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BLOW-UP RESULTS FOR SYSTEMS OF NONLINEAR
KLEIN-GORDON EQUATIONS WITH ARBITRARY POSITIVE
INITIAL ENERGY

SHUN-TANG WU

ABSTRACT. The initial boundary value problem for a system of nonlinear
Klein-Gordon equations in a bounded domain is considered. We prove the ex-
istence of local solutions by using a successive approximation method. Then,
we show blow-up results with arbitrary positive initial energy by a concavity
method. Also estimates for the lifespan of solutions are given.

1. INTRODUCTION

In this article we study the existence and blow-up of local solutions for the system
of nonlinear Klein-Gordon equations

(i) — Aug +m2u; + (ui)y = fi(u) in Qx[0,T), i=1,2, (1.1)
with initial conditions
u(z,0) = ¢(x), u(z,0) =¢(x), x=€, (1.2)

and boundary conditions
u(z,t) =0, x€dQx(0,T), (1.3)

where u = (u1,u2), ¢ = (¢1,¢2), ¢ = (¢1,¢2), and @ C RN, N > 1, is a bounded
domain with smooth boundary 052 so that Divergence theorem can be applied and
2
T>0. Let A = Zjvzl a%? be the Laplace operator, m; # 0 is a real constant and
fi(u) is a nonlinear function of u, i =1, 2.
Before stating our results, we first recall the existing results about the initial

boundary value problem for a single wave equation
wgy — Au 4 alug | tug = blu|P (1.4)

where a > 0, b > 0, m > 1, and p > 1. There are numerous results about the
global existence, asymptotic behavior and blow-up of solutions for . Levine
[6] firstly showed that the solutions with negative initial energy blow up in finite
time for equation with linear damping (m = 1). Georgiev and Todorova [4]
extended Levine’s result to nonlinear case (m > 1). They showed that solutions
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with negative initial energy continue to exist globally in time if m > p and blow-
up in finite time if p > m and the initial energy is sufficiently negative. Later,
Levine and Serrin [9] and Levine, Park, and Serrin [8] generalized this result to an
abstract setting and to unbounded domains. By combining the arguments in [4]
and [9], Vitillaro [I9] extended these results to nonlinear damping (m > 1) and
the solution has positive initial energy. Messaoudi [I2] improved the work of [4]
without imposing the condition that energy is sufficiently negative. Similar results
have also been established by Todorova [16], [I§] for different Cauchy problems. For
related results on a single wave equation, we refer the reader to [13} [14] 22] and the
references therein.

On the other hand, Levine and Todorova [7] proved the local solution blows
up in finite time for some initial data with arbitrary high initial energy. Then
this result was improved by Todorova and Vitillaro [I7]. However, they did not
give a sufficient condition for the initial data such that the corresponding solutions
blow up in finite time with arbitrary positive initial energy. Recently, Wang [20]
discussed the blow-up phenomena for equation with a = 0. They obtained a
sufficient condition of the initial data such that the solution of blows up in
finite time when the positive initial energy is arbitrarily large.

Now, we return to the initial boundary problem for the system of nonlinear wave
equations as follows

(ug)ee — Aug +m2u; + [ (us) [P ug)y = filu) in Qx[0,T), i=1,2,
u(z,0) = ¢(z), w(z,0)=9(x), =z, (1.5)
u(z,t) =0, ze€dx(0,T),

where p1, po > 1 and Q is a bounded domain with smooth boundary. Reed [15]
proposed this interesting problem without imposing damping terms |(u; )P~ (u;)¢
in to describe the interaction of scalar fields w1, ug of mass mi, mo respec-
tively. As in the case of a single wave equation, it is worth noting that when
the damping terms |(u;)¢|?*~1(u;); is absent, then the force term f;(u) causes fi-
nite blow-up of solution for . In this direction, Wang [21] studied with
filur,ug) = ap|uz|®THug |2~ uy and fo(ug,uz) = ag|ur|® 1 ug|®2 tuy and ob-
tained that the solutions blow up in finite time with arbitrary positive initial energy.
On the other hand, if the source term f;(u) is removed from the equation, then the
damping terms should assure global existence and decay of solutions. However,
when both damping and source terms are present, then the analysis of their inter-

action and their influence on the behavior of solutions becomes more difficult. Agre
and Rammaha [I] considered (1.5)) with

