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EXISTENCE OF BOUNDED SOLUTIONS FOR NONLINEAR
FOURTH-ORDER ELLIPTIC EQUATIONS WITH
STRENGTHENED COERCIVITY AND LOWER-ORDER TERMS
WITH NATURAL GROWTH

MICHAIL V. VOITOVICH

ABSTRACT. In this article, we consider nonlinear elliptic fourth-order equa-
tions with the principal part satisfying a strengthened coercivity condition,
and a lower-order term having a “natural” growth with respect to the deriva-
tives of the unknown function. We assume that there is an absorption term
in the equation, but we do not assume that the lower-order term satisfies the
sign condition with respect to unknown function. We prove the existence of
bounded generalized solutions for the Dirichlet problem, and present some a
priori estimates.

1. INTRODUCTION
Skrypnyk [I1] introduced a class of nonlinear elliptic equations of the form

> (1D Au(z,u,..., D) =0 in Q, (1.1)

la]<m

where m > 1 and € is a bounded domain of R™. All generalized solutions to this
equation are bounded and Hélder continuous. This class of equations is character-
ized by a strengthened coercivity condition on coefficients A,, 1 < |a| < m. In a
typical case this condition means that for every x € Q and every £ = {{, € R :
|a] < m}, the following inequality holds:

D Aa(@, 08 = C{ D) Ll D lal?} (1.2)
|a]=m

1<|al<m lal=1

where p > 2, mp < ¢ < n and C > 0. At the same time, in [I1] it was assumed that
the lower-order term Ay may have the growth of a rate less than ng/(n —¢q) — 1
with respect to the function v and the growth rates are definitely less than ¢ and
p with respect to the derivatives D%u, |o| = 1, and the derivatives D%u, |a| = m,
accordingly.

We observe that the proof of the boundedness of generalized solutions in [I1] uses
a modification of Moser’s method [10]. Using an analogue of Stampacchia’s method
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(see [12], [13] and [B]), a weaker (exact) condition on integrability of data was
established in [§] to guarantee the boundedness of generalized solutions of nonlinear
fourth-order equations with a strengthened coercivity. Moreover, a dependence of
summability of generalized solutions of these equations on integrability of data
was described in [§]. Analogous results for nonlinear high-order equations with a
strengthened coercivity were obtained in [14].

In the present article, we consider a class of nonlinear fourth-order equations of
type with the principal part satisfying a strengthened coercivity condition like
, where m = 2, and with the lower-order term Ay admitting, unlike 8| [T, 14],
the growth of the rate ¢ with respect to the derivatives D%u, |a| = 1, and the
growth of the rate p with respect to the derivatives D*u, |a| = 2. The main result
of the article is a theorem on the existence and L*°-estimate of bounded generalized
solutions of the Dirichlet problem for the equations under investigation. We note
that in the case under consideration, ¢ and p are exponents of an energy space
corresponding to the given problem.

Similar results for nonlinear fourth-order equations with strengthened coercivity
and a lower-order term of natural growth were established in [15] in the case where
the lower-order term satisfies the sign condition Ag(x, u, Du, D*u)u > 0 and admits
an arbitrary growth with respect to u. In the given article, we do not assume that
the sign condition is satisfied. At the same time the presence of an absorption term
in the left-hand side of the equation is required.

Existence and L°-estimate of bounded solutions of nonlinear elliptic second-
order equations with natural growth lower-order terms were established for instance
in [1]-[3]. At the same time, in [I}, 2] it is not assumed that the lower-order terms
satisfy the sign condition. Observe that in order to obtain an L*°-estimate of a
solution by Stampacchia’s method, in [T}, 2] superpositions of the solution and the
functions

(exp(Als — Ti(s)]) — 1) sign(s — Tx(s)), k>0, seR, (1.3)

were used as test functions. Here Ty (s) = max{min{s, k}, —k} is the standard cut-
off function. The use of the function (exp(\|s|) — 1) sign s with a suitable A > 0 in
the test functions (superpositions) leads to the absorption of the lower-order term
of natural growth by the coercive principal part of the equation (see [ 2]).

In this article, for obtaining L*-estimates, we modify the method of [8] and use
the functions

|s — hk(s)|kk exp(A|s — hi(s)]) sign(s — hi(s)), k>0, s€R,

which play a role similar to that of functions in the case of elliptic second-order
equations with lower-order terms of natural growth. Here hy is an odd ”cut-off ”
function of the class C?(R) such that hy(s) = s if |s| < k, and h},(s) = 0 if |s| > 2k.

We remark that a theory of existence and properties of solutions of nonlinear
elliptic fourth-order equations with coefficients satisfying a strengthened coercivity
condition and L'-right-hand sides was developed in [6], [7].

2. PRELIMINARIES AND THE STATEMENT OF THE MAIN RESULT

Let n € N, n > 2, and let 2 be a bounded open set of R™.

We shall use the following notation: A is the set of all n-dimensional multi-
indices « such that |a| =1 or |a| = 2; R™? is the space of all mappings & : A — R;
if u € W21(Q), then Vou : © — R™2, and for every € Q and for every a € A,
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(Vau(x))e = D*u(z). If r € [1,400], then || - ||, is the norm in L"(Q) and ' =
r/(r — 1). For every measurable set E C 2 we denote by measFE n-dimensional
Lebesgue measure of the set E.

Let p € (1,n/2) and ¢q € (2p,n). We denote by W;g(Q) the set of all functions
in WhH9(Q) that have the second-order generalized derivatives in LP(£2). The set
W;If(Q) is a Banach space with the norm

1/p
lull = ellwragey + (30 /Q Doufrs)

la|=2

We denote by WQS(Q) the closure of the set C§°(Q2) in W;g(Q)
We set ¢* = ng/(n — q). As is known (see for instance [4, Chapter 7)),
Wha(Q) c L7 (), (2.1)

and there exists a positive constant ¢ depending only on n and ¢ such that for every
function u € WH4(Q),

(/Qluq*dx)l/q* <o( X /Q|D°‘uqu)1/q. (2.2)

|a]=1

Next, let cg,c1,c2,c3,c4,c5 > 0, let 91,92, 93,94, g5 be nonnegative summable
functions on 2, g5 € qu(Q), andlet Ag: QxR - R, B: QxR xR*»? — R and
Ay i QO xR™2 S R, a € A, be Carathéodory functions. We assume that for almost
every = € Q, for every s € R and for every £ € R™? the following inequalities hold:

3 Aa(@, 1Y <o { DT 1T+ Y &l + ai(2), (2.3)

la]=1 |a]=1 || =2
Do MA@ O T <o Y7 el + D &l Y +oa(2),  (24)
|a|=2 |a]=1 |a]=2
S Aa(@, 96 = ea{ 3 leal”+ 3 1€al”} - gs(0), (2.5)
a€l la=1 | =2
|Bla,s,) < esf Y lal®+ D &} +a(2), (2.6)
|a]=1 |a|=2
Ao(z, s)s > cols|?,
[ Ao(x, 8)] < es]s|T7" + g5(2). (2.8)
Further, let
fe L/ =), (2.9)
We consider the Dirichlet problem
3 (D) D Ay (@, Vou) + Ag(w,u) + Bla,u,Vou) = f inQ,  (2.10)
aEN
D% =0, |a/=0,1, on Q. (2.11)

Observe that, by and (2.4)), for every u,v € Wzl;f(Q) and for every a € A
the function A, (z, Vou)D*v is summable on . By (2.8), for every u,v € W;g (Q)
the function Ag(z,u)v belongs to L*(€2), and by (2.6)), for every u € Wzl;f(Q) and
for every v € WQS(Q) N L*>*(Q) the function B(x,u, Vou)v is summable on .
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Moreover, it follows from (2.1)) and (2.9) that for every v € Wzlg(Q) the function
fv is summable on €.

