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EXISTENCE OF INFINITELY MANY PERIODIC
SUBHARMONIC SOLUTIONS FOR NONLINEAR
NON-AUTONOMOUS NEUTRAL DIFFERENTIAL EQUATIONS

XIAO-BAO SHU, YONGZENG LAI, FEI XU

ABSTRACT. In this article, we study the existence of an infinite number of
subharmonic periodic solutions to a class of second-order neutral nonlinear
functional differential equations. Subdifferentiability of lower semicontinuous
convex functions ¢(z(t),z(t — 7)) and the corresponding conjugate functions
are constructed. By combining the critical point theory, Z2-group index theory
and operator equation theory, we obtain the infinite number of subharmonic
periodic solutions to such system.

1. INTRODUCTION

The existence of periodic solutions of differential equations has attracted the at-
tention of mathematicians during the past few decades. Great progress in this area
has been made. In particular, the existence of periodic solutions to ordinary differ-
ential equations and partial differential equations without delay variant has been
extensively studied. Investigating the existence of periodic solutions to functional
differential equations is more challenging due to the structure of such differential
equations. Different mathematical methods, such as the averaging method [2], the
Massera-Yoshizawa theory [8] [I7], the Kaplan-York method of coupled systems [5],
the Grafton cone mapping method [3], the Nussbaum method of fixed point the-
ory [II], and Mawhin coincidence degree theory [9] have been used to address the
existence of solutions to functional differential equations. Critical point theory has
rarely been used in the study of the existence of periodic solutions to functional dif-
ferential equations. Most results in the literature deal with autonomous functional
differential equations. Using critical point theory for nonautonomous functional
differential equations appear only in a few publication; see [14} [15] [16].

In this article, we use critical point theory and operator equation theory to study
the second-order nonlinear nonautonomous neutral functional differential equation

[p(®)('(8) + 2'(t = 27)) + f(t,2(t), @(t — 7), x(t = 27)) = 0,

2(0) = 0. (1.1)
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We show that has an infinite number of subharmonic periodic solutions. The
rest of the paper is organized as follows: In Section 2, we will discuss the variational
structure and recall some definitions, lemmas and theorems, which will be referred
to throughout this article. The weak solution is considered in section 3. The main
result of this article, the existence of multiple subharmonic periodic solutions to

(1.1)), is given in Section 4.

2. PRELIMINARIES

For system ([1.1)), if 2" exists and p(t) € C*, we define operator

A= LoDy o b v

Thus,
Az(t) + ot — 27)) = [p(t) (2" (t) + 2/ (t — 27))) 2.1)
=p(t)[2"(t) + 2"(t = 27)] + p'(t) [2'(t) + 2'(t — 27)].
Substituting into yields
A(z(t) + z(t —27)) + f(t, z(t),z(t — 7),2(t — 27)) =0, (2.9)

z(0) = 0.
In this article, we use the following assumptions:

(A1) f(t,x1,22,23) € C(RY, R), and 221w2:23) o4
(A2) there exists a continuously differentiable function F(t,z1,22) € C1(R3 R)

such that
Fé(t7.’131,l‘2) + Fl/(t,anm?)) = f(t,ml,l‘g,l’g),
where
8F(t xTo 1’3) BF(t T 1'2)
(¢ _ s L2, F(+ _ s L1, X
1( ,1[}271'3) 81‘2 ) 2( ,.’El,l'g) 61‘2 '

(A3) F(t+ 7,21, 22) = F(t,x1,22) for all z1,xq, € R;

(A4) p(t) > 0 € C[0,7] is an T-periodic function;

(AB) F(t,—x1,—x2) = F(t,21,22) and f(¢t, —x1, —x2, —x3) = —f(t, 21, 22, x3).
Fix an integer v > 1 and a real number 7 > 0. Then define the set

Hy[0,277] = {x(t) € L2[0,2vy7] : ' € L?[0,2v7], x(t) is 2yT-periodic,
x(0) =0, x(¢) has compact support in [0, 2’)/7]}.
Obviously, Hy[0,2v7] is a Sobolev space, with the inner product and norm:

2yT
<%wmmhﬂ=/‘ 2 (b)Y (D),
0

2yT o 1/2
lellmorrm = (| la'Pde) " ¥y € Holo, 2y
0

A function z(t) € Hp[0,2v7] can be written as

> km kw
z(t) = ag + ay cos —t + by, sin —t).
(0 =a0+ D (acos T o)
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‘We define the functional

2yT
I(z) = /0 [p®)x' ()’ (t — 1) — F(t,z(t), z(t — 7))]dt (2.3)

on Hy[0,2vy7]. Tt follows that for all z,y € Hy[0,2vy7] and € > 0, we have
Ha+en) = 1) +e( [ BOE O =) + 2= 0)
— (F(ta(t) + ey(t), a(t = 7) +ey(t = 7)) = F(t,a(t), a(t - 7))]dt)

vt [ ot (' (¢ — 7).

Obviously,
2yT

(@) = [ PO @ =)+ =7 @) o)

- Fl/(t7 ‘T(t)a CL‘(t - T))y(t) - F2I(t= C5(75)7 .T(t - T))y(t - T)]dt7
where I’(z) denotes the Frechet differential of the function I(x). It follows from
the periodicity of F'(t,u1,us), z(t) and y(¢) that

2 r(t —T
/ d( (t)d (t )
0

= t)dt
7P o )y(t)

_ / ) (Yt + / T (t = Py ()t
0 0
= p(t)e! (£ — T)y(t) |27 — / p(t)e! (£ — 7y (£)d
0

2yT
_ / p(t)a' (¢ — 7Yy (1),
and 29T 2yT
/ (p(t)'(t + 7))'y(t)dt = — / p(t) (£)y/ (¢ — ).
0 0

In a similar way, we obtain
2y=Dr

/0 TR a(t), 2t — )yt — )t = /_ FY(t+7,2(t +7), 2(6))y(t)dt

29T

= ; Fi(t,x(t + 1), z(t))y(t)dt.

