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OSCILLATION OF SOLUTIONS TO NONLINEAR FORCED
FRACTIONAL DIFFERENTIAL EQUATIONS

QINGHUA FENG, FANWEI MENG

ABSTRACT. In this article, we study the oscillation of solutions to a nonlinear
forced fractional differential equation. The fractional derivative is defined in
the sense of the modified Riemann-Liouville derivative. Based on a transforma-
tion of variables and properties of the modified Riemann-liouville derivative,
the fractional differential equation is transformed into a second-order ordinary
differential equation. Then by a generalized Riccati transformation, inequali-
ties, and an integration average technique, we establish oscillation criteria for
the fractional differential equation.

1. INTRODUCTION

Recently, research on oscillation of various equations including differential equa-
tions, difference equations and dynamic equations on time scales has been a hot
topic in the literature. Much effort has been done to establish oscillation criteria
for these equations; see for example the references in this article. We notice that in
these publications very little attention is paid to oscillation of fractional differential
equations.

In this article, we are concerned with the oscillation of solutons to the nonlinear
forced fractional differential equation

Dy [r@)¢(x(t) Dfx(t)] + q(t) f(x(t)) = e(t), t = 1o >0, 0 <ar <1, (1.1)

where D¢ (-) denotes the modified Riemann-Liouville derivative [I5] with respect to
the variable ¢, the functions r € C*([tg, 00), R+ ), which is the set of functions with
continuous derivative of order «, the functions ¢, e belong to C([tg, o), R), and the
functions f, v belong to C(R, R), 0 < 1(x) < m for some positive constant m, and
xf(z) > 0 for all z # 0.

The definition and some important properties for the Jumarie’s modified Riemann-
Liouville derivative of order « are listed next (see also in [10} 29] B80]):

o iy = { T i Jo (8 = 7(H(E) — f(0)ds, 0 <<,
t (F @), l<n<a<n+l.
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o LA+ g
A s LA (1.2)
Dy (f(t)g(t)) = g(t) D f(t) + f(t)Dig(1), (1.3)
D¢ flg(t)] = fola()] D g(t) = Dg flg(t)](g (1)) (1.4)

A solution of is called oscillatory if it has arbitrarily large zeros, otherwise
it is called non-oscillatory. Equation is called oscillatory if all its solutions are
oscillatory.

For the sake of convenience, in this article, we denote:

_ % -t ~ey ~e) —
§o = m7 §= Tdta) p(&) = p(t), T(§) =r(t),

~ ay b
—qt), fg=—i g =
T =40 o= ey = Fa

Let hy, he, H € C([0,00), R) satisfy
H(&,6) =0, H(s)>0, §>s52>¢&.

Let H have continuous partial derivatives aHa(g’S) and BHgf’S) on [£, o0) such that

e — (e VAT, Y = e ) VHTES)

RJ’_ = (O, OO)

For s, £ € [€p,00), denote

7 ~

Q€)= (5,6 = ZHVAGE). - Qalées) = hale.s) - 25 VATES)

We organize this article as follows. In Section 2, we establish some new oscillation
criteria for under the condition that f(x) is increasing. In Section 3, we
establish oscillation criteria for without the condition f(z) being increasing.
In the proof for the main results in Sections 2 and 3, we use a generalized Riccati
transformation method. This Riccati transformation and the function H defined
above are widely used for proving oscillation of ordinary differential equations of
integer order; see for example [13] [I8] 26, 27, 28]. Yet this approach has scarcely
been used to prove oscillation of fractional differential equations. In Section 4, we
present some examples that apply the results established. Finally, some conclusions
are presented at the end of this article.

