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EXISTENCE OF SOLUTIONS FOR THE P-LAPLACIAN
INVOLVING A RADON MEASURE

NEDRA BELHAJ RHOUMA, WAHID SAYEB

ABSTRACT. In this article we study the existence of solutions to eigenvalue
problem

—div(|VuP72Vu) — MulP"2up = f in Q,
u=0 on o

where Q is a bounded domain in RV and p is a nonnegative Radon measure.

1. INTRODUCTION

In this article study the existence of weak solutions of the quasilinear elliptic
problem
—Ayu— MNP Pup = f), inQ, )
u=0 on 0f, ’

where € is a smooth bounded domain in RV, N > 2,1 < p < N, and px is a
nonnegative bounded measure on €.

Singular nonlinear problems were studied in [8 [0, 2] 17, 2], 28, BT 32 [33].
Some recent papers [2], 3] @, 10, 111 16, 18] studied functional

1 A [ JulP
- Vu”dm—f/—da:—/ x)u(x)dzx,
> [vupae =2 [ WRae - [ fejuta)

where f belongs to LPI(Q) and A is a real positive number sufficiently small. This
functional is coercive, and one can expect that there exists a global minimum. Since
the Nemitski operator u(x) — u‘gfl) from W, ?(Q) in LP(Q) is continuous but not
compact, it is not clear if we can obtain directly the weak lower semicontinuity
of the functional on W, (Q) by using De Giorgi Theorem [I3, 19], so that it
seems that we cannot apply the direct methods of the calculus of variations. In
[3], using a critical point technique based on the coercivity and the homogeneity
of the functional, it is shown the existence of a global minimum (for A belonging
to the set in which the functional is coercive) without using the direct methods
of the calculus of variations. Reference [6] treats more general problems with an
interesting nonvariational method, which does not require homogeneity, but only
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coercivity of the quadratic form associated to the equation. In any case, both papers
leave open the question of whether the functional is weakly lower semicontinuous.
In [25], the author proved that the functionals

A ul?

1
Ha(u :f/ VulPde — = | ——dz
A() D Q| | p Jo |zlP

1 A x /P~
Sa(u) = 13/9 VulPdz — 5(/9 " )"

are weakly lower semicontinuous in WO1 P(Q), provided A belongs to the set of R
in which the functionals are coercive. Note that both functionals have a nonlinear
term which is continuous but not compact on WO1 P(Q). The author showed the
following result.

Theorem 1.1. For all A € [0,1/C] and all f € ) (Q), 1 <p < N, the problem

and

ulP"?u :
—Apu=2A PR + f(x), inQ,
u=0 on 0f,

has a weak solution u € W, P(Q), where C = (w557 is the best constant satisfying

|ul?
——dx <C [ |VulPdz.
a lzlP Q

For p = 2, Dupaigne [14] showed that the problem
—Au—iu:f in ,
||
u=0 on 09,

has a unique solution for all 0 < ¢ < (p —2)?/4 and f € H~1(2). Moreover Peral
[27] showed that the problem
A
—Apu — W|u|p72u = f in Q,

u=0 on 01,

has at least one solution in W, ”(Q) for all 0 < A < Sand f € W12 (Q). For
the proof of this result, the author used the convergence Theorem by Boccardo and
Murat [7].

Remark 1.2. When p > 2, the uniqueness is in general not true, see [15]. However,
the uniqueness in the case 1 < p < 2 seems to be an open problem.

In this paper we assume that the measure p is a nonnegative Radon measure
satisfying the following assumptions.
(HO) For each Borel set A C Q, pu(A) = 0 implies |A| = 0, where | - | denotes the
Lebesgue measure.
(H1) There exists a constant C' > 0 such that

/Q [ulPdp < C /Q VulPdz, Yu € CE(9).



EJDE-2012/35 EXISTENCE OF SOLUTIONS 3

(H2) There exists (pn)n C M(Q) such that for each integer n, the embedding
Wy (Q,dx) — LP(, py) is compact, where M(€) is the set of bounded
Radon measures.

(H3) pn / pin M(Q); ie., [, @dpun — [ @dp, for all ¢ € C3°(€2).

