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UNIQUENESS OF POSITIVE SOLUTIONS FOR FRACTIONAL
¢-DIFFERENCE BOUNDARY-VALUE PROBLEMS WITH
p-LAPLACIAN OPERATOR

FENGHUA MIAO, SIHUA LIANG

ABSTRACT. In this article, we study the fractional g-difference boundary-value
problems with p-Laplacian operator
D7 (¢p(Dgu(t)) + f(t,u®) =0, 0<t<1,2<a<3,
u(0) = (Dgu)(0) =0, (Dqu)(1) = B(Dqu)(n),
where 0 < v < 1,2<a<3,0< Bn*2 <1, Dg, is the Riemann-Liouville
fractional derivative, ¢,(s) = |s|P~2s, p > 1. By using a fixed-point theorem

in partially ordered sets, we obtain sufficient conditions for the existence and
uniqueness of positive and nondecreasing solutions.

1. INTRODUCTION

Recently, an increasing interest in studying the existence of solutions for boun-
dary-value problems of fractional order functional differential equations has been
observed [l [7, [8, 17, 18] 19, 20, 2T, 28] 29]. Fractional differential equations de-
scribe many phenomena in various fields of science and engineering such as physics,
mechanics, chemistry, control, engineering, etc. For an extensive collection of such
results, we refer the readers to the monographs by Samko et al [27], Podlubny [25]
and Kilbas et al [16].

On the other hand, The g¢-difference calculus or quantum calculus is an old
subject that was first developed by Jackson [I3] [14]. Tt is rich in history and in
applications as the reader can confirm in the paper [9].

The origin of the fractional g-difference calculus can be traced back to the works
by Al-Salam [3] and Agarwal [I]. More recently, maybe due to the explosion in
research within the fractional differential calculus setting, new developments in this
theory of fractional g-difference calculus were made, e.g., g-analogues of the integral
and differential fractional operators properties such as the ¢-Laplace transform, g-
Taylor’s formula [4], 26], just to mention some.

Recently, there are few works consider the existence of positive solutions for
nonlinear g-fractional boundary value problem (see [10} [11]). As is well-known, the
aim of finding positive solutions to boundary value problems is of main importance
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in various fields of applied mathematics (see the book [2] and references therein).
In addition, since g-calculus has a tremendous potential for applications [9], we
find it pertinent to investigate such a demand. To the authors’ knowledge, no one
has studied the existence of positive solutions for nonlinear g-fractional three-point

boundary value problem ({1.1)) and (1.2).

In this article, we study the three-point boundary-value problem
D7 (¢p(Dgu(t))) + f(t,ut) =0, 0<t<1,2<a<3, (1.1)
u(0) = (Dqu)(0) =0, (Dqu)(1) =0, Dg u(t)le=0 =0, (1.2)
where 0 < An®2 < 1, 0 < ¢ < 1. We will prove the existence and uniqueness of
a positive and nondecreasing solution for the boundary value problems (1.1])-(1.2))
by using a fixed point theorem in partially ordered sets. Existence of fixed point in

partially ordered sets has been considered recently in [6] [12] 22] 23] [24]. This work
is motivated by papers [6, [10] [1T].

2. PRELIMINARIES

Let ¢ € (0,1) and define
1—q%
[al, = ¢ a €R.
The g-analogue of the power function (a — b)™ with Ny is

n—1
(a—0)°=1, (a—b)"= H(a—bqk), neN, abeR.
k=0
More generally, if a € R, then

(a_b)(a):aaH a — bq

o a — bqa+n

Note that, if b = 0 then a(®) = a®. The ¢g-gamma function is defined by

(1—gq) Y

Ly(z) = = zeR\{0,—-1,-2,...},

and satisfies I'g(z + 1) = [2]'y(z). The g-derivative of a function f is here defined
by

f(z) — flqz) .

(Dgf)(@) = Wa (Dqgf)(0) = ilg})(qu)(x),

and g-derivatives of higher order by
(Dgf)(@) = f(x) and (Dgf)(x) = Dy(Dyg~'f)(x), neN.
The g¢-integral of a function f defined in the interval [0,d] is given by

1w = [ it =21 )3 e,z e 0.8
n=0

If @ € [0,b] and f is defined in the interval [0, b], its integral from a to b is defined

by
/ab ft)dgt = /Ob ft)d,t — /Oa F(t)dyt.
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Similarly as done for derivatives, an operator I;' can be defined, namely,
UH)(@) = f(x) and (I3 f)(x) = I,(Ig7 f)(z), neN.
The fundamental theorem of calculus applies to these operators I, and Dyg; i.e.,
(Dolyf)(x) = f(x),
and if f is continuous at z = 0, then
(IgDgf)(x) = f(x) — f(0).

