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EXISTENCE OF SOLUTIONS TO BOUNDARY VALUE
PROBLEMS ARISING FROM THE FRACTIONAL
ADVECTION DISPERSION EQUATION

LINGJU KONG

ABSTRACT. We study the existence of multiple solutions to the boundary value
problem

d/1 __ 1
2 (50D ®) + S0P W (1)) + AVE(u(®) =0, t € [0.7],
u(0) =u(T) =0,

where T > 0, A\ > 0 is a parameter, 0 < 8 < 1, oD; ” and +D7" are,
respectively, the left and right Riemann-Liouville fractional integrals of order
B, F:[0,T] x RN — R is a given function. Our interest in the above system
arises from studying the steady fractional advection dispersion equation. By
applying variational methods, we obtain sufficient conditions under which the
above equation has at least three solutions. Our results are new even for the

special case when 8 = 0. Examples are provided to illustrate the applicability
of our results.

1. INTRODUCTION

In recent years, the subject of fractional calculus has gained considerable popu-
larity and importance due mainly to its applications in numerous seemingly diverse
and widespread fields of science and engineering. The monographs [15] [I6], 17] are
excellent sources for the theory and applications of fractional calculus. In this arti-

cle, we study the existence of three solutions to fractional boundary value problems
(BVPs) of the form

i(l D7 (u'(t) + %tD;ﬁ(u’(t))) +AVF(tu(t) =0, tel0,T],

dt \2" (1.1)
u(0) =u(T) =0,

where T' > 0, A > 0 is a parameter, 0 < § < 1, OD[B and tD;ﬁ are the left and
right Riemann-Liouville fractional integrals of order (3, respectively, N > 1 is an
integer, F' : [0,T] x RY — R is a given function such that F(¢,x) is measurable
in ¢ for each x = (z1,...,7x) € RV and continuously differentiable in x for a.e.
t €[0,7], F(t,0,...,0) = 0 on [0,7T], and VF(t,x) = (0F/0z1,...,0F/0zy) is
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the gradient of F' at x. By a solution of (L.1), we mean an absolutely continuous
function u : [0,7] — RY such that u(¢) satisfies both equation for a.e. ¢t € [0,7]
and the boundary conditions in . We notice that when 8 = 0, problem (1.1)
has the form
u'(t) + AVF(t,u(t)) =0, te€]0,T],
u(0) = u(T) = 0,

which has been extensively studied.

The equation in is motivated by the steady fractional advection dispersion
equation studied in [10],

—Dal(p th_ﬂ + th;ﬂ)Du + b(t)Du + c(t)u = f, (1.3)

where D represents a single spatial derivative, 0 < p,q < 1 satisfying p +¢q = 1,
a > 0 is a constant, and b, ¢, f are functions satisfying some suitable conditions.
The interest in arises from its application as a model for physical phenomena
exhibiting anomalous diffusion; i.e., diffusion not accurately modeled by the usual
advection dispersion equation. Anomalous diffusion has been used in modeling
turbulent flow [8 20], and chaotic dynamics of classical conservative systems [21].
The reader may find more background information and applications on in
[4, [10]).

Remark 1.1. When N = 1, problem (|L.1)) reduces to the scalar BVP

@ (50D (1) + 3eDF* (1)) + Af(t () =0, ¢ [0.7],

dt
u(0) =u(T) =0,

where f:[0,7] x R — R is such that f(¢, ) is measurable in ¢ for each € R and
continuous in z for a.e. ¢t € [0, 7.

It is clear that the equation in is of the form of with D =d/dt, a =1,
p=q=1/2,b(t) =c(t) =0, and f = \f(t,u).

We also notice that since is the steady fractional advection dispersion equa-
tion, it has no dependence on the time variable and it just depends on the space
variable ¢ (here, the notation ¢ stands for the space variable in ) Since the
space we studied is one dimensional and has the form of an interval, say [0, 7],
the boundary conditions in the space reduce to the conditions at the two endpoints
t =0andt =T of the interval. In our system, we study the Dirichlet type boundary
conditions.