It follows that
2yt
N A O L Rl

= F{(t,a(t),a(t = 7)) = Fy(t,o(t + ), 2(t) |y(D)dt.

The above equation implies that the corresponding Euler equation of the functional
I(z) is

(p®) ('t —7)+2'(t+7)) +[F|(t,z(t),x(t — 7))+ F5(t,x(t +7),2(t))] = 0. (2.5)

Since (2.5) is equivalent to (1.1)) on Hy[0, 2y7], system (|1.1)) is the Euler equation of
functional I(x). Therefore, it is possible to obtain the 2y7-weakly periodic solutions
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to system by seeking the critical points of functional I(x). Due to the fact
that functional I(x) has no supremum or infimum, we can use operator equation
theory here and there is no need to seek the critical points of I(x).

Next, we present some preliminaries to be used throughout the whole article.
Here we suppose that E is a real Banach space with norm || - ||.
Definition 2.1. A “critical point” of g € C1(E, R) is a point #* € E such that
g'(z*) = 0. A “critical value” of g is a number ¢ such that g(z*) = ¢ for some
critical point z*. The set K = {x € E: ¢’(x) = 0} is the “critical set” of “g”. We
use K. to denote the set {x € E: ¢'(z) =0, g(x) = c¢}. The “critical Level” set g,
of g is defined by g. = {x € E : g(z) < c}.

Definition 2.2. Let ¢ € C'(E, R). We say that g satisfies the “Palais-Smale”
condition if every sequence {x,,} C F such that {g(z,)} is bounded and ¢'(x,) — 6
as n — 0o has a convergent subsequence.

We say that a closed symmetric set A C F satisfies property R if, for some
n € Z*, there exists an odd continuous function ¢ : A — R™\ {#}. Let Ny C Z
be defined as follows: n € N4 if and only if A satisfies property R with this n.

Definition 2.3. Let E be a real Banach space, and
S ={ACE\{#}: Ais closed and symmetric}.
Define v : ¥ — ZT U {+o0} as

minNy Ny #0
v(A)=<0 ifA=10
+o0 if A#£(, but Ny = 0.
We say that “y is the genus of ¥”7. Denote i1(g) := limg—._07(g4) and i2(g) :=
lima— o0 Y(ga)-
Lemma 2.4 ([1]). Let E be a real Banach space, and I(-) € C*(E, R) be an even
functional that satisfies the Palais-Smale condition. If
(1) there exist constants p > 0, a > 0 and a finite dimensional subspace X of
E, such that I(x)|x1ns, > a, where S, ={z € E: ||z||g = p};
(2) there exist subspaces 5(\] of E, j = dim()/(\j), and a sequence {r; : r; > 0},
such that I(xz) <0 for x € )/(\J»\BTJ., G=1,2,...);
Then, I possesses an unbounded sequence of critical values.

Next, we consider the subdifferentiability and the conjugate function of the lower
semicontinuous convex function ¢(x(t),z(t — 7)), which has been investigated in
[16]. Suppose the Banach space X is a space of all given n x 7-periodic functions
in ¢, where n € N is a positive integer. We use R to denote R U {+o0}, and let
¢ : X2 — R be a lower semicontinuous convex function. Since ¢ is not always
differentiable in general, we redefine the “derivative” as follows:

Definition 2.5 ([I6]). Suppose that (z7,23) € X* x X*. We say that (z7,z3) is
a sub-gradient of ¢ at point (z¢(¢), (zo(t — 7)) € X if

e (@0(t), wo(t— 7)) + (&, 2(t) — wo (1)) + (w, 2(t — 7) — mo(t — 7)) < plalt), a(t—7)).
For all z(t) € X, the set of all sub-gradients of ¢ at point (zo(t), zo(t—7)) is called
the subdifferential of ¢ at point (zq(t),zo(t — 7)). We use dp(zo(t), zo(t — 7)) to
denote such a set.
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Using the definition of subdifferentiability of the function ¢, we define the cor-
responding conjugate function ¢* as

" (1, x3) = sup{< a1, 2(1)) + (23, 2(t = 7)) = p(x(t), z(t = 7))},
where (-) denotes the duality relation of X* and X. Then there hold the following
propositions:

Proposition 2.6 ([I6]). The function ¢* is a lower semicontinuous conver (o*
may have functional value 400, but do not have functional value —co).

Proposition 2.7 ([16]). If ¢ < v, then ©* > ¢*.
Proposition 2.8 (Yang inequality [16]).

plat),z(t — 7)) +¢" (21, 23) = (21, 2(8)) + (23, 2(t = 7).
Proposition 2.9 ([I6]).

p(a(t), z(t — 7)) + " (21, 75) = (1, 2()) + (23, 2(t — 7))
if and only if (z7,x3) € Op(z(t), z(t — 7)).
Proposition 2.10 ([16]). The function ¢* is not always equal to +o00.

Theorem 2.11 ([16]). If ¢ is a lower semicontinuous convex function that does
not always equal 400, then ** = .

Corollary 2.12 ([16]). Let ¢ be a lower semicontinuous convex function that does
not always equal +0o. Then (z7,x3) € Op(x(t),x(t — 7)) if and only if

(@(t),z(t = 7)) € 9" (7, 23).
3. WEAK SOLUTIONS OF THE OPERATOR EQUATION (|2.2))
It follows from (2.4]) that

2yT
(w(t) Aw) = [ uoow o)
— w0 OB - [ s O o
0
2yT
_ / Pt (t)do(t)

—p(t)u’ (Hw()[g"" + /0 i 1)
(Au(t), w(t)),

(u(t), Alw(t = 7))) = (Au(t +7),w(t)),

(u(t = 7), A(w(t))) = (A(u(t — 7)), w(t)).
The above discussion leads us to the following definition.