Basic properties of the two operators can be found in the book [I5]. We now point
out three formulas that will be used later (;D, denotes the derivative with respect
to variable 7)

[a(t — §)]®) = a®(t — 5)(*), (2.1)
1Dyt = 5) ) = [a]y(t — )7V, (2.2)
(me /O f(x,t)dqt)(x): /0 o Do f (@, t)dgt + f(qz, ). (2.3)

Remark 2.1 ([I0]). We note that if a« > 0 and a < b < t, then (t — a)(® >
(t — b)),

The following definition was considered first in [IJ.

Definition 2.2. Let oo > 0 and f be a function defined on [0, 1]. The fractional
g-integral of the Riemann-Liouville type is (19 f)(x) = f(z) and

1

13N = / @ gtV f(O)dyt, @ >0,z € [0,1]

Definition 2.3 ([20]). The fractional g-derivative of the Riemann-Liouville type
of order a > 0 is defined by (D} f)(z) = f(x) and

(Dg )(x) = (DG 1" f)(x), a>0,
where m is the smallest integer greater than or equal to a.

Next, we list some properties that are already known in the literature. Its proof
can be found in [}, 26].

Lemma 2.4. Let o, 3 > 0 and f be a function defined on [0,1]. Then the next
formulas hold:

(1) I @) = IFH0f)(x),
(2) (Dg1gf)(x) = f(x).

Lemma 2.5 ([I0]). Let a > 0 and p be a positive integer. Then the following
equality holds:

! pa—ptk

(Ig Dy f)(w) = (D13 () - ,;) PR ———

(Dg f)(0).

The following fixed-point theorems in partially ordered sets are fundamental for
the proofs of our main results.

e2.1

e2.2

e2.3
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Theorem 2.6 ([12]). Let (E,<) be a partially ordered set and suppose that there
exists a metric d in E such that (E,d) is a complete metric space. Assume that E
satisfies the condition:

if {zn} is a nondecreasing sequence in E such that x,, — x,
then x,, < x, for all n € N.

Let T : E — E be nondecreasing mapping such that
d(Tx, Ty) < d(z,y) —P(d(z,y), for x>y,

where ¥ : [0, +00) — [0,400) is a continuous and nondecreasing function such that
P is positive in (0,400), ¥(0) = 0 and limy_,o ¥(t) = co. If there exists xy € E
with xg < T(xo), then T has a fized point.

(2.4)

If we assume that (F, <) satisfies the condition
for z,y € F there exists z € F which is comparable to x and y, (2.5)
then we have the following result.
Theorem 2.7 ([22]). Adding condition to the hypotheses of Theorem 2.6, we
obtain uniqueness of the fixed point.
3. RELATED LEMMAS

The basic space used in this paper is E = C[0,1]. Then FE is a real Banach space
with the norm ||u|| = maxo<i<1 [u(t)|.- Note that this space can be equipped with
a partial order given by

xz,y € Cl0,1], z<y<ez() <y(), Vtel0,1].
In [22] it is proved that (C0, 1], <) with the classic metric given by
d(x,y) = sup {|z(t) —y(1)[}
0<t<1
satisfied condition of Theorem Moreover, for x,y € C[0, 1] as the function
max{z,y} € C[0,1], (C[0,1], <) satisfies condition (2.5).
Lemma 3.1. If h € C[0,1], then the boundary-value problem
(Dgu)(t) +h(t) =0, 0<t<1, 2<a<s3,
u(0) = (Dqu)(0) =0,  (Dqu)(1) =0

—~
w w
[N
S~—

has a unique solution
1
ut) = [ Glt. a9l (3.3)
0

where

G(t,s) = (3.4)

1 [a—s)le2pet _(t—g)e) 0<s<t <1,
Lo(a) | (1 — )@=t 0<t<s<l,

Proof. In this case p = 3. In view of Lemma and Lemma from (3.1)) we see
that

(I3 D313~ u)(w) = I3 f(t, u(t))
and

t(t — gg)la—D)
u(t) = ext® ! 4 ot 4 5t — / = 8 ). (3.5)

0 [y(a)

e2.4

e3.4

e3.5
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From (3.2)), we know that c¢3 = 0. Differentiating both sides of (3.5)), with the help
of (2.1) and (2.2)), one obtains

-1 t
(Dyu)(t) = [a — et 2 + [a — 2] 4ot ™™ — o= 1g / (t — qs) "D h(s)d,s.
Ly(a) Jo
Using the boundary condition (3.2)), we have ¢ = 0 and

1 /1 Ly
(1 — ¢s) @2 h(s)dys.

Ly(a) Jo !