Remark 1.3. When du(z) = (1/]z|P)dz, (H1) is the classical Hardy inequality for

p > 1, where the constant C = (") is optimal.

Remark 1.4. Let du(x) = mdas, where §(x) is the distance function to the
boundary, the following inequality holds true (see [20, 26]).

|U|p P T u 0
A(d(x))pdxgcn,pm)/dw de, Ve C3°(Q).

Moreover, we will show that du(z) = ﬁdw and du(z) = Wdz are special cases

of measures satisfying (H2) and (H3).

Theorem 1.5. The measure du(x) = ﬁdw and du(x) = mdm satisfy condi-
tions (H2) and (H3).
We define the problem
—div(|VulP72Vu) — MuP"2up, = f in Q, (1.2)
u=0 on 0f. ’

Let f € L¥'(€2). We shall say that u € W, (Q) is a weak solution of (T.2) (resp.
(1.1)) if u satisfies

/ |Vu|P2VuVedr — )\/ |ulP~2updp, = / feodz, (1.3)
Q Q Q
respectively,
/ |VulP~2VuVodr — /\/ |ulP~2updp = / fedz, Yo e WyP(Q). (1.4)
Q Q Q
Notice that assumption (H3) ensures that the integral [, |u|P~2updu makes sense
whenever u and ¢ are in W, ?(Q). We prove the following results.

Theorem 1.6. Let f € L' (Q), 1 < p < N and C satisfying (H1). Then for all
0< A< é, the problem (1.1) has at least a weak solution u € Wg’p(Q).
Theorem 1.7. Consider the Dirichlet problem
—Apu — NulP2up = |[u|*2u  in WP (Q),
u=0 onJd(Q).
For every 0 < A < 1/C and p < a < p* = Np/(N — p), there exists a nontrivial
solution u € Wy* ().

Note that problem (1.5)) has been studied by Peral [27] when du(x) = ‘;%.
Next, we prove an auxiliary result.

(1.5)

Theorem 1.8. For every n € N, the problem
—Apu = MulP2up, in Q,
u=0 on ON.
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has a sequence of eigenvalues (\g)ken, such that limg_ oA = +00. Moreover, the
first eigenvalue A1 (n) is simple, isolated and is defined by

A1(n) = inf {||vu||gp cu € WEHP(Q) and / u|Pdpiy, = 1}. (1.7)
Q

Notation. for p > 1, we denote by p’ the real number satisfying % + ﬁ =1. As
usual WP(Q) is the Sobolev space equipped with the norm

1/
lullwie) = (lullfs + [Vulf,) "
I/VO1 P(Q) is the Sobolev space equipped with the norm

1/
lull = llullyp2e ) = (IVulg,) "

For a positive Radon measure, we set
LP(Q, u) = {u : u is measurable and / |ulPdp < oo}.
Q

When dp = dx, we set LP = LP(Q, dx).

Proof of Theorem[I.5. We start by proving that du = B ‘pdm and dyp = (5(x))pd

satisfy conditions (H2) and (H3). For each n € N*, we define w,, () = min(n, |z|~P)
and dpy,(z) = wy(x)dz.

Case du(x) = B |,,dx Since dpy,(z) < ndx, (H2) is obvious. To prove (H3), let
f € C§e(Q). Using the fact that p < N, we obtain

f [
——dx < || flloo —dxr < +o0.
/ ap ™ < Wl | T

On the other hand, since (fw,), converges to f.ﬁ, by Dominated Convergence

lim fwndx = / / ——dz.
n—o Jo o |zl
Case: du(z) = mdx. For n € N*, we define w,(x) = min(n, (6(x))"?) and
dpin () = wy(x)dx. As in the example from above, (H2) is obvious. Now using the
fact that |fw,| < (6( ))p and

/ / dng/|Vf|pdx, Vf € CEo(Q),
Q Q

(6(x))P
we obtain (H3). O

Theorem we obtain,

2. PROOF OF THEOREM

The proof is rather straightforward adaptation of [20, Theorem 3.2] with du,, =
v(z)dz, where the weight v is in L" with r = r(p, N) satisfying the following
conditions

> if 1 <p<N,
ifp>N,
>p ifp=N.

