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EXISTENCE OF SOLUTIONS TO FRACTIONAL
BOUNDARY-VALUE PROBLEMS WITH A PARAMETER

YA-NING LI, HONG-RUI SUN, QUAN-GUO ZHANG

ABSTRACT. This article concerns the existence of solutions to the fractional
boundary-value problem
d 1 _ 1 _
——(ZoD; " + 5tDT‘*)u/(t) =du(t) + VE(t,u(t)), ae te[0,T],
u(0) =0, u(T)=0.

First for the eigenvalue problem associated with it, we prove that there is
a sequence of positive and increasing real eigenvalues; a characterization of
the first eigenvalue is also given. Then under different assumptions on the
nonlinearity F(t,u), we show the existence of weak solutions of the problem
when A lies in various intervals. Our main tools are variational methods and
critical point theorems.

1. INTRODUCTION

As a generalization of differentiation and integration to arbitrary non-integer
order, fractional calculus, is a significant tool for solving complex problems from
various fields such as engineering, science, viscoelasticity, diffusion and pure and
applied mathematics. As the authors point out in [I4], there is hardly a field of
science or engineering that has remained untouched by this field. In the past few
years, theory of fractional differential equation has been investigated extensively,
see the monographs of Kilbas et al [12], Miller and Ross [14], and Podlubny [I5],
Samko [I7], and the papers [T}, 2] B [l [ [7, 8, ©) 10 11, 13, 18, 19, 20] and the
reference therein.

In [7], Ervin and Loop investigated the steady state fractional advection disper-
sion equation

_d (poDi ™ +a D)l (1) + b{a (1) + e(tyu(t) = VE(t,u(t)), ae. t € [0.7),

dt
u(0) =0, u(T)=0,
(1.1)
by defining appropriate fractional derivative spaces, they established some existence
and uniqueness results of the problem. Recently, there have been many papers
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dealing with the existence of solutions for this problem. Jiao and Zhou [10] showed
the variational structure of the problem

_li( D;? +tD;ﬂ)u/(t) = VE(t,ult)), ae. tel0,T],

2dt
u(0) =0, u(T)=0.

By using the least action principle and Mountain Pass theorem, they obtained some
sufficient conditions for the existence of one solution. The authors in [6l 8 111 18]
further studied the existence and multiplicity of solutions for the above problem or
related problems by critical point theory.

Inspired by the results in [6l [7, [8] [10] [T1L [I8], we consider the existence of weak

solution to the fractional boundary-value problem
1d _ _
_iﬁ(ODt f i tDTB)u'(t) = du(t) + VF(t,u(t)), ae. tel0,T],

u(0) ==0, (T)=0.

(1.2)

where 0 < 3 < 1, 0D, B and tD;ﬁ are the left and right fractional integrals of order
3 respectively, A € R is a parameter, F : [0,7] x RN — R, and VF(t,z) is the
gradient of F' with respect to x.

First, we consider the eigenvalue problem associates with ,

1d

- —B —BY, (4) —
> (ODt + .D; )u(t) Au(t) ae. te[0,T],

u(0) =0, u(T)=0.

By Riesz-Schauder theory, we prove that possesses a sequence of eigenvalues
{Ap} with 0 < Ay < XAy < A3 < ... and \y — o0 as k — oo. Then under the
assumption that F'(¢,w) is superquadratic with respect to u, we show that has
at least one nontrivial weak solution when A < A; by using Mountain Pass theorem.
In the special case A = 0 our results extend [I0, Theorem 5.2]. When A > Ay,
sufficient conditions for the existence of one solution is also given by applying
Linking theorem. We obtain also the existence of at least two weak solutions for
every real number A via Brezis and Nirenberg’s Linking theorem. Furthermore, for
every positive integer k, the existence criteria of k pairs of weak solutions when
A > ) are established by using Clark theorem. Our methods are different from
those used in [6, [7 8] 0] [T, 1g].

This article is organized as follows. In Section 2, some preliminaries are pre-
sented. Section 3 presents the main result and its proof.

