ 1 such that
tm−1 < T ≤ tm and for which the assertions (a)-(d) are fulfilled.

Now, we take tm = T and we define the function θ : [0, T ] → [0, T ], z(.) : [0, T ] →
E and f ∈ L1([0, T ], E) by setting for all t ∈ [tq, tq+1[

θ(t) = tq, f(t) = fq(t), z(t) = xq +
k−1∑
i=1

(t− tq)i

i!
yi

q +
(t− tq)k

k!
uq.
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Claim 3.2. For all q ∈ {0, . . . ,m} we have∥∥yk−1
q − yk−1

0 −
∫ tq

0

f(s)ds
∥∥ ≤ αtq.

Proof. It is easy to see that for q = 0 the above assertion is fulfilled. By induction,
assume that ∥∥yk−1

j − yk−1
0 −

∫ tj

0

f(s)ds
∥∥ ≤ αtj .

for any j = 1, . . . , q − 1. By (d) we have∥∥yk−1
q − yk−1

0 −
∫ tq

0

f(s)ds
∥∥

=
∥∥yk−1

q−1 − yk−1
0 −

∫ tq−1

0

f(s)ds + hq−1uq−1 −
∫ tq

tq−1

f(s)ds
∥∥

≤
∥∥yk−1

q−1 − yk−1
0 −

∫ tq−1

0

f(s)ds
∥∥ +

∥∥hq−1uq−1 −
∫ tq

tq−1

f(s)ds
∥∥

≤ αtq−1 + αhq−1 = αtq−1 + αtq − αtq−1 = αtq.

�

Now let t ∈ [tq, tq+1], then by Claim 3.2 and the relations (d), (3.1), and (3.6),
we have ∥∥z(k−1)(t)− yk−1

0 −
∫ t

0

f(s)ds
∥∥

=
∥∥yk−1

q − yk−1
0 −

∫ tq

0

f(s)ds + (t− tq)uq −
∫ t

tq

f(s)ds
∥∥

≤
∥∥yk−1

q − yk−1
0 −

∫ tq

0

f(s)ds
∥∥ + ‖hquq‖+

∫ tq+1

tq

g(s)ds

≤ αtq + 2
∫ tq+1

tq

g(s)ds + αhq

≤ ε

4
+

ε

2
+

ε

4
= ε.

The proof of Lemma 3.1 is complete. �

Proof of the Theorem2.3. Let (εn)∞n=1 be a strictly decreasing sequence of positive
scalars such that

∑∞
n=1 εn < ∞ and ε1 < 1. In view of Lemma 3.1, we can

define inductively sequences (fn)∞n=1 ⊂ L1([0, T ], E), (zn(.))∞n=1 ⊂ Ck([0, T ], E) and
(θn)∞n=1 ⊂ S([0, T ], [0, T ]) (S([0, T ], [0, T ]) is the space of step functions from [0, T ]
into [0, T ]) such that

(1) fn(t) ∈ F (t, zn(θn(t))) for all t ∈ [0, T ];
(2) ‖fn+1(t)− fn(t)‖ ≤ d(fn(t), F (t, zn+1(θn+1(t)))) + εn+1 for all t ∈ [0, T ];
(3)

∥∥z
(k−1)
n (t)− yk−1

0 −
∫ t

0
fn(τ)dτ

∥∥ ≤ εn for all t ∈ [0, T ].
By (1) and (2) we have

‖fn+1(t)− fn(t)‖ ≤ H
(
F (t, zn(θn(t))), F (t, zn+1(θn+1(t)))

)
+ εn+1

≤ m(t)‖zn(θn(t))− zn+1(θn+1(t))‖+ εn+1
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≤ m(t)
(
‖zn(θn(t))− zn(t)‖+ ‖zn(t)− zn+1(t)‖

+ ‖zn+1(t)− zn+1(θn+1(t))‖
)

+ εn+1.

On the other hand, for t ∈ [tq, tq+1[ we have

‖zn(t)− zn(θn(t))‖ =
∥∥ k−1∑

i=1

(t− tq)i

i!
yi

q +
(t− tq)k

k!
uq

∥∥
≤

k−1∑
i=1

hq

(
‖yi

q − yi
0‖+ ‖yi

0‖
)

+ ‖hquq‖

≤ εn

4

(
(k − 1)r +

k−1∑
i=1

‖yi
0‖

)
+ α +

∫ tq+1

tq

g(s)ds

≤ εn

4

(
(k − 1)r +

k−1∑
i=1

‖yi
0‖

)
+

εn

4
+

εn

4

≤ εn

4

(
(k − 1)r + 2 +

k−1∑
i=1

‖yi
0‖

)
.

Hence

‖zn(t)− zn(θn(t))‖ ≤ εn

4

(
(k − 1)r + 2 +

k−1∑
i=1

‖yi
0‖

)
. (3.9)

It follows that
‖fn+1(t)− fn(t)‖

≤ m(t)
(εn

2

(
(k − 1)r + 2 +

k−1∑
i=1

‖yi
0‖

)
+ ‖zn(.)− zn+1(.)‖∞

)
+ εn+1.