Definition 2.1. A generalized solution of problem (2.10)), (2.11]) is a function
u € Wi’pq (Q) such that for every function v € W;g(Q) N L>(§),

/Q { Z Aq(z,Vou)D* + Ag(z,u)v + B(z,u, Vou)v }da = /vadx. (2.12)

a€A

The following theorem is the main result of the present article.

Theorem 2.2. Let r > n/q, let the functions gz, g3, ga and f belong to L"(Q),
and let for almost every x € Q and for every £,& € R™2, ¢ # ¢, the following
inequality holds:

D [Aa(@,8) = Aa(z,)](¢a — &) > 0. (2.13)

a€cA

Then there exists a generalized solution ug of problem (2.10)), (2.11) such that ug €
L>(Q) and

[uolloo < C1 (2.14)

where C is a positive constant depending only on n, p, q, r, meas(l, ¢, ¢y, c2, c3,
¢4 and the functions gs, g3, g4 and f.

Let us give an example of functions satisfying conditions (2.3)—(2.8) and (2.13).

Example 2.3. Let for every n-dimensional multiindex «, |a| = 1, A, : @ x R™2 —
R be the function defined by

(g—2)/
A, 0= (Y &) e @oeaxm?
[B]=1

and let for every n-dimensional multiindex a, |a| = 2, A, : @ x R™2 — R be the
function defined by

(p—2)/2
A= (Y &) e @oeaxr
|8]=2

Then the functions A,, a € A, satisfy inequalities (2.3)—(2.5) and (2.13]). Next, let
B(z,5,6) =b@){ Y [al"+ Y [al’}, (2,5, € Qx RxR™?,

|a]=1 |a|=2
Ao(z,5) = CO|s|q7253 (z,8) € AXR,

where ¢ > 0 and b € L*°(€2). Then the function B satisfies inequality (2.6)), and
the function Ay satisfies inequalities (2.7) and (2.8).

Observe that the coefficients of the biharmonic operator A%u do not satisfy
condition .

We will prove Theorem in Section [6] The key point of its proof is obtaining
a priori energy- and L*°-estimates for bounded generalized solutions of problem
, . These estimates are contained in the following two theorems which
will be established in Sections [4] and [5] respectively.
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Theorem 2.4. Let the functions ga, g3, g4 and f belong to L™/4(Q), and let u be a

generalized solution of problem (2.10)), (2.11)) such that uw € L*° (). Then for every
A > cyq/c3 we have

/ ( Z |D%u|? 4+ Z \D”‘u|p) exp(Alu|)dx < Oy (2.15)
Q
|a]=1 |a]=2

where Cy is a positive constant depending only on n, p, q, meas§2, ¢, ¢y, co2, C3, C4,
A and the functions ga, g3, g4 and f.

Theorem 2.5. Let r > n/q, let the functions ga, g3, ga and f belong to L"(Q),
and let u be a generalized solution of problem (2.10)), (2.11)) such that u € L>=(£2).
Then

||u||oo < (2.16)
where Cy is the positive constant from Theorem [2.3

Remark 2.6. The condition r > n/q in the statements of Theorems and
coincides with the condition of boundedness of generalized solutions of the Dirichlet
problem considered in [§] for equation (2.10]) with Ag =0 and B = 0.

Before proving Theorems and we give several auxiliary results.

3. AUXILIARY RESULTS
By analogy with [0, Lemma 2.2], we establish the following result.
Lemma 3.1. Let u € ngg(Q) N L>*(Q), h € C*(R) and h(0) = 0. Then h(u) €
W;;(Q) N L>(Q) and the following assertions hold:
(a) for every n-dimensional multi-index o, |a| =1,
D®h(u) = h'(u)D%u a. e. in S,
(b) for every n-dimensional multi-index «, |a| = 2,
Dh(u) = b (u) D% + h" (u)DPuD"u a. e. in Q,
where a = B+, 18] = | = 1.

Lemma 3.2. Let h be an odd function on R such that h € C1(R), h € C*(R\ {0})
and h'' has a discontinuity of the first kind at the origin. Let

u e Wyl (Q) N Le(Q). (3.1)
Then h(u) € Wzl;f(Q) N L>(Q) and the following assertions hold:
(i) for every n-dimensional multi-indez o, |a| =1,
D®h(u) = h'(u)D%u a. e. in
(ii) for every m-dimensional multi-index o, |a| = 2,

B (u)D%u + B (uw)DPuD v a. e. in {u # 0},

D*h(u) = {hI(O)DaU a. e. in{u=0}

where a = B+, |8 =y =1.
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Proof. Let u € Wzlg(Q) N L>(Q). We define the function H : R — R by

H(s)=h(s)— K (0)s, seR. (3.2)
Let
we = H'(u)D%u if || =1, (3.3)
and let
0o = H'(uw)D*u + H" (u)DPuDYu ?n {u # 0}, (3.4)
0 in {u =0}
if la|] =2 and a = B+, |8] = |y] = 1. Clearly,
we € LI(Q) if o] =1 and w, € LP(Q) if |of = 2. (3.5)

We fix ¢ > 0. Let H, : R — R be the function such that
H(s)+ (%EH”(E) —H'(e))(s—¢)+ %EZHH(E) — H(e) ifs>e,
H.(s) =< H"(g)s*/(6¢) if |s| <e,
H(s)+ (3eH"(e) — H'(¢))(s +¢) — 2e*H"(e) + H(e) if s < —e.

We have
H. € C*(R), (3.6)
;o JH'(s)+eH"(e)/2—H'(e) if[s] >,
He(s) = {H”(e)sQ/(Qe) if |s| <,

H'(s) = H"(s) if |s| > ¢,
c H"(e)s/e if |s| <e.