(1.3)

2. PRELIMINARIES

To apply critical point theory for the existence of solutions for problem , we
shall state some basic notation and results [I1], which will be used in the proof of
our main results.

Throughout this paper, we denote av = 1 — g, and assume that the following
condition is satisfied.

(H1) F(t, ) is measurable in t for every z € RY and continuously differentiable
in z for a.e t € [0,T], and there exist a € C(RT,RT), b € L'(0,T;RT) such
that

F(ta)] < allab(t),  [VF(E )] < allzl)b(t) (2.1)
for all z € RY and ¢ € [0, 7).
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The fractional derivative space E® is defined by the completion of C§°((0,T), RY)
with respect to the norm

T 2 T feY 2 1/2
i = ([ tuoPar+ [ Druola) ",

where oD is the a-order left Riemann-Liouville fractional derivative. If v € E,
then o Du(t) exists a.e. in [0,7]. The set E“ is a reflexive and separable Hilbert
space.

Lemma 2.1 ([I1]). For all u € E*, we have

TO/,

Jul[z2 < mHOD?UHL% (2.2)
To 3

Julloe < WHOD?UHL% (2.3)

According to (2.2)), one can consider E“ with respect to the equivalent norm
[ulla = lloDf ul| 22

Lemma 2.2 ([I1]). If the sequence {uy} converges weakly to u in E*, i.e. up — u.
Then uy, — u in C([0,T],RN), i.e. |[u—uglloc — 0 as k — oo.

Similar to the proof of [I0, Proposition 4.1], we have the following property.

Lemma 2.3. For any u € E, we have
2 g 1 2
| cos(ma)|[|ullg < —/0 (0Dfu(t), ¢ DFu(t))dt < WHUIIQ- (2.4)

To obtain a weak solution of ([1.2)), we assume that u is a sufficiently smooth
solution of (1.2]). Multiplying (1.2]) by an arbitrary v € C§°(0,T"), we have

T
| (= 5356077 + DE ) @),000)) = Autt). v(0)

- (2.5)
=/0 (VE(t,u(t)), v(t))dt.

Observe that
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Then (2.5)) is equivalent to

T
| =316Dp 0. DFu(©) + (Diu(0).0DF (1)) = Aut),v(0)d
0 (2.6)

:/0 (VF(t,u(t),v(t))dt.

Since ([2.6]) is well defined for u,v € E%, the weak solution of (1.2)) can be defined
as follows.

Definition 2.4. A weak solution of (1.2)) is a function v € E® such that

T
A _% [(ODtau(t)ﬁ D%’U(t)) + (tD%u(t), OD?’U(t))]

= Au(t),v(t)) = (VF(t, u(t)), v(t))dt =0
for every v € E¢.

We consider the functional ¢ : E“ — R, defined by

T
ol = [ [~ 50DFu Du) - 5 (ult). () - Flt.u(e)]de. (27)

2
Then ¢ is continuously differentiable under assumption (H1), and
T
1
(¢'(u),v) = _/ 3 [(oDfu(t), +DFo(t)) 4 (¢DFu(t), oDy v(t))] dt
0

. - (2.8)
f/ )\(u(t),v(t))dtf/ (VF(t,u(t), v(t))dt
0 0

for u,v € E*. Hence a critical point of ¢ is a weak solution of (1.2)).
For our proofs, we need the following results in critical point theory.

Definition 2.5. Let E be a real Banach space and ¢ € C*(E,R). We say that ¢
satisfies the (PS) condition if any sequence {u,,} C E for which ¢(u,,) is bounded
and ¢'(u,) — 0, as m — oo, posses a convergent subsequence.

Lemma 2.6 (Mountain Pass theorem [I6, Theorem 2.2]). Let E be a real Banach
space and o € CY(E,R) satisfying (PS). Suppose ©(0) =0 and
(C1) there are constants p,c > 0 such that ¢lop, > «, where B, = {x € E :
]| < p}, _
(C2) there is an e € E'\ B, such that p(e) < 0.

