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ASYMPTOTICALLY PERIODIC SOLUTIONS FOR
DIFFERENTIAL AND DIFFERENCE INCLUSIONS IN
HILBERT SPACES

GHEORGHE MOROSANU, FIGEN OZPINAR,

ABSTRACT. Let H be a real Hilbert space and let A : D(A) C H — H be
a (possibly set-valued) maximal monotone operator. We investigate the ex-
istence of asymptotically periodic solutions to the differential equation (in-
clusion) w'(t) + Au(t) > f(t) + g(t), t > 0, where f € LZ (R4, H) is a
T-periodic function (T > 0) and g € L'(Ry, H). Consider also the follow-
ing difference inclusion (which is a discrete analogue of the above inclusion):
Aty + cnAtunt1 D fn + gn, n = 0,1,..., where (c,) C (0,+00), (fn) C H
are p-periodic sequences for a positive integer p and (gn) € o0 (H). We inves-
tigate the weak or strong convergence of its solutions to p-periodic sequences.
We show that the previous results due to Baillon, Haraux (1977) and Djafari
Rouhani, Khatibzadeh (2012) corresponding to g = 0, respectively gn = 0,
n=0,1,..., remain valid for g € L1 (R, H), respectively (g,) € I*(H).

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and the induced Hilbertian
norm |- ||. Let A: D(A) C H — H be a (possibly multivalued) maximal monotone
operator. Consider the following differential equation (inclusion)

Wity 1 aut) > 70+ g(0), >0, (11)

where f € L% _(Ry,H) is a T-periodic function for a given T > 0 and g €

loc

LY(R,,H). In this paper we investigate the behavior at infinity of solutions to

[T1).

Consider also the following difference equation (inclusion) (which is the discrete
analogue of (1.1]))
Ay + cpAtuni1 D fro+gn, n=0,1,..., (1.2)

where (¢,) C (0,+00), (fn) C H are p-periodic sequences for a positive integer
p, (gn) € (H(H) := {u = (u1,u2,...) : Yoo lun]| < oo} and A is the difference
operator defined as usual, i.e., Au,, = u, 1 —u,. We investigate the weak or strong
convergence of solutions to p-periodic sequences.
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More precisely, in this article we show that the previous results due to Baillon,
Haraux [I] and Djafari Rouhani, Khatibzadeh [2] related to the equations (inclu-
sions),

d
di;(t) + Au(t) 3 f(t), t>0, (1.3)

and
Auy + cpAtupi1 D fn, n=0,1,..., (1.4)

respectively, remain valid for (1.1) and (1.2, where ¢ € L*(Ry,H) and (g,) €
I*(H).

2. PRELIMINARIES

To obtain our main results we recall the following results on the existence of
asymptotically periodic solutions of the equations (|1.3)) and (|1.4]).

Lemma 2.1 ([I], [3l p. 169]). Assume that A is the subdifferential of a proper,
convez, and lower semicontinuous function ¢ : H — (—oo0,4+00], A = Op. Let
f € LE (Ry, H) be a T-periodic function (for a given T > 0). Then, equation
has a solution bounded on Ry if and only if it has at least a T-periodic solution.
In this case all solutions of are bounded on Ry and for every solution u(t),

t >0, there exists a T-periodic solution q of (|1.3) such that
u(t) —q(t) — 0, ast— oo,

weakly in H. Moreover, every two periodic solutions of (1.3) differ by an additive
constant, and
duy, dq
kel N
dt dt
strongly in L*(0,T; H), where u,(t) = u(t+nT), n=1,2,...

as n — o0,

Lemma 2.2 ([2], [4]). Assume that A: D(A) C H — H is a mazimal monotone
operator. Letc, > 0 and f, € H be p-periodic sequences; i.e., Cnip = Cn, fnip = fn
(n=0,1,...), for a given positive integer p. Then has a bounded solution if
and only if it has at least one p-periodic solution. In this case all solutions of
are bounded and for every solution (u,) of there exists a p-periodic solution

(wn) of (1.4) such that
Up —wp — 0,  weakly in H, as n — oo.

Moreover, every two periodic solutions differ by an additive constant vector.