(1.2)

(1.4)

In recent years, the existence of solutions of various BVPs of fractional differential
equations is under strong research. For a small sample of the work on this subject,
we refer the reader to [I} B, O] 111 12] 13| 14, 22]. We remark that most existing
results on fractional BVPs were obtained by using various fixed point theorems and
that few results were established by using variational methods. This is because that
it is often very difficult to establish a suitable space and variational functional for
fractional BVPs. As pointed out in [I0] [14], these difficulties are mainly caused by
the following properties of fractional differential operators: (i) fractional differential
operators are not local operators, and (ii) the adjoint of a fractional differential
operator is not the negative of itself.

Recently, in [I0] [14] suitable fractional derivative spaces and variational struc-
tures for the system (1.1)) were developed. Moreover, the existence of at least one
solution for the syste was established in [14] by using the minimax methods
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in critical point theory. Our goal in this paper is to obtain some sufficient condi-
tions to guarantee that the system has at least three solutions. Our analysis
is mainly based on a recent three critical points theorem appeared in [2] [7], see
Lemma[4.1] below. This lemma and its various variations have been frequently used
to obtain multiplicity theorems for nonlinear problems of variational nature. See,
for example, [2, Bl [ [7 18] [19] and the references therein.

The rest of this article is organized as follows. Section [2] contains some pre-
liminaries on fractional calculus, Section [3] contains the main results of this paper
and two illustrative examples, and the proofs of the main results are presented in
Section Fl

2. PRELIMINARIES ON FRACTIONAL CALCULUS

To make this paper self-contained, in this section, we recall some basic defini-
tions and properties of the fractional calculus. The presentation here and more
information on fractional calculus can be found in, for example, [I5] [I7].

Definition 2.1. Let f be a function defined on [a,b] and v > 0. The left and
right Riemann-Liouville fractional integrals of order v for the function f, denoted
respectively by ,D; 7 and D, 7, are defined by

aDZ"f(t):%w / (t— sy f(s)ds, € [a,b],

b
tD,:w):ﬁ / (s — £ f(s)ds, b€ [ab],

provided the right-hand sides are pointwise defined on [a,b], where I' > 0 is the
gamma function.

Remark 2.2. When v =n € N, ,D; " f(t) and D, " f(t) coincide with the nth
integrals of the form

ﬁ/ (t—s)""'f(s)ds, tE€a,b],

b
D f(t) = ﬁ/t (s— )" f(s)ds, t€ [ab].

Definition 2.3. Let f be a function defined on [a,b] and v > 0. The left and
right Riemann-Liouville fractional derivatives of order  for the function f, denoted
respectively by D] and ;D;, are defined by

F 1 dr gt .
WD) = G eI 10 = s G ([ =9 psyas),

aD;nf(t) =

and

n n b
DY F(t) = (—1)"%@3—%(@ _ ﬁ(—w%(/t (s — )17 f(s)ds).

where t € [a,b], n—1 <~y <n,and n € N.
Remark 2.4. If y =n — 1 for some n € N, then
D f() = FO7DW) and (DY f() = ()" V@), e [a,0],

where f("~1)(t) is the usual derivative of order n — 1.
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Remark 2.5. Let AC([a, b],R) be the space of real-valued functions f(z) which are
absolutely continuous on [a, b], and for n € N, let AC™([a, b], R) be the space of real-
valued functions f(x) which have continuous derivatives up to order n — 1 on [a, ]
such that f(=Y(z) € AC([a,b],R). By [I5, Lemma 2.2], the Riemann-Liouville
fractional derivatives D] f(t) and (D f(t) exist a.e. on [a,b] if f € AC™([a,b],R),
wheren —1 <y < n.
Definition 2.6. Let v > 0 and n € N.

(a) If vy € (n—1,n) and f € AC™([a,b],R), then the left and right Caputo

fractional derivatives of order «y for the function f, denoted respectively by
¢D; and ¢D], and are defined by

c Y _ y—n p(n) _ 1 ! _ \n—r—1pg(n)
aDt f(t) - aDt f (t) - F(TL _ 7) (t S) f (S)ds
and
—1\» b
ngf(ﬁ) _ (—]_)nthinf(n) (t) — I‘Enl—)fy) ‘/t (5 — t)niryilf(n) (S)dS,

for a.e. t € [a, b].
(b) If y=n—1and f € AC"1([a,b],R), then

SDPTMf() = fOI(@) and DR = (1)), te0,T).
In particular, SD? f(t) = ¢DY f(t) = f(t), t € [a,b].
3. MAIN RESULTS