2. OSCILLATION CRITERIA WHEN f(x) IS INCREASING

Theorem 2.1. Assume f'(z) exists and f'(x) > p for some p > 0 and for all
x # 0. Also assume that for any T > tg, there exist ai,by,as,by such that T <
a1 < by < as < by satisfying

§O7 te [al,bl]’
e(t) {2 0, 1€ [an bl (2.1)
If there exist y; € (Sa,,&,) and p € C([ty, 00), Ry such that
1 Yi N _ ~
e . PO )i ~ 0 o s
R (2.2)

1 &b, _ N 7(8)
+ H(&ni%)[; P($)[H (&b,, 9)d(s) — ng(&)“ $)|ds > 0

i
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fori=1,2, where ki = p/m, then every solution of (1.1)) is oscillatory.

Proof. Suppose to the contrary that x(¢) be a non-oscillatory solution of (1.1f), say
x(t) # 0 on [Ty, o0) for some sufficient large Ty > to. Define the following Riccati
transformation function:

() D)
o(0) = pl PO (23
Then for t > Tp, from — we deduce that
N Dplt) o TG0) el
PR = = = e Tew)
. Dalt) R el |
R A O e O RO (E )N

By assumption, if 2(t) > 0, then we can choose a1, b; > Ty with a; < by such that
e(t) < 0 on the interval [aq,b1]. If z(t) < 0, then we can choose ag,by > Tj with
ag < by such that e(t) > 0 on the interval [ag, ba]. So ef((tg‘(’t()t)) <0,t € [asb], i=1,2,
and from one can deduce that

D p(t) w(t)
p(t) p(t)r(t)’
Let w(t) = w(€). Then DYw(t) = w'(€) and D p(t) = p'(€). So is transformed

into

Dw(t) < —p(t)a(t) + w(t) — ki telanbl, i=1,2. (2.5)

FEO . B
R Gk

Let ¢; be an arbltrary point in (&,,,&,). Substituting £ with s, multiplying both
sides of - 2.6) by H(,s) and integrating it over [¢;, &) for € € [¢;,&,), ¢ = 1,2, we
obtain

€
| He s
¢ ¢ P (s w03 (s
—/H@wW@w+/Hm$V(%@—m ) as

&) < =p(&)q(&) + § € [Saisp], i=1,2. (26

0] Fs)(s)

H(E, ¢)lc:) / $)ha(€, )/ H(E 5)ds

@*(s)

/Hé, . ) 5(s) - o 27)
_ ~ H(E, s)k1\1/2_ 1 /p(s)7(s)\ /2 2
—H@qw@n—/[(m)()) () — 5 (PT) P Qute o)) as

£ 5(s)7(s
Y NLULCP

€ 5(s)7(s
mie.caste) + [ 23 )as

i
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Letting § — &, and dividing it by H(&,,¢;), we obtain
1 &b,
_ H(&,,s)p(s)q(s)ds
ard R CRRL O
i /5 5(s)7(s)
(&b,5ci) Je 4k
On the other hand, substituting £ by s, multiplying both sides of (2.6) by H (s, &)
and integrating it over (&, ¢;) for &€ € [€,,, ¢;), we obtain

/g " H(s,©)7(s)(s)ds

(2.8)
Q% (Ebw S)dS

< Oles
_w(cz)+H

i

_ - 5.8 (s)ds : s ﬁl(s)&s - (:)2(8) 8
<= [ o [0 Z w0 - e
——H(G ()~ [ De)m(s,OVHds (2.9)

i sr~ @2(s
+/; o) [ 500) ks s

< —Hl{ey, €)5(e)) + /g PO g2 ).

)

Ak,
Letting £ — & and dividing by H(c;,&,,), we obtain

L[ 5()G 5 L[ )(s)
et Je. H(s,Sai)p(s)q(s)dsgw(ci)+H(Ci7£ai)/&i i Q1(s,&a,)ds.