3. RESULTS ON ASYMPTOTICALLY PERIODIC SOLUTIONS

We begin this section with the following result regarding the continuous case,
which is an extension of Lemma .11

Theorem 3.1. Assume that A: D(A) C H — H is the subdifferential of a proper,
convex, lower semicontinuous function ¢ : H — (—o0,4+00], A = dp. Let f €
L% (R, H) be a T-periodic function (T > 0) and let g € L*(Ry, H). Then equation

(1.1) has a bounded solution if and only if equation (1.3) has at least a T-periodic
solution. In this case all solutions of (1.1) are bounded on Ry and for every solution

u(t) of (L.1) there exists a T-periodic solution w(t) of (1.3) such that
u(t) —w(t) = 0, weakly in H, ast — oo.
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Proof. If a solution u(t), t > 0, of equation (|1.1)) is bounded on R, then any other
solution u(t), t > 0, of equation (1.1]) is also bounded, because
Ju(t) —a@)] < [[u(0) —a(0)]. (3.1)

If a solution w(t) of (1.1) is bounded, then any solution v(t) of (1.3) is bounded
and conversely, because

[u(t) = v(®)] < [lu(0) = v(0)] +/0 lg(s)llds < [u(0) = v (0)|| + /OOO lg(s)llds < oo,

for t > 0. Thus, the first part of the theorem follows by Lemma [2.1] To prove the
second part, we define g,,, : Ry — H as follows:

t) forae. te€ (0,m
gm(t) = g( ) . ( )
0 if t >m,

where m =1,2,....
Let u(t), t > 0, be an arbitrary bounded solution of (1.1)). For each m =1,2,...
denote by wu,(t), t > 0, the solution of the Cauchy problem
du, (t)
dt

+ AU, (t)) 2 f(t) + gm(t), t>0, (3.2)
U (0) = u(0). (3.3)

Since um,(t), t > m, is a solution of equation (1.3), it follows by Lemma that
there is a T-periodic solution g, (t) of ([1.3)), such that

U (t) — gm(t) — 0, weakly in H, as t — oc. (3.4)

In fact, since any two periodic solutions of (1.3 differ by an additive constant (cf.
Lemma, , it follows that

Qm(t):q(t)—f—cm, m:1,27._.,

for a fixed periodic solution ¢(t) of (1.3), where (¢,,) is a sequence in H. Thus,
(3.4) becomes

um (t) — q(t) — ¢ ast — oo, (3.5)
weakly in H. Moreover,
d%(tt) + A(q(t) + cm) 2 f(2). (3.6)

On the other hand, it is easy to see that, for all m < r, we have

s

I () = q(®)] = [ur () = gD = lum(t) = ur @) < [u(0) = u(0)]| +/ lg(®)]l dt.

m

Therefore, taking the limit as t — oo, it follows (see (3.5)),

Jem—erl < [ T, (3.7)

which shows that (c¢,,) is a convergent sequence; i.e., there exists a point a € H,
such that

lem —all — 0, asm — oo. (3.8)
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Since A is maximal monotone (hence demiclosed), we can pass to the limit in
(3.6), as m — oo, to deduce that w(t) := ¢(t) + a is a solution of (1.3]) (which is
T-periodic). Note also that

oo

() — 1 (8)]) < / lg(s)ll ds < / lo(s)ll ds, t > m. (3.9)

m m

t

To conclude, we use the decomposition
u(t) — w(t) = [ut) — um(t)] + [um(t) = @ (t)] + [gm () — w(t)]
= [u(t) — um(@®)] + [um(t) = a(t) — cm] + [(¢(t) + cm) — (q(t) + a)],

which shows that u(t) — w(t) converges weakly to zero, as t — oo (cf. (3.5), (3.8),
(3.9)). In other words, u(t) is asymptotically periodic with respect to the weak
topology of H. O

It is well known that, even in the case g = 0, the above result (Theorem (3.1)) is
not valid for a general maximal monotone operator A, so we cannot expect more
in our case.