For 0 < 3 < 1 given in (L.1), let « =1 — 3/2 € (1/2,1] and define

oo 8T/4 T
po = TQF?(S;\C a)(?) ! (%)3_ +/ g (t)dt+/ h (t)dt), (3.1)

— 2 T/4 3T /4
where
g(t) =t — (t = T/4)' (3.2)
h(t) =t'7% — (t = T/4)' = — (t — 3T /4)' 7. (3.3)

In the remainder of this article, for some c,d,l,m,p € R, let the bold letters c,
d, 1, m, and p be the constant vectors in R defined by

c=(¢,...,¢), d=(d,....,d), 1=(,...;1)y, m=(m,....m), p=(p,...,p),
and any other bold letter, such as x, is used to denote an arbitrary vector in RV.
We now state the results of this paper.

Theorem 3.1. Assume that there exist four positive constants c, d, I, and m, with

Ta—l/Qp(lx/Qd

d<mandc< — L
MANECS T 2a — 1)172

< |cos(ma)|l < | cos(mar)|m, (3.4)

such that
F(t,x) 20 for (t,x) € [0,T] x [~m,m]", (3.5)
max F(t,x) < F(t,c), maxF(t,x) < F(t,1), max F(t,x) < F(t,m), (3.6)
x| <c x| <l xI<m

foT F(t,c)dt - I2(a) cos?(ma)(2a — 1) (/3T/4

T
F — F .
- e (e~ [ Fit.ejar). 57

T/4
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Jo F(t.)dt - I'?(a) cos®(ma)(2c — 1) (/3T/4

T
5 T, F(t,d)dt — / F(t,c)dt), (3.8)

T/4

foT F(t,m)dt _ 2(a) cos?(ra) (2a — 1) </3T/4

0
T
F(t,d)dt — F . (3.
o T, (t, dyde — | (t,c)dt). (3.9)

T/4
Then, for each X € (A, ), the system (1.1)) has at least three solutions uy, uz, and uz

such that max,cjo. 1) [u1(t)| < ¢, maxep, 1) [ua(t)| < I, and maxycjo 7 [us(t)] < m,
where

pad?
A= ST (3.10)
2| cos(ma) (f tddt—fo (t,c)dt)
and
3 min{FQ(a)(Zoz — 1) cos(ma)|c®* T?(a)(2a — 1) cos(mar)|I?
o721 [T F(t,c)dt 2721 [T F(t,1)dt @11)

I'?(a)(2a — 1)| cos(wa)|(m? — 1?) }
2721 [1 F(t, m)dt '
The following results are consequences of Theorem In particular, Corollaries

and give some conditions for the system (1.2]) to have at least three solutions,
and Corollary provide some relatively simpler existence criteria for the system

)
Corollary 3.2. Assume that there exist four positive constants c, d, I, and m, with
c< (8N)Y2d <1< m,

such that (3.5) and (3.6) hold, and

Sy F(t,c)dt 1 3T/4 T
F(t,d)dt — [ F(t,c)dt
2 <8Nd2(/T/4 (&) /0 (t.c)at),

S F(t Dt 1 3T/4 T
F — F
e < /T P /O (t.c)dt),

[ F(t,m)dt 1 3T/4 r
F(t,d)dt — | F(t,c)dt).
m? — 2 <8Nd2(/T/4 (t,d) /0 (¢,¢) )

Then, for each X\ € (A;, \1), system (1.2) has at least three solutions uy, uz, and us
such that max,cjo, ) [ui(t)| < ¢, maxep, 1y [ua(t)| < I, and maxyecjo 7 lus(t)] < m,
where

\ ANd?
o T( 3] Pt d)dt — [} F(t c)dt)
A= min{ a 12 i }
' of (T F(t,c)dt’ 2T [T F(t.)dt 2T [T F(t,m)dt)

Corollary 3.3. Assume that there exist three positive constants ¢, d, and p, with