Definition 3.1. For u € L?[0, 27|, we say that u is a weak solution of the operator
equation , if

(u(t), A(w(t —7))) + (u(t — 1), A(w(t)))

+ (w(t), Fi(t,u(t), ult — 7)) + (w(t — 7), Fa(t, u(t),ut — 7))) =0,
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for all w(t) € D(A) N LP[0, 2y7], where

u(t) € LP[0,2y7],v(t) € L]0, 27y7] for 2 < p < +00 and 1% + % =1

Here, our aim is to define the conjugate function of F(t,z(t),z(t — 7)) using the
definition of subdifferentiability of lower semicontinuous convex functions, and the
dual variational structure. First, we assume that F(¢, z(t),z(t — 7)) satisfies the
following conditions:

(A6) u = (u1,u2) — F(t,u1,u2) is a continuously differentiable and strictly
convex function, and satisfies

F(t,0,0) =0, F/(t,0,0) = F3(¢,0,0) =0 V¢t € [0,2v7];
(A7) for ay = 1/p, there exist constants M,C > 0, such that when |u| =
Va3 +ud > C, we have
F(t,uy,us) < aolFy(t, ur, uz)us + Fy(t, ug, ug)usl,
F(t,uy,uz) < Mlul'/*;
(A8)

lim F(t,u1,uz)
|u|—0 |U‘2

=0.
The conjugate function of F'(¢,z(t),z(t — 7)) is then obtained as

H(t,w(t),w(t —27)) = z(t)eilj’.l[?) . {(w(t),a:(t)) + (Wt —27),z(t — 1))

~ F(ta(), ot =)}, vte 0,2y,

The above discussion indicates that H is a continuously differentiable and strictly
convex function. By duality principle (Corollary , we have

(W(t),w(t —27)) = (Fi(t,z(t), x(t — 7)), F3(t, x(t), z(t — 7)))
if and only if
(Hi(t,w(t),w(t —271)), Hy(t,w(t),w(t — 27))) = (z(t),z(t — 7)), (3.1)

where
OH (t,w(t),w(t — 27))
Aw(t) ’

Hi(t,w(t),w(t —27)) =

and
OH (t,w(t),w(t — 27))
Ow(t — 27) '

Hi(t,w(t),w(t —27)) =

Example 3.2. Let F(xz(t),z(t — 7)) = %(\/mz +22(t—1))", then

<\/w2 t) + w?(t — 27))q

1
H(w(t),w(t —271)) 5
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Proof.
Hw®),w(t -21) = s {{w(t),a(t)

z(t)eLP[0,2vT]
+{w(t —27),2(t — 7)) —f(\/x2 +x2t—'r)>p}

= 206) + w2t —27) A— AP
S VeI )

(\/w2 t) + w?(t — 27))q.

O

We use R(A) to denote the value field of operator A. Then, it is obvious that
R(A) is a closed set. Suppose P is the orthogonal projection operator of R(A)
and K = A=1P. Then it is easy to see that K maps a continuous operator into a
compact operator of L4[0,2y7] — L?[0,2v7]. Denote

E= {(v(t),v(t —27)) € LY0,2y7] x L0, 2vy7] : v(0) = 0, {¢(t — 27),v(t))
= (ot = 27),v(t = 27)) = (B(t — 7),v(t))
= (o(t — 27),v(t = 27)) = 0, Vo(t) € R(A) N LP[0,277], $(0) = 0},
where R(A) = {u € D(A) : A(u(t) + u(t — 27)) = 0}.
Remark 3.3. Actually, for all (0) = 0, z(t) € LP[0, 2vy7] or x(t) € L1[0,2y7], x(t)

can be expressed as

- k k
x(t) = ag + kEZI(ak cos %t + by sin %t)
Hence, (v(t), ¢(t)) = 0 if and only if

(@(t—27),0(t)) = (p(t—27),v(t—27)) = (d(t—7),v(t)) = (#(t—27),v(t—27)) = 0.
Thus E can also be written as

E= {(U(t),v(t —27)) € L0, 2vy7] x L0, 2y7] : v(0) = 0, {(t), v(t)) =0,

Vo (t) € R(A) N LP[0,2y7], $(0) = o}.

From
A(z(t) + z(t — 27))
km km k k
=- Zp [ay,(cos —t + cos —(t —27)) + bi(sin Tt 4 sin —W(t —27))]
T T T T
km km km km
+ p —a sm—t+sm—t—27- +b cos—t+cos—t—27-
Z w(sin 2t sin 27— 27)) by foos St + cos (1 - 20))
k k k k
=— 22}9 2 cos i[(ak cos X + by, sm—ﬂ-)cos oy
gl Y v

km km km
+ (ag sin — — by, cos — ) sin — |
Y Y T
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k k k
+22p icos%[ aksinw—:(t—T)+bkcos7—:(t—7')]

it follows that N
A(z(t) + 2(t — 27)) = 0 <= cos — = 0.

