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PROPERTIES OF SOLUTIONS OF FOURTH-ORDER
NONLINEAR EVOLUTION EQUATIONS

NING DUAN, XIAOPENG ZHAO, BO LIU

ABSTRACT. In this article, we consider the existence and uniqueness of global
solutions for a fourth-order nonlinear evolution equation which models the
formation of facets and corners in the course of kinetically controlled crystal
growth. Moreover, the existence of global attractor in H? and H* (k > 0)
space is also considered.

1. INTRODUCTION

In the study of the formation of facets and corners in the course of kinetically
controlled crystal growth [2], there arises the fourth-order nonlinear evolution equa-
tion

1
hi + mV?h +vVih = 5(Vh)2 + haglah? + bhi] + hyy[bh2 + ah?] + chayhghy.

Such equation is derived for the faceting of crystal surfaces with unstable orien-
tations when there is no surface growth. The linear damping coefficient v > 0
characterizes the stabilizing effect of the additional energy of edges and determines
their widths. The coeflicient m > 0 characterize the linear faceting instability of
the thermodynamically unstable surface, and the coefficients of the nonlinear terms
determine the stable orientations of the appearing facets and the symmetry of the
faceted structure. The coefficients a, b and ¢ characterizing the stable orientation
of facets are also taken to be positive.
In this article, we consider the 1D case of the above equation

Ut + VlUgppr + Mgy — §(ux)2 —a(ug)*uge =0, in Qr, (1.1)
with the Newmann boundary conditions
g (0,8) = Uz (1,) = Ugas (0,1) = Ugee(1,8) =0, (1.2)

and the initial condition
u(z,0) =up(z), in (0,1), (1.3)

where Q7 = (0,1) x (0,T), v, m and a are also positive constants.
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This article is organized as follows. In the next section, we establish the existence
and uniqueness of global weak solution in the space H*!(Qr); In Section 3, by
uniform a priori estimates methods, we show the existence of the global attractor
in the space H?(0,1); In the last section, based on the iteration technique and
regularity estimates for the semigroups, we study the existence of global attractor
for problem (L.I)-(L.3) in a more generalized space H*(0,1), where 0 < k < o0.

For notational convenience, we denote by || - || the norm of L?(0,1) with the
usual inner product (-,-), || - ||, denotes the norm of LP(0,1) for 1 < p < 400
(F-ll2=1-1D, II - lly denotes the norm of any Banach space Y. In the following,
C, C;, Cl, (i=1,2---) will represent generic positive constants that may change
from line to line even if in the same inequality.

2. EXISTENCE AND UNIQUENESS OF GLOBAL SOLUTIONS

In this section, we consider the existence and uniqueness of global weak solutions
of the problem (1.1])-(1.3]). First of all, we define
L=(0,1) = {v; [|[v][ze = ess,sup,¢(o,1) [v] < +o0},
HE(0,1) = {v € H*(0,1);0,(0,) = vy (1,) = 0},
H%(Ov 1) = {’U € H4(07 1); Uw(mvt) = Ua:xw(xat) =0,z =0, 1}a
H4’1(QT) = {’U; vy € L2(QT)) U, Vg V) Vaxa, Vexox S L2(QT)}

Definition 2.1. A function u(z,t) is called a weak solution to problem (|1.1)-(1.3]),
if u e H41(Qr), and it satisfies

1
// w0 dx dt+// (VUgzge +MUge — iui —auium)v dedt =0, Yve Lz(QT)'
QT T

From the classical approach, it is not difficult to conclude that (1.1))-(1.3)) admits
a unique solution local in time. So, to obtain the result on the global solution, it is
sufficient to make a priori estimates.

Theorem 2.2. Assume that ug € H(0,1) and T > 0, then problem (1.1)-(1.3)
admits one and only one solution u € H**(Qr).

