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SELFADJOINT EXTENSIONS OF A SINGULAR MULTIPOINT
DIFFERENTIAL OPERATOR OF FIRST ORDER

ZAMEDDIN I. ISMAILOV, RUKIYE OZTURK MERT

ABSTRACT. In this work, we describe all selfadjoint extensions of the mini-
mal operator generated by linear singular multipoint symmetric differential
expression | = (I1,12,13), lx = i% + Aj, with selfadjoint operator coefficients
Ap, k = 1,2,3 in a Hilbert space. This is done as a direct sum of Hilbert
spaces of vector-functions

LQ(H, (7007 al)) D LQ(H, (ag, bg)) D LQ(H, (Cl,'g,7 +OO))

where —oo < a1 < ag < by < az < +o00. Also, we study the structure of the
spectrum of these extensions.

1. INTRODUCTION

Many problems arising in modeling processes in multi-particle quantum mechan-
ics, in quantum field theory, in multipoint boundary value problems for differential
equations, and in the physics of rigid bodies use selfadjoint extensions of symmetric
differential operators as a direct sum of Hilbert spaces [IJ, 111, [12].

The general theory of selfadjoint extensions of symmetric operators in Hilbert
spaces and their spectral theory have deeply been investigated by many mathe-
maticians; see for example [3] [6] 8, @]. Applications of this theory to two-point
differential operators in Hilbert space of functions have been even continued up to
date.

It is well-known that for the existence of selfadjoint extension of any linear
closed densely defined symmetric operator B in a Hilbert space H, necessary and
sufficient condition is a equality of deficiency indices m(B) = n(B), where m(B) =
dim ker(B* 4 i), n(B) = dim ker(B* — 7).

However multipoint situations may occur in different tables in the following sense.
Let By and Bs be minimal operators generated by the linear differential expression
i% in the Hilbert space of functions La(—00, a) and Lo (b, +00), a < b, respectively.
In this case, it is known that

(m(B1),n(B1)) = (0,1),  (m(Bz),n(Bz)) = (1,0).

Consequently, B; and Bs are maximal symmetric operators, but they are not
selfadjoint. However, direct sum B = Bj @ By of operators in the direct sum

2000 Mathematics Subject Classification. 47A10, 47A20.

Key words and phrases. Quantum field theory; spectrum; multipoint differential operators;
selfadjoint extension.

(©2013 Texas State University - San Marcos.

Submitted April 29, 2013. Published May 27, 2013.

1



2 Z. 1. ISMAILOV, R. OZTURK MERT EJDE-2013/129

$ = La(—00,a) ® La(b, +00) spaces have equal defect numbers (1,1). Then by the
general theory [8] it has a selfadjoint extension. On the other hand, it can be easily
shown that

uz(b) = ewul(a)a pel0,2m), u=(ui,u2), w € D(B]), wug€ D(B3).

In the singular cases, there has been no investigation so far. However, in physical
and technical processes, many of the problems resulting from the examination of
the solution is of great importance in singular cases.

The selfadjoint extension theory for ode’s is known for any number of intervals,
finite or infinite, and any order expressions, see [4]. This theory is based on the
GKN (Glazmann-Krein-Naimark) Theory [7].

In this work in section 2, by the method of Calkin-Gorbachuk (see [2] [6 []),
we describe all selfadjoint extensions of the minimal operator generated by singular
multipoint symmetric differential operator of first order in the direct sum of Hilbert
space

Ly(H, (—00,a1)) & La(H, (a2, b2)) & La(H, (as, +00)),

where —00 < a1 < az < by < ag < 400 in terms of boundary values.In section 3,
the spectrum of such extensions is studied.