Let n € N fixed and define G : W, ?(Q) — R and F : W, ?(Q) — R by

1 1
= f/ |[VulP de, F(u)= f/ |u|Pdpsy,.
P Ja P Ja

N
p
1
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In the sequel we consider the functional
¢ Wy P(Q)—R
u —(G(u))? = F(u).
Proposition 2.1. The functionals G and F are of class C* on Wol’p(Q). Moreover
(DG(u),v) = / |VuP~2VuVodz,
Q

and
(DF(u),v) = / luP~2uvdp,, Vv € WP (Q).
Q

Proof. We only consider F', the proof for G is similar. Let u and ¢ € WO1 P(Q).
Flu+to)—F(u) 1d

i =-—F to)|i—
t_lglJr t pdt (u+t0)le=o0

1d
= 5%/9 lu + to|”|i—odpin

1 0
:];/Q§|U+t90|p|t:0d,un

= /Q |ul"~wpdpn = (DF (u), ¢).
The differentiation under the integral is allowed since, if |t| < 1 then
llu+ P (u + t)p| < (ful + [tle)P ™ol
< (Jul + @)~ el € LR, n).-

Next, we show that DF'(u) is continuous. Indeed, by Hélder inequality and using
hypotheses (H1)—(H3), we obtain

(DF(u),0)| = | /Q P2 uipdpu|

— —1
) Rl e e E e

< CllulP~ il
O

Lemma 2.2. The eigenvalues and eigenfunctions associated to the problem (|1.6))
are entirely determined by the nontrivial critical values of ¢.

Proof. Let u # 0 be a critical point of ¢ associated with a critical value ¢, which
means that ¢(u) = ¢ and ¢'(u) = 0. Hence

2G" (u)G(u) = F'(u).
With the condition G’(u) # 0 we obtain G(u) = 55 = AF(u) thus

2X
1
Flu) =55
so ¢ = —G?(u). Therefore,
(G (u),v) = ! (F'(u),v) forall v e CX(Q),

2/—c
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(@) = 5=

Thus, we deduce that A = 1/(2y/—c) is a positive eigenvalue of and u is its
associated eigenfunction. Conversely, let (u # 0,\) be a solution of (L.6). Then,
for every § € R*, Bu is also an eigenfunction associated to A. In particular for
B =1/(2A\G(u))'/P, the function v = (2AG (u))~/Pu is an eigenfunction associated
to A = 1/(2v/—c), which proves that v is a critical point associated to the critical
value ¢ = —1/(4)?). O

(F'(u),v) forallve CX(Q).

Next, we recall the Genus function defined as follows v : ¥ — N U {oc}, where
Y ={ACWyP(Q): Ais closed , A = —A} by

¥(A) =min{i € N: 3 ¢ € C(A4,R\{0}), ¢(z) = —po(—2)}.
Let us now consider the sequence

= inf 2.1
¢k = inf Sg}gcb(v), (2.1)

where for k > 1, and
Ap = {K Cc WyP(Q) : K is compact symmetric and y(K) > k}.

Proposition 2.3. The values ¢ defined by (2.1)) are the critical values of ¢. More-
over ¢, <0 fork>1 and limy_. o ¢ = 0.

Proof. The proof is based on the fundamental theorem of multiplicity and the
approximation of Sobolev imbedding by operators of finite rank. We first show
that for all k > 1, ¢ is a critical value of ¢ and ¢, < 0. Since ¢ is even and is C!
on WyP(Q), then the result follows from the fundamental theorem of multiplicity
if ¢ satisfies the following conditions:

(1) ¢ is bounded below.

(2) ¢ verify the Palais-Smale condition (P-S).

(3) For all k > 1, there exists a compact symmetric subset K such that v(K) =

k and sup,cx ¢(v) <O.

Let us verify assertion (1). Indeed, condition (H1) implies that
1
o) 2 Slul*(lul” = Cp), vue W (%),

which proves that ¢ is bounded below and ¢(u) — +oo as |Jul| — +o0.

Assertion (2). We show that ¢ verify the Palais-Smale condition. Let (ug)g
be a sequence in Wy (Q) such that (¢(ux))x is bounded and (¢'(uz))x — 0 in
(W) P(€2))'. Since ¢ is coercive then (uy)x is bounded in Wy?(Q). Thus, there
exists a subsequence still denoted by (uy)x such that (Vug)g converges to Vu
weakly in LP, and (ug) converges to strongly in LP. By (H3), we obtain that (u)g
converges strongly in LP(Q, u,). Suppose that (||ug||)x converges to some constant
a > 0. We distinguish two cases.