Proof. Multiplying both sides of (1.1]) by u, then integrating resulting relation with
respect to = over (0,1), we obtain

l1d 2 2 . 1, oy
iaﬂuH + vjugz||® — m|luz||® — 3 uzudr —a upUzgudr = 0.
0 0

Note that

1 , a .
a/ u:cu’I‘TU'dI = 7§||U‘IH47
0
1 [t a 3
5/0 wiudr < gHuwHﬁ + 167”“”2,

2
14 m
il = =i, 0) < &t | + 5l

Summing up, we derive that

m2
< (o + )l (21)

A

d
S lull? + vl ®
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By Gronwall’s inequality, we obtain

[ul|? < eEat =) ug||> < €, Vt € (0,T). (2.2)
Integrating (2.1)) over (0,7"), using (2.2)), we deduce that
T 2 4T
1 3 m
2 2 2
” dt<—<— m dt )< . 2.
| tusalPar <3 (G + 5 [ P+ uwl?) <0 23

Multiplying both sides of equation (1.1)) by —u,,., then integrating with respect to
x over (0,1), we obtain
1d
2dt
Note that

1 1 1
a4 vl = e+ 5 [ urade o [l de o
0 0

1 1
2 2
/ Uy Upgdr = —2/ Uy Uz dr = 0,
0 0

2 v 2, M 2
= — < — - .
||tz || MUz, Us) < 2””1”” + o fluazl
Then, summing up, we derive that
d m?
By Gronwall’s inequality, we obtain
’777/2
lug||* < e Hlugl* < C, Vte (0,T). (2.5)
Integrating (2.4) over (0,7, using (2.5, we deduce that
T 1/m? (7
[ Ml < 5 (" [ el + s ) < € (26)
0 vixrv-Jo
Here, using Sobolev’s embedding theorem, by (2.2) and (2.5)), we have
lt]loo = sup |u(z,t)] <C, Vte (0,T). (2.7)
x€(0,1

Multiplying both sides of (1.1) by ugzqe, then integrating with respect to x over
(0,1), we obtain
1d

1 1 1
0 0

Using Nirenberg’s inequality, we have
||uﬂsl|4 < Ci||uxmxz||1/12||uz”u/12 + Csllu
[[uzlls < Ciuuxmx“l/SHquNS + Oz,

Uz lla < C{Hurmst/lQ”um”?/lz + Cé”um”

Then
1 [t v 3 v
1 2 2
v 3a 3a v
0
v 3m?
m”urrx”Q = 7m(UIEIIJ)7uI.’E) < *||Uz'trx||2 + 7”“%"5”2

— 6 2u
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Summing up, we derive that
d 3m?
Tl + vlteaee|® < == luaa|® +2C1 + 2G5, (2.8)
By Gronwall’s inequality, we deduce that
2
[tza||? < 3™ Y |[ugaol|? + “(C1+Cy) <C, Ve (0,T). (2.9)
Integrating (2.8)) over (0,7, using (2.9)), we deduce that
T 1/3m? [T
/ ttama[2dt < ;(7/ ol Pt + 2(Cs + C)T + uol?) < €. (210)
0 0

By Sobolev’s imbedding theorem, from (2.2)), (2.5)), (2.9) it follows that

luzlloo = sup |ug(z,t)] < C, Vte (0,T). (2.11)
z€]0,1]

The a priori estimates (2.7)), (2.6) and (2.10) complete the proof of global existence.

Because the proof of the uniqueness of the solution is easy, we omit it here. The
proof is complete. O

3. GLOBAL ATTRACTOR IN H?(0,1)

The dynamic properties of diffusion equations such as the global attractors and
global asymptotic behavior of solutions are important for the study of diffusion
model. There are many studies on the existence of global attractors for diffusion
equations, such as [I}, [3, [, 10] and so on. In this section, we are interested in the
existence of global attractors in the space H?(0,1) for problem (L.1J)-(L.3).

By Theorem [2.2] we can also obtain u(x,t) € L®(0,T; H?(0,1)). Define the
operator semigroup {S(t)};>o in H?(0,1) space as

S(tyug = u(t), Yuo € Hz(0,1), t >0, (3.1)

where u(t) is the solution of ([1.1)-(1.3) corresponding to initial value uy.
Notice that the total mass is conserved for all time; we let

U:{ueHé(OJ):/Oludx:O}. (3.2)

It is sufficient to see that the restriction of {S(¢)} on the affined space U is a well
defined semigroup.

Now, we give the result on the existence of global attractor for problem (|1.1])-
(C3) in H(0,1).
Theorem 3.1. Assume that v is sufficiently large, then the semiflow associated

with the solution v of (1.1)-(1.3) possesses in U a global attractor A which attracts
all the bounded sets in U.