T""l/zplll/zd | cos(ma)|p
d< dc< < 3.12
p and ¢ T{a) (@0 — 1)1/ 2 (3.12)
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such that
F(t,x) >0 for (t,x)€[0,T] x [-p,p]", (3.13)
max F(t,x) < F(t,c), max F(t,x) < F(t,p/V?2), max F(t,x) < F(t,p),
[x[<e Ix|<p/V2 [x|<p
(3.14)
T
F(t dt 2 2 o 3T /4
Jo F(t,c) - r (_a) cos?(mar)(2a0 — 1) / F(t,d)dt, (3.15)
c? T2 pad?(1 + cos?(rar)) Jr)a
T
F(t,p)dt 2 2 — 3T/
Jo Fit:p)dt - T*(a) cos®(na)(20 — 1) / F(t,d)dt. (3.16)
p? 21207 pad?(1 4 cos?(war)) Jpy4

Then, for each X € (Ay, A2), system (L.1)) has at least three solutions uy, uz, and uz
such that maxye(o 7y |ui(t)] < ¢, maxyeqo 1 [uz(t)| < p/v2, and maxseo 7y lus(t)] <
p, where
ad?(1 2
A2 — p ( + COos (ﬂ-a)) (3'17)

2| cos(ra)| fry1 ' F(t,d)dt’

X = min { (o) (2a — 1T)| (;os(7roz)|027 I'(a)(2a — ;)| cos(ma)|p? } (3.18)
27201 [ F(t, c)dt 4721 [ F(t,p)dt
Corollary 3.4. Assume that there exist three positive constants ¢, d, and p, with
¢ < (8N)2d < L 3.19
(8N) 7 (3.19)
such that (3.13) and (3.14)) hold, and
Sy F(t,c)dt 1 3T/4
F(t,d)dt 3.20
c? < 16 N d? /T/4 (¢, d)dt, ( )
and T
[y F(t,p)dt 1 sT/4
F(t,d)dt. 3.21
p2 32Nd2 T/4 ( ’ ) ( )

Then, for each A € (A3, \3), system (1.2) has at least three solutions uy, uz, and ug
such that max.epo, 7 [u1(t)| < ¢, maxeqo, 1) [ua(t)] < p/V?2, and maxyeo,7) [us(t)] <
p, where

8Nd?

- 3T/4 J
T ot F(t, d)dt

A3

B _ c2 2

A3 = min { T , Tp }
2T [, F(t,c)dt AT [; F(t,p)dt

Remark 3.5. We want to point out that when F' does not depend on ¢, (3.20) and
(3.21]) reduce to

F(c) _ F(d) F(p) _ F(d)
2 Smne M T2 S anNae
and )3 and A3 become

16N d? — c? p?
= o = mi . 2
A = g d s mm{QT?F(c)’ 4T2F(p)} (3:23)

(3.22)
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Remark 3.6. We observe that, in our results, no asymptotic condition on F' is
needed and only local conditions on F' are imposed to guarantee the existence
of solutions. Moreover, in the conclusions of the above results, one of the three
solutions may be trivial since VF(¢,0,...,0) may be zero.

In the remainder of this section, we give two examples to illustrate the applica-
bility of our results.

Example 3.7. Let T > 0. For (¢, y) € [0,T) x R2, let F(t,z,y) = tG(x,y),
where G : R? — R satisfies that G(—z, —y) = G(z,y), and that for = € [0, 00) and

y ER,
z® +JyP?, 0<z<1,0<|y <1,
Glony) = 3+ 20y? -1, 0<z<1, |y >1, (3.24)
5 21.3/2_|_|y‘3_17 1‘>1, 0§|y| Sl,

2232 4 2y[??2 =2, = >1, |y > 1.

It is easy to verify that F : [0,7] x R? — R is measurable in t for (z,y) € R? and
continuously differentiable in = and y for ¢ € [0, 7], and F(¢,0,0) =0 on [0,T].

Let 0 < 3 <1, @ =1—3/2 € (1/2,1], pa be defined by (3.1), and u(t) =
(u1(t),uz(t)). We claim that for each

2
e (pa(l + cos (7‘(’&))700),
T2| cos(ma)
the system
d

(50D W/ (0) + 3 DF (W (1)) + AVE( () =0, t€ 0,7,

u(0) =u(T) =0,

(3.25)

has at least three solutions.