2. DESCRIPTION OF SELFADJOINT EXTENSIONS

Let H be a separable Hilbert space and ai,as,bs,a3 € R, a1 < as < by < az. In
the Hilbert space Lo(H, (—00,a1)) ® Lao(H, (az,b2)) ® L2(H, (a3, +00)) of vector-
functions let us consider the linear multipoint differential expression

l(u) = (ll(ul), lQ(’lLQ), lg(U3)) = (Z’U,/l —+ Alul,iug + AQUQ,/L'U/S + A3U3),

where v = (uy,u2,u3), Ay : D(Ay) C H — H, k = 1,2,3 are linear selfadjoint
operators in H. In the linear manifold D(Ay) C H introduce the inner product

(fvg)k,+ = (Akakag)H + (fvg)]—p fvg S D(Ak)v k= 17273'

For k = 1,2,3, D(Ay) is a Hilbert space under the positive norm || - ||, , with
respect to the Hilbert space H. It is denoted by Hj . Denote Hj _ a Hilbert
space with the negative norm. It is clear that an operator Ay is continuous from
Hy + to H and that its adjoint operator flk : H — Hj _ is a extension of the
operator Aj. On the other hand, A : D(flk) = H C Hy,—1 — Hyj 1 is a linear
selfadjoint operator.

In the direct sum, Lo(H, (—00,a1)) ® Lo(H, (az,b2)) @ Lo(H, (ag, +00)) define
by

H(u) = (l1(u1), 12 (u2), l3(us)), (2.1)
where u = (u1,uz,us) and Iy (uy) = i) + Ajuy, la(ug) = iuly + Agug, I3(ug) =
il + Agus.

The minimal L1 (Lgg and L3p) and maximal Ly (L2 and L3) operators generated
by differential expression Iy (I and I3) in Ly(H, (—0c0,a1)) (L2(H, (az,bs)) and
Ly(H, (b, +00))) have been investigation in [5].

The operators Lo = Lig @ Loy ® L3g and L = Ly & Lo & L3 in the space
Loy = Ly(H, (—00,a1)) @ La(H, (az,b2)) ® La(H, (a3, +00)) are called minimal and
maximal (multipoint) operators generated by the differential expression (2.1)), re-
spectively. Note that the operator Lg is symmetric and L§ = L in Ly. On the
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other hand, it is clear that, m(Lig) = 0, n(Li) = dim H, m(Ly) = dimH,
Tl(LQO) = dim H, m(Lgo) = dlmH, n(Lgo) =0.

Consequently, m(Lg) = n(Lo) = 2dim H > 0. Hence, the minimal operator Lg
has a selfadjoint extension [8]. For example, the differential expression I(u) with the
boundary condition u(a1) = wu(as), u(az) = u(bs) generates a selfadjoint operator
in LQ.

All selfadjoint extensions of the minimal operator Ly in Ly in terms of the bound-
ary values are described.

Note that space of boundary values has an important role in the theory of self-
adjoint extensions of linear symmetric differential operators [6l [9].

Let B : D(B) C H — H be a closed densely defined symmetric operator in
the Hilbert space H, having equal finite or infinite deficiency indices. A triplet
(9,71,72), where § is a Hilbert space, 1 and s are linear mappings of D(B*) into
$, is called a space of boundary values for the operator B if for any f,g € D(B*)

(B*fvg)H - (faB*g)H = (71(]6)772(9))53 - (72(f)a’71(g))y37

while for any F, G € 9, there exists an element f € D(B*), such that v1(f) = F and
7(f)=G.

Note that any symmetric operator with equal deficiency indices has at least one
space of boundary values [6].

Firstly, note that the following proposition which validity of this claim can be
easily proved.