(3.10)

Relations (3.10) and (3.2) yield

‖z(k−1)
n+1 (t)− z(k−1)

n (t)‖

≤
∥∥z

(k−1)
n+1 (t)− yk−1

0 −
∫ t

0

fn+1(s)ds
∥∥ +

∥∥z(k−1)
n (t)− yk−1

0 −
∫ t

0

fn(s)ds
∥∥

+
∫ t

0

‖fn+1(s)− fn(s)‖ds

≤ εn+1 + εn +
∫ t

0

m(s)
(εn

2

(
(k − 1)r + 2 +

k−1∑
i=1

‖yi
0‖

)
+ ‖zn(.)− zn+1(.)‖∞

)
ds

+ tεn+1

≤ 3εn + ‖zn(.)− zn+1(.)‖∞
∫ T

0

m(s)ds

+
εn

2

(
(k − 1)r + 2 +

k−1∑
i=1

‖yi
0‖

) ∫ T

0

m(s)ds

≤
(
(k − 1)r + 5 +

k−1∑
i=1

‖yi
0‖

)
εn + ‖zn(.)− zn+1(.)‖∞

∫ T

0

m(s)ds.
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Since T ≤ 1 for all t ∈ [0, T ], we have

‖z(k−2)
n+1 (t)− z(k−2)

n (t)‖ ≤
∫ t

0

‖z(k−1)
n+1 (s)− z(k−1)

n (s)‖ds

≤
(
(k − 1)r + 5 +

k−1∑
i=1

‖yi
0‖

)
εn

+ ‖zn(.)− zn+1(.)‖∞
∫ T

0

m(s)ds.

Then by the same reasoning, for j = 1, . . . , k − 1, we obtain

‖z(j)
n+1(t)− z(j)

n (t)‖ ≤
(
(k − 1)r + 5 +

k−1∑
i=1

‖yi
0‖

)
εn

+ ‖zn(.)− zn+1(.)‖∞
∫ T

0

m(s)ds

and

‖zn(.)− zn+1(.)‖∞ ≤

(
(k − 1)r + 5 +

∑k−1
i=1 ‖yi

0‖
)
εn

1− L
(3.11)

where L =
∫ T

0
m(s)ds. For j = 1, . . . , k − 1 we have

‖z(j)
n+1(.)− z(j)

n (.)‖∞ ≤
(
(k − 1)r + 5 +

k−1∑
i=1

‖yi
0‖

)
εn + ‖zn(.)− zn+1(.)‖∞

≤

(
(k − 1)r + 5 +

∑k−1
i=1 ‖yi

0‖
)
(2− L)εn

1− L
.

Therefore, for n < m,

‖zm(.)− zn(.)‖∞ ≤
(k − 1)r + 5 +

∑k−1
i=1 ‖yi

0‖
1− L

m−1∑
i=n

εi

and for j = 1, . . . , k − 1,

‖z(j)
m (.)− z(j)

n (.)‖∞ ≤

(
(k − 1)r + 5 +

∑k−1
i=1 ‖yi

0‖
)
(2− L)

1− L

m−1∑
i=n

εi.

Thus the sequences {zn(.)}∞n=1 and {z(j)
n (.)}∞n=1, for j = 1, . . . , k − 1, converge

uniformly on [0, T ], namely x(.) and yj(.) its limits respectively. Also the relations

zn(t) = x0 +
∫ t

0

żn(s)ds

and

z(j)
n (t) = yj

0 +
∫ t

0

z(j+1)
n (s)ds for j = 1, . . . , k − 2

yield x(t) = x0 +
∫ t

0
y1(s)ds and

yj(t) = yj
0 +

∫ t

0

yj+1(s)ds for j = 1, . . . , k − 2.
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Thus ẋ(t) = y1(t) and ẏj(t) = yj+1(t) for all t ∈ [0, T ] and for all j = 1, . . . , k − 2.
Hence x(0) = x0 and x(j)(0) = yj

0 for all j = 1, . . . , k−1. On the other hand, observe
that zn(θn(t)) converges uniformly to x(t) on [0, T ]. Indeed, for t ∈ [tq, tq+1[ we
have

‖zn(θn(t))− x(t)‖ ≤ ‖zn(t)− zn(θn(t))‖+ ‖zn(t)− x(t)‖.
By (3.9) and since (zn(.)) converges uniformly to x(.), it follows that

z(θn(.)) converges uniformly to x(.) on [0, T ]. (3.12)

By construction, we have zn(θn(t)) ∈ K for every t ∈ [0, T ] and K is closed, then
x(t) ∈ K for all t ∈ [0, T ].