The following limit relations hold:

;i_l)r(l) H.(s)=H(s) VseR, (3.7
lim H.(s) = H'(s) Vs €R, (3.8)

i H7(s) {H”(s) if s € R\ {0},

0 if s=0.

Using inclusions and , the equality H.(0) = 0 and Lemma we establish
that H.(u) € W,4(Q) N L®(Q), D*H.(u) = H.(u)D% if |o| = 1, and D*H.(u) =
H!(u)D% + H!(u)DPuDYu if |a| = 2 and a = 3+, |3] = |y| = 1. Hence, using
, f along with Dominated Convergence Theorem, we deduce that

(3.9)

e—0

ti | L. () — (W) 1) =0, (3.10)
Ehi% lzl ||DQHE(U) — wa||Lq(Q) =0, Clli% Izz HDO‘HE(U) — 'an”Lp(Q) =0.
(3.11)

Using these limit relations, in the usual way we establish that for every o € A there
exists the generalized derivative D*H (u), and D*H (u) = w, a. e. on ). Then,

by (3.5), (3.10) and (3.11)), the function H(u) belong to WQI;I(Q) N L>(Q), and
(3-2)—(3.4) imply that assertions (i) and (ii) hold. The proof is complete. O

The next result is similar to the corresponding part of Stampacchia’s lemma [13].
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Lemma 3.3. Let ¢ be a nonincreasing nonnegative function on [0,400). Let C >
0,01 >20,b2>0,0<7 <7, 7v>1and kg > 0. Let for every k and l such that
ko < k <l < 2k the following inequality holds:

Clek-‘rbl
e(l) < W[@(MP (3.12)
Let d > max{ko, 1} and
d(Tz*Tl)(kQer/Q)erQ*bl Z 22T1d+b1+(2’}/71)(2T2d+b2)/(’}/71)C[@(ko)]ﬁfl. (313)

Then p(ko +d) = 0.

Proof. We set a = (212d + b2)/(y — 1), and let for every j € N,

d
ky=ko+d— . (3.14)

Then for every j € N we have

ko < kj < ijrl < 2kj7 k’j+1 — kj kj < 2d, ]ﬂj > ko+ d/2

= W’
Using these relations, (3.12) and the inequality d > 1, we establish that for every
JeN,
C22Tld+b1 . 2(]+1)(2T2d+b2)
Sp(kj+1) < d(r2—71) (ko +d/2)+b2—by [So(kj)]’y
By means of the latter inequality and (3.13]), we establish by induction on j, that
for every j € N,

p(k;) <27V Do(ko).
Using this result and relation (3.14]) and taking into account that the function
 is nonincreasing and nonnegative, we deduce that ¢(kg + d) = 0. The proof is
complete. (I

4. PROOF OF THEOREM [2.4]

Let the functions go, g3, g4 and f belong to L™%(Q), and let u be a bounded
generalized solution of problem (2.10]), (2.11f). We fix an arbitrary positive number
A such that

A > 84/63. (41)

By ¢i, i = 6,7,..., we shall denote positive constants depending only on n, p,
q, measf), ¢, cg, C2, 3, ¢4, A and the functions g2, g3, g4 and f. We define the
function i : R — R by

h(s) = (eM*! —1)signs, seR.
We set cg = c3\ —cy. By , we have ¢g > 0. Elementary calculations show that
csh’ —cy|h| > cgh’ in R. (4.2)
We set

= x, Vou Bul2Y B (u)|dz,
1 /{u¢0}{2Aa<’V S D5 uf? b ()

lor]=2 |Bl=1

o= |D%|"+ > |[Dul.

lal=1 ler|=2
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By Lemma hu) € IX/;Z(Q) N L*°(Q). Then, by (2.12)), we have

/Q { Z Ao (2, Vou)D*h(u) + Ao(z, u)h(uv) + B(z, u, Vou)h(u) }do = /th(u)dx.

acl
From this equality and assertions (i) and (ii) of Lemma [3.2] we deduce that

/Q{ZAa(x7V2u)D°‘u}h'(u)dx—l—/QAO(a?,u)h(u)dx

acA
g/Q|B(x,u,v2u)|\h(u)|da:+/9|f\|h(u)|dx+1'.

Hence, using (2.5)—(2.7) and the facts that 0 < h’ = Ah| + A and sign h(s) = sign
s in R, we obtain

/ ®(c3h' (u) — C4|h(u)|)dx+co/ lu|9 h(u)|de
Q Q

< / (Ags + g4 + | FDIA(u)|dz + A / gada + I,
Q Q

From this and (4.2)) it follows that
cG/ h'(u)q)dx—i—co/ |u|9™t h(u)|dx
Q Q

< / (Ags + g + | F) R(uw) d + A / godz + T
Q Q

Let us estimate the integral I’. We fix an arbitrary € > 0. It is obvious that

-1 2 q-2
p-1_ 2 a-% _
p g4  aqp

Using this equality and Young’s inequality, we establish that if & € A, |a| = 2, and
B €A, |8l =1, then

| Ao (, Vou)| | D u|? < 2| Ay (2, Vou) [P/ P~V 4 2| DPy| 4 272a/(4=20) on Q.
From this and (2.4]) we deduce that

I' <nfex+ n)aQ/

{uz0}

+ n3g2—2ap/(a=2p) / |W (u)|dz.
{uz0}

Putting in this inequality ¢ = (m)l/z, and noting that |h”| = AW/ and

|h"| = A%|h| + A% on R\ {0}, we obtain

1.

B (u)|dz +n62/ gl () dae
{u#0}

I'< %6 h'(u)@dw+67/(gg+1)|h(u)|daﬁ+c$.
Q Q

From this and (4.3)) it follows that
i
2

where F' = go + A\g3 + g4 + | f| + 1.

h'(u)q>dx+co/ |u\q_1|h(u)|dm§09/ Flh(u)dz +c1o (4.4)
Q Q Q
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Now, we estimate the integral [, F|h(u)|dz. We fix an arbitrary K > 0. It is
clear that

/ Flh(u)|de
Q (4.5)
:/ F|h(u)|dx+/ F|h(u)|dx+/ Flh(u)|de,
{F>K,|u|>1} {F<K} {F>K,|u|<1}
/ Flh(u)|de < K / Ih(w)|da, (4.6)
{F<K} Q
/ Flh(u)|dx < (e* — 1)/ Fdzx. (4.7)
{F>K,|u|<1} Q

Before estimating the first integral in the right-hand side of equality (4.5), we
remark that there exists a positive constant ¢, » depending only on ¢ and A such
that

|h(s)| < cqgalh(s/q)|? for every s > 1. (4.8)

Note also that, by (2.2), assertion (i) of Lemma and equality (h'(s/q))? =
N=1h/(s), s € R, we have