~y
From the above discussion, it is easy to see that
(Lt 1
i 14
{x t) € LP[0,2v7] : x —ao—i—z a,, COS ~~——— (3 + ) =~ t4+b, smwt)}.
Here, we need that {(v(t),v(t — 27)), (x(t — 7), x(t — 27))} satisfies
X(t —7) = K(u(t — 27)) + H{(t, v(t), v(t — 27)), (3.2)

X(t = 27) = K (v(t)) + Hj(t, v(t),v(t — 27)),
gliere (v(t),v(t—27)) € E, x(t) € R(A)NLP[0, 277]; that is, (x(t —7), x(t —27)) €
Suppose that {(v(t), v(t — 27)), (x(t — 7),x(t — 27))} is a solution of (3.2). We
let u(t) = Hi(t,v(t),v(t — 27)),u(t — 7) = Hj(t,v(t),v(t — 27)). It then follows
from duality principle and that
(u(t =7), A(2(1))) + (u(t), A(2(t = 7)))
+ (2(t), Fy, (8 u(t), ult = 7)) + (2(t = 7), Fy, (£ u(t), u(t — 7))
= (Hy(t, v(t), v(t — 27)), A(2(1)) + (Hi(t, v(t), v(t — 27)), A(2(t — 7)) >
+ (z(t),v(t)) + (z(t — 7),v(t — 27))
= (x(t = 27) = K(v(£)), A(z(1))) + (x(t = 7) = K (u(t = 27)), A(=(t = 7))
+ (2(t), v(t)) + (2(), v(t — 7))
= (u(®), 2()) — (vt = 7), 2(1))
=0, Vz(t)e D(A)NLP[O,2vyT].
The above equation indicates that u(t) is a weak solution of .

+(2(t), v(t)) + (2(t), v(t — 7))

4. MAIN RESULTS

In this section, we seek the solutions of operator equation (3.2]) by using critical
point theory. Let v = (v(t),v(t — 27)), and

)= (3 ) () - (R

It is easy to see that (K (v),¥) = (v, K(¥)) = (Kv(t—27),9(t))+(Kv(t),y(t—27)),
where 1 = (¥(t), ¥ (t — 27)). The previous equation implies that the operator K is
a symmetric operator.

Remark 4.1. Let z(t) = Y, (aj cos —t + by sin k—”t) Then
Ax(t)

kT, km Nt .k km
- (t)Z(*T [, cos 7t+bk sin *t Z —ay sin 'TTt—’—bk cos %t}
k=1 k=
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> kr, km , km kT km . km
= - Z[(*) p(t)ar — —p'(t)bg] cos —t + [(— ) p(t)by + —p'(t)ag] sin —,
=T T T T NT T
for all ¢ € [0, 27]. For example, if (t) = cos i—:t, we have
k k k k k
A(cos it) = f(i)2p(t) cos Lt — —Wp’(t) sin ¢,
yT yT YToAT yT
Letting y(t) = —(52)2p(t) cos 27t — E2p/(¢) sin 7+, from Ky(t) = K A(cos £2t) =
cos ’;—:t and the linearity of the operator K in x, it follows that
k ~ k k N k k
— (V2R (cos —2t) — “Lp/ (1) R (sin " t) = cos —t. (4.1)
T ~NT yT yT T
Similarly, we have
k k k k
A(sin —ﬂt) =— i)Qp(t) sin ot 4 8 '(t) cos T
VT VT Ty
and k k k k
- (%)%(t)z?(sm —=h)+ 7i;;o/(t)z?(cos %t) — sin %t. (4.2)
By (4.1) and , we obtain
= k
K(cos it)
yT
1 , m km k
= p(t)sin —t — —p(f) cos —t
G g P O S~ ) eos T
1 , 2km km km
= - p'(t) cos — 4+ —p(t) sin — ) sin — (¢ — 27
2k k k k
+ () sin 25— T ) cos ) cos 1 (¢ — 27)],
T
K (sin == t)
1 , km
= — t)cos —t + —p(t)sin —t
%(p/Q + (%)3]92(15)@( ) T ’YTp( ) T ]
1 , 2km  km km
= t) cos — + —p(t) sin — ) cos — (¢t — 27
= e P () sin 22 cos (1~ 27)
2k k 2k k
+ (—p/(t) sin — + %p(t) s —)sin —W(t —27)],
~ k
K(cos —W(t —27))
NT
1 , km km
= i [p'(t) sin — (t — 27) — —p(¢t) cos — (¢t — 27)]
e (7 4 (57)%p(1) T T T
1 , 2km km km
= %m . 2, (kn\3.2 [(p'(t) cos — — —p(¢) sin — ) sin —t¢
@+ (GE)Pp2 () YT T
2k k 2k k
+ (=p/(t) sin L —ﬂ-p(t) cos ——) cos —ﬂ-t],
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1 , km km .k
= — t)cos —(t — 27) + —p(t) sin — (¢t — 27
1 , 2km km km
= — p () cos — — —p(t)sin — ) cos —1
2k k 2k k
+ (p(t) sin TW + %p(t) cos TW) sin %t}

Theorem 4.2. Under the assumptions (A1)—(A8), problem (1.1) has an infinite
number of nontrivial 2yT-periodic solutions.

The solutions of (3.2]) can be obtained through seeking critical points of the
functional J(v), which is defined by

J(v) = %<(U),U> +f " H @, )t
= %q?v(t —27),0(t)) + %u?v(t), o(t — 27)) (4.3)
+ v H(t,v(t),v(t —27))dt  V(u(t),v(t —27)) € E.
0

Here, J can be considered as the restriction to E of function J defined on
L900,2v7] x L1[0,277], since both functions share same components on E. Also,
we have N

J'(v) = K(v) + H (v).
We note that

(J'(v) = J'(v),2) =0, YvekE, z=/(2(t),2(t—27)) € E.
There exist x(t) € R(A) and x, = (xo(t — 27), Xo(t — 7)) € E*+ such that
J' () = J'(v) = Yo

Thus, if v* is a critical point of J'(v*) = 0 on E, then there exists x5. = (x5« (t —
), X5 (t — 27)) € E+, such that

K(w*)+ H'(v*) = x..
The above discussion indicates that {v*, x.} is a solution of (3.2]). That is to say,
{(v*(t),v*(t —27)), (X5« (t — 7), X5« (t — 27))} is a solution of equation (3.2).
Lemma 4.3. The following two conditions are equivalent:

(1) F(t,ur,uz) < aslFy(t,ur,us)us + Fj(t, uy,us)us] for all t € [0,2y7], when
lu| = /ui +u3 > C.