Now we return to relation (3.10). By (3.11) we have

‖fn+1(t)− fn(t)‖

≤
(
m(t)

( (k − 1)r + 5 +
∑k−1

i=1 ‖yi
0‖

1− L
+

(k − 1)r + 2 +
∑k−1

i=1 ‖yi
0‖

2

)
+ 1

)
εn.

This implies (as above) that {fn(t)}n
i=1 is a Cauchy sequence and fn(t) converges

to f(t). Further, since ‖fn(t)‖ ≤ g(t), by (3) and Lebesgue’s theorem we have

yk−1(t) = lim
n→∞

z(k−1)
n (t) = lim

n→∞

(
yk−1
0 +

∫ t

0

fn(s)ds
)

= yk−1
0 +

∫ t

0

f(s)ds.

Hence ẏk−1(t) = f(t). Finally, observe that by (1),

d(f(t), F (t, x(t))) ≤ ‖f(t)− fn(t)‖+ H
(
F (t, zn(θn(t))), F (t, x(t))

)
≤ ‖f(t)− fn(t)‖+ m(t)‖zn(θn(t))− x(t)‖.

Since fn(t) converges to f(t) and by (3.12) the last term converges to 0. So that
x(k)(t) = ẏk−1(t) = f(t) ∈ F (t, x(t)) a.e on [0, T ]. The proof is complete. �

Remark 3.3. The tangential condition (H3) provides a sufficient condition en-
suring the existence of solution to (1.1). However, this condition is not necessary
at all. In fact, in the case k = 2, Marco and Murillo [7, Example 4.1] gave a
counterexample: The multifunction F : [0, 1]× R → 2R defined as

F (t, x) = [−t−a, t−a], 0 < t ≤ 1, F (0, x) = 0

with 0 < a < (3−
√

3)/2, satisfies (H2) and x(t) = t2−a

(1−a)(2−a) is a solution of

ẍ(t) ∈ F (t, x(t)), t ∈ [0, 1];

(x(0), ẋ(0)) = (0, 0);

x(t) ∈ [0, 2].
(3.13)

However (H3) fails on [0, 2]× gr(A1
K), because

1
h2

d
(h

2

∫ t+h

t

F (s, 0)ds, [0, 2]
)

=
(t + h)1−a − t1−a

2(1− a)h

and

lim
h→0+

(t + h)1−a − t1−a

2(1− a)h
=

{
+∞ if t = 0
t−a

2 if 0 < t ≤ 1
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Remark 3.4. Let F : [0, 1]×K ×
∏k−1

i=1 Ωi → 2E . For any (x0, y
1
0 , y2

0 . . . , yk−1
0 ) ∈

K ×
∏k−1

i=1 Ωi, we can prove the existence of viable solutions of the differential
inclusion

x(k)(t) ∈ F (t, x(t), x(1)(t), . . . , x(k−1)(t)) a.e. on [0, T ]

x(0) = x0 ∈ K, x(i)(0) = yi
0 ∈ Ωi, i = 1, . . . , k − 1,

x(t) ∈ K on [0, T ],

by the same technics and the same hypothesis as above except the condition (H2)
part (ii) which must be replaced by: There is a function m ∈ L1([0, 1], R+) such
that for all t ∈ [0, 1], for all x1, x2 ∈ K and for all (y1

1 , . . . , yk−1
1 ), (y1

2 , . . . , yk−1
2 ) ∈∏k−1

i=1 Ωi,

H
(
F (t, x1, y

1
1 , . . . , yk−1

1 ), F (t, x2, y
1
2 , . . . , yk−1

2 )
)
≤ m(t)‖yk−1

1 − yk−1
2 ‖.
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de Pau, 1981.

[5] V. Lupulescu, M. Necula; A Viable Result for Nonconvex Differential Inclusions with Memory,
Portugaliae Mathematica, Vol. 63, Fasc. 3, 2006.

[6] L. Marco, J. A. Murillo; Viability Theorems for Higher-order Differential Inclusions, Set-
valued Analysis, Vol. 6, 1998, 21-37.

[7] L. Marco, J. A. Murillo; Time-dependent Differential Inclusions and Viability, pliska Stud.
Math. Bulgar., 12, 1998, 107-118.

[8] Q. Zhu; On the Solution Set of Differential Inclusions in Banach spaces, J. Differ. Eqs., Vol.
93, 1991,213-237.

Myelkebir Aitalioubrahim
University Hassan II-Mohammedia, Laboratory Mathematics, Cryptography and Mecanics,
F.S.T, BP 146, Mohammedia, Morocco

E-mail address: aitalifr@yahoo.fr

Said Sajid
University Hassan II-Mohammedia, Laboratory Mathematics, Cryptography and Mecanics,
F.S.T, BP 146, Mohammedia, Morocco

E-mail address: saidsajid@hotmail.com


	1. Introduction
	2. Preliminaries and statement of the main result
	3. Proof of the main result
	Acknowledgments

	References