([ 1ntusa)
Q
Now, using Holder’s inequality, (4.8) and (4.9)), we obtain
q/n
/ Flh(u)|dz < ( / F"/qu) ( / |h(u)|”/<n*q>dx)
{F>K,|u[>1} {F>K} {lu[>1}
« a/q”
L"/q({F>K})</Q |h(u/q)|? dx)

L"L/Q({F>K})/Qh/(u)(1)dx'

q/q"

@ dw)

< (A1 /g1) /Q W (u)Dd. (4.9)

(n—q)/n

< Gl F]

< cqacA? g7 P

From this along with (4.5)—(4.7) it follows that
/ Flh(u)|dz < 011||F|\Ln/q({F>K})/ B (u)®dz —|—/ K|h(u)ldx + c12.  (4.10)
Q Q Q

Now, choosing K > 0 such that coc11[|F|[pn/a(qr>ky) < c6/4, from (4.4) and
([4.10) we derive that

%6/ h’(u)@dx+/co\u|q*1|h(u)|dxg/CQK\h(undHcls. (4.11)
Q Q Q
It is clear that
60/ Iu\‘f*lh(u)ldxz%/ |9 h(u)|dz
2 {colu|1=1>co K}

(4.12)
> ¢ / K|h(u)|dz,
{colul?=t>co K}
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c9/ K|h(u)|da
Q

209/ K|h(u)|da¢+09/ K|h(u)|dx (4.13)
{colul|1=1>co K} {colul?=1<cg K'}

)1/(qf1)

< ¢g / K|h(u)|dz + coK (eMco/ <o — 1) meas Q.
{eolul9=1>co K}

From (4.11)—(4.13)) it follows that

% B (u)®dr < c¢q3.
4 Jo

Hence, taking into account that for every s € R, h/(s) = Xexp(A|s|), we deduce
(2.15)). The proof is comlete.

5. PROOF OoF THEOREM [2.5]

Let 7 > n/q, let the functions gs, g3, g4 and f belong to L"(€2), and let M be
a majorant for ||gz2|», ||g3llr, |lgall» and ||f]|. Let u be a generalized solution of

problem (2.10)), (2.11)) such that

u € L=(Q). (5.1)
In view of the assumption r > n/q, we have
qr/(r—1) < q*. (5.2)
We set )
F=1+g2+g3+gs+|fl, (5.3)
®= " |Dul!+ > |[Dufr.
la|=1 || =2
Observe that, by Theorem we have
/ Pdx < Cs. (5.4)
Q
By ¢;, i = 14,15, ..., we shall denote positive constants depending only on n, p,

q, meas (), ¢, cg, C2, 3, c4, Co, r and M.
Step 1. Let ¢ be the function on [0, +00) such that for every s € [0, +00),
©(s) = meas{|u| > s}.

Our main goal is to establish relation (3.12)) for this function. Let us introduce
some auxiliary numbers and functions. Let 4, 1}, 8 and ¢ be positive numbers such
that

1+0(2—2gp/(q —2p)) > (r = 1)/, (5.5)
U =q/n—1/r—2qps/(q—2p), (5.6)
0(q—1) —dqg* <0, (5.7)
t=241/6. (5.8)
We set
A= 2¢4/cs. (5.9)

Without loss of generality, we may assume that
A> 1 (5.10)
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By and (5.4), for every k > 0 we have
o(k) < CI /90 4" (5.11)
Therefore, there exists a positive number k. depending only on n, p, g, ¢, 0, 9, ¢,
2, 3, ¢4, Ca, and || F||, such that
VEk > ko, 2(co +n) (At + 1)nk)?[o(k)]Y 2 < min{1/2, ¢5/12}, (5.12)
Vk 2 ke, (c/@)? A+ D) F] YD (k)] < es/6. (5.13)

Observe that for establishing the last assertion we used not only (5.11) but also
62

Let ¢ be the function on (0,+00) such that for every s € (0, +00),
t—1
R t+1
Y(s)=s—s —|—t+1s .
We set
ko = max{k.,q,1 + c3/cq, (12nt(cy +n)/c3)/ ¢V} (5.14)

and fix an arbitrary number k > kg.
Let hi and Gi be the functions on R such that

S lf |5| S k’,
hi(s) = [1/1('“%) + 1)ksigns if k < |s|] < 2k,
%signs if |s| > 2k,

and for every s € R, Gr(s) = s — hi(s).

Note that the function h; was the main instrument in the realization of the
Stampacchia’s method for nonlinear elliptic fourth-order equations with strength-
ened coercivity in [§] and [I5]. The functions of this type were introduced and used
for other purposes in [6]. We consider the properties of the functions hy and Gy,
which are needed in this paper. We have

hi € C*(R), (5.15)

(sl =R\t t—1 |s|—ky\ .
Gi(s)| = ( - ) (1 R ) if k < |s| < 2k, (5.16)

L e SN Iy N
W) =t(P) () ik < sl <2k, (5.17)
0<G, <1 iR, (5.18)

2

\hg|§% in R. (5.19)

Moreover, the following assertions hold:
(A1) ife € (0,1), se R and k < |s| < k(1 +¢), then
2
(s)] < et
(A2) if e € (0,1), se Rand k(1 +¢) <|s| < 2k, then

t
B < 1 Gils):
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(A3) if k <1 <2k, se€Rand |s| >, then
2 [ —Fk\t1
>_2 (q_ h .
Guls) 2 =R ()
(A4) ife € (0,1), se R and k < |s| < k(1 +¢), then
|Gr(s)] < ke'.
Proofs of assertions (A1)—(A3) are given in [§]. It remains to prove assertion
(A4).
Let € € (0,1), s € R, k < |s| < k(1 +¢) and y = (|s| — k)/k. Using (5.16) and
the inequality 0 <y < e < 1, we obtain

Gels)] = k(1 = 70) < ke
Thus, assertion (A4) is valid.
We set
= Ak. (5.20)
Let ¥ : R — R be the function such that
U(s) = |s|" exp(A|s|) sign s. (5.21)
By , we have p > 2. Hence,
T € C*(R), (5.22)
and for every s € R the following equalities hold:
W'(s) = [ " exp(Als]) (1 + Als]) = AW(s)] + pls|* " exp(Als]), (5.23)
U (s) = |s|“ "2 exp(A|s]) (p(p — 1) + 2 p|s| + A2s?) sign s. (5.24)
Let us prove the following assertion:
(A5) if s € R, then
e3W'(Gi(5))Gh(5) — calU(Gi(s))| > W' (Gi(5))Gh(s). (5.25)

Indeed, if s € R and |s| < k, then both sides of inequahty are equal zero and
therefore, this inequality is true.