Case 1: o = 0. Since (ug)r — u in WP (Q) and |Jug|| — 0, then (uz)r — 0 in
WP (). Consequently, the condition (P-S) is satisfied.

Case 2: o > 0. For k > 1 we have

¢’ (uk) = 2G (ug)G' (ur) — F'(ug)
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which yields
1

G'(uy) = 5G(ar) (¢ (uk) + F'(ug));

ie.,
/ F/
() + P
2 [[VullLs
Since u +— |u|P72u is strongly continuous in LP(Q, i), ||ukl| — « > 0 and
(¢'(uk))r — 0, then the expression
p (¢ (ug) + F'(ur))

V=2
2 |[Vurllz,

converges strongly in (W3 ?(Q))’. However, G’ is continuous, thus u, = (G')~'V;
converge strongly in W, (Q), from where the (P-S) condition holds.

Next, we prove (3). Indeed, by (HO), there exists a family of balls (B;)1<;<k in
Q such that B;NB; =0 if i # j and p,(Q N B;) # 0. We define

. uz(x)(fB |ui|pdun)71/p if x € By,
o if z € O\B;.

Let X}, denote subspace of Wol’p(Q) spanned by {v1,va,...,v;}. Since the v;’s are

i=k
i=1XiVi,

linearly independent, we have that dim X, = k. For each v € X, v = >
we obtain F(v) = sz|ai|p.
Thus u — (F(u))'/? defines a norm on Xj;. Then there exists ¢ > 0 such that

cF(u) < G(u) < %F(u) Yu € Xj.

Let K be defined as
C2 02
K = {u € W;?(Q) such that 5 <SF) <o)

It is clear that K1 = K N Xy # 0 and sup,cx, ¢(u) < —c/12 < 0. Since X} is
isomorphic to R¥, one can identify K; to a crown K| of R* such that S*~! C
K} C R*¥\{0} where S*~! is the unit sphere of R¥. Then v(K;) = k and the result
follows.
Finally, we shall prove that limg_, o ¢ = 0. Consider {E;} sequence of linear

subspaces in W, *(€2), such that

o F; C Fiyq,

o UE; = WyP(Q),
Define

cr = inf sup  o(v

KeAwveKnE;_, (®)
where EY is the linear topological complementary of E;. Obviously ¢; < ¢ < 0.
So, it is sufficient to prove that

lim ¢, =0.
k——+o00

Assume, by contradiction, that there exists a constant o < 0 such that ¢, <
a < 0 for all & € N, then for each k € N, there exists K} such that ¢ <
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SUP,¢ e, npe_, #(u) < o and there exists ux € K N Ef_y such that ¢, < ¢(ux) < o
In this way, ¢ is bounded, hence for some subsequence still denoted (uy),

up —u in Wy P (Q),

ug — u in LP(Q, ).

Hence ¢(u) < a < 0, which is a contradiction with the fact that u = 0 because
U € Eicfl. (I

Remark 2.4. It is clear that the sequence (Ag)y defined by the formula
)\k:ﬁﬂ—i—ooaskﬂ—i—oo.

Remark 2.5. We consider Ay = infxer, sup,cxG(u), where I'y, is define by
{K c WyP(Q)\{0} : K is compact, symmetric v(K) > k, lull v ) = 1}
Particulary
A(n) = inf {[IVall, s w e WEP(Q) and [[ul o) = 1}
Moreover, using [23 Theorem 4.11], we obtain the following result.

Theorem 2.6. If u € WP (Q) is an eigenfunction of ([L.3), then u is continuous
in (2.

In what follows we will use the so-called Picone’s identity proved in [I]. We recall
it here for completeness.

Theorem 2.7 (Picone’s identity). Let u > 0, v > 0 be two continuous functions
in Q, differentiable a.e.. Denote

P uP P ur”! p—2
L(u,v) = |Vu| +(p71)v—p\V1}| fpvp_1|Vv| — VuVu,
_ -2 uP
R(u,v) = [Vul? = [Vo[ =2V (= ) V.

