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MAXIMUM NUMBER OF LIMIT CYCLES FOR GENERALIZED
LIENARD DIFFERENTIAL EQUATIONS

SABRINA BADI, AMAR MAKHLOUF

ABSTRACT. Applying the averaging theory of first and second order to a class
of generalized polynomial Liénard differential equations, we improve the known
lower bounds for the maximum number of limit cycles that this class can
exhibit.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main problems in the theory of ordinary differential equations is the
study of their limit cycles, their existence, their number and their stability. A limit
cycle of a differential equation is a periodic orbit in the set of all isolated periodic
orbits of the differential equation. These last years hundreds of papers studied the
limit cycles of planar polynomial differential systems. The Second part of the 16th
Hilbert’s problem [I3] is related with the least upper bound on the number of limit
cycles of polynomial vector fields having a fixed degree. The generalized polynomial
Liénard differential equation

&+ f(x)t+ g(z) = 0. (1.1)
was introduced in [I7]. Here the dot denotes differentiation with respect to the
time ¢, and f(x) and g(z) are polynomials in the variable = of degrees n and m
respectively. The Liénard equation, which is often taken as the typical example of
nonlinear self-excited vibration problem, can be used to model resistor-inductor-
capacitor circuits with nonlinear circuit elements. It can also be used to model
certain mechanical systems which contain the nonlinear damping coefficients and
the restoring force or stiffness. Limit cycles usually arise at a Hopf bifurcation in
nonlinear systems with varying parameters. In mechanical systems, the varying
parameter is frequently a damping coefficient (see [IL [7]). Lots of papers discussed
the possible number of limit cycle of Liénard or generalized mixed Rayleigh-Liénard
oscillators. Ding and Leung [7] investigated the generalized mixed Rayleigh-Liénard
oscillator with highly nonlinear terms. They consider mainly the number of limit
cycle bifurcation diagrams of these systems. For the subclass of polynomial vector
fields we have a simplified version of Hilbert’s problem, see [I8] 26].

Many of the results on the limit cycles of polynomial differential systems have
been obtained by considering limit cycles which bifurcate from a single degenerate
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singular point, that are so called small amplitude limit cycles, see [19, 23]. We
denote by H (m,n) the maximum number of small amplitude limit cycles for systems
of the form (L.I). The values of H(m,n) give a lower bound for the maximum
number H(m,n) (i.e. the Hilbert number) of limit cycles that the differential
equation with m and n fixed can have. For more information about the
Hilbert’s 16th problem and related topics see [14] and [15].

Now we shall describe briefly the main results about the limit cycles on Liénard
differential systems as it is described in [21].

e In 1928 Liénard [17] proved that if m = 1 and F(z) = [, f(s)ds is a
continuous odd function , which has a unique root at x = a and is monotone
increasing for > a, then equation (|1.1)) has a unique limit cycle

e In 1973 Rychkov [24] proved that if m =1 and F(z fo s)ds is an odd
polynomial of degree five, then equation (1 has at most two limit cycles.

e In 1977 Lins, de Melo and Pugh [I8] proved that H(1,1) =0and H(1,2) =
1.

e In 1990, 1996, Dumortier, Li and Rousseau in [I0] and [8] proved that
H(3,1) =

e In 1998 Coppel [6] proved that H(2,1) = 1.

e In 1997 Dumortier and Chengzhi [9] proved that H(2,2) = 1.

e In 2010 Chengzhi Li and Llibre [I6] proved that H(1,3) =

Blows, Lloyd [3] and Lynch [20, 22] have used inductive arguments in order to prove
the following results.

If g is odd then H(m,n) = (5]

If f is even then H(m,n) = n, whatever g is.

If fis odd then H(m,2n +1) = [(m_Q)] +n.

If g(x) = x + ge(z), where g, is even then H(2m,2) = m.

Christopher and Lynch [5] developed a new algebraic method for determining the
Liapunov quantities of system (|1.1)) and proved the following:
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H(m,3) = 2[%] for all 1 < m <50,

ﬁ(?),n) = 2[%] for all 1 < n <50,

H(4,k) = H(k,4) for k =6,7,8,9 and H(5,6) = H(6,5).