A combination of (2.8)) and the above inequality yields
1 i ( &b,
—_— H(s,&q,)p(s)q(s)ds +
(e o) Je. (5, &a;)P(s)a(s)ds + 5

(5bi7c’i) ci
L[ (S L[ p(e)T(s)
< 1H (. €00) /ia,i e Q1(s,&q,)ds + 4]_](&”00/C T

which contradicts to (2.2)) since ¢; is arbitrary in (&,,,&,). The proof is complete.
O

H (&, 5)p(s)q(s)ds

Qg(&h ) S)dS

7

Theorem 2.2. Under the conditions of Theorem suppose does not hold,
and q(€) > 0 for any & > &. If for some u € C[€,,,&,] satisfying v’ € L?[£,,, ],
w(€a;) = u(&;) = 0, i = 1,2, and u is not identically zero, there exists p €
C1([€0,00), Ry) such that

/j {w2()p(s)(s) - [% (v + §“<5)§<(ss>))r}ds .

fori = 1,2, where p,7,q,&q,,&,, k1 are defined as in Theorem then (L.1)) is

oscillatory.

Proof. Suppose to the contrary that x(t) be a non-oscillatory solution of (1.1f), say
x(t) # 0 on [Ty, 0o) for some sufficient large Ty > to. Let @ be defined as in Theorem

Then we obtain ([2.6). Substituting £ by s, multiplying both sides of (2.6) by
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u?(s), integrating it with respect to s from &,, to &, and using u(&,,) = u(&,) = 0,
we obtain

I
/ W (3)7(s)(5)ds

&a;
< - /: u?(s)@' (s)ds + /:j u“(s) {f;((j))g(s) - p(('f)(;(l)}ds
So; 1 ~ p(s)r(s) 7, o' (s
-/ N a5t = P () + o 2
+ /;bl {ﬁ(s]z(s) (u’(s) + ;u(s);((j)))} 2ds
Co; I p(s)7(s) 7 , p'(5)\12
/5 {repee - [P () + gu) )] s <0
which contradicts to . So every solution of is oscillatory. The proof is
complete. (I

Corollary 2.3. Under the conditions of Theorem suppose that (2.2)) does not
hold, and q(&) > 0 for any & > &. If for each r > &,

13
fmsu / {A(s)(€ — 8)2(s — 1)d(s)

(2.11)

- [P (647 - 20) + 36 - (s 2N s >0,

then (L.1]) is oscillatory.

The proof of the above corollary is done by setting u(s) = (&, — s)(s — &q,) in
the proof of Theorem

Remark 2.4. The results established above provide sufficient conditions for oscil-
lation of with f(z) increasing. These results are similar to those for ordinary
differential equations of integer order. The Riccati transformation methods are
similar, However, they are essentially different. The most significant difference lies
in the fact that the functions p,7,q are compound functions, the variable £ has
a special form & = %ia) The main difficulty to overcome in using the Riccati
transformation for (1.1]) can be summarized in two aspects. One is the computation
of the a-order derivative for the Riccati transformation function w(t), in which two
important properties and for the modified Riemann-Liouville derivative
are used The other is how to transform into , in which the property
for the modified Riemann-Liouville derivative and a suitable variable transforma-
tion from the original variable ¢ to a new variable £ denoted by £ = ﬁ are
used. In summary, the oscillation criteria presented above are established under
the combination of the Riccati transformation method and the properties of the

modified Riemann-Liouville derivative.
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3. OSCILLATION CRITERIA WITH f(z) NOT NECESSARILY INCREASING

Theorem 3.1. Suppose f(x)/x > ko > 0 for all x # 0, and for any T > &, there
exist T < a; < by < ag < by such that (2.1) holds. If there exist y; € (€a,,&p,) and
p € CY([&, ), Ry) such that

1 Yi 1 b,

Sy H o )k2p(8)q(s)d oy —
Hyna,) Jp, e haP))ds e 5 |
1 Yi

> ] Jy, TR s

1 b, _ , ]
el S AC EC

H (&, ,s)k2p(s)q(s)ds

(3.1)
fori=1,2, where Q1,Q2,q,7, p,&q;, &, are defined as in Theorem . Then every
solution of (L.1)) is oscillatory.