To prove Theorem [3.I] we establish some a priori estimates for the solution u
of (T.I)-(L-3). In this section we always assume that {S(t)};>o is the semigroup
generated by the weak solutions of equation with initial data ug € H%(0,1).
We have the following lemmas.

Lemma 3.2. For initial data vy varying in a bounded set B C U, there exists a
to(B) > 0 such that

lu(®)[[r201) < C, ¢t = to(B).
which implies that {S(t)}+>0 has a bounded absorbing set in U.
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Proof. We prove this lemma in the following three steps.
Step 1. Based on Poincaré’s inequality, we have

1
lul® < Sl %, (3.3)
Holder’s inequality gives
1 1
a1 < S llull® + 5 luaa (3.4)
Adding (3.3) and (3.4) together gives
1
lull® < gllumll2~ (3.5)

Using ([2.1) and (3.5, we immediately obtain the following inequality

d 9 9 3 m? 9
_ < (Z .
Sl + 3vlul? < (= + o)l

8a
that is,
d 5 3 m? 9
— - = <
Sl + (3 = = = ") ul* <o,

where v is sufficiently large, which satisfies 3v — % — m72 > 0. By Gronwall’s
inequality, we get
m2
el < e 77307508 o2 (3.6)
Thus, for initial data in any bounded set B C U, there is a uniform time ¢1(B)
depending on B such that for ¢t > t1(B),

Jull* < C. (3.7)
Step 2. By (3.3) and (3.4)), we can also obtain
2

Adding (2.4) and (3.8) gives

d 3 m?2
Elltall? + Sellsal> < 2 s
that is,
d 3v m?
§||U:v||2 + (? - 7)”“9:”2 <0,
where v is sufficiently large, which satisfies 37” — mTQ > (0. By Gronwall’s inequality,
we deduce that )
_(3y_m=2
lue|® < e 75 lugo 2. (3.9)

Thus, for initial data in any bounded set B C U, there is a uniform time to(B)
depending on B such that for ¢t > t2(B),

|lug||? < C. (3.10)
Step 3. For (2.8), applying the regularity theorem of elliptic operator, we have
d 3m?
%Humllz + VO/(HUMHZ + ||uxwx||2) < THux:c”Z +2(C1 + C2),

which means )
d 3m
@Ilumll2 + (wC' — 7)\\um||2 <2(C1 + (o), (3.11)
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3m>

where v is sufficiently large, which satisfies vC’ — == > 0. Then, using Gronall’s
inequality, we derive that
/_3m?2 2u(C +C
o2 < €= a2 4 2ACLE C) (312)

v2C" —3m?2’
Thus, for initial data in any bounded set B C U, there is a uniform time t3(B)
depending on B such that for ¢t > t3(B),

4v(Cy + Cs)
v2C" —3m?2’
By Sobolev’s embedding theorem, we have

o (@, 8) e < C.

Combining (3.7), (3.10) and (3.13) , we complete the proof. O

In the following, we prove the precompactness of the orbit in U.

[z |* < (3.13)

Lemma 3.3. For initial data ug varying in a bounded set B C U, there exists a
T(B) > 0 such that

||u(t)||H3(0’1) <C, Vt>T>0,
which implies that | J,~ u(t) is relatively compact in U.

Proof. The uniform bound of H?2-norm of u(z,t) has been obtained in Lemma
In what follows we derive the estimate on H3-norm.

Differentiating with respect to x, then multiplying by wzzzz: and integrat-
ing on (0, 1), using the boundary conditions, we have

1d
5%”“961730”2 + V”uzmmr”2 - mHummnz
1 1 1
0 0
Note that
1 2
v 3m
M| Uszes||® = —m/ UpzpUszrrzd? < = ||Usszzal® + —— |Uzae ||,
0 3 41/
and

1 1 1
3 | tnsrnde = [ ststasseade < il e s e
0 0

v 3 v
< §||Ux:c:cxﬂc”2 + EHU:c”Zo”ux:c”Z < g”uxwmxuz + Cs.

On the other hand, Nirenberg’s inequality gives
1
12

gz lla < Ci”“:t%ﬂ” 2 HUMH% + Cé”“:mn

Hence
1 1 1
2 2 2
a / (UG Uga) 2 Ugzzazdr = 2a / Uz Uy Uzgazedd + a / (Ut VRS Vp——"
0 0 0

< 2a|ug oo ||umw||z21||ummr|| + aHuz”zo uzee || Uzl

|u:mwza:H2 + CH“MH?L + C4||uwww||2 +C

IN

|
6
v 2 2

g”uwwwsz +C4||uwsz|| + Cs.