Then ¢ possesses a critical value ¢ > «. Moreover ¢ can be characterized as

c=inf max u),
geFueg([O,l])w )

where T' = {g € C([0,1], E)|g(0) = 0,9(1) = e}.

Lemma 2.7 (Linking theorem [16, Theorem 5.3]). Let E be a real Banach space
with E =V @ X, where V is finite dimensional. Suppose ¢ € C(E,R), satisfies
(PS), and
(C1’) there are constants p, o > 0 such that ¢lap,nx > «, where B, = {r € E :
Il < o}, -
(C3) there is an e € 0B1 N X and R > p such that if @ = (BRNV) @ {re|0 <
r < R}, then ¢lag < 0.
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Then ¢ possesses a critical value ¢ > «, which can be characterized as

= inf h
c érérrfeaé“p( (u)),

where T = {h € C(Q,E) : h=1d on 9Q}.

Remark 2.8. It is easy to obtain the following conclusion. Suppose that oly <0
and there are an e € 9B1NX and an R > p such that ¢(u) <0 for u € V @span{e}
and ||ul| > R. Then for any large R, Q) as defined in (C3) satisfies |ag < 0.

Lemma 2.9 (Clark theorem [I6] Theorem 9.1]). Let E be a real Banach space,
¢ € CYE,R), with ¢ even, bounded from below, and satisfying (PS). Suppose
©(0) = 0, there is a set E' C E such that E' is homeomorphic to S7=% (j — 1
dimension unit sphere) by an odd map, and supg ¢ < 0. Then ¢ possesses at least
j distinct pairs of critical points.

Next we have the Brezis and Nirenberg’s linking theorem.

Lemma 2.10 ([5]). Let E have a direct sum decomposition E = X &Y, where
dim X < oo, and ¢ be a Ct functional on E with ¢(0) = 0, satisfying (PS) and
assume that, for some r > 0,

o) <0, Ve e X, || <r, o(y) >0, VyeY, [y| <

Assume also that ¢ is bounded below and infp o < 0. Then ¢ has at least two
nonzero critical points.

3. MAIN RESULTS

First we consider the eigenvalue problem

1d

_5%( D;ﬁ + tD;ﬁ>u’(t) =u, ae. te0,7T], (3.1)
w(0) =0, u(T)=0.

Its weak solution u € E“ satisfies

T 1 T
- / 5 LDFu(t), DFo(t)) + (:Dfult), oDFv(t))] dt = / Au(t), v(t))dt
0 0
(3.2)
for every v € E¢.

Theorem 3.1. FEach eigenvalue of (3.1) is real and if we repeat each eigenvalue
according to its multiplicity, we h 0 < A1 < Ao < A3 < ... and A\ — 00 as k — o0.
A1 can be characterized as

A\ = inf *foT (oDu(t), 1 Dgu(t))dt
1= in - .
ueEx\{0} fO (u(t), U(t))dt

Furthermore, there exists an orthogonal basis {wy}72 | of E*, where wy, € E* is an
etgenfunction corresponding to i for k=1,2,....

(3.3)

Proof. For u € E°, let

il = (~ [ @DruC). DRuto)ar)

1/2
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From (2.4), we have

_1
|cos wal Y2 [ulla < llully < | cosmal ™ ulla.

So || - ||z is an equivalent norm on E%, while E* is a Banach space with this new
norm, and there is an inner product induced by | - ||1, we denote

2

Then E® is a Hilbert space with this inner product.
Next, we will transform (3.2)) into a problem about symmetric compact operator.
From Holder inequality and (2.2)), for given v € L?(0,T) and any v € E%,

T
| / (u,0)dt| < [Jul] 2 o] 1

LT
—|u s
MNa+1) L

TO(

<
~ T(a + 1) cosmar|1/2

In view of the Riesz theorem, there exists a unique w € E® such that

1
(1, 0); = — /O LeDgu(t), (Dgo(®) + (:Dgult), oDFv()]dt, wv € E.