Proof. Suppose to the contrary that z(t) be a non-oscillatory solution of (L.1)),
say z(t) # 0 on [Tp,00) for some sufficient large Ty > to. Define the Riccati
transformation function

r(t)(z(t)) Di'x(t)
x(t) ’

Then for t > Tp, from (1.2)-(1.4) we deduce that

Diw(t)

w(t) = p(t) t>Ty. (3.2)

By assumption, if x(t) > 0, then we can choose ay,b; > Ty with a; < b such
that e(t) < 0 on the interval [aq,b1]. If z(¢) < 0, then we can choose as,by > Tj

with ag < by such that e(t) > 0 on the interval [ag, b2]. So % <0, t € [a;, b,
i =1,2, and from (3.3)) one can deduce that

Dto‘w(t) < —k’gp(t)q(t) + t e [ai, bl], 1 =1,2. (34)

Let w(t) = w(€). Then we have Dfw(t) = w'(€) and Dgp(t) = p'(§). So (3.4) is
transformed into

g((g))ﬁ(f)—kzﬁ(f)a(ﬁ)—~1~@2(§)> € b6l im1,2. (35)

@'(€) <

Let ¢; be selected from (&,,,&,;) arbitrarily. Substituting & with s, multiplying
both sides of (3.5) by H(,s) and integrating it over [¢;, &) for € € [¢;, &, ), after
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similar computation to (2.7)), we obtain
1
| e kot
-~

/ H(E, )T (s)ds + / H(E, ) %((;;a(s)— fi(i)}ds (3.6)

ga cl CZ / mp Q2(£u )

Letting § — &, in and dividing it by H (&, ¢;), we obtain

1 &b,
H(gbi ) ci) ci

i m
<&(Ci)+H(fliaCz‘)/c,- pls ) s )Qz(fbla s)ds

On the other hand, substituting ¢ with s, multiplying both sides of (3.5) by
H(s, &), and integrating it over (&,¢;) for £ € [§al,cz we deduce that

H (&, s)k2p(s)q(s)ds
(3.7)

/ His, Okapls)ils)ds < —H{e:,¢) / mp Q3 (s, &)ds
Letting £ — & and dividing by H(c;, &,,), we obtain
1 Ci o
m e, H(S,fai)kzp(s)q(s)ds
< _&(Cz) + p QQ( ’gai)ds

H(Cia gai) &a;
A combination of (3.7)) and (3.8]) yields the inequality
1 C; 1 fbi

H{er o) Jo, 10 SoldboP@)Al)ds + e =05 |

i &b,
< Ty . MR s+ e [ s Qe )

which contradicts to (3.1) since ¢; is selected from (&,,,&,) arbitrarily. Therefore,
every solution of (|1.1)) is oscillatory, and the proof is complete. O

H (&b, 5)k2p(s)q(s)ds

Theorem 3.2. Under the conditions of Theorem furthermore, suppose (3.1)
does not hold, and q(&) > 0 for any & > &. If for some u € Cl&,;, &, satisfying
u' € L2[€,,,&,], u(€a,) = u(&,) =0, i = 1,2, and u is not identically zero, there
exists p € C*([&o,00), Ry) such that

/ § {uQ(s)kzﬁ(s)qN(s) - [m’ﬁ(s)?(s) (u'(s) + ;u(s)'il((;) )r}ds >0 (3.9)
fori=1,2, then 18 oscillatory.

Proof. Suppose to the contrary that x(t) be a non-oscillatory solution of (1.1f), say
x(t) # 0 on [Ty, 0o) for some sufficient large Ty > tg. Let w be defined as in Theorem

Then we obtain (3.5). Substituting £ by s, multiplying both sides of (3.5) by
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u?(s), integrating it with respect to s from &,, to &, and using u(&,,) = u(&,) = 0,
we deduce that

&b,
/ (5o (5)(5)ds

€a;
& So; 0 (s) - @2(s
< —/5 u2(3)o~.)/($)d8+/§ai u?(s)[%((s))w(s) — mﬁ(s();(s)}ds
- E[ e u(s)3(s) — V) () + gt )]s
- g it (s) (w9 + gu) 2] as.
Then 1
[ s oo+ o Jarso
which contradicts (3.9). The proof is complete. (]

The following corollary has a proof similar to the one of Corollary
Corollary 3.3. Under the conditions of Theorem[3.3, if for each r > &,

imsp kB — 55— rPats)

§—o0

~ [ma(s)i(s) (€ + 7~ 29) + (€~ s~ 0 ZE))]Nas 0,
then is oscillatory.