IN
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Summing up, we have

d 3m?
Integrating (3.11]) between ¢ and t + 1, using (3.13]), we have
t+1
/ ||uxxa:||2dt <C. (3.15)
t

Due to (3.14)), (3.15), and the uniform Gronwall inequality in [I0], we obtain that
[tgae||” < C, VE> 1.
The proof is complete. O

Proof of Theorem[3.1. By Lemmas and [I0, Theorem I.1.1], we conclude
that A = w(B), the w-limit set of absorbing set B is a global attractor in U.
By lemma this global attractor is a bounded set in H3(0,1). The proof is
complete. ([l

4. ATTRACTOR IN HF(0,1)

We introduce the following spaces:

H={uecL?*0,1): /1 u(z, t)dx = 0},
0

Hip=Hp(0,1)NH =U, (4.1)
H, = H3(0,1) N H.
Define the linear operator L and the nonlinear operator G by
Lu = —vugspq,
(4.2)

1
Gu = g(u) = —maug, + 5(%)2 + a(tg)* Ussy-

It is easy to check that L given by (4.2) is a sectorial operator and the tractional
power operator (—L)/? is given by (—L)/? = Vl/Qaa—;. The space Hj /5 is the same
as ([£.1I), H: is given by H1 = closure of Hj/, in HY(Q) and H, = H* N H; for
k> 1.

Based on [6], the solution u(t, ug) of the problem (1.1) can be written as

t t
u(t,ug) = eFug + / e Gudr = etFug + / el g(u)dr. (4.3)
0 0

We introduce a result on the sectorial operator L in (4.2), which is important in
this section and can be found in [5, [6] [7, 8 ©} [1T].

Lemma 4.1. Assume that L : H — H is a sectorial operator which generates an
analytic semigroup T(t) = e, If all eigenvalues X\ of L satisfy ReX < —\o for
some real number N\g > 0, then for L%(L = —L) we have

(C1) T(t): H— H is bounded for all k € R' and t > 0;

(C2) T(t)Lrx = LT (t)x, Vo € H;

(C3) For eacht >0, L"T(t) : H— H is bounded, and

17T ()| < Ot~ e

where some § > 0 and C' > 0 is a constant depending only on k;
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(C4) The H—norm can be defined by |||, = ||L x| m-
Now, we give the main result of this section.

Theorem 4.2. Let ug € Hi(0,1) and v is sufficiently large. Then, for any k > 0,
the semigroup associated with the problem (1.1)-(1.3|) possesses a global attractor in
H,.(0,1), which attracts all the bounded sets in the H,-norm.

To prove Theorem [4:2] we should prove the following two lemmas.

Lemma 4.3. Let ug € H.(0,1) and v is sufficiently large. Then for any k > 0, the
semigroup S(t) generated by the problem (1.1)-(1.3) is uniformly compact in Hy.

Proof. It suffices to prove that for any bounded set U C H,, there exists C > 0
such that

lu(t,uo)||a, <C, Vt>0, up €U C Hg, k>0. (4.4)
For k = 1/2, this follows form Theorem i.e., for any bounded set U C Hy /s,
there is a constant C' > 0 such that

[u(t, uo)llm,,, <C, VE>0, ug €U C Hyyp. (4.5)

Then, we shall prove (4.4) for any £ > %, which will be proved in the following
steps.

Step 1. We prove that for any bounded set U C H, (% < Kk < 1), there is a
constant C' > 0 such that

1
lutt, wo)llm, < C. VE20, ug €U, 5 <n<1l. (4.6)

By the embedding theorem, we have
Hy9(0,1) — W'4(0,1),  Hy/2(0,1) — Wh>(0,1).