Now, let k < |s| < 2k and y = (|s| — k)/k. By (5.16), (5.17) and the inequality
y < 1, we have

Ge(s)| _ k. i o
Gi(s) t+1(y+ t—D(t—(t—1)) t—l) (5.26)
k 14 t 1 )_ 2k
<t+1( t—1 t—1/) t+1
Using ((5.20)), (5.21f), (5.23]), (5.26] and the inequality ¢ > 1, we obtain
c3W'(Gi(s))Gr(s) — ca|W(Gi(s))|
= |G ()" exp( NG (s))G(5) (cap + caA|Gr(s)] — ca| Gi(5)]/ Gl (s))
> |G ()" exp(A|Gr(s)) G (5)(cap + eaA|Gr(s)| — cak)
> 21 () exp NG (5) 2 — 225 4 NG(5))) = S (Guls)) ).

Thus, inequality (5.25)) holds.
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Finally, let |s| > 2k. Using (5.9), (5.21), (5.23) and the equality G}.(s) = 1, we

obtain
cs W' (G ()G (s) — cal W(Gi(s))]
= |Gr(s)[" exp(N[Gr(s)]) (cap + (Aes — 1) Gr(s)])
> %3|G/~c(8)|"‘1 exp(A|lGr(s)]) (1 + Al Gr(s)])

= SV (G(5)G(s).

Therefore, inequality (5.25) holds. Thus, inequality (5.25) holds for every s € R,

and assertion (A5) is proved.

Step 2. Using inclusions (5.1)), (5.15), (5.22), the equalities G (0) = ¥(0) = 0
and Lemma we establish that U(Gg(u)) € W;Z(Q) N L>(Q) and the following

assertions hold:

(A6) for every n-dimensional multi-index «, |a] =1,
DV (Gi(u)) = ¥ (Gr(u))Gr(u)D a. e in
(AT) for every n-dimensional multi-index «, |a| = 2,
D*W(Gr(w)) = W' (Gr(w)) G (1) D+ [0"(Gr(w)) (G ()?
— U (Gr(w)hj(w)]| DPuD'u  a. e. in Q
where a = S+, |B] = |7 = 1.

We set
I = / { D [Aa(a, Vau) }{ Y7 D%’} (Gy(w)) |1 (u)|da,
Q@ |a|=2 |B1=1
Iy = / { D" Ma(a, Vau)}{ D7 1D} 0" (Gr(w)(Gi(w))*da.
2 al=2 18]1=1

Putting the function ¥(Gg(u)) into (2.12)) instead of v, we obtain

/Q {3 Au(w, Vou) DU (Gy(w)) }da

a€cA

+ [ Ao, ) (Gr(w))da + /Q B, u, Vou) U(G(u))dar

Q
- / FU(Gi(u)) .
Q

From this equality and assertions (A6) and (A7) we deduce that

/Q{ZAa(x,Vgu)Do‘u}\IJ’(Gk(u))Gg(u)dﬂc—1—/QAO(x,u)\I/(Gk(u))dx

aEA
<+ 1+ [ B Vau) [ WGrwlde + [ [f18(Guw)dz,
Q Q
Hence, using (2.5)—(2.7), we obtain

[ A (@) GLw) — e WG }odr +co [ Julr™ WGl
Q Q
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S / g5V (G () Gy (u) e + / (91 + | F)I(G ()| da
Q Q

In turn, from this and assertion (A5) it follows that

cs
2

<+ 1) / 450 (G (1)) Gy (u)dz + / (g2 + /)| W (Gi (1)) |da

U (G (u))Gr(u)dz
Q (5.27)

Step 3. Let us obtain suitable estimates for the addends in the right-hand side
of this inequality.
First, assume that ¢(k) > 0. We set

e = [p(k)]/ 2. (5.28)
Since k > kg, by (5.12) and (5.14) we have ¢(k) < 1. Therefore,
0<e<l (5.29)

We shall prove the inequality

/ & ! U " (w)dx 1 U x
1< 5 [ oW (GGl + 5 [ w¥(Guw)ld .

1 /7
+ gm0 [ G u)de + culo ]

Obviously,
-1 2 -2
p=l 2 4=2 _
p q ap

1.

Using this equality and the Young’s inequality, we establish that if « is an n-
dimensional multi-index, || = 2, and f is an n-dimensional multi-index, |5] = 1,
then

|Ag (2, Vou)| | DPul? < €2|Ag (2, Vou)|P/P~D 4 2| DBy|7 4 2720/ (a=20)  op Q,

This and relation (2.4)) yields

I < nlea + e [ OW(Guw)h(wldo -+ ne® | g0 (Gl (w)lds

@ @ (5.31)

+n382_2qp/(q_2p)/ U (Gr(u))|hy(uw)|d.
Q

Let us estimate the second integral in the right-hand side of (5.31). By (5.19),
(5.20), (5.23)) and the inequality k& > 1, we have

/ng‘ll'(Gk(U))IhZ(U)\dfﬂ < At2/992(|‘11(Gk(u))|+IGk(u)I“‘lexp(/\le(U)\))dﬂc.
(5.32)
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Also, it is clear that
/ 021G () [ exp(A| Gk (w) ) da
Q
_ / 02l Gi()* ! exp(A| Gk () ) der
{IGk(u)|<1}
+ / 021G () [~ exp(A| G () ) dr (5.33)
{|Gr(u)|>1}
< e)‘/ godx +/ 92| V(G (u))|dx
{lu|>k} Q

< Mgl o ()" + / G (G ()| de
From ([5.32)) and ([5.33) it follows that
/ 020 (G ()| ()] dir < 20¢2 / 02l (Gr(w))dz + exslgell (BN . (5.34)
Q Q

Similar to (5.34)) we obtain the following estimate of the third integral in the
right-hand side of inequality (5.31)):

/ (G () |1 () e < 2062 / UG (w))|dz + x5 (R)) (5.35)
Q Q

Before estimating the first integral in the right-hand side of inequality (5.31]), we
remark that

U (Gr(s)) < 20 ke =D if k < |s| < k(1 4 k™). (5.36)

Indeed, let k < |s| < k(1 +ek~'/*). Then, by (5.20), (5.23), (5.29), assertion (A4)
and the inequality k£ > 1, we have

V' (Gr(5)) = |Gi(s)[*~H (M + AlGi(s)]) exp(A G (s)])
< gD A Nk + A) < 22 ket ().

Hence, assertion ([5.36) is true.
Next, it is clear that

/ DY (G (u0)) [l )| = / DY (G () |1} ()| de
Q

(k< |ul<k(1+ek=1/1)}

(5.37)
+/ OV (G (u))|hy (u)|dx.
{k(14ek—1/) < [u| <2k}
From assertions (A1), (5.36) and (5.4) it follows that
2Xe? Cot?
/ BY (G (1)) [l ()| < 220 can=2 (5.38)
(h<|u|<k(14ek=1/t)} k1=2/
and by assertion (A2), we have
/ BV (G () ()| dz
{k(14ek—1/t)<|u|<2k} (5 39)

t 1 /
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From (5.37)—(5.39) it follows that

22erCot? | t
/Q S (Gl (w) |1 () doe < =557t o o /Q W (G (1)) G (w)dav.