Lemma 2.1. The triplet (H,v1,v2), where
1

V2
Yo i D((Lio® 06 Lgo)*) — H, ~a(u) = %ml(al) ~us(as),

Y1t D((L10 EB 0 @ Lgo)*) - Ha 71<u) =

(u1(a1) + us(as)),

u = (u1,uz,u3) € D((L1o ®© 0@ L3p)™)
is a space of boundary values of the minimal operator L1g ® 0 & L3y in the direct
sum Lo(H, (—00,a1)) ®0® Ly(H, (a3, +00)).
Proof. For arbitrary u = (u1,ug,us) and v = (v1, vz, v3) from D((L1o ® 0@ L3o)*)
the validity of the equality
(L, 0) 1, (B, (—0,01))B0& Lo (H (s, +-00)) — (U LV) L (B, (—00,01)) 808 Lo (H, (s, +00))
= (1 (u),72(0) g — (v2(u), 1 (V) y

can be easily verified. Now for any given elements f, g € H, we will find the function
u = (ug,uz,us) € D((L1o ® 0@ Lzp)*) such that

1 1
Y1 (u) = W(m(m) +uz(az)) = f and vo(u) = ﬁ(ul(m) —uz(az)) = g;

that is,
uy(ar) = (if +9)/V2 and us(as) = (if — g)/V2.

If we choose the functions us (t), u3(t) in the form

ul(t):/ =M ds(if +g)/V3 with t < a1

—00

uz(t) =0, with ag <t < by;
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ug(t) = /O0 e tds(if —g)/V/2 witht > as

t
then it is clear that (u1, ug,u3) € D((L1o®0® L3o)*) and 1 (u) = f, yo(u) = g. O

Furthermore, using the result which is obtained in [5] the next assertion is proved.

Lemma 2.2. The triplet (H,I'1,T2),
1
L1:D((0® Lo ©0)*) — H, Ti(u) = —=(ua(az) + uy(b2)),
iv2

Lo :D((0® Lo ®0)") — H, Ta(u)= %(“2(@) — uz(be)),

U= (ul, U2, U3) S D((O @ Loy B 0)*)
is a space of boundary values of the minimal operator 0 ® Lo ® 0 in the direct sum
O D LQ(H, (ag, bg)) D O

The following result can be easily established.

Lemma 2.3. FEvery selfadjoint extension of Lg in
Ly = Ly(H, (—00,a1)) ® La(H, (a2, b2)) & L2(H, (a3, +00))

is a direct sum of selfadjoint extensions of the minimal operator Lig @& 0 & Lgg
in La(H,(—00,a1)) ® 0 ® Lo(H, (a3, +00)) and minimal operator 0 @ Lo @ 0 in
06 LQ(H, (ag, bg)) @ 0.

Finally, using the method in [6] the following result can be deduced.

Theorem 2.4. If L is a selfadjoint extension of the minimal operator Lq in Lo,
then it generates by differential expression (2.1) and boundary conditions

uz(az) = Wiuy(ar),
uz(bz) = Wauz(az),
where W1, Wy : H — H are a unitary operators. Moreover, the unitary operators

Wi, Wso in H are determined uniquely by the extension L; i.e. L = Ly, w, and vice
versa.

3. THE SPECTRUM OF THE SELFADJOINT EXTENSIONS

In this section the structure of the spectrum of the selfadjoint extension Ly, w,
in Lo will be investigated. In this case by the Lemma [2.3|it is clear that

Lw,w, = Lw, ® Lw,,
where Ly, and Lyy, are selfadjoint extensions of the minimal operators Ly(1,0,1) =
Lio ® 0@ L3g and Ly(0,1,0) = 0@ Ly © 0 in the Hilbert spaces L2(1,0,1) =
LQ(H, (—OO, (11)) ®0P LQ(H, (ag, —l—OO)) and LQ(O, 1,0) =0 LQ(H, (ag, bg)) @ 0,
respectively.
First, we have to prove the following result.

Theorem 3.1. The point spectrum of any selfadjoint extension Ly, in the Hilbert
space Lo(1,0,1) is empty; i.e.,

JP(LW1) = 0
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Proof. Let us consider the following problem for the spectrum of the selfadjoint
extension Ly, of the minimal operator Lg(1,0,1) in the Hilbert space L2(1,0, 1),

Ly, u = Au, u = (u1,0,us) € L2(1,0,1);
that is,
I(uy) = i) + Ajuy = My,  uy € Lo(H, (—00,a1)),
I3(us) = iu + Aguz = Mus, uz € Lo(H, (a3, +0)), A€ER,
ug(ag) = Whug(aq).
The general solution of this problem is
w(At) = BN <,
uz(A;t) = ei(A?’_’\)(t_“S)f;, t > as,
fs =Wifi, fi.fs €H.