[ullz2 o]l

T
/(u,v)dt:(w,v)l, Yv € E*.
0

If we define the operator K : L2(0,T) — E® as Ku = w, then
TO(
(o + 1)| cosrax

1K ulla < & Il/QIIUHm

and K is a bounded linear operator from L?(0,7) to E*. Let S : E* — L?*(0,T)
be an embedding operator, by Lemma S is compact. Thus is equivalent
to
(u,v)1 = (Aw,v); = (AKSu,v)1, Yve E*.
That is,
(I = AKS)u=0.

Since £ is separable and K .S is symmetric and compact, by Riesz-Schauder theory,
we know that all eigenvalue {\;} of K.S are positive real numbers and there are

corresponding eigenfunctions which make up an orthogonal basis of E* and (3.3)
holds. O

Lemma 3.2. Suppose the following condition holds
(H2) there are constants > 2 and R > 0 such that, for |z| > R,
0 < puF(t,z) < (z, VF(t,x)). (3.4)
Then ¢ satisfies the (PS) condition.

Proof. Let {u,} C E%, {©(un)} be bounded and ¢'(u,,) — 0. First we show that
{u,} is bounded. From , we know that there exist constants ai,as > 0 such
that

F(t,z) > ai|z|" —as, te€[0,T], z € RY. (3.5)
Since p > 2, then for € > 0, u € E* and by Young’s inequality, we have

lullZe < Cle) +ellullf,

p—2
123

lullz <T
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where C(g) — 0o as ¢ — 0. ) )
Choose 2 < p1 < i, and denote A = X for A > 0, and A = 0 otherwise. Then for
large n and choose € small enough,

pap(un) — (‘P/(un)v Up)

T
M1 « e —Ml
—(1- 7)/0 (0DF un (), 1 Difun(t))dt + AL = 1) [ 12

[ () T () ~ (w6t
lun|2R

+/ ((un(t), VE(t, un(t))) — pa F'(t, un(t)))dt
lun|<R

p1 5 1
> (5 = Dl cos(ma)l[lun3 = A1 = ) [unl|Ze + (1= p)ar unl |7
—(u—p)Taz +c
H1 5 K1 L
> (5 = Dl cos(ma)l[|un5 = A1 = 5)(C() + ellunl ) + (= pra)a [un | .

— (= p1)Tas + c.

where ¢ is a constant. So this implies that {u, } is bounded since ¢ is small enough.

From the reflexivity of E“, we may extract a weakly convergent subsequence
that, for simplicity, we call {u,}, u, — u, then |Ju, — ullcc — 0. Next, we prove
that {u,} strongly converges to u. By (H1), we know that

/0 (un(t) —u(t), VF(t, un(t)) — VF(t,u(t)))dt — 0 asn — oo. (3.6)

From (2.7, we have
(' (un) — @' (u), up — u)

T
= —/0 (0DF (un(t) — u(t)), e DF(un(t) — u(t)))dt
—AA(WAﬂ—u@LWAﬂ—uwDﬁ

T (3.7
- / (tn(t) — u(t), VE(t, un(t)) — VE(E, u(t)))dt
0
> | cos(ma)[[un — ull2 — Xy — ull2
T
f/ (un(t) — u(t), VF(t,un(t)) — VE(t,u(t)))dt.
0
From ¢'(u,) — 0 and u,, — u, we obtain that
(&' (un) — @' (u),up, —u) — 0 asn — oo. (3.8)
In view of (3.6)), (3.7) and (3.8), it is easy to see that ||u, — ulo — 0 as n — oo.
Therefore ¢ satisfies the (PS) condition. O
Theorem 3.3. If (H2) holds and
(H3)
2| cog 3
Jimn sup F(t,x) < (T(a + 1))*| cos(mar)| (1- i)

loj—0  |T|? 4T
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uniformly for t € [0,T], where A=\ for A >0, and X = 0 otherwise.
Then for A < A1, (1.2) has at least one nontrivial weak solution.
Proof. The proof relies on the Mountain Pass theorem. It is clear that ¢ €

CL1(E*, R), ¢(0) = 0, and ¢ satisfies the (PS) condition from Lemma
From (H3), for