4. APPLICATIONS

Example 4.1. Consider the nonlinear fractional differential equation with forced
term

7(1 7& 4.1
I'l+ ) F(l—i—a))’ (41)
t > 2,0 < «a < 1. This corresponds to with to = 2, r(t) = Sin2(r(f7:ﬂ)),
P(x) = e~ qt) = 1, f(z) = z + 23, e(t) = sin(=-—). Therefore, 1(z) < 1,

I(1+a)
f'(r) =1+ 32? > 1, which implies 4 = m = 1. Since £ = it follows that

&) =r(t) = siHQ(Hfiia)) = sin? €.

In (2.10), we have k; = pu/m = 1. Furthermore, letting u(s) = sins, &, =
(2k + 0)m, &, = (2k + )7 + m such that &,,, &, is sufficiently large, we obtain
u(&a;) = u(&;) = 0, and considering ¢(s) = 1, p(s) = 1, it holds that

(2k+i)m+m (2k+i)m+m
/ (sim2 s — sin? s cos? s) ds = / sin? sds > 0.
(2k+1i)m (2k+i)m

D?(sinQ( )e"”Q(t)D?:r(t)> + (2(t) + 23(t)) = sin(

_t*
T(lta)’

On the other hand, by the connection between a;, b; and &,,, &y, we have

a; = L1+ a)(2k +i)w]=, by = [D(1+ a)(2k + i)m + 7=~
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So for e(t) = sin(r(f%), one can see (2.1) holds with & selected enough large.
Therefore, by Theorem Equation (4.1)) is oscillatory.

Example 4.2. Consider the nonlinear fractional differential equation with forced

term:
feY 2 feY m<t)(2+m2(t)) 28
D} (sin Tara) it ™ o(t)) + +220)

t > 2,0 < a < 1. This corresponds to (L.1) with tq = 2, r(t) = sin?(=-—),

V(@) = 72, a) = 1, f(2) = 25, e(t) = sin(rpy):

Therefore, 7(§) = r(t) = SinQ(F(fijm) =sin?¢, ¥(z) < 1, which implies m = 1.
Furthermore, we notice that it is complicated in obtaining the lower bound of f'(z).
So Theorems [2.1] and are not applicable, while one can easily see f(z)/x > 1,
which implies ks = 1. Then by Theorem [3.2] and analysis similar to the last

paragraph in Example Equation (4.2) is oscillatory.

Conclusions. We have established some new oscillation criteria for a nonlinear
forced fractional differential equation. As one can see, the variable transforma-
tion used in £ is very important, transforms a fractional differential equation into
an ordinary differential equation of integer order, whose oscillation criteria can be
established using a generalized Riccati transformation, inequalities, and an inte-
gration average technique. Finally, we note that this approach can also be applied
to the oscillation for other fractional differential equations involving the modified
Riemann-liouville derivative.

t 1
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5. ADDENDUM POSTED ON NOVEMBER 17, 2016

In response to a message from a reader, the authors want to point out that the
first equality in is the chain rule for Jumarie’s modified Riemann-Liouville
derivative obtained in [I5]. However. this rule is icorrect, a shown in the article

Cheng-shi Liu; Counterexamples on Jumaries two basic fractional calculus for-
mulae, Commun Nonlinear Sci Numer Simulat 22 (2015) 9294.

Therefore the main result of this article is icorrect. End of addendum.
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