(5.40)
In turn, using (5.31)), (5.34), (5.35) and (5.40) and taking into account (5.5)), (5.8]),
(.9), (5.12), (5.14), (5.28)) and (5.29)), and the inequality © > 1, we obtain ((5.30).

Step 4. Let us estimate the integral I;/. We shall establish the inequality

n_ € ! i =
< 17:; Q(I)\I/ (Gk(u))Gk(u)dl‘ + 5 [ZQQ‘W(Gk(U))|dx (5 41)
1 .

+ 58*2%0/(61*210) /Q | (G (w))|da + cr6l(k)]™.

Similar to (5.31]), we have
I < ez + n)e? / U (G ()| (G (w))2de + ne? / 020" (G ()| (Gl (1))
Q Q

| nBer2an/(a-2) /Q 0" ()| (Gl (1)) 2.

(5.42)
Let us estimate the first integral in the right-hand side of inequality (5.42)). By

5.23), (5.24]) and (5.18]), for every s € R,

(B (Gr(s)I(Gi(5))” < 12|Gi(5)|" 72 exp(A|Gr()) (G (5))” + 20T (G (5)) Gl (5)-

From this it follows that
/ W (G () (G () 2dar < / B1u2|G(u) =2 exp(N G (u) ) (G () da
Q Q

+2>\/Q<I>\I/’(Gk(u))G§c(u)dx.

(5.43)
Clearly,

/Q@MQIGk(U)\“_QeXp(/\\Gk(U)I)(GZ(U))de

J B G ()" exp NG (Ghw)*de (5.4
{k<|u|<k(l1+ek—1/(t=2)}

+ B2 G (0]~ exp( G (1) ) G () P
{lu[>k(14ek=1/ =)}
Now, observe that the following assertions hold:
(A8) if £ € (0,1), s € Rand k < |s| < k(1 +ek~/(t=2), then
1| Gi(s)" 2 exp(AlGi(s))(Gi(5))” < (At)%ere =2
(A9) if £ € (0,1), s € R and |s| > k(1 4+ ek~ /(=) then

Mt + 1)k (=2

12 |G ()Gl (s) exp(A|Gr(s)]) < 9

V' (Gi(s)).
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Indeed, let s € R, k < |s| < k(1 4k~ =2) and y = (|s| — k)/k. Using assertions
(5.16), (5.17) and (A4), equality (5.20) and the inequalities 0 < y < ek~ /(=2 < 1,
k> 1and p > 1, we obtain

12|Gr(s)]" 72 exp(NGr(s)]) (G (5))?
t—1

= \2(t — (t — 1)y)2kty™2(1 -
(e

pn—2
y)" exp(A[Gi(s))
< (M) (ky'~?)e?
< (At)2erert=2),
Consequently, assertion (A8) is true.
Now let s € R, k(1+ck~/(#=2)) < |s| < 2k and y = (|s| — k)/k. Using assertions
(5.16) and (5.17)), equalities (5.20)) and (5.23) and the inequality ek=/(#=2) < ¢ < 1,

we obtain
12|Gr(s) "2 G (s) exp(N|Gr(s)])

— )\'ukuflyt(ufl)(l _t- 1@“*@ exp(A|Gr(s)])

t+1 y(1— ;—}y)
At(t+ 1 _
< MG expNG o)
Mt + 1)L/ =2
< MeF DR 2)5 (G(s)).

Finally, suppose that s € R and |s| > 2k. Then, by the definitions of the
functions hj, and Gy, we have

2kt 2k
= _— > - .
Gas)] = sl — o =
Therefore,
E<(t+1)|Gr(s)|/2. (5.45)

Using (5.20)), (5.23), (5.45), the equality G}, (s) = 1 and taking into account the
inequalities ¢ > 2, k > 1 and (j5.29)), we obtain

12 |G ()" 2 Gl(s) exp(A|Gr(s)])
= k|G (s)[" 2 exp(A|Gr(s)])

ML au(o) expNG ()

_ At 1)k (=2)
- 2e

Thus, assertion (A9) holds.
From assertion (A8) and ([5.4)) it follows that

<

V' (G(s))-

/ @12 |G () |2 exp(N| G (u) ) (Gl (w)*da
{k<|u|<k(l+ek—1/(=2))} (5.46)

< Co(Mt)2erert=2)
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and by assertion (A9), we have

/ ‘I),u2|Gk(u)|“*2 eXP(MGk(U)D(GL(u))?dx
{|u|>k(14ek—1/(t=2))}

(t+ 1)kY/(E=2)
< (ZL‘/ngWI(Gk(u))G%(u)d%

From (5.9)), (5.44]), (5.46)) and (5.47)) we deduce the inequality
/q’uQ\Gk(U)I“_QeXp(AIGk(U)I)(G%(U))de
Q

1/(t-2)
MR [ v (Gt Gl
Q

In turn, from this inequality and (5.43) we obtain the following estimate for the
first integral in the right-hand side of inequality (5.42)),

/Q B (G ()| (Gl ()

(5.47)

< et 4

5.48)

1/(t-2) (

< cppett=2 4 % / S (G ()Gl (u)da.
Q

Now, let us estimate the second integral in the right-hand side of inequality
(5.42). By (5.21)) and (5.24)), for every s € R, we have

(O ()] < p?[s] % exp(Als]) + 2Auls|" " exp(Als]) + A% [¥(s)].

Hence,
/Q 02" (G ()| (Gl () dx
< / 12( G () [ (Gl (u))? exp(N| Gk ()] )gada
& (5.49)
2 / G (1) [ (Gl (w)? exp(A G ()] )gad
Q
22 / 42 U (G (1)) | (Gl () .
Q
Clearly,

/Q 121G ()2 (G ()2 exp(A| Gk (1)) gacd

/ 12 |G() 2 (Glp(w)? exp (NG (w))gade  (5.50)
{k<|u|<k(14e1/2k=1/(t=2)}

+ 21G1(0) P2 Gl w)P exp NG ()] g
{lul=k(1+e1/2k=1/(=2)))
Using assertion (A8), the Holder inequality and (5.28)), we obtain

/ 1G] G (1) expN G g
{k<|u|<k(14+el/2k=1/(t=2)}

< ()\t)Qe’\g”(t_2)/2/ godx (5.51)
{lul>k}
< (M)t 272 gy | [ (RN < easlip (k)2
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For estimating the second integral in the right-hand side of equality (5.50)), at
first we observe that the following assertion holds:

(A10) if e € (0,1), s € R and |s| > k(1 + &¥/2k~1/(=2)) then
(A)2(t + 1)2k2/(=2)
(G .
D (G|
Indeed, let € € (0,1), s € R and k(1 + e'/2k~1/(t=2)) < |s| < 2k. Then, setting

y = (|s| — k)/k and using (5.16)), (5.17), (5.20) and the inequality /2 /k'/(=2) <
y < 1, we obtain