_ r=3, 4l

filug,ug) = (r+1) [a|u1 + un| " (w4 up) + blut| T |ug| 2 u1}7 o
1.6

_ r=3,  rtl
faur,ug) = (r+1) [a|u1 +ug|" " (g + ug) 4 blug| = fua| 2 U2},
where r > 3, a > 1 and b > 0. They showed the existence of global solutions if
r < min{p1,p2} and proved the blow-up of solutions if > min{p;, p2} and initial
energy is negative. Later, Alves et al [2] improved these results and they obtained
several results on the global, uniform decay rates, and blow up of solutions in
finite time when the initial energy is nonnegative by involving the Nehari manifold.
Recently, Li and Tsai [I0] considered a class of nonlinear terms which includes (|1.6)
in a bounded domain where the global existence and blow-up behavior of solutions
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without imposing damping terms were discussed. However, on considering the blow-
up properties, the initial energy can not be arbitrarily large in that paper. This
motivates us to consider the problem of how to obtain the blow-up of solutions
when the initial energy is arbitrarily large.

Inspired by these previous works [I0] 20, [21], in this present paper, we would
like to investigate the local existence and then establish a sufficient condition of the
initial data with arbitrarily high initial energy such that the corresponding local
solution of the system for the nonlinear Klein-Gordon equations (1.1} . ) blows
up in finite time. The method used here are the successive approx1mat10n method
and the concavity method. In this way, we can extend the result of [20] to a system
with linear damping terms and the result of [I0] without setting any restriction on
upper bound of the initial energy. The paper is organized as follows. In section 2,
we first introduced some notations used throughout this paper and then state the
local existence Theorem In section 3, we prove the main result Theorem
which shows blow-up properties of solutions with highly positive initial energy.

2. EXITANCE OF LOCAL SOLUTIONS

In this section we shall discuss the existence of local solutions for (L.1))-(1.3) by
the method of successive approximations. First we give the notation Wthh will be
used throughout the paper. Let W™P(Q)) be the usual Sobolev space. Specially,
Wm2(Q)) and WOP(Q) will be marked by H™(Q2) and LP(2), respectively. And we
denote || - ||, to be LP-norm for 1 < p < co. H}(Q) is the closure of C§°(Q) with
respect to the norm [[u|zp = [[Vul2.

Define

H1 = C'([0,T]; L*(Q)) N C°([0, T]; Hy (),
H2 = C*([0,T); L*(Q)) N C*([0, T]; HY (Q)), for T > 0.
Now, we make the following assumptions:

(A1) f;: R? — R is continuously differentiable such that for each u = (uy,us) €
H} () x HE(Q), we have u; f; € LY(Q), i = 1,2 and F(u) € L'(Q2), where

/ flsqus—F/ f2(0,8)d

(A2) fi(0) =0 and for any p > 0 there exists a constant k(p) > 0 such that
1fi(u) = fi(v)ll2 < k() = vllpgxny, =12
where u,v € Hj(Q) x Hg(Q) with [[ull g gy, 0]l g2 sz -

(A3)
oh _op
Ous  Ouy’

Note that the function of the form fi(u1,us) = uj 1u§ + ufl, f2(u1,u2) =

uy”Muf + ud satisfy the assumptions (A1)-(A3) where 1 < s, p, ¢ < 5 for N >3

ors,p,q>1for N=1,2.
Lemma 2.1 (Sobolev-Poincaré [I1]). Let 2 < p < 2. then the inequality
lullp < el Vull2, foru e Hy (9)7

holds for some positive constant c;.
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Lemma 2.2 ([3]). Let § > 0, T > 0 and h be a Lipschitizan function over [0,T).
Assume that h(0) > 0 and h'(t) + 6h(t) > 0 for a.e. t € (0,T). Then h(t) > 0 for
allt € (0,T).

Before proving the existence theorem for nonlinear equations (|1.1])-(|1.3]), we need
the existence result for a linear wave equation which is given in [5].

Lemma 2.3. Assume that f € WHL([0,T); L%(Q)) and that ug € H2(Q) N HE (Q)
and uy € H}(Y), then the linear problem with damping
uge — Au+uy = f(t, ),
u(0) = ug, w(0) =wus, x€Q,
u(z,t) =0, z€0Qx(0,T),
has a unique solution v € H2.

Theorem 2.4. Assume that the assumptions (A1)—(A3) hold and let (¢1,P2) €
H}(Q) x H}(Q) and (p1,92) € L*(Q) x L*(Q). Then problem (L.1)—(1.3) admits a
unique solution (uq,u2) in H1 x H1.