In fact, system (3.25) is a special case of system (|1.1)) with N =2. For0 < ¢ < 1

and p > 1, in view of (3.24)), we have
Jo Ftecpdt 26 [Fedt

=2 2 =T%c, (3.26)
T T
Joy F(t,p,p)dt (4p®/2 —2) [, tdt _ T(2p3% 1) (3.27)
P2 - 2 - 2 : :
Choose d = 1. Then,
3T /4 3T /4 1
/ F(t,d,d)dt = 2/ tdt = T2 (3.28)
T/4 T/4 2

By (3.26)—(3.28)), we see that there exist 0 < ¢* < 1 and p* > 1 such that (3.12)),
(3.15), and (3.16)) hold for any 0 < ¢ < c* and p > p*. Moreover, and ((3.14))
hold for any ¢,p > 0. Finally, note from and - that

N = Pa(l + cos (7TO[))
=27 T2?|cos(ma)|

A — 00 asc— 07 and p — .

Then, the claim follows from Corollary
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Example 3.8. Let F : R? — R satisfies that F(—z,—y) = F(x,y), and that for
x €]0,00) and y € R,

23, 0<z<1,0<|y <1,
Flag) =45 PP =3l +1, 0<a <1yl >1, (3:29)
, 2312 _ 1, v>1,0< [yl <1, |

2032 +20yP2 = 3lyl, x>1, |yl > 1.

It is easy to verify that F' : R? — R is continuously differentiable in = and y and
F(0,0) = 0.
Let T > 0 and u(t) = (u1(t),uz2(t)). We claim that for each A € (32/T2, c0), the
system
u’(t) + A\VF(u(t)) =0, tel0,T],
w(0) =u(T)=0

has at least three solutions. In fact, the system (3.30)) is a special case of the system
(1.2) with N =2. For 0 < ¢ < 1 and p > 1, from (3.29)), we have

(3.30)

F(c,e) ¢
CQ = 6—2 = c7 (3.31)
F(p,p) 4p**—3p 4p'/?-3
AR (3.32)

Choose d = 1. Then

F(d.d) 1 F(dd) 1

pNe 6 M GNe T 1w (3:33)
By (3.31)-(3.33)), we see that there exist 0 < ¢* < 1 and p* > 1 such that (3.19)
and 1_' hold for any 0 < ¢ < ¢* and p > p*. Moreover, and - hold

for any ¢,p > 0. Finally, note from (3.23)) that

Az = and A3 — oo asc— 0" and p — oo

T2
Then, the claim follows from Corollary and Remark

Remark 3.9. As noted in Remark@ one of the three solutions in the conclusions
of the above examples may be trivial.

4. PROOFS OF THE MAIN RESULTS

Let X be nonempty set and P, ¥ : X — R be two functionals. For r,ri,r2, 73 € R
with r1 <supy @, ro > infx ®, ro > 71, and r3 > 0, we define

(Supu€<l> ( 00,T) qj( )) —ﬁl(u)

= inf 4.1

(,0(7") uE@*llI%—oo,'r) ( ) ’ ( )
U(v) — W(u)

r1,79) 1= inf su — 4.2

)= g W) e, B0) — () 2

SUPyed—1(—o0,ro+r: lil(u)
’V(T277"3) = S ( 7'37 + 3) ) (43)
Ol(’l"l, 7’2,7’3) ‘= max {90(7"1)7 @(T2)77(T27r3)} . (44)

The following lemma is fundamental in our proofs. The reader may refer to [2|
Theorem 5.2] or [7, Theorem 3.3] for its proof.
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Lemma 4.1. Let X be a reflexive real Banach space, ® : X — R be a conver,
coercive, and continuously Gateaux differentiable functional whose Gateaux deriv-
ative admits a continuous inverse on X*, U : X — R be a continuously Gateaux
differentiable functional whose Gateaux derivative is compact, such that

(a) infx ® = ®(0) = ¥(0) =0,

(b) for every uy, uy satisfying W(u1) > 0 and ¥(us) > 0, one has

inf (¢ 1—t > 0.
e (tur + (1 —t)ug) >

Assume further that there exist three positive constants r1, ro, and rs, with ri < ro,
such that

(¢) a(ri,re,r3)) < B(r1,72).
Then, for each A € (1/8(r1,72),1/a(r1,72,73)), the functional ® — AU has three

distinct critical points u1, uz, and uz such that uy € ®~1(—o0,r1), us € @~ 1[ry,r2),
and ug € ®~1(—o00, 79 +13).