(2) F(t,ﬁulaﬁUZ) > ﬂl/a2F(t7u1,u2) >0 fOT’ all B > ]-7 te [0,277]7 |U| > C.
Proof. For all u = (uy,us) with |u] > C, let ®(5) = F(t, fuy, fusz), and ¥(8) =
B2 F(t,uy,ug).

(2) = (1): By ®(B) > ¥(5),V8 > 1 and ®(1) = ¥(1), it is easy to see that
®’(1) > ¥'(1). In other words,

1
F{(t,ur,ug)uy + Fi(t, uy, ug)us > ;F(tﬂh,uz).
2
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(1) = (2): Since
' (B) = Fi(t, Buy, Bug)uy + Fy(t, Buy, Bug)usy

= %[F{(t,ﬁuhﬁuz)ﬁm + Fy(t, Buq, Bug)Pus] > ﬁq’(ﬁ),

we have
F(t7ﬂu17ﬂu2) Z Bl/azF(tvuhuQ) > 07 \V/ﬁ Z 17 te [07277—]
(Il

Lemma 4.4. Suppose that F(t,uy,us) satisfies (A6)—(AT). Then there exist con-
stants m >0 and M > 0, such that

F(t,uy,ug) > m(y/u2 + )2 vt €[0,2y7], when |u| > C,
|F' (t,u, ug)| < (2192 M —m)(y/u2 —|—u§)£‘1, when |u| > C,
where |F'(t,u1, u2)| = /| F](t, ur, u2) > + [F5(t, u1, ug)|?.
Proof. Let

. F(t, Uy, UQ)
(ulﬂgl)lgch Cl/ea 7
where Be is a ball of radius C' > 0 centered at the point § = (0,0). It follows from
(A6) that m > 0. Lemma and (A7) yield

2 2\ 1/
Fltn ) 2 F(t o Ot (Vi e

CVui+ a3 ud +ud C

1/
Zm(y/u%qLu%) 2.

The convexity of function F' indicates that

F(t,u1,uz) + Fi(t,ur,uz) (21 — u1) + Fy(t, u1, uz) (22 — ug) < F(t, 21, 22).

Let z = (2z1,22) run all over the ball B),|(2) of radius |u| centered at the point
z, and choose the maximum of Fy(t,uy,us)(z1 — uy) + F5(t, u1,uz)(z2 — uz). Then
we obtain the inequality

% 1/a2
|F' (¢, u1,uz)] u%+u§§M(\/z%+z§> : —m(ﬂu%%—u%) .

Since z < 2|u|, we know that

1
|F'(t,up,us)| < (21/°‘2M—m)(\/u% —|—u§) 2

O
Lemma 4.5. H € C1(R3, R) is a strictly conver function and satisfies
Hi(t,0,0) = H)(t,0,0) =0, H(t,0,0) =0, Vtel0,2y7];
Cop | 2o Coy, —1_
=] e — Oy < H(tw(t),w(t — 27)) < —22|w| T + Oy, (4.4)
m

1
9T=az

Cl | ™07 — Cy < [H' (,w(t), w(t — 27))| < Cly (—— w5+ Cy,

(4.5)

1
_ﬁ)
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where Cy,...,Cy are constants, Cy,, C},, are constants depending on as, and
ol = VEF@ T 2 20,

|H'(t, w(t),w(t —27))| = \/lH{(t,w(t),w(t = 27))]2 + [Hj(t, w(t), w(t — 27)) 2.

In addition, the function H satisfies
H(t,w(t),w(t —21))
Jw|—0 jwl?

Proof. From Corollary and Fy(t,0,0) = F5(¢,0,0) = 0 we have H{(¢,0,0) =
H}(t,0,0) = 0, for all ¢ € [0,2y7]. Using the definition of H, we know that
H(t,0,0) = 0.

We first consider (£.4). It follows from (A7) that F(t,u1,us) < Mlu['/** + Cy

for all u = (u1,uz) € R%. Hence, from Proposition and Example it is not
difficult to see that

= o0. (4.6)

H(tw(t) ot~ 27)) > T2 o= - 0,

where

L a2 1 o e
Cop, =272 [MTe2" (g " —ay *?).
A similar argument as the one in the proof of Lemma[4.4]indicates that there exists
a constant Cy such that

F(t,uy,us) > m|u|1/"‘2 — Cs.
Therefore,

C, 1
H(t,w(t),w(t — 27)) < —22|w| T + Cy.
m
Next we consider (4.5). Using a similar argument as used in the proof of Lemma

4.4) we obtain the estimate

1
2T—az

[ (t,w(t), w(t — 27))] < Clay ( w52 + Cs,

1
—_ M)
where C3 = max{C1 + C2,sup, <1 [H'(t,w(t),w(t — 27))[}. Lemma and the
duality principle yield
(ur, 12) = (H{ (8, w(t), ot — 20)), Hy(t,w(t), w(t — 27))

if and only if

(w(t)vw(t - 27—)) = (Fll(ta Uy, u2)v FQ/(ta U, u2))
When |H'(t,w(t),w(t — 27))| > C, we have

w| < (2V°2 M — m)|H'72 .
Thn there exists a constant M¢ such that when |u| = /u? 4+ u3 = |H'(t,w(t),w(t—
27)| < C, we have
lw| = |F'(t,u1,u2)| < M.

Let .

C;z = (21/042M - m)ﬁzl7 C’4 = C(;QMCIE
We then obtain that

\H' (t, w(t), w(t — 27))| > Cl,, Jw| ™52 — Cy.
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Now, we consider (4.6]). It follows from (A8) that for all € > 0, there exists § > 0
such that when |u| = \/u? + u3 < §, we have

F(t,uy,ug) < ey/u? +u3.