In 1998, Gasull and Torregrosa [I1] obtained upper bounds for FI(?,G), ﬁ(6,7),
H(7,7) and H(4,20). In 2006, Yu and Han [28] proved that H(m,n) = H(n,m)
forn=4,m=10,11,12,13; n =5, m=6,7,8,9; n = 6, m = 5,6. In 2009, Llibre,
Mereu and Teixeira [21] using the averaging theory studied the maximum number of

limit cycles H(m,n) which can bifurcate from the periodic orbits of a linear center
perturbed inside the class of generalized polynomial Liénard differential equations
of degrees m and n of the form

T =y,

g=—z— Y F(fi@)y+gh (), (1.2)

k>1
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where for every k the polynomials g% (z) and f¥(x) have degree m and n respec-
tively, and ¢ is a small parameter. In 2011, Badi and Makhlouf [2] using the
averaging theory studied the maximum number of limit cycles H (m,n) which can
bifurcate from the periodic orbits of a linear center perturbed inside the class of

generalized polynomial Liénard differential equations of degrees m and n as follows:
T =y,

g=—a— (i@ y)y+gh(), (1.3)

E>1

where for every k the polynomial g¥ (x) has degree m, the polynomial f¥(x,%) has
degree n on = and y and ¢ is a small parameter; i.e., the maximal number of medium
amplitude limit cycles which can bifurcate from the periodic orbits of the linear
center & = y,y = —=x, perturbed as in . In fact in [2] the authors computed
lower estimations of H (m,n). More precisely they compute the maximum number
of limit cycles Hy(m,n) which bifurcate from the periodic orbits of the linear center
& = y,y = —ux, using the averaging theory of order k, for £ = 1,2. Of course

In this work using the averaging theory we study the maximum number of limit
cycles H(l,m,n) which can bifurcate from the periodic orbits of a linear center
perturbed inside the class of generalized polynomial Liénard differential equations
of degrees I, m and n of the form

k>1

g=—z—Y (i yy+gh(x),

E>1

(1.4)

where for every k the polynomials h¥(x), gk (x) and f¥(z,y) have degree [, m and
n respectively and e is a small parameter, i.e. the maximal number of medium
amplitude limit cycles which can bifurcate from the periodic orbits of the linear
center £ = y,y = —x, perturbed as in .

Let k be a positive integer. We define E(k) as the largest even integer less than
or equal to k, and O(k) as the largest odd integer less than or equal to k. The main
result that improve the mentioned previous results is the following.

Theorem 1.1. If for every k = 1,2 the polynomials h¥(x), gk (z) and f¥(z,y)
have degree I, m and n respectively, with I,m,n > 1, then for || sufficiently small,
the mazximum number of medium limit cycles of the polynomial Liénard differential
systems bifurcating from the periodic orbits of the linear center & = y,y = —zx,
using the averaging theory

(a) of first order

Ao = [PERGE I e (5 5)

(b) of second order

Hy(l,m,n) = Kmax{O(n) +O0(m)+1,0(n) + E()+1,E(m)+ E(1),
20(n) +2,0(1), O(n + 1)} - 1)/2}
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Of course if H(l,m,n) is the Hilbert number for our polynomial Liénard differ-
ential systems , then Hy(l,m,n) # H(l,m,n) for k = 1,2; i.e. the numbers
H (I, m,n) provide lower bounds for the Hilbert numbers of systems .

This paper is structured as follows. In section 2 we present a summary of the
results on the averaging theory that we we shall need in this paper. In sections 3
and 4 we prove statements (a) and (b) of Theorem 1 respectively.

2. THE AVERAGING THEORY OF FIRST AND SECOND ORDER

In the proof of our main result we use the averaging theory as it is presented in
[]. Consider the differential system

2/ (t) = eFy(t,2) + EFy(t,z) + ER(t, x,€), (2.1)

where F1, Fo :Rx D —R", R:R x D x (—e€y,e5) — R™ are continuous functions,
T-periodic in the first variable, and D is an open subset of R”. Assume that the
following hypotheses (i) and (ii) hold.