Let E® be the space of functions u € L?([0,7],R") having an a-order Caputo
fractional derivatives §Dfu € L*([0,T],RY) and w(0) = u(T) = 0. Then, by [14}
Remark 3.1 (i) and Proposition 3.1], E* is a reflexive and separable Banach space
with the norm

T T 1/2
[l = (/0 |u(t)|2dt+/0 \8Df‘u(t)|2dt) for any u € B®.  (4.5)

We recall the norms

T 5 \1/2
1> = (/0 u(®Pdt) " and lufc = max Ju(t)]

t€[0,T]

Lemmas [£.2] and [4.4] are special cases of [14, Propositions 3.2 and 3.3] with p = 2,
respectively, and Lemma corresponds to [I4, Proposition 4.1].

Lemma 4.2. For u € E“, we have

TO(

Jullz2 < WHSD?U”L% (4.6)
Ta—1/2
fulle < g7 6Dl (47)

Remark 4.3. From (4.6), we see that the norm || - || in (4.5) is equivalent to the
norm || - || defined by

T 1/2
ull = (/O sDpu(odt) " for any u € B°, (4.8)

Lemma 4.4. Assume that a sequence {u,} converges weakly to u in E® (u, — u).
Then, u, — u in C([0,T],RY); i.e., ||un — |l — 0.

Lemma 4.5. For any u € E%, we have

T
C Ha c o 1
cos(ra)] ul? < — [ (DFute).DFu)de < s ul?.



10 L. KONG EJDE-2013/106

For uw € E“, let the functionals ® and ¥ be defined as follows

T
@(u):f% /O (;Du(t), sDFu(t))dt, (4.9)
T
W(u) = /0 Pt u(t))dt. (4.10)

Then, by [I4, Theorem 4.1], we see that ® and ¥ are continuously differentiable,
and for any u,v € E®, we have

@ ().0) = =5 [ [GOFu).5D50(0) + (Djute). D7) e, (@)

T
(W (), v) = /0 (VE(t, u(t)), o(t))dt. (4.12)

Parts (a) and (b) of Lemma below are taken from [14], Lemma 5.1 and
Theorem 4.2], respectively.

Lemma 4.6. We have that

(a) The functional ® is conver and continuous on E<.
(b) If u € E% is a critical point of the functional ® — AU, then u is a solution

of BVP (L1).
We are now in a position to prove our results.

Proof of Theorem[3.]. For any = € R, let p(x) = max{—m, min{z,m}}. For any
X = (z1,...,xn5) € E®, let F(t,x) = F(t,%), where X = (p(z1),...,p(xy)). Then,
F(t,x) is measurable in t for each x € RY and continuously differentiable in x for
a.e. t € [0,T], and F(t,0,...,0) = 0 on [0,T]. Note that —m < p(u;) < m for any
u=(uy,...,uny) € Eand i=1,...,N. Then, implies that

F(t,u) >0 for (t,u) € [0,T] x E“. (4.13)
Note that d < m and ¢ <1 < m by (3.4). Then, we have
F(t,x) = F(t,x) for (t,x) € [0,T] x RN with |x| < m,

FE(t,c) = F(t,c), F(t,d)=F(td), F(t1)=F(t1), F(t,m)=F(tm).

(4.14)
Let the continuously differentiable functional ® be given by and the functional
U be defined by

T
T (u) :/ F(t,u(t))dt forue E. (4.15)
0
Then, by Lemma [4.5] and (4.9), we have
1 1 .

Moreover, U is continuously differentiable, and for any u,v € E®, in view of (4.13)),
we have

~ ~ T ~
U(u) >0 and (¥ (u),v) :/0 (VF(t, u(t),v(t))dt. (4.17)

In the following, we will apply Lemma with X = E® to the functionals ® and
v,
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We first show that some basic assumptions of Lemma [.1] are satisfied. The
convexity and coercivity of ® follow from Lemma (a) and (4.16)), respectively.
For any u,v € E%, from Lemma and (4.11)),

(' () @(0),u— v)
T
= =5 | [GDRu).5D5u(0) = v(0) + ( Dgute). 507 (u(t) — o))

R c
+§/0 [(,Div(t), s DE(u(t) — v(t)) + (D (t), §Df (u(t) — v(t)))]dt

T
= [ 16080 «0). D3 (0 — w0
> cos(ma)] fu — o,

Thus, @ is uniformly monotone. Hence, by [23, Theorem 26.A (d)], (®')~! :
(E*)* — E® exists and is continuous. Suppose that u, — v € E®. Then, by
Lemma u, — u in C([0,T],RN). Since F(t,x) is continuously differentiable
in x for a.e. t € [0,1], from the derivative formula in (4.17)), we have U (uy,) —
U’ (u), i.e., U is strongly continuous. Therefore, ¥’ is a compact operator by [23]
Proposition 26.2].