Therefore, for all K > 0, if we choose ¢ = 4 and n = 2e6(g), then when
Vw2(t) + w2(t — 27) < 1, we obtain

H(t,w(t),w(t —27)) 2 —(w?(t) + w?(t - 27)) = K|w|*;

i.e.

w20 PE -

Lemma 4.6. There exist constants Cs and Cj§ depending on §, such that

Cs|lw|?,  when |w| <6,
C§lwl|?, when |w| > o.

H(t,w(t),w(t —27)) > {

In addition, when § — +0, C5 — +o00.

Proof. Equality (4.6]) implies that
H(t,w(t),w(t — 27
lim (t w(t), wit ) =00

|| —0 |w]|?

Thus, when § — 40, we have Cs := inf{H (t,w(t),w(t—27))/|w|? : |w| <} — +o0.
That is to say,

H(t,w(t),w(t —27)) > Cs|w|? (4.7)

when |w| < 6.
Next, we consider the second part of the inequality. For all wg = (wo(t),wo(t —
QT))a ‘CL)Q‘ = 17 let ¢wo (ﬁ) = H(t’ﬂwo(t)aﬁwo(t - 27—)) Thus7

Doy (B) = Hi(t, Bwo(t), Bwo(t — 27))wo(t) + Hj(t, Bwo(t), Bwo(t — 27))wo(t — 27).
The convexity of function ¢,,, implies that for all 8 > 0,

H(t, Bwo(t), Bwolt — 27))wo(t) + Ha(t, Bwolt), Bwolt — 27))wo(t — 27) > %wao(ﬂ)'

It follows from that
Hi(t,0wo(t), dwo(t — 27))wo(t) + Hi(t, dwo(t), dwo(t — 27))wo(t — 27) > Cs - 6.
We note that H is a convex function. Thus,
H{(t, swo(t), swo(t — 27))
> H'(t,0wo(t), dwo(t — 27))(s — 8)wo(t)
+ Hy(t, 8wo(t), dwo(t — 27))(s — 8)wo(t — 27) + H(t, dwo(t), dwo(t — 27))
> C5-8(s — 0) + C56% = Cs6s, Vs >0,

which indicates that
H(t,w(t),w(t —271)) > Cs - d|w|. (4.8)



14 X.-B. SHU, Y. LAI F. XU EJDE-2013/150

From Lemma [£.5] we know that there exists T' > 0 satisfying
Ca
H(t,w(t t—27)) > —2|w|?. 4.9
(1 (1), w(t — 27)) > S22 (4.9

Let Cj = min{$22, 71=96C;}. Tt follows from ([@7), [@8) and ([@9) that

C5|w|2v |w| <9,
Cilwl|?,  |w| = 6.

H(t,w(t),w(t —271)) > {
(]

Lemma 4.7. Suppose that vy, = (U (t), Uy, (t—27)) = v = (v(t),v(t—27)) (weakly
convergent sequence on L%([0,2v7]))?) and satisfies

2yT 2yT1
H(t,vy,)dt — H(t,v)dt.
0 0

Then we have
2yT

H(t, v, —v)dt — 0.
0

Proof. We accomplish the proof by carrying out the following two steps.
Step 1. Show that the terms in {H (¢, v,,)} have equicontinuous integrals, that is
to say, for all € > 0, there exists é > 0 such that for all m,

/ H(t,vm)dt <e when p(£2) <.
Q

Since H is a convex function, one has
Hi(t,v)(v(t) —vm(t)) + Hy(t,v) (vt — 27) — v (t — 27)) < H(t, vm) — H(t, v).

It follows from the above equality and v,, — v that

2yt 2T
H(t,v)dt < liminf H(t,vp)dt. (4.10)

0 m— 00 0

Since H > 0, the assumption fOQW (t,v)dt — [; T H(t,vp,)dt implies that
lim H(t,vy)dt = | H(t,v)dt for all measurable sets €. (4.11)
m=oeo Ja Q

Now we prove that the terms in {H (¢, v,,)} have equicontinuous integrals. Sup-
pose, to the contrary, that there exist 9 > 0, functions vy, = (U, (t), Um, (t—27))
and measurable sets (0, such that

/ H(t,xv)dt < ep, for all measurable sets Q and p(Q) < 4. (4.12)
Q

We note that

H(tavmk)dt > €0, N’(Qk) < 27]6
Qp

If we choose Qo = (Jp—; Q. then it is not difficult to see that () < & and

H(t,vp,)dt > H(t,vm, )dt > o,
Qo Qk

which contradicts to ) and -

Step 2. For all b > 0 we d1v1de [0, 2v7] into the following three subsets:
Q1 = {t €[0,297] : [v] = V/v2(t) + v2(t — 27) > b},
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Q3" = {t €[0,2y7] : [v] < b, vy — v| > 0},
Q5 ={t €[0,2y7] : |[v| < b, vy, —v| < I},

where v, — v] = /(U (t) —v(t))2 + (U (t — 27) — v(t — 27))2. By inequality
(4.4), there exist constants K and L satisfying

H(t,22(t),22(t — 27)) < KH(t, 2(t), 2(t — 27)) + L,¥(2(t), 2(t — 27)) € R?.
Notice that H is convex on Q). Thus,
1 K
H(t, vy —v) < §[H(t, 2um) + H(t,—20)] < g(H(t, Um) + H(t,—v)) + L.