Then
(i) L(u,v) = R(u,v),
(ii) L(u,v) >0 a.e.,
(i) L(u,v) =0 a.e. in Q if and only if u = kv for some k € R.

We will show that the first eigenvalue Aj(n) of (1.6 defined by (L.7) is simple
and isolated, and only eigenfunctions associated with A1(n) do not change sign.

Proposition 2.8. The first eigenvalue A1(n) is simple.

Proof. Let u,v be two eigenfunctions associated to A (n) and fixed € > 0. We can
assume without restriction that v and v are positive in 2. From Picone’s identity
we have

/ L(u,v + €)dx = / R(u,v + €)dx
Q Q
:Al(n)/updun—/ |VoP=2V(
Q Q

uP
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The functional u” /(v + €)P~! belongs to W,?(Q) and then it is admissible for the
weak formulation of —Aju = A1 (n)|u[P~2up,. It follows that

0§/QL(u,U—FE)dx:)\l(n)/Qup(l—m

Letting € — 0, we obtain L(u,v) = 0, a.e. in €2, and therefore using (iii), we obtain
u = kv. (]

pP~1

)d iy,

Proposition 2.9. Let u € Wol’p(Q) be a monnegative weak solution of (1.6, then
either w =0 or u(z) > 0 for all x € Q.

The proof of the above proposition is a direct consequence of Harnack’s inequal-
ity, see [35] B36].

Theorem 2.10. Let (u,\) € WP (Q) x Ry be an eigensolution of (L.1). Then
u € L®(Q, ).

The proof of the above theorem is rather a straightforward adaptation of [22]
Theorem 4.1 with du,, = dz.

Theorem 2.11. Let u be an eigenfunction of (1.6 associated to an eigenvalue
A#£A(n) and 1 < g < p. We define

r=win{ [ utdpnu € D@, [ fuld = 1),
Q Q

Then
min (j1,, (7). () > (CN)~V/P1)745, (2.2)
where QT = {z € Q, u(z) > 0} and Q= = {z € Q, u(x) < 0}.

Proof. Let u be an eigenfunction associated to A, then
/ |VulP~2VuVodr = /\/ lulP~2uvdp,, Yo € WP (Q). (2.3)
Q Q

For A # A\i(n), u changes sign i.c., ut # 0 and u~ # 0. Since ut € Wy (Q) we

have
/ |Vu+|pd:r:)\/ [ut [Pds,.
Q Q
For 1 < ¢ < p, we have:

q/p q
[t < ([t a) " o))
Q Q

q /
<crrp (@) H( [ [wutpas)
Q

_aq q/p
< (AC) P (@) / ju* P )
Q

and -
lat 1wy < OCH2 1 ()55 [0 | Lo g0
Finally
1a(@F) = (NP1, (2.4)

Now, we establish the isolation of the first eigenvalue.
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Theorem 2.12. Let A1 (n) be the first eigenvalue of the problem (1.6). Then \i(n)
is isolated.

Proof. Our approach is related to the method of [4, [5]. Let A > 0 be an eigenvalue
of and let v be the corresponding eigenfunction. By , it follows that
A1(n) < A and so A\ (n) is left-isolated. To prove that A\;(n) is right-isolated, we
argue by contradiction. We suppose that there exists a sequence of eigenvalues
(Ak)ken, such that Ag # A1(n) and A\, — A1 (n). Let (ug)ren be the corresponding
sequence of eigenfunctions such that

/ |[VugPde =1, VkeN. (2.5)
Q
There exists a subsequence, denoted again by (uy)x and a function u € Wy ()
such that

up —u on WyP(Q)

up — u on LP(Q, ).

Our next aim is to show that w is the eigenfunction corresponding to A;(n). First,
since —A,, is a continuous and one-to-one operator from W, *(Q) into W, LP(Q)

and so is its inverse operator (—A,)~! defined from W(;l’p/(ﬂ) into Wy ?(Q) (see
[27]). Thus,

up = (=Ap) 7 O fure [P 2upn).
By Vitali’s Theorem, we have
et 2up — AulP~2u strongly in L7 (€, ) — W1 (Q).
The continuity property of (—A,)~! implies that
up — u  strongly in WyP(Q).