Next, note that the facts that F(¢,0,...,0) = 0 on [0,7] and the inequality in

(4.17), from Lemma (4.9), and (4.15)), we see that conditions (a) and (b) of

Lemma [£.1] are satisfied.
Now, we show that condition (c) of Lemma holds. Fori=1,..., N, let

2, te[0,7/4),
wi(t) = 4 d, t € [T/4,3T/4],
W(T—t), te(37/4,T),

and w(t) = (w1(t),...,wn(t)). Then, w € E* and

tlfoz

4d , tel[0,T/4),
= Tr2—a) | 9@ tEI/4,37/4), (4.18)
h(t), te (3T/4,T),

where g(t) and h(t) are defined by (3.2 and (3.3). From (3.1) and (4.18)),

T
[ 1aprwto
0
T 3T/4
:N(/ |8Df‘w1(t)|2dt+/
0 T/4

16N d2 T/4 - 37T/4 T
= 22t 2()dt h(t)|?dt
et [ dwas [ woka)

oDy wi(t)

T
DRwn®Pd+ [ (5Dt (o)
3T /4

/4 3T/4
16NN d? 1 T 3 24 8T/4 T
T T?2(2— ) (3_2a(z) +/T/4 g (t)dt+/3T/4h (t)dt)

= pad?.
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Then, ||w||?2 = pod?. Thus, from with u = w,

f|cos(7ra)|pad < P(w) < mpad2. (4.19)

Let
o F2(a)(2o2zj:2iz|lcos(7m)|02’ vy — FQ(Q)(2C2VI;52|1COS(7TQ)|Z2’ (4.20)
ry = I'?(a)(2a0 — 1)| cos(wa)| (m? — 12), (4.21)

92T 20—1
Then, from (3.4) and (4.19)), we have m < ®(w) < ry and r3 > 0. For any u € E,
from the first inequality in (4.16]), we see that ||u||?2 < 2®(u)/|cos(wa)|. Then, by

(4.7) and (4.8), we have
T2a 1 2T2a71¢(u)

Il < i —"le = Fa)ea — Dlcostrall

Thus, by and , we have the following implications
D(u) <11 = Julleo < ¢,
D(u) <rz = |lulle <1, (4.22)

D(u) <rg+r3 = ||ufle < m.
This, together with and , implies
sup ) / ' F(t,u(t))dt < Tmax F(t,x)dt < / ' F(t,c)dt, (4.23)
0 0

weP—1(—o0,r1 0 Ix[<e

T T T
sup / F(t,u(t))dt < max F(t, x)dt < / F(t,1)dt,
ued—1(—o0,r2) J0O 0 \x\<

T
sup / F(t,u(t))dt < max F(t,x)dt < / F(t,m)d
u€d—1(—oo,ra+r3) J0 0 Ix|<m

Then, taking into account the fact that 0 € ®~1(—oc0,r;), i = 1,2, from (4.1)), (4.3)),
(4.15), (4.20)), and (4.21)), it follows that

- LT
o(ry) < SPuce ooy PO0) 2T Jy F(L )t (4.24)
N T ~ I'2(a)(2a — 1)| cos(rar)|e?’ '
o(rg) < PueP(Zooura) W (w) 2721 [ F(t,1)dt (4.25)
2= T2 ~ I'?(a)(2a — 1)] cos(ma) |12’ :
- LT
(g 15) = SPuEPT (Zooratrs) Y(u) _ 27201 (7 F(t,m)dt 35)
20 r3 ~ I'?(@)(2a — 1)| cos(mar)|(m? —12)"