(T(a+ 1))?| cos(ra)| A
= 12
“1 AT20 =5
there exists a constant § > 0, such that

F(t,z) <elz?, te€]0,T), |z| <4

Let u € E* with |jullo < %ﬂ/é then by (2-3), ||ullec < 8, and from (3.3)
2
and (2.2]), we have

T
o) = [ [~ 50DFu. Dfult)) = 5 () u(v) - Flt. o)
’ 1 a 5\ g a « 2
Z/o 0P, D)ot + 5 [ DR D)t =1l
|cos(ma)|, o e T2 9
> (1- )\1) 5 lulla = W\\Uﬂa
|cos(7ra)

|
.-

a)(2a—1)1 X\ | cos(ma
If we choose p = w and o = (1 — %)%
2

Let wy € E* be an eigenfunction corresponding to A; in (3.3), and choose r > 0,
it follows from (3.5]) that

- -yl

, then p|ap, > o.

T 2 2
r A
o(rwy) = / [— E(ODto‘wl(t),tD%wl (t)) -5 (w1 (t), w1 (t)) — F(t, rwy (t))] dt
0
)\ r2 Ar2
< Sflwi)|e - - [wi]|72 — axr* wi || + a2T,

which imphes that ¢(rw;) — —oo as r — oo.
The above discussions show that ¢ has at least one nontrivial critical point, thus
(1.2) has at least one nontrivial weak solution for A < A;. O

Note that when A = 0, Theorem extends the results in [0, Theorem 5.2].

Theorem 3.4. Suppose (H2) holds and
(H4) F(t,z) >0 for all x € RN \ {0}.
(H5) F(t,z) = o(|x]?) as x — 0.
Then the problem (1.2) possesses a nontrivial weak solution for A > A1.

Proof. We will show that the functional ¢ satisfies the hypotheses in Lemma
when \ > Aq.

Lemma tell us that ¢ satisfies the (PS) condition. Since A > Ay, we can
assume A € [\, Apy1) for some k € N. Set V = span{wy,...,w} and X = V*,
where {w;} are eigenfunctions of corresponding to the eigenvalues {A;}.
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From (H5) and (2.2), for a small positive number 3, there exists a constant
01 > 0, such that, for u € E* with |lul|e < 61, we have
T 2c
EQT
F(t,u)dt < eof|ul?s < —2—|jul)2.
| P < el < g

Hence for v € X, with |lul|e < 61, we have

> _%/0 (oD u(t), (Dgu(t))dt + /O (0 D7 u(t), +DFu(t))dt

2Ak41
6271204
- = lul?
(T(a+1))
1 A T N eoT2
> *5(1 - )\k+1)/0 (oDgu(t), ¢DFu(t))dt — m\\uni
| cos(rar) g T2

A 2 2
Z 5 (- e Mlulla — mllulla-
If we choose g2 small enough, we can get p, 0 > 0 such that ¢[sp,nx > 0, and ¢
satisfies (C,) in Lemma
To check (C3) in Lemma it suffices to verify the conditions in Remark
In fact, for uw € V, by (H4), we have

e = [ [~ 50DFu). Dju(t)) = 5 (ut).u(v) - F(t. )]

1 /T \ (T
< —*/ (oDfu(t), +DFu(t))dt + 5= [ (oDfu(t), (DFu(t))dt
2 0 2)\k 0 (3.9)
1 Aot N
< —5(1 - /\—k)/0 (oDfu(t), (DFu(t))dt
[os(ra)|(h — )3
< .
< Jeosm O =Dy g
Let ug = ku;kﬁ’ then for u € V @ span{ug}, we obtain
o, N A
plu) = | [ = 3loDult), Duo(t) = F(u(t) u(t) = F(t,u(e)) | ds
[[ulla A2 "
_ Wl A . — ) T
= 2| COS(7TC¥)| 9 ||u||L alHUHLA +as

Since p > 2, and V @ span{ug} is a finite dimensional space on which all norms
are equivalent. So we obtain ¢(u) — —o0 as ||ulla — 00,u € V @ span{ug}. This
implies that for any large R, @) as defined in (C3), ¢lag < 0.