Hence, u is an eigenfunction of (1.6)), corresponding to A;(n). Using Vitali’s Theo-
rem, again, we have

|Vur|P~2Vuy, — |VuP~2Vu  strongly in L.

et 1/p
[ w2unedis, < ([ pdien) ([ o) < ol
Q Q Q

It should appear a constant 7. > 0 for every € > 0 and 2. C € such that
tn () < % and wu(z) > 2n. for every x € Q.. (2.6)
Let us denote
Qf ={z € Q, ug(x) > 0},
QO ={z € Q, up(r) <0}

Moreover, by Egorov’s Theorem, there exists Q. C € such that
pn (Q\€2) < %

and uy, converges uniformly to u. On the other hand, there exists N, > 0 such that
for every k > N., we have
QN CQf
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and then

() = o (Qe N Q) 2 1 (Q) = (a(Q\Q0) + 11 (N Q) = () — €.
Hence, it follows that u,(Q) and p,(2,) > K, where K = (CX)~Y/rD)o=a . If
%, we obtain

(@) = () + () = 1) — €+ K = () + € > 1 (9),

which is a contradiction. Therefore A;(n) is isolated. O

we choose € =

3. PROOF OF THEOREM

Lemma 3.1. Let A1(n) be the first eigenvalue associated to (1.6). Then, A\ (n) >
and lim, A1 (n) = %

Q=

Proof. Notice that

VulPd VulPd
Al(n):inff9| updz Zinff9| ufdz Zl.
@ Jqolulpdpn 0 g ulpdp — C

Since (A1(n)), is a non increasing sequence, we have to prove that the limit can
not be larger than % Assume by contradiction that lim,, ., A1(n) = % + 4, for

some 0 > 0. Then we can choose ¢ € C§°(2) such that
JoIVoPdz 1§

[ololPdu ~C "2

Which gives us
Vo|Pdz 1 6
Ai(n) < fﬂ‘i(m < = 4+ =
fQ |plPdpy, C 2
for n large enough. O
In the sequel for A > 0 let us denote by £5™ the operator defined on I/VO1 P(Q) by
Lhru = —Apu — NulP~ up,.
The first result in this section is an easy consequence of the Hardy’s inequality.
Lemma 3.2. If0< A < %, then £5™ is a positive operator.
Proof. From assumption (H1) we have
(€8 u,u) = (1= AC)Jull” > 0

whenever 0 < A < 1/C. O
Next we recall a formula from [34].
Lemma 3.3. Let a,b € RN and (.,.) be the standard scalar product in RN . Then

Cpla —bJ? ifp=2

a—b|? .
CPW Zf1<p<2

(lal""2a — b]"~2b, (a — b)) > {

Lemma 3.4. The operator £\ : WyP(Q) — WP (Q) is uniformly continuous
on bounded sets.
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Proof. Assume p > 2 and consider K C WO1 P(Q) be a bounded set; i.e., there exists
M > 0 such that
lul| < M, YueK.

Then, using Lemma and Holder inequality, for u,v € K and ¢ € Wol’p(ﬂ), we
obtain

(&5 1 = L5, 9)

< [vuP 4 9002190 = Dol Folda + A [ (1P~ + o) = vl

< 2, MP7?(|Vu — V| o + 20, MP 72 |lu — || Lo (0, 0)

< 2¢, MP~2(min{1, CA})||u — v
The same process is applied for 1 < p < 2. O
Lemma 3.5. The operator £\ : Wy P(2) — W17 (Q) is pseudo-monotone.
Proof. Let (ug)r>1 C Wo(€) such that up — u in Wy*(€) and

limsup < 25" ug, ur, —u >< 0.

k—oo

We want to prove that
lim inf (4™ up, up — v) > (LA u,u—v) for all v e WyP(Q).