(i) Fi(t,.) € CY(D) for all t € R, Fy, Fy, R, D, Fy are locally Lipschitz with
respect to x, and R is differentiable with respect to e. We define

1 /7T
Fio(z) = T/ Fi(s, z)ds,
0

T
Fy(z) = T/o [DzFl(s,z)yl(s,z) + Fg(s,z)]ds,

where
yl(s,z):/ Fi(t, z)dt.
0

(ii) For V .C D an open and bounded set and for each € € (—ey, ef)\{0}, there
exists a. € V such that Fig(ac)+€eFa(ac) = 0 and dg(Firo+eFs, V,ac) # 0.

Then, for || > 0 sufficiently small there exists a T-periodic solution ¢(.,€) of the
system such that (0, €) = ae.

The expression dg(Fio + €F, V,ac) # 0 means that the Brouwer degree of the
function Fig+eFsy : V — R™ at the fixed point a. is not zero. A sufficient condition
for the inequality to be true is that the Jacobian of the function Fig+ eF5 at a. is
not zero.

If Fig is not identically zero, then the zeros of Fyy + €Fbg are mainly the zeros of
Fig for e sufficiently small. In this case the previous result provides the averaging
theory of first order.

If Fg is identically zero and Fyg is not identically zero, then the zeros of Fig+€eFyg
are mainly the zeros of Fy for e sufficiently small. In this case the previous result
provides the averaging theory of second order. For more information about the
averaging theory see [25] 27].

3. PROOF OF STATEMENT (A) OF THEOREM 1

We shall need the first order averaging theory to prove statement (a) of Theorem
1. In order to apply the first order averaging method we write system with
k = 1, in polar coordinates (r,f0) where x = rcos(d),y = rsin(f),r > 0. In this
way system is written in the standard form for applying the averaging theory.
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If we write fl(z,y) = Z:-LH:O ai;x'yl, gr(z) = S bzt and hj(z) = 22:0 c;xt
then system (|1.4]) becomes

l n
T =¢ [ Z cirt cos™H(9) — rsin?(0) Z aijr' 7 cos’(6) sin’ (6)
i=0 i+4=0

— sin(f Zbrcos ]—1—0( ),

: € .
0=—-1—- [r cos(6) sin(6 E aijr' T cos' (0)sin’ (0)
r
i+5=0

+ cos(6) i bir' cos’(0) + sin(0 Z cir' cos'( ] + O(€%).

Now taking 6 as the new independent variable, this system becomes

! n
% = —6( Z Ciri cOsi+1(9) — rsin2 (9) Z aijTH_j COSi(Q) sin? (9)
=0

i+5=0
— sin(0) Z birt cosi(é’)) + O(?)

=eFy(0,7) + O(e?).
Using the notation introduced in section 2 we have

l

o 27 ) ) )
Fio(r) = -1 / ( Z cr' COSZ+1( — rsin? Z a;r r*t7 cos? (9) sin’ ()
0

271- 1=0 i+j=0
— sin(0) Z birt cosi(9)> de
i=0

Since

/zﬂcosiﬂ(ﬁ)dﬂ 0 %fz:%seven
0 a; #0 if ¢ is odd,

it follows that

2 . . f . dd d L. dd
/ cost(6) sini *2(0)df = { ° L oecana B o
0 Bij 70 if i is even and j even,

2m
/ sin(6) cos*(0)df = 0
0

fori=0,1,..., we have

27r
Fip(r / Z cirt cos™TL(6)

i=1,7 odd

- Z ai;r 1 cos' (0) sinj+2(0))d0.

i+j=0, i even j even



6 S. BADI, A. MAKHLOUF EJDE-2013/168

We define
max{l,n+ 1} if [ is odd, n is even
M(l,n) = max{l —1,n+ 1} ?fl ?s even, n.is even
max{l,n} if I is odd, n is odd
max{l — 1,n} if [ is even, n is odd.
Therefore,
M(l,n) = max{O(1),0O(n + 1)}
and

(L)1) (000001 1) 121 [
finally, we have

M(l,n)
Fw(?") = Z O’krk7
k=1, k odd
with
1 27 . :
o = o (Ck COSk+1(9) — Q(k—1—j)j cos* 1 (9) SinHz(H)) de,
™ Jo

where k£ > 1 is an odd integer number and j > 0 is an even one. Since Fio(r) is
an odd function, it has at most [(M(I,n) — 1)/2] simple positive real roots. From
section 2 we obtain that for |e| sufficiently small, the maximum number of limit
cycles of system which can bifurcate from the periodic orbits of the linear
center & =y, y = —z using the averaging theory of first order is [(M(l,n) — 1)/2].
Hence statement (a) of Theorem 1 is proved.