12 |G ()72 (G () exp(A| G (s)]) <

_ t—1 \r(t—(t—1)y)?
2 n—2 / 2 _ )\2ku tu 1—
12|Gi(s) [ 2(Gh(s)) v (=) =,
121:2/(t-2)
e(2/(t+1))?
(A)2(t + 1)2k2/(1=2)

_ w
= Gl

From this and (5.21)) it follows that assertion (A10) is valid.
Now, let s € R and |s| > 2k. Then, by (5.20), (5.21)), (5.45), the equality
G).(s) =1 and the inequalities ¢ > 2, k > 1 and (5.29)), we have
12 |Gr () 2(G(5))? exp(NGr(s)]) = NK?|Gr(s)" 2 exp(A|Gr(s)])
A2(t+1)2
< X 6, (o)1 exp(M G s)

2 21.2/(t—2)
= QO R o)

< N|Gi(s))"

Thus, assertion (A10) holds.
From assertion (A10) it follows that

/ w2 1GE (W) 2 (G (w))? exp(M|Gr(u)]) g2 d
{lu|>k(14e1/2k—1/(t=2))}

(5.52)
A2 (t + 1)2k2/(=2)
< Q] [ ael¥(Gia
€ Q
Using (5.50)—(5.52)), we obtain
/ 12( G () [F=2(Glp () exp(A G (u) ) gd
¢ (5.53)

n/2+1/1" | (A)2(t +1)2K%/ (=2
4e

< ci[p(k)] /Qgg|\I/(Gk(u))|dx.

Before estimating the second integral in the right-hand side of inequality (5.49)),
we note that for every s € R the following inequality holds:

plGr(s)[*~H(Gle(5))? exp(AG(s)]) < @

Indeed, if s € R and |s| < k, then both sides of inequality (5.54)) are equal zero and
therefore, this inequality is true.

(W (Gr(s))l- (5.54)
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Now, let k < |s| < 2k and y = (|s| — k)/k. Using (5.16), (5.17)), (5.20) and the
inequalities 0 < y < 1 and ¢t > 2, we obtain

ﬂ|Gk(S)|/‘*1(G;€(5))2 — Mhythtt=2 (1 t= ly)u (t—(t—1)y)?

t+1 (1-y)
t—1 \rt3(t+1)
Mot (1 _
< \kMy (1 t+1y) 5
M2(t+1
=MD 6y

These relations and (5.21]) imply that inequality (5.54) holds.
Finally, let |s| > 2k Then by (5-20), (5.21)), (5.45), the equality G/ (s) =1 and
the inequality ¢ > 2, we obtain
HIGr(s)["H(GL(5))? exp(AG(s)]) = Ak|Gr(s) ]~ exp(NGi(s)])
At +1
< 20 16, (9 expMG(9))
A2 (t+ 1)
= D (@)
Therefore, inequality (5.54]) holds. Thus, inequality (5.54) holds for every s € R.
From ([5.54) it follows that

/ﬂM\Gk(U)I“’l(G%(U))QeXp(AIGk(U)I)gzdx <

At(tz_'_l)/ﬂgﬂ\IJ(Gk(u)ﬂdx.

(5.55)
In turn, using (5.49), (5.53)), (5.55), (5.18]), (5.10) and (5.29) along with the in-
equalities ¢t > 2 and k£ > 1, we deduce that

| 2 (GG

5.56)
o 3(\)2(t 4 1)2k2/(=2) (
§018[S0(k)]#/2+1/r + ( ) ( 46) /ng|\IJ(Gk(U))‘dl’
Similar to we have
| 1 Guw) (G (w)*da
“ (5.57)

2 21.2/(t—2)
< cufptoy o2 4 BT [ (6w

Now, using 7 (5.48), and (5. 5(| and taking into account ({5.5), ,

(5. 12|) (5.28 and (5. 29 , wWe obtaln 5.41)).
Step 5. Let us prove that for the third integral in the right-hand side of inequality
) the following inequality holds:

t(t 4 1)k =D
/ 93V (G (u) Gl (u)dx < coop(k) + —( &): / 93| (Gg(u))|dz. (5.58)
Q
In fact, by (5.18) and ( , we have

[ 0¥ GGz

Q (5.59)

< [ 1Gr () Gw) exp(NGalu)hgade + A | g W(Gu(w)]da.
Q Q
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It is clear that

[ HGLP G ) exp (G

/ plGr(w)* Gl () exp(NGr(u) gsdz (5.60)
{k<|u|<k(l4ek=1/(t=1))}

+ HIG ()~ Gl () exp NG () gsdr
{lul>k(1+ek=1/0=D)}
Similar to assertions (A8) and (A10) we establish that the following assertions hold:
(A11) ife € (0,1), s € Rand k < |s| < k(1 +¢&/k'/(=1), then
ulGi(s)[" ' Gi(s) exp(AGi(s)]) < Aettet =D,
(A12) ife € (0,1), s € R and |s| > k(1 + /kY/(=1)  then

AE(t + 1)K/ (=D
M e w(G(s))

Taking into account (5.28) and (5.29)) and the inequalities t > 1, k > 1 and p > 1,

from (5.59), (5.60) and assertions (A1l) and (A12) we deduce (5.58]).
Step 6. Using (6.3), (5.12), (5.27)-(5.30), (5.41) and (5.58), and taking into

account that k > k, and ¢t > 2, we obtain that

ulGr ()" Gl (s) exp(A| G (s)]) <

S | OV(Gr(w)Gi(u)de < e/ (0=20) / F|W(Gr(w))da + e [ (k)] /"
Q Q

(5.61)
For the integral in the right-hand side of this inequality we shall establish the
estimate

/Q FIU(Gy(u))|de
< 022]{(1—0)/16)&[90(]{:)]1/# (5.62)
¢ SOy 2y jotaD g yporn—ive [ oV (Guw)Giwd
q Q

Using Holder’s inequality and the definition of the function ¥, we obtain
[ B w)is
Q
-/ FIw(Gr(w)lde + [ FU(@)lir  (5.63)
{IGr(u)|<kt =9} {IGk(w)|>k1=}

~ 1—6 ’ =~
< | E [l - BN o (k)] +/ F|U(Gi(u))|dz.
(G ()| 2k 0}

To estimate the integral in the right-hand side of inequality (5.63)), we define the
function w : R — R by
(|s|n/aeNlsl/a — A-0n/agAk™ ™" /a) gion s if || > k1—°
w(s) = : 0
0 if [s| < k170,
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Using the definitions of the functions ¥ and w and Hoélder’s inequality, we establish

that
/ PIW(G(u)da
{IGk(w)| 2k =0}
< 2 F AU o) [ Flu(Gafu)
Q
Taking into account (5.2)), (2.2]) and (5.18)) and using Holder’s inequality, we obtain
/ Flw(Gy(u))|?dx
Q
< 1F [l w(Gr(u))llg,

| E e (Gra)) 12 [ (k)27

cd29—1
q/n—1/r
o Il le(v)

x / (1 G ()|~ + MG (u) ") exp(N| G (u) ) G (u) Pd.
{IGk(w)| 2k}

(5.64)