Hence

1
1
ol = [ (-t + 502 + s, oo
0
1
<C [, +ut s b )de
0

< Clllulld,,, + lulliyra + lullir < llul, )
< C(llull, ,, + Il ,, + lulg,,,) < C.
which implies that g : Hy/, — H is bounded. Hence,

t
lu(t, uo) |, = lle"Fug +/ g (u)dr |,
0

t
< Clluall, + [ I(-L)7e g(u) s
0

e (4.7)
SCIIUoIIH,ﬂr/O (=L)D" llg(u) | mdr

¢
< Clluolls, + c/ e dr
0
<C, Vt>0,uy€eUCH,
where 0 < x < 1. Then, (2.4) holds.
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[

Step 2. We prove that for any bounded set U C H, (1 < k < ), there is a
constant C' > 0 such that

5
lu(t,uo)llmg, <C, VE>0,u €U, 1<k< T (4.8)
In fact, by the embedding theorems, we derive that
H,(0,1) — H*(0,1), H?(0,1) — Wh>(0,1), H?*(0,1) — W>%0,1),

where % < k < 1. Then, using (L.1)), we obtain

lg(w)ll

= N

1
— [ (ow2ds
0
1
= / (=Ml + Uplipy + 20U,u2, 4+ U ULz ) da

4,2

<C( ||u||H3 el s + il lullies + lulli s luliFs)

< Cllulld, + lulls, + lulf, +llulf,) < C,
(4.9)
which implies that g : H, — H% is bounded for % < k < 1. Hence,

t
Jutt. o), = o + [ e Eg(u)dr]m,
0
t
< Clluol, + [ I(=Ly"e " g(u)dr
t
< Clluol, + [ =Ly e~ - g(u) |y dr

t
< Clluollm, + C/ e dr
0
<C, Vt>0,upeUCH,
where € = k — 1 (0 < € < 1). Then, (2.5) holds.

Step 3. We prove that for any bounded set U C Hy (5/4 < k < 3/2), there is a
constant C' > 0 such that

w

5
lutt,uo)lm, <C. V20, wel, $<k<3. (4.10)

\}

In fact, by the embedding theorems, we have

H,.(0,1) — H*0,1), H*0,1) — W'>(0,1), H*0,1)— W?%0,1),
HY(0,1) — W4(0,1), H"(0,1) — W?*°(0,1),
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where 1 < k < 5/4. Then,
2
lg(w)lz, ,,

—Abwmwx

1
3
- / (_muwwwz + UpUzzrr + UzaUgaa + ZG,’Lsz
0

2 2
+ 60U Up g Upry + QUL UL zee ) dT

(4.11)
1
<C /0 (Ue + U Uy + Uy + Upgy + Uy + UMy + UGG, )d
< Clfullzzs + ullfy oo lluliFrs + lulliyes + lulliyss + lullfy
+ lullyr, e lulliye.a + lulliyr llel7a)
< Clulld, + lullsy, + lulf, +llul®,) < C.
which implies that g : H, — Hj /o is bounded for x > %. Hence,
t
u(t, wo)|l . = lleug +/ D g(u)dr | a,
0
' 5 o(t=7)
<C _ )32 t—T)L| . d
< Cllulm, + [ W=y 8 gl

t

< Cluol| &, +C’/ e 0dr
0

<C, Vt>0,upeUCH,

where € =k — 3 (0 < e < 1). Then, (4.10) holds.

Step 4. We prove that for any bounded set U C H, (3/2 < a < 7/4), there exists
a constant C' > 0 such that

3
lu(t,uo)|lg, <C, ¥t>0,up€UC H, 3 <K<

YN

(4.13)
Based on the following embedding theorems, we deduce that
H,(0,1) — H5(0,1), H®(0,1) — W*>(0,1), H®(0,1) — W2%(0,1),
H5(0,1) — W*%(0,1), H®(0,1) — W?*%(0,1), H®(0,1) — W*2(0,1),
H5(0,1) — W340,1), H"(0,1) — W8(0,1),
where 5/4 < o < 3/2. Then
oI, ,

1
/mw@m
0

1
2 2
= / (—MUzzaze + UsUszoar + 2Uazplszre + Unyy + 12005, Uy
0

2 2 2
+ 6auyuy . + 8aUzUppUprry + QUG Uprazs ) AT
1
2 2 2 4 4 2 8 4
0

2, 4 4 8 8 4,2

T rTrrrT
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< Clllullfs + lullfyr.c llulls + lulliyza + lullfyas + lulfys + lulfys.
+llulliyss + el lulliys.s + lulfys + lulli lluls)
< Cllullf, + lullty, + lullfy, + llully,) < C.

which implies that g : H, — Hj,4 is bounded for x > 1. Hence,

t
lut, uo) s, = lle"ug +/ g (u)dr |,
0

t
_3 (4_r
< Clluollm, + / O B Ol

t
< C|luol| &, +C/ e 0dr
0
<C, Vt>0,upcUCH,

where € = k — 3 (0 < e < 1). Then, holds.

