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EXISTENCE OF SOLUTIONS TO NON-LOCAL PROBLEMS FOR
PARABOLIC-HYPERBOLIC EQUATIONS WITH THREE LINES
OF TYPE CHANGING

ERKINJON T. KARIMOV, AKMAL I. SOTVOLDIYEV

ABSTRACT. In this work, we study a boundary problem with non-local condi-
tions, by relating values of the unknown function with various characteristics.
The parabolic-hyperbolic equation with three lines of type changing is equiv-
alently reduced to a system of Volterra integral equations of the second kind.

1. INTRODUCTION

Consider an equation
Ugy — U :Oa T,Y) € QO?
,=0, (z.y) -

Uy — Uyy, (T, y) € i1=1,2,3
in the domain Q = QU Qy UQy U Q3 U AB U AAy U BBy; see Figure[l]
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FIGURE 1. Domain Q2
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Problem AS. Find a regular solution of equation (1.1]) in the domain €, satisfying
the following conditions:

ay (H)u(—t,t) + az(t)u(t, —t) = az(t), 0<t < %, (1.2)
by(t)u(t,t — 1) + ba(t)u(2 — t,1 — t) = bs(t), % <<, (1.3)
c1(t) (ug +uy)(t — 1,1) + ca(t) (us — uy)(2 — t,t) = c3(t), % <t<1l. (1.4

Here a;(t),b;(t), c;(t) (i =1,2,3) are given functions, such that
a1(0) + ag(0) # 0, bi(1) +ba(1) #0, ai(t) +a5(t) >0,
bi(t) +b3(t) >0, ci(t)+c5(t) >0, ai+b3>0, a3+bi>0.

Note that problem AS is a generalization of the following problems:

Case A a1 =0.
(1) a27blvb2701702 #07

(2 bl 507(127172701702 7507

(3 Co EO,ag,bl,b2,cl 750,

(4 blEO,CgEO,QQ,b2761§£O;
Case B as =0.

1) a 7b1,b2,cl,cz 7507

07a17b17cl7c2 7& 07

—~
=
N NS

(3 C O,al,bl,bg,CQ 750,

(4) bo=0,¢1 =0,a1,b1,c2 # 0;
Case C by =0.

(1 a17a27b2,01,62 #0,

(2) ca =0,a1,a2,bs,c1 #0;
Case D by =0.

(1) ar,a2,b1,c1,c2 # 0,

(2) c1 =0,0a1,a2,b1,¢c2 #0;
Case E ¢; =0. a1,az,b1,ba,c0 # 0;
Case F ¢ =0. ay,a92,b1,b3,c1 #0.

Also note that cases A4 and B4 were studied in [9]. Other cases were not
investigated, and the main result of this paper is true for these particular cases.

Boundary problems for parabolic-hyperbolic equations with two lines of type
changing were investigated in [I [6l [7} [§], and with three lines of type changing in
[2,B]. The main point in this present work is the non-local condition, which relates
values of the unknown function with various characteristics. It makes very difficult
the reduction of the considered problem to a system of integral equations, we need
a special algorithm for solving this problem.

2. MAIN RESULTS
In the domain € solution of the Cauchy problem with initial data w(z,0) =
71(2), uy(x,0) = v1(z) can be represented, as in [4], by

Tty
2u(z,y) =1z +y)+n(x—y)+ / v1(z)dz. (2.1)

=y
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Assuming that in condition (1.2]),

1
u(—t,t) = p1(t), 0<t< 3 (2.2)
from ([2.1)), we find that
2aa(t) — a;(E t /
HOBAORS l9s(3) a2(1t()2)‘p1<2)]) , 0<t<l (2.3)
2
In condition (1.3) introduce
u(2 —t,1—1) = pa(t), %gtgl, (2.4)
and from (2.1]), we obtain
2[bs(551) — ba (554 )0 (55)]/
T{(t):ful(tw( : bl(uj 2 ) 0<t<l (2.5)
2