Proof. Since H?(Q) N H}(2) is dense in H}(Q) and H(Q) is dense in L(Q), it
suffices to consider problem (L.I)—(L.3) for ¢; € H2(Q)NHJ () and ¢; € H}(Q), i =
1,2. Let {u™ = (u]",u5")}m>1 be a sequence of solutions obtained by considering
the approximation problem

(") — AuT 4 (WY = —ma + fi(u™), i=1, 2,
u™(z,0) = ¢(x), u(z,0) =p(z), x€Q, (2.1)
u™ (2, t) =0, 2€dNx(0,T),
with the initial function u!(z,0) = ¢(z).

Using Lemma and ( Al) (A2), we see that (2.I) has a unique solution u™ €
H2 x H2. In the following, we would like to estlmate the solution obtained above.
Multiplying by (u m“)t on both sides of (| and then integrating it over {2, we
have

/u&“mw%ﬂn—m¢“+@&“mw
Q

= [ lemar + e,
Q
Using the Divergence theorem and Hoélder inequality, we obtain
d m
IDuT I < miw + fi(u™)a, (2.2)

where D = (8, V) and ||Du;|3 = [ (|(wi)¢]* + [Vug|?)dz. Integrating (2.2) from
0 to t, we obtain

IDui |2 (t) < || D™ l2(0 / Im3u® + fi(ui, ug") |2 (r)dr (2.3)

For simplicity, we denote
= [Du*H|(0) = (lills + 0ill2)/?, i =1,2,
B = b1+ P,
G, = mg |l |2 + | fi(ul ug)]l2, i=1,2, m>1, (2.5)
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H"(t) = [|Du®|5(t) = ([|Duf |2 + | Dusl2)(8), k> 1, (2.6)
where Duf = (Du¥, Du}). Then using Lemma [2.1{ and (A2), we have
Gm,1+ G2 < c|[Du™|2(1), (2.7)
here ¢ is some positive constant. It follows from (2.3))-(2.5) that
t
[Dul2(t) < B; +/ m||illz + (1 fi(0)ll2dt < B; + Gt (2.8)
0
Thus by (2.6) and (2.8)), we obtain
H(t) <+ ct]| Dut||2(2). (2.9)
Define
Koo,r(u') = sup{|| Du’[|2(t) | 0 <t < 7}, (2.10)

and take a constant M > (. Then H'(t) < M, and hence Koo ,(u') < M.
Therefore, from (2.9), we see that

H?*(t) < B+ ctM < M,
provided that 7 = (M — ()/(cM). That is, K ,(u?) < M. Suppose that

Ko - (u™) < M, then, using . . . ) and ( -7 we obtain

H™ (1) §ﬂ+/ (G + Gm2)(r)dr
0

<o+ [ clpwrtatryin =
< ﬁ—&—clo(ooﬁ(um)t <M, 0<t<rT.
Thus Koo - (u™ 1) < M. Hence, we have
Koo r(u™) < M, for all m > 1. (2.12)

Below we shall show that {u™},,>1 is a Cauchy sequence in H1 x H1. Let 2™ =
u™t —y™. From (2.1)), for i = 1,2, we have

(M) — A2 + (2] = —mi 2"+ fi(w™) = fi(u™ ),
2™(z,0) =0, z"(z,00=0, z€Q, (2.13)
2™(x,t) =0, 2€0Qx(0,T).
As in the previous arguments, we obtain
1Dz |2(2)

20t 2.14
< [[Dz"]2(0) + Z/O (MmNl + [1fi(w™) = fi(w™)l2)dr @14)
=1

From (2.13), we obtain |[Dz™||2(0) = 0. Then, by (2.12)), Lemma[2.1]and (A2), we

have ,
D" a(t) < L [ D2 a(rdr, 0t
0
where L is a constant depending on my, ms and Sobolev constant. Thus by induc-
tion, we obtain

Koo,‘r(zm) § LTKOO,T(Zmil) < S (LT)milKoo,T(Zl)' (215)
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Therefore, for any positive integer p and L7 € (0, 1), we see that
Koo,T(U77l+p _ um) < ((LT)m+p—2 R (LT)m—l)Kooﬂ_(uQ . ul)
ot
1-Lt

Hence, the Cauchy sequence {u™},,>1 converges in H1 x H1 and the limit function

u = limy,— 0o ™ in H1 x H1 is a solution defined on [0, 7) for problem (1.1))—(L.3|
Unlqueness Let u and u be two solutions defined on [0, T") of problem (|1.1))-(L.3|

Set w = u — u. From , we have
(wi)er — Aw; + (wy)y = —miw; + fi(u) — fi(@), i=1,2
w(z,0) =0, w(z,0)=0, z€Q,
w(z,t) =0, z€dQx(0,T).