By step 1, we may choose a constant b large enough and fix it such that p(Qq) is
small enough such that

K
H(t,vm —v)dt < — | (H(t,0m) + H(t,—v))dt + Lp(Q1) < =.  (4.13)
Q1 2 Q1 3
For the fixed b, choose a value of § small enough satisfying
H(t, vm — v)dt < % (4.14)

Qy
and fix §. For the fixed b and 4, let

[H@@-H@@—m@m@@—am

S, Y
fHﬁLwa@fQﬂfz@f2ﬂﬂ.

It is easy to see that x > 0, which indicates that

mAQ?)gL/

Qy
—fg(uuxvm(t—zT)—zmt—QT»}dt

[H(t,vm) = H(t,0) = Hi(t,0) (0 (1) = 0(t))

2yT
< [ [#t0m) — B0 - B 0)0n (0 - v(e)
fﬂﬂum@%@72ﬂ7uﬁ72ﬂﬂﬁ.

Therefore, 1(Q5') — 0 when m — oo. Thus, fQE" H(t,vm) — 0.
A similar argument on Q; suggests that there exists an ng such that when
m > ng, we have
H(t, v — v)dt < <. (4.15)
Q3 3
Thus, it follows from (4.13)), (4.14)) and (4.15)) that

2yT
lim H(t, vy, —v)dt = 0.

m— 00 0

O

Corollary 4.8. v, = (U (t), v (t — 27)) — v = (v(t),v(t — 27)) ( LI(]0, 2y7]) x
L([0,2v7])) if and only if
. H(t, vy, —v)dt = 0.
0
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Proof. (=). Since v,, — v implies v,, — v (weakly), by inequality and
the continuity of the composition operator, we know that H(t,v,,) — H(t,v)
(L1([0,2v7])). That is to say, fOQ'yT H(t,vp)dt — fOQW H(t,v)dt. Thus, the conclu-
sion can be obtained from Lemma

(«<). By Lemma[4.6] there exist constants By and By > 0 such that

2yT
\U|th+32/

lvl<

H(t, v)dt > By /
|v|>48

ZBl/ \v|4dt+32(277)%2(/
jvl>s

2/q
|U\th)
|v| <6
2yt
> Cs min{/ || ?dt, (/
0 0

lv|2dt
0 5

297 2/a
|v|th) }

For ¢ small enough, Cs > 0 is a constant, implying that the conclusion holds. [

Proof of Theorem[{.3. We use Lemma and do the following three steps:
Step 1. Show that J satisfies the (PS) condition in E. Let {v, = (vn(t), vn(t —
27))} C E and choose constants Cy, Cs such that

Cy < J(vn) < Co, (4.16)
J (vy) — 0. (4.17)
Next, we need to show that {v,} has a convergent subsequence in E. By
Z2m = K + H' (t,00) — Xm — 0,

and
2yT

1
C, < §<Kvm,vm> + H(t,vp)dt < Co,
0

where 2, = (2 (1), 2 (E—=7)), U, = (Ui (£), U (t—27)) and X, = (O (E=7), X (E—
27)), one can obtain that there exists n(e) > 0 for all ¢ > 0 such that when
m > m(e), the following inequality holds

2T 1
H(t,vp)dt — =[H; (t, U )om (t) + H(t, Uy ) (t — 27)]
0 2 (4.18)

9
< G+ 5 (lom@llzs + [om(t = 27)][Le) = C2 + ellvm (t)] La-

Moreover, by Lemmas and [£.4] there exist constants ae, C3, Cy and Cj such
that

H(tw) — %H{(t,w)w(t) _ %Hé(t,w)w(t 9r)

= %z(t)Fl'(t, 2(t),z(t — 7)) + %z(t —T)E5(t, 2(t),2(t — 7)) — F(t, 2(t), 2(t — 7))
> (5 = DF(t2(2), (¢ = 7)) = G
1/ 1
= mlzf/ (5~ = 1) = s
> |w|q - 05,
(4.19)
where



EJDE-2013/150 EXISTENCE OF INFINITELY MANY PERIODIC SOLUTIONS 17
2(t) = Hi(t,w(t),w(t — 27)),  z(t —7) = Hy(t,w(t), w(t - 27)),
lw] = \/w2 1)+ w2(t —27), |z| = \/22(t) + 22(t — 7).

It then follows from (4.18)) and - ) that

va(t)HLq[o,zw] = [lom(t = 27)|[Lago,297) < T (constant),

that is to say, {v,} is bounded.

Now, we show that {v,} has a convergent subsequence. The fact that L]0, 2v7]
is a reflexive Banach space implies that there exists a subsequence of {v,,} which is
weakly convergent in L?[0,2vy7]. We use {v,, } to denote it. Therefore, vy, (t) —
v*(t), U, (t —27) = v*(t — 27). Since H is a convex function, one can obtain the
inequality

H(t,v*(t),v"(t — 27)) + Hi(t,v*(t),v*(t — 27)) (v, (t) — V" (1))
+ Hi(t, v*(t),v*(t — 27)) (v, (t — 27) — V™ (t — 27))
< H(t, U, (), U, (t — 27)).

The above discussion indicates that
2yT 2yT

H(t,v*(t),v*(t — 27))dt < lim H (t, U, (1), U, (t — 27))dt. (4.20)
0 k—oo JO

On the other hand, the convexity of function H yields
H(t,v*(t),v"(t — 27))
> H(t, Uy (£), Um, (t = 27)) + H{(t, Uy, (t), Uy, (8 = 27)) (07 (8) — Vi, (2))
+ Hy(t, v, (1), Uy, (t — 27)) (0 (t — 2T) — U, (E — 27)
= H(t,Um, (t), Vm, (t — 27)) + (—KvUm, + 2m,, + Xmp) - (©F — Umy)-
(

Since the operators A and K are compact and (2, (t), 2m, (t — 7)) — 6, one can
obtain that
2T 2vT

lim sup H(t,vm, (t), U, (t —27))dt < H(t,v"(t),v"(t — 27))dt. (4.21)
k—oo JO 0

Then, using Lemma Corollary and , one can obtain that
(Umy, (8), Uy, (8 = 27)) — (V™ (8), 0" (t — 27)).
Step 2. Now we prove that there exist constants p,r > 0 such that
Jloq, = p >0, (4.22)
where

o0, = {(U(t),v(t —27)) € LY0,2v7] x L0, 2v7] :
lv()lLajo,2v7) = [[V(E = 27) || La[0,247] = r}.