4. PROOF OF STATEMENT (B) OF THEOREM 1

For proving statement (b) of Theorem 1 we shall use the second order averaging

theory. In this section we consider the differential systems
&=y +eh} () + Ehi(x) + O(e3), (4.1)
g =~z —e(fo(z,9)y + g () — €(fr(@,9)y + gm (@) + O(%). '

where

m

l n
hi(e) = éa's falwy)= > aa'y’, gn(e) =) ba'
=0 1=0

i+4=0
Then system (4.1)) in polar coordinates (r,8),r > 0 becomes

1 o1 1 2 a2 f2 — o2
_ €Z‘hl (l‘) Yy fnfnxv y) ygm(x) + 62 xhl (Jf) Y fn£x7 y) ygm(x) + 0(63)7
b— 1 YIa@y) +agn (@) +yhi(@)  eyfi(@y) + zgn (@) + yhi(z)
= 2 r2
+ O(€?).

Taking 6 as the new independent variable, this system becomes
dr _ aehi(@) =g’ (@, y) = ygn (@) . [wh?(x) — 2 f2(x,y) — yga,(x)
do r r
@k (@) = A (@) — yop (@) @y fi (@, y) + xg), (x) + yh}(w))}
3
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_ 3 [(whzl () = ¥*fn(@.y) — ygm (@) (zy f2(2,y) + x5, () + yhi(z))

3
| (@hi(@) = y* i@ y) = ygn (@) @y fu(@,y) + 29, (@) + yhi ()
3
(zhy (@) — ¥ fa (@) — Ygm (@) @y fu(@,y) + gy (2) + yhzl(x))z} + O
_ 5 € )
=eFy(0,7) + EFy(0,7) + EF3(0,7) + O(eh),
Now we determine the corresponding function
1 27 d 0
Puo=ge [ [GR00. [ Fionds+ ]
For this we put Fig = 0 which is equivalent to
¢; =0 for i odd, and
a;; =0 for ¢ even and j even
First, we have
d l
Y p _ A A |
= 1(0,7) izzze:\,en ic;r'™ " cos' T (0)
+ > (i + j + Dag;r cos' (9) sin’+2(6)
i+j=2, i odd or j odd
+ Z ibyr' ™t cos'(0) sin(6),
i=1
and
0 l S
| oo == 3 et [ ot
0 1=0, ¢ even 0
+ Z aijrititt / cos' (¢) sin? T2(p)do
i+j=1, i odd or j odd 0
m 0
+ Zbiri/ cos'(¢)sin(¢)de
i=0 0
=- Z cir' Aip1(0) + Z ar" Ay 42y (6)

i=0, 7 even i+j=1, i odd or j odd

o3 ()

' i — ) (i — k)2 (i — (k—2))2...(i — 1)2 .
_ (Z_!k)'( k)?.( ((/:_Z))g) (i-1) sin(0) cosi—* (0)
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(i—1)%( —3)%...(2)? sin(0)

7!

+

Ap,(2n+1)
0

= [ o (@)t (@)
0

p+1 n -1 _ 1) si 2n—2k
_ cos {st”—i—Z nn—1)...(n —k+1)sin (0) },
2n+p+1 2n+p71 2n+p—3)...2n+p—2k+1)

Ap7(2n)
0

= [ cosr(@psin® (@)
0

_ —cos”"1(0) he1 | = (20— 1)(2n - 3)... (20 — 2k + 1)sin® 2 1(9)

_W{bmz P> Cn+p—2)2n+p—4)...(2n+p— 2k) }
(2n — 1!

2n+p).2n+p—2)...(p+2

] /09 cos? (6)db;

for more details see [12].