From (2.3 and , it follows that
(%(%) - al(%)‘ﬂl(%))’_’_(bZ}(%) — ba(5 )2 (5
as(3) H
The solution of the Cauchy problem in the domain 9, with given data u(0,y) =
T2(y), ue(0,y) = va2(y), is written as follows [4],

m(t) = ))'7 0<t<1. (26)

y+x
2u(z,y) =12(y+ ) + 2(y —x) + / va(z)dz. (2.7)
y—x
Considering ([2.2]) from (2.7) we obtain
4
5(t) ZVQ(t)+QDI1(§)7 0<t<l. (2.8)
In condition ([1.4]) introduce another designation
1
(ug —uy)(2 —t,t) = @3(t), 5 < t<1. (2.9)
Then from ({2.7) we obtain
Ly t+1 L
(%) CQE&’ Jes () =7t +1a(t), 0<t<1 (2.10)
a(5)
From (2.8) and (2.10)) we deduce
. EELY (LY (L
QTQ/(t):cpll(*)JrC?)( z) C2t(+f o) g oycn. (2.11)
2 Cl(T)

The solution of the Cauchy problem with data u(1,y) = 73(y), u.(1,y) = v5(y)
in the domain 23 has a form [4]

y+r—1
2u(z,y) =m(y+ax—1)+nly—az+1)+ / v3(z)dz. (2.12)
y—z+1
Using (2.4) and (2.9) from (2.12)), after some evaluations one can get
2—1t t+1
273(t) = —ph(—5—) —ws(——), 0<t<L (2.13)

2 2
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Further, from the equation (1.1) we pass to the limit at y — 40 and considering
(2.3) we find

(2.14)

1" / o 2 [a3(%) - al(%)wl(%)] !
HOREHORE| ) ).
The solution of with the conditions

_ a3(0) b1
0= T e "W R0 e (2.15)
which is deduced from and , can be represented as [5]
(13 (0) " |: bg(].) . as (0) :|
x
+a2(0) bi(1) +b2(1)  a1(0) + a2(0)

ba(1) a3(0)
/(; Dkl )+ a0 (2.16)

t t
_/ G(mﬂt) 3(2) —alt(g)501(2)]>’alt7 0<z<l,
0 a2(§)
where G(z,t) is Green’s function of problem (2.14)-(2.15).
Continuing to assume that the function ¢ is known, using the formula
we represent function ¢s via 1. Then using the solution of the first boundary

problem for equation (1.1) in the domain €y (see [5]) and functional relations
between functions 7; and v; (j = 2, 3), we obtain

m'5(y) =/OyT’s(n)N(anal»n)dn—/OyT’z(n)N(O,y,Om)dn+F1(y),

Tl(ﬂi) =

(2.17)

Y

T’s(y)=/0y7’3(n)N(1,y,1,n)d77—/0 ' 2(n)N(L,y,0,n)dn + Fa(y),

where
a3(0)
a1(0) + a2(0)

Y
N(anv ]-7 0) + 9011(5),

1
Fﬂy)=hé 71(6)Go (0,9, €, 0)d — N(0,7,0,0)

)

A

+
B@zAﬁ@%@MM%—Mﬁgmﬁ@%W)

y+1
2

N(l,y,l,())*gﬁg( )a

bi(1) + ba(1)

and

Val (z—£+2n)2 _ (atet2n)?
G(SU, Y, 67 77) 9 E |: iy—n) — e A(y—m) }
\/T n=-—oo

is the Green’s function of the first boundary problem; see [5],

(z—€+2n)2 _ (zt&+2n)2
g |: 4v—=m + e 4(y—mn) ]

2/r(y — 1) ne—oo

From the first equation in (2.17]), we represent function 3 via 1 and further,
from the second equation of we find the function ¢;.

After the finding function ¢1, using appropriate formulas, we find functions (o,
©3, Ti, Vi, (1 = 1,2, 3). Solution of the problem AS can be established in the domain

N('r’ y? 57 77)
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Qp as a solution of the first boundary problem, and in the domains Q; (i = 1,2,3)
as a solution of the Cauchy problem.

Theorem 2.1. If the functions a;, b;,c; are continuously differentiable on a seg-
ment, and have continuous second-order derivatives on an interval, then problem
AS has a unique reqular solution.
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