On the other hand, in view of the fact that w(¢t) = d < m on [T'/4,3T/4] and from

ond (1)
T 3T/4 3T/4
/ Bt w(t))dt > / Bt w(t))dt = / Pt d)dt.
0

T/4 T/4
Note that w € ®~1[ry,73), from ([4.2]) and -, we obtain
W (w) — W (u) W (w) — W (u)
)

inf

> inf >
5(7"1,7’2) - ueéf}l(lfoo,rl) <I>(w) — <I>(u) T u€d—1(—o0,r1) <I>(w
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fST/“ Ft,dydt — [ F
P (w)

By ([£.19), 1/®(w) > 2| cos(wa)|/(pad?). Then

B(r1,r2) > M( / M B v / 0 c)dt). (4.27)
0

Pad? T/4

For )\ and A defined by (3.10) and (3.11)), from (3.7)-(3.9) and (4.24)-(4.27), we

have
() < = < 5 < Blri,ra), @lra) < = <+ < Blr1,72)
AU SR r,72), Pr2 SR r1,72),
1 1
Y(re,r3) < 3 < X < B(r1,7r2).

In view of (£.4), a(ry,r2,r3) < 1/A <1/A < B(r1,r2); i.e., condition (c) of Lemma
holds. Hence, all the assumptions of Lemma [£.1] are satisfied. Then, by Lemma
for each A € (A7 X), the functional ® — AW has three distinct critical points uq,
ug. and uz such that u; € ®~1(—00,r1), ug € ®~1ry,rs), and ug € ®~(—o0,r2 +

r3). From (4.22), we have

uilloo < ¢, luzlloo <1, |luzloo < m.

Then, in view of (4.10)), (4.14), and (4.15), we have U(u) = ¥(u). Therefore, uy,

ug, and ug are three distinct critical points of the functional ® — AW. Thus, by
Lemma [£.5] (b), w1, u2, and ug are three distinct solutions of (1.1)). This completes
the proof of the theorem. O

Proof of Corollary[3.34 When a = 1, from (3.1]), we have p, = 8N/T. Then, under
the assumptions of Corollary [3.1] it is easy to see that all the conditions of Theorem

hold for o« = 1. Note that the system (1.2)) is a special case of the system (1.1)
with o = 1. The conclusion then follows directly from Theorem [l

Proof of Corollary[3.3. Let | = p/v/2 and m = p. Then, from (3.12)(3.14)), we see
that (3.4)—(3.6) hold. By (3.14) and (3.16)), we have

Jo F(t,)de 2 [ F(t,p/V2)dt 2[0

12 p? P

2

4.28
I () cos?(mar) (2 — 1) L/“T’4zv@ d)dt -
T20=1p,d?(1 + cos?(mwa)) T/4 ’ ’
and
S F(t,m)dt 2 [ F(t,p)dt _ I*(a)cos?(ra)(2a — 1) / o F(t,d)dt
m:_z p? T2 pod?(1 + cos?(1a)) Jry4 o
(4.29)

Note from (3.12) it follows that
()20 — 1 1
(a)( ) <

T2a—1pad2 2 :
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Combing this inequality with (3.15)), we obtain

By

T2(q) (}‘fojjﬁia —1) ( / s F(t,d)dt - /0 ! F(t,c)dt)

T/4
I'?(a) cos?(ra)(2a — 1) /3T/4 cos?(mar) /T
> F(t,d)dt — Y [ Bt e)dt
T20=1, 2 /4 (t.d) 2 ) (t,c)
I2(a)cos?(rar)(2a — 1) [37/4
F(t,d)dt 4.30
e [ ree (430)

I?(a) cos® (ma) (2 — 1) / " P, oy

1201 d2(1 + cos?(ma)) T/4
_ TI'*(a) cos?(mar) (2a — 1) /3T/4
- T22-1p,d2(1 + cos?(mar))

(3.15: and 7, we see that f hold. From , ,

F(t,d)dt.
T/4

(3.17), (3.18), and (4.30), we have A < A, and A = Xa. Therefore, the conclusion

now follows from Theorem [B.1] O

Proof of Corollary[3.f} When o = 1, from (3.1)), we have p, = 8N/T. Under the
assumptions of Corollary [3.4] it is easy to see that all the conditions of Corollary

hold for & = 1. Note that system (1.2]) is a special case of system (1.1} with

a = 1. The conclusion then follows directly from Corollary (]
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