From the nine main products of d%Fl @,7) f09 Fi(¢,r)d¢, only the following five
are not zero when we integrate them between 0 and 27:

l m i
Z Z P ;b TR cogith+2 9),

- > > i+ + Dagjepr™ 0 cos’(0) sin/ () A1 (6),

i+j=2,7 even and j odd k=0, k even

+ Z Z (i+j5+ 1)aijakhri+j+k+h cosi(ﬂ) sinj+2(0)Ai7(j+2),
i+7=2 k+h=1
where if ¢ even j is odd, and if i odd j even, and the same for k and h, with i + &
odd and j + h is odd too.

n m

+ Z Z (i + 7 + 1)agbpr™+F cos' ()
i+7=2, ¢ odd and j even k=0, k even

1-— cosk+1(9))

X sinj+2(¢9)( ]

m l
- Z Z ibicrr T cos® (0) sin(6) A1 ().

1=2,1 even k=0, k even

Then the last five sums are odd polynomial in the variable r of degree O(n) + E(1),
20(n) + 1, O(n) + E(m),E(l) + E(m) — 1, respectively. Therefore,

1 2

d 0
5 | R [ R
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is an odd polynomial in the variable r and can contribute at most with
max{O0(n) + E(1),20(n) + 1,0(n) + E(m), E(I) + E(m) — 1} — 1
2
simple positive real roots to the roots of Fyo(r).

Now we shall study the contribution of ;- 0277 F5(0,7r)df to Fao(r). The first
part,

vhi(z) — y*fi(2.y) — ygp, (@)
r 9
of F5(0,r), contributes at the roots of Fyy(r) exactly as the function F3y(0,r) con-
tributes to Fio(r); i.e. it contributes at most with
[max{O(Z), On+1)}-1
2

simple positive roots to the roots of Fyy(r). Finally we shall study the contribution
of the second part

(zhi (x) — v fu (@) — Y9 () (@Y fa (2, y) + 295, () + yhy (2))
3
of F5(0,r) to Fy(r), which can be written as

l n
- [ E cirtcos™(0) — E aijr" It cos’ (9) sin’t2(6)
r
=0, ¢ even i+j=1, ¢ odd or j odd

m

- Z bir' cos’(0) sin(a)} )
i=0

- m
[ Z agr T cos™ () sin’ T (6) + Z bir' cos' ™ (0)
i+j=1, i odd or j odd pae

1
+ Z cir' cos'(0) sin(&)]
1=0, 1 even
From the nine products between the different sums, seven ones will not be zero
after the integration with respect to 6 between 0 and 27, and two of these seven
are equal.
So the terms which will contribute to Fs(r) are

l n
1 - _ .
= [ E E CraijrF T cogh T2 () sind T (9)
r
k=0, k eveni+j=1, i even and j odd

l m
+ Z Z bttt cosFHi+2(9)
k=0, k even i=0, ieven
2n
+ Z Qi5AKRT
i+j=1,k+h=1, i+ k odd and j + h odd

i+j+k+h+2 COSi+k+1 (9) Sinj+h+3 (9)

n m
+2 § g aijbpr IR cogiTEFL(9) sind T2 (9)
i+j=1, ¢ odd and j even k=0, k even
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n l
+ E E aijepr TR cogi TR (9) sind T3 (9)
i+j=1,i even and j odd k=0, k even

m l
+ Z Z bicpr ™tk cos™TR(9) sin2(9)]
1=0, 7 even k=0, k even
So the integral between 0 and 27 with respect to 8 of this last expression is an
odd polynomial in the variable r of degree max{O(n) + O(m) + 1,0(n) + E(I) +
1, E(m) + E(1),20(n) + 2}. Consequently the contribution of the second part,
(@hi (@) = y*Fa (@, y) = ygm (@) (@yfo (2, y) + 293 () + yhy (2))
3
of F5(0,r) to the zeros of Fyo(r) is at most with
{{O(n) +O0(m)+1,0(n)+ E()+ 1, E(m)+ E(1),20(n) + 2} — 1}
2

b

simple positive real roots.
From the above results, we have that F5o(r) has at most
{{O(n) +0(m)+1,0(n)+ E(l)+1,E(m)+ E(1),20(n) +2,0(1),0(n+ 1)} — 1]
2
simple positive real roots. So, from the results of section 2 statement (b) of Theorem
1 is proved.
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