In the same way as in the proof of , by iteration we can prove that for
any bounded set U C H,, (k > 0) there exists a constant C' > 0 such that
holds; i.e., for all K > 0 the semigroup S(t) generated by problem is uniformly
compact in H,. The proof is complete. (Il

Lemma 4.4. Let ug € Hi(0,1) and v is sufficiently large. Then for any k > 0,
the problem (1.1))-(1.3)) has a bounded absorbing set in Hy.

Proof. Tt suffices to prove that for any bounded set U C Hy (k > 0), there exist
T > 0 and a constant C' > 0 independent of ug, such that

lu(t, uo)|lm, <C, Yt>T, ug € U C Hy. (4.15)

For £ = 1/2, this follows from Theorem So we shall prove for any
k > 1/2. We prove it in the following steps:

Step 1. We prove that for any % < k < 1, problem — has a bounded
absorbing set in H,,. By , we deduce that

¢
u(t, ug) = e~ Eu(T, ug) +/ e Lg(u)dr. (4.16)
T

Suppose that B is a bounded absorbing set of problem (1.1))-(1.3]), which satisfies
B C Hy /3, we also assume Ty > 0 such that

1
u(t,ug) € B, Vt>Ty, up €U C Hy, k> 7 (4.17)
It is easy to check that
]| < e,
where A1 > 0 is the first eigenvalue of the equation

1/2ux9¢ = \u,

ug(0,1) = uz(1,8) = 0.

—V

(4.18)

Thus, for any given T' > 0 and up € U C Hy, (k > 1/2), we deduce that
tlim ||e(t_T)Lu(T7 uo)||lz,. = 0. (4.19)
—00
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Using (4.16)), (4.17) and (4.19)), we have

t
lu(t, o) .. < [t~ u(To, wo) . +/T I(=L)"e"=DF) - |lg(u)| 7
0

t
< T (T, ug) o, + C / I(=Lyrelt=DE|
T (4.20)

T—T,
< ”e(t_TO)Lu(TO;UO)”HN —l—C/ T—ne—érdT
0

< [le =T u( Ty, wo) |, + C,

where C' > 0 is a constant independent of ug. Then (4.15) holds forall1/2 < k < 1.
Step 2. We shall show that for any 1<k <5/4, problem . has a bounded
absorbing set in H,. Using (4.16]) and ., we deduce that

[t wo)|lm, < [l u(To, uo)l| . + |l( L)< delt=nk|. lgCu)lzr, dr
< eI Ty, )|, + C ||(— )i el =E | dx
To

T-T, )
< ||e(t_TO)LU(T07U0)l|HN + C/ =D qr
0

< e =Ty ( Ty, uo) || 1, + C,

where C > 0 is a constant independent of ug. Then, ([2.9)) holds for all 1 <k <5/4.
Step 3. We shall show that for any 5/4 <k < 3/2 problem 1)-(T.3) has a
bounded absorbing set in H,. Using (4 and , we deduce that

t
_ _1 (s
lut, uo) [, < Nl (T, uo)|, +/T I(=L)*= 25 g () a, pdr
0

< e T b u(Ty, up) ||, +C [ [(=L)~2e""E | da

t
||
To
T—To .
< (Tl +€ [ D
< (e~ u(Th, w0) |, + C.

where C' > 0 is a constant independent of ug. Then (2.9) holds for all 5/4 < k < 3/2.
By the iteration method, we have that (4.15)) holds for all k > 1/4. The proof is

complete. O
Proof of Theorem[{.3. By Lemma and Lemma we immediately conclude
that the statement of the theorem. (]

Remark 4.5. Since the tools used work for the periodic boundary values, the
results of this article are also valid for equation with the periodic boundary
conditions in the sense [10], That is, for any ug € Hper((), 1), there exists a global
unique weak solution wu(z,t), a global attractor in H* (0 < k < oo) space for
equation under the initial value condition and the periodic boundary
conditions
Ple=0 = Plz=1,
for u and the derivatives of u at least of order < 3.
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