Therefore, the unique solution of boundary-value problem ({3.1), (3.2)) is

u = — ti(t_q(g)(a_l) S S 70_1 ' —gs (a=2) S S
)=~ [ S —he s+ s [0 g Do,
1

_ - ! —qs (a—2)pa—1 —qs (a—1) s s
=ty [, (= a9t gD,

1 1
+ T (04)/75 (1 —qs)(O‘_Q)tO‘_lh(s)dqs
q

c1 =

1
= / G(t, gs)h(s)dys.
0
The proof is complete. O

Lemma 3.2. If f € C([0,1] x [0, +00), [0, 4+00)), then the boundary-value problem
(1.1)-(1.2)) is equivalent to the integral equation

u(t) :/OlG(t,qs)gb;l (Fqlm /Os(s—T)W—l)f(T,u(T))qu) dys, (3.6) [e3.9

where G(t, s) is defined by (3.4).

Proof. By the boundary-value problem (|I1.1])-(1.2)) and Lemma we have
o qs)(vfl)
D, u(t :ct”il—/ (7 s,u(s))dys.
Bp(D5, u(t)) e,

By D§, u(t)|t=0 = 0, there is ¢ = 0, and then

Dg u(t) = ¢p1(/0t wﬂs,u(s))dqs).

Ly(7)
Therefore, boundary-value problem (1.1])-(1.2)) is equivalent to the problem
N . bt —gqs)O0—D
Dg u(t) + o, ( 7f(s,u(s))dqs) —0, 0<t<1,2<a<3,
0 Lq(7)

u(0) = (Dgu)(0) = 0,  (Dgu)(1) = 0.

(3.7)

By Lemma boundary-value problem (1.1)-(1.2]) is equivalent to the integral
equation ([3.6). The proof is complete. |

Lemma 3.3. The function G defined by (3.4) has the following properties:

(1) G is a continuous function and G(t,qs) > 0;
(2) G is strictly increasing in the first variable.
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Proof. The continuity of G is easily checked. On the other hand, let
git,s) =1 —s) @Dt _(t—g)eD g<s<t <1,
g2(t,s) = (1—s) @Dl 0<t<s<1.

It is obvious that ga(t,gs) > 0. Now, g1(0,¢s) = 0 and, in view of Remark for
t#0
g1(t,3) = (1= g5) D1 — (1= g )0 Ve
> ot {(1 —gs) @™ —(1— qs)(o‘_l)} > 0.

Then we conclude that G(t,¢s) > 0 for all (¢, s) € [0,1] x [0, 1]. This concludes the

proof of Lemma [3.3] (1).
Next, for fixed s € [0, 1], we have

tDgga(tgs) = (1= g5) @ o = 1gt*™? = [o — Uy (t — g5) "2
= (1= g9) o = 11" — o= 1y (1= )i
> (1—qs) @ Pa— 1" 2 — [a — 1]4(1 — gs) P2 = 0.

This implies that g;(¢,¢s) is an increasing function of ¢. Obviously, ga(¢,qs) is
increasing in t. Therefore G(t,¢s) is an increasing function of ¢ for fixed s € [0, 1].
The proof is complete. O

4. MAIN RESULT

For notational convenience, we denote by

1 1
M = _1( )su /Gt,sd8>0.
Z To(7) ) 02ie1 Jo (1, as)dq

The main result of this paper is the following.

Theorem 4.1. The boundary-value problem (L.1)-(1.2) has a unique positive and
increasing solution u(t) if the following conditions are satisfied:

(i) f:1]0,1] x [0,400) — [0,400) is continuous and nondecreasing respect to
the second variable;
(ii) There exists 0 < A+ 1 < M such that for u,v € [0,+00) with u > v and
te[0,1]
op(In(v +2)) < f(t,0) < f(t,u) < dp(Inu+2)(u — v+ 1)*).
Proof. Consider the cone

K ={ue C[0,1] : u(t) > 0}.

As K is a closed set of C[0,1], K is a complete metric space with the distance given
by d(u,v) = sup,¢jo 1] [u(t) — v(t)|. Now, we consider the operator T" defined by

Tu(t) = /01 G(t, qs)(b;l (th’y) /Os(s — )Y (7, U(T))dq7'> dgs.