It is clear that for the fy # 0, fi # 0 the functions uy(X;.) ¢ Lo(H, (—00,a1)),
u2(X;.) ¢ Lo(H, (ag,+00)). So for every unitary operator Wi we have o,(Lw,) =
0. O

Since residual spectrum of any selfadjoint operator in any Hilbert space is empty,
it is sufficient to investigate the continuous spectrum of the selfadjoint extensions
Ly, of the minimal operator Ly(1,0, 1) in the Hilbert space Lo(1,0,1).

Theorem 3.2. The continuous spectrum of any selfadjoint extension Ly, of the
minimal operator Lo(1,0,1) in the Hilbert space L2(1,0,1) is o.(Lw,) = R.

Proof. Firstly, we search for the resolvent operator of the extension Ly, generated
by the differential expression (l1,0,[3) and the boundary condition

uz(az) = Wiui(ar)
in the Hilbert space L2(1,0,1); i.e.
I1(ur) = iu) + Ayuy = duy + f1,  un, fi € La(H, (=00, a1)),
I3(us) = iuh + Asus = Mus + f3, us, f3 € La(H, (a3, +00)),
AeC, N=ImA>0
uz(az) = Wiui(az)
Now, we will show that the function
u(Ast) = (u1(Ast),0,us(Ast)),

(3.1)

where

o ar
ur(Ast) = el(Al_k)(t_al)fl* —|—i/ el(Al_A)(t_s)fl(s)ds, t<aq,
. t
us(A;t) = z/ e’(Aa_)‘)(t_s)fg(s)ds, t > as,
t

fr= W (l/ ei(Ag—/\)(t—s)(b—s)fs(s)ds)

as

is a solution of the boundary value problem (3.1)) in the Hilbert space L1(1,0,1).
It is sufficient to show that

ur(A;t) € Lo(H, (—00,a1)),
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uz(\;t) € La2(H, (a3, +00))
for \; > 0. Indeed, in this case

* WA 2 > i(az—s 2
150 = | [ e fsgas]| < ([ Mo gs)lds)
as as

. oo 1
< ([ i) ([T 1Brds) = 51 o ooy < 0
as as ’

e =M= FI2 i Cooany) = 1€ 2T I, (ki —ooran))

al .
= [ e g e
_0«1 2 (t 2
= [ eneea g

(.
27)\i||f1 1% < o0

and

al L~ 2
HZ/ ez(Alf)\)(tfs)fl(s)ds‘
t

LQ(H,(*OO,al))

[ A6 as)
<[ ([ ) ([T pas)

— [ [ eeoinepaa = [ ([ eeonaas
M/;(/;A“”ﬁwﬁmn@

-5 [ IaGras

1
= ﬁ”fl”Lz(H(foo,m)) < 0.
1

IN

IN

Furthermore,

[ (A3 =) (t—s) d
1 e $)ds
/t [f3(s) Ly (H,(a3,+00))

o0 o0 )