By Lemma ¢ has at least a nontrivial critical point, so (1.2]) possesses a
nontrivial weak solution for A > Ay. O

Remark 3.5. In fact, (H5) implies (H3), so when A < Ay, Theorem gives the
conclusion, that is, under the assumptions of (H2), (H4) and (H5), Equation (L.2)
possesses at least one nontrivial weak solution for A € R.

Theorem 3.6. If (H1) holds and
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(H6) There exist by, by > 0, and n € (0,2) such that
A
F(t,x) < —§|m|2 +bi|z[" + by, xRN te[0,T].
(HT) There are k € N and r1 > 0 such that, for |z| < rq
Ak — A Mgl — A
S lel < Pt x) < SH—Sal?,
2 2
Then ([L.2) possesses at least two nontrivial weak solutions for A € R.

teo,T). (3.10)

Proof. First we show that ¢ is bounded from below. Since n € (0,2), for u € E<,
by (H6) and ([2.3]), we have

T
el = [ [~ FDru(®). Dfu) = (a0 u(v) - F(t.ute)]ar

1 T
> —5/ (oDfu(t), DFu(t))dt — by T|ul|l — boT (3.11)
0
| cos(ra) by (e 3)+1
> 2 - s lullz = boT.
2 (I'(a))(2cc — 1)1

This implies ¢ is bounded from below. If {u,} is a (PS) sequence, then {u,} is
bounded from . Similar to the later part proof of Lemma we can get that
¢ satisfies the (PS) condition.

Set V = span{ws, ..., wx} and X = V1, where {w;} are eigenfunctions of .

Y
From (HT7), for u € V with |lull, < %}QI%H then |lulloo < 71, and
2

o) = [ [-56Dru0. D) - Jut). o) - F.ut)| a

. (3.12)
1 a a )\k? 2
<-3 (oDfu(t), (Dgu(t))dt — 7||u|\L2 <0.
0
For u € X with |[ul|e < ri1, by (HT7), we have
Teov, o A
o= [ [~ 2 6DFu(t), Dfu(t)) — 5 t) u(t)) — F(t,u(t)]d
01 . \ (3.13)
> 75/ (oD u(t), Dgu(t))dt — ’“2“|\u||%2 > 0.
0
If inf,cge @(u) > 0, then p(u) = 0 for all u € V with |lul|o, < %ﬁ?mh,
2
which implies that all u € V' with [Ju| < %ﬁﬂ“ are solutions of (L.2)). If
2
infyepa @(u) < 0, by Lemma we get that ¢ has at least two nontrivial weak
solutions for A € (Ag, Akt1)- O

Theorem 3.7. Suppose (H6) holds and
(H8) There exist 3,19 > 0, such that F(t,xz) > e3 for |z| < ra.
(H9) F(t,z) = F(t,—x).

Then for k = 1,2,..., problem (1.2)) possesses at least k distinct pairs of weak
solutions for A > Ag.
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Proof. Tt is clear that ¢(0) = 0 and from (H9), ¢(u) is even. (H6) and (3.11]) show
that ¢ is bounded from below and satisfies the (PS) condition.
Let {w;} be the eigenfunctions of (3.1]) corresponding to {\;}. Choose

k k

T(a)(2a — 1)y
E' = {u|u:Zajwj,Zoz? = 7ol 1

j=1 j=1
then E’ is homeomorphic to the k — 1 dimension unit sphere S*~! by an odd map.

_Y/
Assume u € E', then |jul|, = w, S0 ||u]|co < 72, via (H8), we have

T 3
T
ol = [ [~ 30DruO. (DFu() = Gt u(0) = F(t.ute))]as
T
<=3 | GDrut). Dyu)de - Fluls e
< —E&3.

This implies that supgp ¢ < 0. And by Clark theorem, ¢ possesses at least k
distinct pairs of critical points which correspond to the weak solutions of (1.2). O
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