Since uy — u in W,P(Q), it follows that

/Q |VulP2VuV (up, — u)dx — 0, as k — +o00. (3.1)
We estimate

=2 = )i, < o = 0

Through ug — u in LP(Q, uy,) and wug is bounded in LP(Q, u,,) then

/Q lug P2 ug (up — u)dpn, — 0, as k — +oo.
So

lim sup (/Q |Vug [P 2Vu, V (ug — u)da + (—)\/Q g [P~ 2 (ug — u)d,un)) <0,

k—o0

which yields
lim Sup/ |Vug|P~2Vu,V (ug, —u)de < 0. (3.2)
Q

k—o0

Combining (3:1)), (8:2) and Lemma [3.3{ we obtain that (ug); — w in Wy ?(Q). The
proof is complete. ([l

Proposition 3.6. For every 0 < A < 1/C, the operator £ is coercive.

7

Proof. Using (H1)—(3), we have
(£, ) :/ |Vu|pd:v—)\/ P, > (1—)\0)/ VulPdz,
Q Q Q

which implies that €4 is coercive, whenever 0 < X < % (]
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By Proposition and Lemma the operator £4" : W, P(Q) — W17 (Q)
is coercive, bounded from below and pseudo-monotone. Hence, by [23] Theorem
4.11], it is onto. Thus we have the following result.

Theorem 3.7. For every f € LP | there exists u, € W, (Q) which is a solution
of (@)

Lemma 3.8. For each n € N, let u,, be a solution of the Dirichlet problem (1.2)).
Then the sequence (uy,)y, is bounded in Wy (Q).

/|Vun\pdx—/\/ |un|pdun:/fundx,
Q Q Q

and using (H1), we obtain

(1= AO) Junl” < [1F 1l Lo 1w 2o

M=
Il < (7 25) ™

where C is the positive constant of the continuous of Sobolev embedding satisfied.
O

Proof. Since

Lemma 3.9. Let (uy), be the sequence as defined in Theorem |3.7]. Then (up)n
converges to a weak solution u of (1.1)).

Proof. By Lemma since u,, is bounded in VVO1 P(Q), we have
U, —u in WyP(Q),
U, — u in LP(Q, p), (3.3)
u, — u in LP.
Then
/Q Vit |P~2Vu, Vods — |VulP2VuVeds, for all ¢ € W, P(1).

Next, we show that

/ [t [P 2 pdpty, — / |u|P~2updp, for all ¢ € C§°(9).
Q Q

Indeed, we have

|/ ‘un‘p72un90d,un_/ |u|p72u§0d.u|
Q Q

- | /Q P~ upd (1 — 1) — /Q (Tt P~ — [l ~2u) o]

-1 _ _
<l e Il @iy + | /Q (P~ — [l 2ul)pldpaal.

So, by (H3) the first integral converges to 0, as n — o0o; respectively by the weak
convergence in (3.3), the second integral converges to 0, as n — oo. Therefore,
u is a solution of our problem in the sense of distributions. Moreover by density

argument and taking into account that u € VVO1 P(Q), we conclude that u is solution
in the sense of W, "*(1). O
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4. PROOF OF THEOREM

Some recent papers [17, 211, 28] [30] [32] 29] considered a class of functionals
with the minimax method. We will use again the variational approach to study
the case of unbounded functionals, more precisely the existence of solution via the
mountain-pass theorem. For instance the following result holds. For 0 < \ < %,
let

1 n 1 a 1
J(u):5<’8§ ww) = —lullfe,  w e Wy ().
To obtain a nontrivial critical point of the functional J, we apply the following

version of the mountain-pass theorem from [24] with the usual Palais-Smale com-
pactness condition. So the critical points of the functional J are a weak solutions

for (1.5)).

Theorem 4.1. Let E be a real Banach space and J € C1(E,R) satisfying Palais-
Smale condition. Suppose that J(0) = 0 and for some o,p > 0 and e € E, with
llell > p, one has o < inf |, —,J(u) and J(e) < 0. Then J has a critical value ¢ > o
characterized by

= inf J(y(t
¢ = Inf max (v(#)),

where
I'={yeC([0,1],E) : 7(0) = 0, 7(1) = e}.
The proof of the above theorem follows from the following lemma.
Lemma 4.2. The functional J satisfies the Palais-Smale condition.

Proof. Let (ug)x € Wolp(Q) be a Palais-Smale sequence. Set
c= klim J(ug), J'(ug) = ex
such that (ex)r — 0. Thus
| (ur)w| < ex||w]], for all w e Wy ().