Similar to (2.14)), we obtain

t
IDwl3(t) < [|Dw]|3(0) + C/O | Dw|3(r)dr

< Koor(u?> —u') =0 asm — oo.

The Gronwall’s inequality implies
| Dw||3(t) =0, for 0 <t < T.

Therefore, we have u = u. O

3. BLOW-UP PROPERTY

In this section, we shall investigate blow-up phenomena of solutions of system
(1.1)-(1.3) with m; = mo = 1. For this purpose, we further make the following
assumption:

(A4) there exists a positive constant § > 0 such that
uy f1(u) +uafa(u) > (2+46)F(u), for all uy,us € R,
where F'(u) is given in (A1).

Definition. A solution (uj(t),us(t)) of (1.1])-(1.3) is said to blow up if there exists
a finite time T" such that

Jim (Jua ()3 + [[u2(£)]13) = oo (3.1)

Let (u1(t),usz(t)) be the solution of (L.I)-(1.3), we define the energy function

E(t)f%Znuui)tu%uwu%uuz-n%J— [P, >0 32
and ,
I(u(t)) = I(t) = Z[HVUZHQ + i3] /Zuf (3.3)

Lemma 3.1. Let u be a solution of (1.1)-(1.3). Then E(t) is a nonincreasing
function and

t 2
E(t) = B(0) / Sl (ue)e|3dt. (3.4)
1=1
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Proof. By differentiating (3.2)) and using (1.1)-(1.3)), (A1) and (A3), we obtain

= —Z (i)t l3-

Thus, the result of Lemma, [3.1] follows. O

Lemma 3.2. Assume (A4) and that (¢1,¢1), (92, p2) € HE () x L*(Q) satisfy
E(0) >0, I(0) <0,

1+26
61113 + llp2l3 > 5 £, (3.5)
/(¢1901 + ¢apa)dx > 0. (3.6)
Q
Then
1426

@113 + w2 (O3 > —5—E(0) and I(t) <0,
for allt €10,T).

Proof. First, we prove that I(t) < 0, for all ¢
exists T* > 0 such that T* = min{t € [0,T); I(t

G@%iLWﬂ%ﬂ+uaL0M$

€ [0,T). Suppose not, then there
) = 0}. We define

Using , we have
"(t) = 2/ iui(ui)tdx
Q=1
G"(t /Z (wi)? — |Vui|* — u? + uifi(u a:—Q/ZuZ (uq)t
Then, from it follows that

G0+ G0 =2y /Q (ui)2dz — I(£)] > 0, (3.7)

for all ¢ € [0,7). By Lemma[2.2] and (3.6]), we obtain G'(t) > 0, for all ¢ € [0,T*).
This implies G(t) is strictly increasing on [0, 7*). Thus, from (3.5)), we have

1426
G(t) > G(0) > J; E(0),
for all ¢ € (0,7*). From the continuity of u(t) at t = T*, we see that
. 1 + 26
Z lus (T3 > ——E(0). (3-8)

On the other hand, from and Lemma we have

B

(I17ui(T m+mx>u—g/FmT»w@wm
1

o
Il

I /\

2B(T*) < 2E(0).
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Noting that from the assumption I(7T*) = 0 and (A4) give us
2

S IV ()3 + s (T9)]3) > (2+45)/QF(ul(T*),ug(T*))da:, (3.10)

=1
which together with ([3.9) implies
2
§ 1 + 26
S (I9u(T) 3 + s (T9)]13) < ——E(0).
i=1

It is a contradiction to (3.8]). Hence, I(t) < 0, for all t € [0,T"). Therefore, following
the same arguments as above, we deduce that G(t) is strictly increasing on [0,7)

and
1426

lur (@113 + [luz(£)]I3 > E(0),
for all t € [0,T). O

Now, let
2

a(t)=>" (/Qufdxju/ot ||ui||§dt>, t>0. (3.11)

i=1
We need the following lemma to derive our result.