S/ (/ e/\i(tis)||f3(5)||Hdé>’> dt
as t

(o) [e's) oo
< )\'(t—s) A (t—s) )
‘/(/ as) ([ Xl as)a
i(tfs)”f?)(s)HQdS)dt

L
:;L(/ 9| iy ()2t ds
i&%/?ﬂ”wwmwms



EJDE-2013/129 SELFADJOINT EXTENSIONS 7

: /00(1 — M=) f3(s)|2ds

N2,
< LIl < oo
< 325l (1. as o)) < 0

The above calculations imply that uq(A;t) € La(H, (—00,a1)), and that us(A;t) €
Lo(H, (a3, +00)) for A € C, A; = Im A > 0. On the other hand, one can easily verify
that u(A;t) = (u1(A;t),0,u3(A;t)) is a solution of boundary-value problem (3.1)).
When A\ € C, A\; = Im A < 0 is true solution of the boundary-value problem
LW1u:A’U’+f? u:(u1707u3)7 f:(f1?0?f3)€L2(1?071)
Ug(ag) = Wlul(al),
where W7 is a unitary operator in H, is in the form u(\;t) = (u1(A;t), 0, uz(A; 1)),
t -
up(\;t) = fz'/ A= NE=3) £ (5)ds, ¢ < a

—0o0

} ¢
uz(A\;t) = ei(A:"*A)(t*a“")f; - z/ el(A?’*’\)(t*S)fg(s)ds, t > as,

3

where

First, we prove that u(\;t) € Ly(1,0,1). In this case,

ai ¢ o )
||u1(A;t)H%2(H,(700’al)) = _ Z/ el(Al—)\)(t_s)fl(s)dsHHdt

ai .

S/ (/ e/\i(t—s)ds) (/ e/\i(t_S)”fl(S”ﬁ{dS)dt
1 ai t s

- \A'I/ / A fr(s) |7 ds dt

— 1 ai 1 Aq‘,(t—s) 5

B ‘)‘z| /_OO ( s € ”fl(S)HHdt)ds
TR

= g [ @A s

= [ 0= s

< ‘)\22 ||f1|\%2(H)(_OO)a1)) < o,
Il = / N0 yas|
< (/_‘11 e,\,i(al—s)“f1<s)||Hd8>2
< (/_: eQAi(al—S)ds) (/_: ||f1(s)||§ld8)

1 2
m“flnLg(H,(—oo,al)) < o0,
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~ o
i(Az3—X)(t—as: 2 2\ (t—as 2
et == 21T oo S/ N || fx 1%
ag

_ - * (12

1 2
< 74|)\i|2 Hf||L2(H,(a3,+oo)) <0

and

t - 2
H/ i(Ang)(tfs)f:g(S)ds‘

LQ(HV(O‘37+OO))
( t

(5 ¢
/ / M=) |y 5) 3y )
sl

o0

IN

(t— 2
0| fy ()| ds ) dt

/ (s
[ ) ( N (o) s )t
=) ([ o

as

8w

IN

J
J,
/

) o)y ) e

(
| f(s) [t ) ds

|)\.|/ (/ eMt_s)dt)Hfs(s)”%dS

2
= B Hf3||L2(H7(a3,+00)) < 00.

The above calculations show that uy(\;:) € Lo(H, (—00,a1)), and that uz(A;-) €
Ly(H, (ag,4+00)); ie., u(A;-) = (ur(A;-),0,uz(A,-)) € L2(1,0,1) in case A € C,
Ai = ImA < 0. On the other hand it can be verified that the function wu(X;-)
satisfies the equation Ly, u = Au(X;-) + f and us(as) = Wiug(aq).

Therefore, the following result has been proved that for the resolvent set p(Lw, )

p(Lw,) D{A e C:Im A # 0}.

Now, we will study continuous spectrum o.(Ly, ) of the extension Ly, . For A € C,
Ai = Im A > 0, norm of the resolvent operator Ry(Lw,) of the Ly, is of the form

o ar
ez(Al—Axt—al)ffﬂ'/ e“f“l‘”“‘s)fl(S)dS‘
+H / i(Az—\)(t— s)f (s )ds‘

where f = (f1,0, f3) € L2(1,0,1). Then, it is clear that for any f = (f1,0, f3) in
L5(1,0,1) the following inequality is true.

IRy (L, ) F O, = .