Let 8 = ||IA(||£(Lp,Lq). Choose § > 0 so that constant Cjy is large enough. Take r
small enough such that, by Lemma [4.6] when [[v(¢)| 1« = r, there exists a constant
C7 > 0 satisfying

“ /|U|<a o(OFdt - 45(/14«; o(t)|dt s 07(/“)«S |U(t)|th)2/q, (4.23)
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cg/ |U(t)|thf4ﬂ</ \v(t)|th)2/q > c7</ |v(t)|th)2/q, (4.24)
0|26 |6 0|26
where |v| = \/v2(t) + v2(t — 27). Since
a®+b° < (a+b)° < 2°a® + b%),
where a,b > 0 and ¢ > 1, by and , we have

(R(0(1)), vt — 2)) + 5 (R (w(t — 27)), v(t)
+ /0 H(t,v(t),v(t —271))
[0 o207 — 5 oD st0200) + Cs / ()Pt

|v]<é

+ Gy / ot —2r) Pt + Cp | (VORGP = 27))“dt
lv]<é [v|>8
B

&
> =S 0@ ap 297 = FI0O 1 Lapo 247 + Co o(t)[dt

|v]<é

+05/ |v(t—2r)|2dt+0f5/ lo(t)|7dt
lv|<éd

lv|>6

> o ( /M oioypar)” + ( /lm wprar)”’] + ¢y /M jo(t — 27)|dt

Cr
> 22/q ”U( )”LLI[O,Q'yT] = 22/qT‘

Then, substituting p = 5 /qr in the above inequality yields (4
Step 3. Finally, since J(¢) = 0 and J(v) is an even functlon in v, if we let

v;(t) = sin %t,j =1,2,..., then the linear spaces can be defined as

E; =span{vi,v2,...,v;}.

From Remark [.1] we have

I?(sink—ﬂt)
T
1 , 2km km . 2km km
=— - p'(t) cos — + —p(t) sin — ) cos — (t — 27
j—’;(p/2+(’;—’;)3p2(t)[( (t) poi o (t) ) ( )
2km km 2km km
+ (=p'(t) sin —— + —p(t) cos —) sin — (¢ — 27
(=2/(8)sin = + 2 p(e)cos ) sin (1 — 27)
and

~

K (sin k—ﬂ(t —27))

YT

1 , 2km km . 2km km

= — p(t) cos — — —p(t)sin — ) cos —¢
BT B O Ty AP,

2 2
+ (p'(t) sin 2km + k—ﬂ-p(t) cos ﬂ) sin k—ﬂt]
T v
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By assumption (A4), for any p(t) € C*, we have

= 2herr 2%
p(t) =ao + Z(ak cos —t + by sin —t) > 0,
k=0 T T
+oo
2k 2k 2k 2k
p/(t) = ;)(akj sin Tﬂ-t —+ kaﬂ- COS Tﬂ-t> .
Therefore,
1, = 1 ~ 2yt
J(vj) = §<va(t —27),v,(t)) + *(Kl)j(t)ﬂjj(t —27)) + ; H(t,v;)dt
1 [T j—:pt cos 2T
- 75\/ jﬂ' PY/Q( ) Jm 3’Y2 |U](t)|2dt
o WP+ (E)PR(t)
127 p(t) cos - 297
2 / Jl(w 2y (Jj):;z(t) o (¢~ 27)[2dt] + H(t,v;)dt,
0 57\P v )P 0

which implies that there exists to € [0, 7] such that

19

(4.25)

1 Zp(to) cos 22T 277
I = 5[ [ o
(0 (10))? + (57)°p?(t0) tJo
2yT 2yT
+ / o (t — 27)|2dt} + H(t,v;)dt.
0 0
Without loss of generality, we may choose j; < jo < --- < ji < ..., such that
27 27 27
cos J1T > 0, cos J27 >0, ..., cos kT > 0.
Thus,
LT (t) cos 227
— >0 Vtel0,2y7], jr € N.
M(p/ + (M)3p2(t)
Choosing vj, (t) = sin J“r t,(k=1,2,...,), we can define
Ej, = span{v;,,vj,,...,v;.},
and

j 27
B (1) cos 28T

—Jk _
)\Mk - max {_ JET (12 JkT 3 2
t€[0,2y7,j, EN] Era (P +( poes )3p3(t)

} <0

It is obvious that dim Ej, = k. (k = 1,2,...,). Hence, when ¢ € E;,, it follows

from that
NIk 2T 2yT
s0) < ([ lowPars [ jote —2n)Pa

2
Coy [T
+
m

(V2(t) + ¢2(t — 27))%dt + 277y

0
2yT
Ca, v

|p|%dt + 2y7Cs.
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We notice that ¢ < 2,)\];[“ < 0. Therefore, when ¢ € Ej, \ B, , there exists
Rj, > 0 such that J(¢) < 0. Thus, from steps 1, 2, 3 and Lemma [2.4] we obtain
Theorem [£.2 O

To conclude this section, we present the following remark.

Remark 4.9. Theorem introduces a method based on the variational struc-
ture and the operator theory to study the periodic solutions to the second-order
nonlinear functional differential systems. This method is different from those in
the literature such as the fixed point theory, the coincidence degree theory, or the
Fourier analysis method. The method has applications in the study of periodic
solutions of second-order nonlinear functional differential systems.
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