Lemma 3.3. . Assume that (Al), (A3) (A4) hold. Then

2 t 2
"(t) > 4(6 + 1)/ > (ui)jdz + (4+85)/ > [1(ua)ell3t. (3.12)
Q=1 0 =1
Proof. Form (3.11)) and using (L.1), we have
2
d(t) =Y (/ 2ui(ui)ede + usl3), (3.13)
i=1

and

) =23 ([ (e = [l — ul) +2 [ Zum (3.14)

Employing (3.2) , (3.4) and (A4), we obtain

"(t) :4/ Z(ui)fdx—élE(t) +2/(u1f1(u)+u2f2(u) — 9P (u))dx

>4/Zul )2dx — 4E(0 +4/ ZH (ui)e||2 dt+85/F(u)dm.
Q
Then, using (3.2) and ( again, we see that
2 2 2 14925
"=+ [ ;w»imwgHwiué+45<;uui||§— =B (0))

t 2
1 4(1+20) / S ) 3.
0 ;=1

Therefore, from Lemma [3.2] we obtain (3.12). O
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Now, we are in a position to state and prove our main result.

Theorem 3.4. Assume that (A1)-(A4) hold. Also assume that (1, 1), (d2,p2) €
HY(Q)x L*(Q) satisfy the assumptions ofLemma. Then the local solution (u1(t),

us(t)) of (1.1)-(L.3) blows up at finite time T* in the sense of (3.1). Moreover, if
25 [ (G101 + dapa)do > onl + lonl,

then the finite time T is estimated by

T < lo1ll3 + 2113 .
= 20 [ (D11 + dap2)dx — (||d1 |3 + ||d2]I3)

Proof. We first note that

¢
2 [ [ wlidede = il = o3 (3.16)
By Holder inequality and Young’s inequality,from (3.16]) we have

(3.15)

t t
laall < N0+ [ eildde+ [ NeworlBar, i=12. @)
Next, we will find the estimate for the life span of a(t). Let
2
-5
J(t) = [a(t) + (Ty =) > |6ill5] ", for t [0, T], (3.18)
i=1
where T7 > 0 is a certain constant which will be specified later. Then we have
2
J(t) = =8J(6)F5 (@' (8) = D llgall3), (3.19)
i=1
J'(t) = —8J () TEV (D), (3.20)
where
2 2 5
V(t) = a"®alt) + (T -0 ll6il3] - 1+ ) (a0 = 3 lleall3) . (3:21)
i=1 =1

For simplicity of calculation, for i = 1, 2, we denote

t t
Q 0 Q 0
From (3.13)) (3.16)), and Holder inequality, we obtain

2 2 t
a'(t) = Z (/ 2u; (u;)ed + ||¢Z||§) + 2;/0 /Quz(uz)t dx dt

— \Jo
=t , (3.22)
< 2(VRiPy+ Q181+ VRaPa + V/Q25:) + > lléill3.
i=1
By (3.12)), we have
a’(t) > 4(1 +6)(R1+ S1 + R2 + S). (3.23)

Thus, from (3.22)), (3.23)), (3.21) and (3.18]), we obtain
V(t) > [4(1+ 6)(Ry + Sy + Ry + So)|J (1) 1/°
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—4(1+6) (VR Py + v/ Q151 + VRo P + 1/Q252)*.
Further, by (3.18)and(3.11)), we deduce that
2

V(t) >4(1+9) [(R1 + 51+ Ro+ S2)(T1 — t) Z ||¢1H§ + @(t)],
i=1
where
Ot)=(R1+ S1+ Ra+ 52)(PL + Q1+ P2+ Q2)
— (VRiP1 4+ Q151 + /RaPs + \/Q25:)*.

By Schwartz inequality, ©(t) is nonnegative. Hence, we have

V(t)>0, fort>0. (3.24)
Therefore by (3.20) and (3.24), we obtain J”(t) < 0 for ¢t > 0, and then
J(t) < J(0)+ J'(0)¢t, fort>0. (3.25)

Also, we note that
J(0)>0 and J'(0) <0

due to (3.18), (3.19) and (3.6). Hence, if we choose Ty > —J(0)/J'(0), from (3.25),

there exists a finite time 7% < T} such that
lim J(t) =0.
t—T*— ( )

Then, it follows from the definition on J(¢) by (3.18) that

2 t
Jim 3 (el + [ uolas) = <.
1=1

which implies that

2
i 3l = oo
Moreover, if
2% [ (@101 +oaga)da > 0115+ lalf.
¢

the upper bound T* can be estimated as

T < 1113 + ll 92113 .
T 20 [o(dr1 + dap2)dx — ([|01]|3 + || o2]l3)

This completes the proof. (I
Example 3.5. Consider the system (1.1])-(1.3)) with

fi(ur, u2) = uiug,  folur,uz) = uru3;

that is, we consider the problem
(w1)ee — Aug +ug + ( 2uy  in Qx [0,7),
(u2)t — Aug + us + (u2)t 2up in Q x [0,T),
up(z,0) = ¢1, u2(x,0) =g, x€Q, (3.26)
(u1)e(2,0) = o1, (u2)e(2,0) =2, z €1,
ur(x,t) =0, wus(x,t)=0, z€9Qx(0,T).