IN

(5.65)

IN

To proceed estimating the integral in the left-hand side of (5.65]), we observe that
the following assertion holds:
If s € R and |Gx(s)| > k=7, then

KOG < (A4 1)/2)7 RO Dl G ()] (5.66)

Indeed, let s € R, |Gy (s)| > k'~% and k < |s| < 2k. Then, setting y = (|s| —k)/k
and taking into account the inequality 0 < y < 1, from the inequality |G (s)| > k' ¢
and assertion (5.16]) we deduce that y* > k=%, Using this inequality and assertion

(5.16]), we obtain

-1 -1
p0|Gle) 0 = AT MO\ 1) 2 R Gy

yta=D(1 — Igy)a-t

Now, let |s| > 2k. Then, by (5.20)), (5.45) and the inequality k%(¢—1) > 1, we have
PG ()"~ = AT kT G(s) [T < (ME41)/2)7 RO | G (s)

Thus, assertion ([5.66) holds.
From ([5.65)) and assertion (5.66), taking into account the definition of the func-
tion ¥ and the inequalities ¢ > 1 and k£ > 1, we deduce that

/Q Fluw(Gy(u))|dz
< M||F||rk"<q*1>[gp(k)]q/”*l/’" / PV (G ()Gl (u)d.
q Q

In turn, using (5.63)), (5.64) and (5.67)) along with the inequalities £ > 1 and 6 > 0,
we obtain (5.62)).

Inequalities ((5.61) and (5.62) along with the inequalities 0 < (k) < 1, k > 1,
0 <1, (5.6), (-8), (5.13) and (5.28) imply that

c3
6

(5.67)

Q DU (G, (u)) Gl (w)dz < (car + ca0) k=DM (k)] P Ha/a”, (5.68)
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Step 7. Let us estimate from below the integral in the left-hand side of inequality
(5.68)). This will allow us to apply Lemma and to obtain the conclusion of the
theorem.

We fix | € (k,2k]. Using (2.2), (6.10), (5.18), (5.20) and (5.23)) and the inequality
1 > q, we obtain

/Q OV (G (u))Gr (u)dx

> [ 1D (G ) sign G () (5.69)

la]=1

(g/2Xc)4 / - N\
> /A7) G ()| a1 gp )
oM ( {|u\zz}| <l )

From assertion (A3) it follows that

- 2\ W/atD)g" (] — k)Hr/a+1)e”
(n/q+1)q 4 (I = k)tw/aria
/{UI>Z} (Gulu) do = (t + 1) L= (u/q+1)q* e(l). (5.70)

From (5.68)—(5.70]), taking into account the equality u = Ak, we deduce that

e(t+1) ] Xg"k/q g4 (t=0)k/a+tq”

14+9q™
2 (I — k)ra“tk/a+tq (k)] .

e(l) < 023{

This and the inequality (e(t+ 1)k=%/2/2)*4"#/4 < ¢y, allow us to conclude that the
following assertion holds:
If kg < k <1 < 2F, then
Cosk? (t=0/2)k/q+tq"

1+9¢*
e(l) < (R (k)T

Using this assertion and Lemma we establish inequality (2.16)). The theorem
is proved.

6. PROOF OF THEOREM

Let r > n/q, let the functions g2, g3, g4 and f belong to L"(Q2). Let for every
i1 €N, T; : R — R be the function such that

Ti(s) = ° %f sl < 1:7
isigns if |s| > i.
Now, for every i € N we define the function B; : Q2 x R x R™? — R by
Bi(.T,S,g):E(B(l’,S,f)), (stag) EQXRXRn,z'

Obviously, for every i € N and for every (z,s,£) € Q x R x R™2

|Bi(x, 5,9 <eal Y 1al®+ D [€al”} + ga(2). (6.2)
|a]=1 |a]=2

From (2.2)—(2.5), (2.8), (2.9), (2.13) and (6.1)) and the results of [9] on solvability of

equations with pseudomonotone operators it follows that if ¢ € N, then there exists
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a function u; € W, /() such that for every function v € W, (1),

/ { Z Ay (z, Vou;) D% + Aoz, u;)v + Bz, ug, Vgui)’l)}dl’ = / fodz. (6.3)
Q Q

a€EA
Hence, on the basis of the inclusions g2, g3, f € L"(Q) and B;(z,u;, Vau;) €
L>(Q) and a slight modification (due to the presence in (6.3) of the term Ay
satisfying conditions (2.7)) and (2.8])) of the proof of assertion (iii) of [8, Theorem
1] we establish that for every ¢ € N,
u; € L™ (Q)
Using this inclusion, inequality (6.2)) and Theorems and we obtain that

for every i € N,
/ ( S Dt + Y |D“ui|p)dm§ s, (6.4)
Q

Jal=1 |a|=2

uilloo < Ci. (6.5)

By (6.4), (2:2) and in view of the compactness of the embedding W7(€) into
LMNQ) with A\ < ¢*, there exist an increasing sequence {i;} C N and a function
ug € W;g(Q) such that

Wy

, — ug  weakly in W;g(Q),

(6.6)

;. — Ug a. e. in Q.
J

From (6.5) and (6.6)) we deduce estimate (2.14)).
Using (2.8), (6.5) and along with Dominated Convergence Theorem, we

establish the following assertion:
For every function v € Wzlj’g(Q),

lim Ao(x,uij)vdx:/Ao(a:,uo)vdm. (6.7)
i—oo Jo Q
Moreover, using arguments analogous to those contained in the proof of [I5]
Theorem 2.1], we establish the following assertions:

u;; — ug strongly in W;;;"(Q),
for every function v € Wzlg(Q),
lim / { Z Au(z, Vau;, ) D }dx = / { Z Aq(z, Voug) D }da; (6.8)
ITJe ea 2 aen

for every function v € WQI;,](Q) N L>(8),

J—0

From (6.3) and assertions (6.7)-(6.9) it follows that for every function v €
W, () N L=(9),

lim Bij(m,uij,VQUij)vdx:/B(m,uo,Vguo)vdz‘. (6.9)
Q

/ { Z Aq(x, Vaug) DY + Ag(z, ug)v + B(z, ug, Vguo)v}dm = / fudz.
Q Q

a€A

The obtained properties of the function uy allow us to conclude that ug is a gener-
alized solution of problem (2.10)), (2.11]). This completes the proof of the theorem.
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