La(H,(—00,a1))

Ly (H,(a3,+00))’

IRs@w )OI, = i [ Ay sjas]

Lo (H, (a3,+oo))
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The vector functions f*(A;t) which is of the form f*(A;t) = (0,0, (Aa=Nt ),
AeC, \; =ImA >0, f3 € H belong to Ly(1,0,1). Indeed,

103, = / AR 12, = / Nt S35
as as
1 oy .
— ¢ el fally < oo

For such functions f*(};-), we have

||R/\(LW1)f*()\; t> ||%2(H,(a3+oo))

> Z'/OC ei(A3—)\)(t—s)ei(A3—5\)s‘f3ds‘ 2
- t Ly (H,(a3,+00))
o0 - 2
_ / e—i/\te—Q/\iseiAgthdS‘
¢ L2(H,(a3,+0))
_ e—i,\temat/ e~ N5 fuds ‘
+ L2 (H,(a3,+00))
VN o= 2Nis 2
=|le d‘
[l il
1 oy
= e 2Nitdt| f5)1 %
1 o,
=3a¢ e | f] 1%
From this we obtain
* 1 *
I RA(Lw, ) f* (N )|y > 2\f)\ f||f||H )\i||f (A )l s

ie, for \; =ImA >0 and f #0,
IRA(Ew ) F* Oy 1
1A )z 2y
is valid. On the other hand, it is clear that
[ BA(Lwy ) ™ (As )l Lo
s M.

1B (L, )| =

f3#0.

Consequently,

O

The spectrum of selfadjoint extensions of the minimal operator Lg(0,1,0) will
be investigated next.

Theorem 3.3. The spectrum of the selfadjoint extension Ly, of the minimal
operator Loy(0,1,0) in the Hilbert space L2(0,1,0) is of the form

a(LWz)z{AeR:Azbr

€ o(Wie2(b2=a2)y 0 < arg i < 2}
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Proof. The general solution of the following problem to spectrum of the selfadjoint
extension Lyy,,

Iy(ug) = iub + Aguy = Mug + fa, g, fo € Lo(H, (az,b2))
Ug(bg) = WQUQ(GQ), AER

is of the form

~ t -
us(t) = e fr g [N s

a2
as <t < bg,
) e ) by
(elA(bg—ag) _ WQ*E'LAQ (bz—ag))f; — W;elk(bg—ag) / e’L(AQ—)\)(bQ—S) fQ(S)dS
az

This implies that A € o(Lw,) if and only if A is a solution of the equation
eMb2=a2) — 4y where pu € o(Wyei42(b2=92)) We obtain that

)\:

nw A
a . neZ, peo(Wiedlbzmaz)y
— rg,u—!—bz_a2 n uweo(Wse )

O

Theorem 3.4. Spectrum o(Lw,w,) of any selfadjoint extension Lyw,w, = Lw, @
Ly, coincides with R.

Proof. Validity of this assertion is a simple result of the following claim that a proof
of which it is clear. If S; and Sy are linear closed operators in any Hilbert spaces
H, and Hs respectively, then we have

op(S1 @ S2) = 0,(51) U0, (S2),
(81 @ S2) = (0,(S1) Up(S2)) N (0(S1) U 07:(82))° N (0c(S1) U 0(S2))-

O

Note that for the singular differential operators for n-th order in scalar case in
the finite interval has been studied in [10].

Example 3.5. By the last theorem the spectrum of following boundary-value prob-
lem

Ou(t, ) O*u(t,x)
5 —Q—sgntw = f(t,z), |t|>1, z€]0,1],
Ou(t,z)  Ou(t,z)

g T g = fta), [t <1/2,2€0,1],

u(1/2,2) = eVu(-1/2,2), ¥ €0,2m),
u(l,z) = eu(—1,z), ¢ €[0,2n),
ug(t,0) = ug(t,1) =0, [t[>1, [t[ <1/2

in the space Lo((—o00, —1) x (0,1)) & L2((—1/2,1/2) x (0,1)) & L,((1,00) x (0,1))
coincides with R.
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