Uy )t

=Uu
=Uu

)
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By (3.2) and (3.3), we have

2
1 1
= 52 Cua)el3 + IVual3 + lluill3] = 5 s,
1=1

2

1) = 3 [IVuall? + fuel2] — 2 / wdudde,

i=1
and assumption (A4) is satisfied with 6 = 1/2. To apply Theorem we need to
check that the initial data set that satisfies conditions E(0) > 0, I(0) < 0 and

o113 + #2115 > 4E(0), (3:27)
by (3.5)) is not empty. Setting
a =gz + [le2ll3, 8= IVorl3 +[[Ve2l3,

y=logals A= llgr 3+ lleal 2
Then the above conditions E(0) > 0, I(0) < 0 and read as follows
B(0) = fla+ 4+~ 57 >0, (3.29)
I00)=a+3—2y<0, (3.30)
a>2(a+ 8+ A) —27. (3.31)
Having in mind, we choose ¢ and ¢, such that
a+ [ =2vy—e¢y, (3.32)

with 0 < ¢ < 2. Thus is satisfied. At this moment, we consider two cases:
(i)0<e<land (ii)l<e<2.

Case (i) 0 < ¢ < 1. In this case, we further require ¢ and ¢2 to satisfy
a > —2(e — 1), and then, select A such that

0<A< % F(e—1). (3.33)

Substituting (3.32) into (3.29) and 0 < & < 1, we see that
2E0)=a+pB4+A=—y=A—(e—1)y >0,
this implies that (3.29) is achieved. Since A < § + (¢ — 1)y by -, we deduce
that
a>2A =2 —-1)y=2(a+ L+ A) — 2,

where the last equality is derived due to (3.32). Thus (3.31) is obtained.
Case (ii) 1 < € < 2. In this case, we select A such that

(e—1)y <A< % F(e—1). (3.34)

Similarly as in part (i), we see that the conditions — are satisfied. There-
fore, from above arguments, the set of all initial data which satisfy the conditions
E(0) >0, I(0) < 0 and is not empty.

Furthermore, although ||¢1]/3 + ||¢2]|3 > 4FE(0) gives an upper bound of the
initial energy E(0). E(0) can be chosen to be arbitrary positive provided that
a = ||¢1]|3 + |23 is large enough and 3,~ can be also larger accordingly to make

sure (3.29)-(3.31) is still satisfied.
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Next, we give an example to illustrate the above discussion is workable. Consider
the problem (3.26]) with Q = (0,4),

T, O<z<l, 3x, O0<z<l,
¢1(.T): IB2, 1§$<37 (bg(l‘): 37 1 S’JJ<3,
-9z + 36, 3<x<4; —3r+12, 3<x<4.

Then, from (3.28]) and (3.32)), we have the following data
a =63 +l|¢2ll3 = 99.73, B =[Vor|3 +[|Vea|l3 = 134.67
v = |lp1¢2]|3 = 583.2, €= 1.598.
Now, based on (3.34]), choose A such that
348.8 = (= — 1)y < A= 1l + lleallf < 5 + (c — 1)y = 398.65.
Then
1
— (A — 348.
: 57 = 5(A—3488) >0,
I(0) = a+ -2y =—932 < 0,
2a+B+A) — 2y =2(\— 348.8) < a.
Thus Theorem [3.4] is applicable.
Example 3.6. Consider the system (I.1))-(1.3]) in R? with
fi(ur, up) = 4N (ur + oup)® 4 2Burus,  four, ug) = dai(uy + aug)® + 2Buius,.

B(0) = Ha+ B+ 2) - 2y =

Assume that A > 0, 8 > 0 and « is any real number. Now we have
F(uy,ug) = Muy 4 aug)* + 26uul.
We see that (A4) is satisfied if 0 < 6 < 1/2. Thus Theorem is applicable.
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