Theorem 3.2. Assume that A: D(A) C H — H is a maximal monotone operator.
Let (g,) € (*(H) and let ¢, > 0, f,, € H be p-periodic sequences, i.e., ¢ip = Cn,
foap = fn (n=0,1,...), for a given positive integer p. Then equation has a
bounded solution if and only if equation has at least one p-periodic solution.
In this case all solutions of are bounded and for every solution (u,,) of
there exists a p-periodic solution (w,) of such that

Up —wy — 0, weakly in H, as n — oo.
Proof. Consider the initial condition
uy = ., (3.10)
for a given x € H. We can rewrite equation in the form:
Upt1 — Up + AU D fr + gn-
The solution of the problem — is calculated successively from
Upy1 = (I+an)71(un + fotgn), n=0,1,...,
in a unique manner, which will give a unique solution (un)n>0-
If a solution (u,) of is bounded, then any other solution (%@,) of is
bounded, because
lun, — Unll < ||lup — Go|| forn=0,1,... (3.11)

If a solution (u,) of (1.2 is bounded, then any solution (v,) of (1.4]) is bounded
and conversely, because

n—1 o)
= vnll < luo = voll + Y llgell < lluo —voll +Y_ llgwll < oo.
k=0 k=0

According to Lemma [2.2] the first part of the theorem is proved. For the second
part we define (gn m)n,m>0 as follows:

_Jgn ifn<m,
In,m = 0 ifn>m.
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Let (z,,) be an arbitrary solution of (1.2]) (which is bounded). For each m = 0,1, ...
denote by (zp,m)n>0 the (unique) solution of the problem

Zn+1,m — Zn,m + CnAZnJrl,m 2> fn + In,m (312)
20,m = 20- (3.13)

Note that (znm)n>m 1S a solution of equation (1.4). By Lemma there is a
p-periodic (with respect to n) solution (wy, ) of (1.4) such that

Zn,m — Wnm — 0, weakly in H, as n — oo. (3.14)
For each m > 0 we have
Wi,m — Wo,m + coAwrm 3 fo,

Wo.m — Wi,m + c1Awa m 3 fi1,

Wpm — Wp—1,m + Cp—lAWp,m = fp—lv

where wp m = wo, m. Since any two periodic solutions of (1.4) differ by an additive
constant, we can write

Wt,m:Ct+am te {071,“-,])*1}, (315)

where ((;) is a an arbitrary but fixed periodic solution of (L.4)), and (a,),,s, is a
sequence in H. Thus B

G — o+ coA(C + am) 3 fo,
G -G+ adlG+an) fi, (3.16)
Cp - Cpfl + CpflA(Cp + am) = fpflv
for all m > 0, where (, = (. Also we can rewrite (3.14)) as
Zkptt,m — G+ am, weakly in H, as k — oo, (3.17)
form >0and t € {0,1,...,p—1}. On the other hand, for 0 < m < r, we have (cf.

ED. E3)

r—1

lzkpttm = Zprerll < D Nlgsll-
j=m
According to (3.17)) this implies

r—1 0o
lam —arl < > llgsl < > llgsll, (3.18)
j=m j=m

for all 0 < m < r, so there exists an a € H such that
lam —al] — 0, asm — oo. (3.19)

Since A is maximal monotone (hence demiclosed), we can pass to the limit in (3.16)
as m — 0o to obtain

C1 — Co + cA(C1L +a) 3 fo,
G — G+ 1A +a) 3 fi,

Cp = Cp—1+ cp1A(Gp +a) 3 fr1,
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where ¢, = (p. So wy, 1= (, + a is a p-periodic solution of equation (1.4). We can
also see that

n—1 o)
120 = Znmll < ll20 = 20mll + Y llgsll < D llgsll- (3.20)

j=m Jj=m
Finally, for all natural n, we have n = kp+t,t € {0,1,...,p— 1}, and
Zn — Wp = [Zn - Zn,m] + [Zn,m - wt,m] + [wt,m - wn]
= [zn - Zn,m] + [Zk:p+t,m - Ct - am} + [Ct + am — Ct - a]7

thus the conclusion of the theorem follows by (3.17), (3.19)) and (3.20). O

If in addition A is strongly monotone, then we can easily extend Theorem 2 in
[4], as follows.

Theorem 3.3. Assume that A : D(A) C H — H is a mazimal monotone operator,
that is also strongly monotone; i.e., there is a constant b > 0, such that

(x1 — @2, 41 — y2) = bz — $2||2, Vo, € D(A), y; € Ax;, i =1,2.

Let ¢, > 0 and f,, € H be p-periodic sequences for a given positive integer p and
(gn) € (*(H). Then equation (L.4) has a unique p-periodic solution (wy) and for
every solution (u,) of (1.2) we have

Up —wy — 0,  strongly in H, as n — oo.
The proof relies on arguments similar to the one above.
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