For k large enough, we will have

1 /
c+1>J(ug) — E<J/(Uk)vuk> + —{(J (uk), ur),
1 1
> (; = A= A0 P = —lulex,
11 1
> (1; — a)(l — AO)|Jug||P — &”uk”

Hence, the sequence (uy)y is bounded in WO1 P(Q). By compactness argument we
can assume that

up —u  in WyP(Q),
up — u in LYQ), forp < a<p*.
Using (H2), we obtain that (ug)r converges to u in LP(Q, u,). It follows that
lug [P~ 2wy, — |ulP~2u in L (Q, 1), hence in W=7 (Q). Let us denote by V; =
|ug [P~ 2ug i, — || 2uy and V = [uP~2up, — |u|*"2u. Since (—A,)~! is continu-
ous, we conclude that

up = (—A,) " (Vi) converges to (—A,) (V) = u.

Therefore, |uy|?~2u;, converges to |u|P~2u in Wy P(£2). O
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Lemma 4.3. The functional J satisfies the conditions for the mountain-pass the-
orem.

Proof. Let 1 = ad. First, we show that there exist positive constants p and oy
such that
J(u) > a, if [lul| = p,

and there exists ¢ € Wol’p(Q) such that J(tp) — —oo, as t — oo. Indeed, for
uc Wol’p(Q), we have

1
1-\C P —|ul|™.
( Maull” = —llul

1, 1
— - n _ a >
Ju) = (85w, u) = g

SR

Since A < 1/C and p < «, we can set
(1 = AC)aS*'P 1/a—p) (1 — AC)>\ 1/ (a=p)
- (U, (U2
Q" (1)
such that J(u) > ay if ||ul| = p.

Let us prove the second assertion. Let ¢ > 0 large enough, and choose ¢ €
Wy (Q)\{0} satisfying

( )7

1 1
p o

1 1
J(tp) = Et”(ﬂ’;"@,@) — ato‘||<p||}fa — —00 ast— +oo.

Thus, we have J(tp) < 0, for sufficiently large ¢.
So, we can conclude that J has a critical value ¢ > «1, which can be characterized
by

= inf J(y(t
¢ = Inf max (v(1)),

where
I = {7 € C(0,1], W P(2)), 1(0) = 0, 7(1) = e}.
Next, we shall prove the positivity of the solution. Multiply the equation —A,u—
MulP~2up, = |u|*~2u by v~ and integrate over €, we find ||u~|| = 0 and so u is a
positive solution of (P(;“;\) the proof is complete. O

For the proof of Theorem we need the following results.

Lemma 4.4. Let (uy), be a sequence of weak solutions of (1.5)) with ., instead of
p. Then, (up)y, is bounded in W, P(Q).

Proof. As u, is a weak solution of (1.5 with pu,, instead of u, then u, is a critical
point of the functional J. Since J satisfies the Palais-Smale condition, then (u,)n
is bounded in Wy*(Q). O

Lemma 4.5. Let (uy,), be a sequence of weak solutions of the problem (1.5) with
tn, instead of p. Then (uy), converges to a weak solutions u of (1.5]).

Proof. By Lemma since (uy )y is bounded in WyP(Q), it follows that
U, —u in WyP(Q),
u, = u in LP(Q, p), (4.1)
U, —u in LY p<a<p.
Hence

/ [Vt |P 2V, Vods — |VulP2VuVeds, for all ¢ € W) P(1).
Q
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By the compactness of Sobolev embedding, we obtain

/Q || 2 podr — /Q lu|®2updz, for all ¢ € W, P(9).

Next, we show that

/ [ |P ™2 pd iy, — / |ulP~2updp, for all p € C5°(Q).
Q Q

Indeed, we have

| / P 2o, — / P2yl
Q Q
= | [ 2t = ) = [ (Gl P

< lull

—1 _ _
sl + | [ (1aal? 2 = P 2ulpldn|.
Q

So, using (H3) the first integral converges to 0, as n — oo respectively by the weak
convergence in 7 the second integral converges to 0, as n — oo. Therefore,
u is a solution of our problem in the sense of distribution. Moreover by density
argument and taking into account that u € WO1 P(Q), we conclude that u is solution

in the sense of W, (). O
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