By Lemma [3.3| and condition (i), we have that T'(K) C K.
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We now show that all the conditions of Theorem and Theorem are satis-
fied. Firstly, by condition (i), for u,v € K and u > v, we have

= /1 G(t,qs)qb;1 Fql(*y) /Os(s - T)(V_l)f(r,u(r))dqr)dqs

/ R e AR R (GG A I
=To(t

This proves that T' is a nondecreasing operator.
On the other hand, for « > v and by condition (ii) we have

A(Tu.Tv) = sup |(Tu)(t) - (T0)(2)

= sup ((Tu)(t) — (Tw)(1))

0<t<1

< sup / G(t,qs)p (7) /OS(S — T)(’Y—l)f(ﬂu(T))qu)qu

-A G@&Q¢;(FiVLA?S—TWPUﬂﬂUHD%Tygﬂ

< (In(u+2)(u—v+1)* = In(v +2))

1 1 S
G(t,qs)p5* 7/ —7)0Vd,r)d
Xoiggl/o (t,qs)0, ( (A/) ; (s—1) qT) ¢S

(u+2)(u—v+1)* _1 /
su G(t,qs)
v+ 2 % 0<tI<)1 1

sup / G(t,qs)d
0<f<1

Since the function h(z) = In(z + 1) is nondecreasing7 by condition (ii), we have

sup / G(t,gs)d
0<t<1
=+ 1D In(lu—v||+1)M

< lu = vl = (lu = vff = In([lu = v]| +1)).

<In

S()\+1)ln(u—v+1)q§

d(Tu,Tv) < (A+ 1) In(|lu — v|| + 1)¢, "

Let ¢(z) =  — In(x 4+ 1). Obviously v : [0, +00) — [0,400) is continuous, nonde-
creasing, positive in (0, +00), ¥(0) = 0 and lim, 4 ¥(z) = +00. Thus, for u > v,
we have

d(Tu Tv) < d(u,v) — ¥ (d(u,v)).

As G(t,gs) > 0and f > O fo (t,qs)f(s,0)dys > 0 and by Theorem
we know that problem . has at least one nonnegative solution. As (K, <)
satisfies condition thus Theorem [2.7] n implies that uniqueness of the solution.
The proof is complete. U

Theorem 4.2. If we add the condition f(t,0) > 0 for allt € [0,1] to Theorem
then the solution u(t) of boundary value problem (1.1)-(1.2)) obtained from is
strictly increasing.
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Proof. At first, we take the unique solution u(t) given to us from Theorem we
will prove that this solution w(t) is strictly increasing function. Next, as u(0) =

fo (0,gs)f(s,u(s))dys and G(0,gs) = 0 we have u(0) = 0. Moreover, if we take
t1,ta € [0,1] w1th t1 < tg, we can consider the following cases.

Case 1: t; = 0, in this case, u(t1) = 0 and, as u(t) > 0, suppose that u(tz) = 0.
Then

1
O:u@):A<WMA@ﬂ&M@Mw
b [ HOa) (sl

Glt2,qs) - f(s,u(s)) =0, ae. (s)
and as G(ta,s) # 0 a.e.(s) we get f(s,u(s)) =0 a.e. (s). On the other hand, f is
nondecreasing respect to the second variable, then we have

f(5,0) < f(s,u(s)) =0, ae. (s)

which contradicts the condition f(t,0) > 0 for all ¢ € [0, 1]. Thus u(t1) = 0 < u(ts).
Case 2: 0 < t1. In this case, let us take ta,t; € [0, 1] with ¢; < tg, then

u(te) —u(t) = (Tu)(tz) — (Tu)(t1)

1
:A(m@ﬂg—GmgQVQU®Mﬁ

al_ul
[aﬁ_(tl] 1_tﬁna 5 / H(n,qs)f(s,u(s))dgs.

Taking into account Lemma( ) and the fact that f > 0, we get u(te)—u(t;) > 0.
Suppose that u(t2) = u(t1) then

This implies that

+

/Ol(G(tm qs) — G(t1,qs)) f(s, u(s))dgs = 0
and this implies
(G(t2,q5) — G(t1,q5)) f(s,u(s)) =0 ae. (s).
Again, Lemma [3.3] (2) gives us
f(s,u(s)) =0 a.e.(s)

and using the same reasoning as above we have that this contradicts condition
f(t,0) > 0 for all t € [0,1] . Thus u(t;) = 0 < u(te). At last, in all cases imply
that this solution wu(t) is strictly increasing function. The proof is complete. [

5. EXAMPLES

Example 5.1. The fractional boundary-value problem

1
DfZu(t) + (5t* + )2 +u(t) =0, 0<t<1,

u(0) = (D1/2u)(0) =0, (Dyyu)(l) = %(Dl/zu)(l)

has a unique and strictly increasing solution.
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In this case, ¢ = 1/2, a = 5/2, =1/2,n = Land f(t,u) = (5t>+1) In(2+u(?))
for (t,u) € [0,1] x [0,00). Note that f is a continuous function and f(¢,u) # 0
for t € [0,1]. Moreover, f is nondecreasing respect to the second variable since
9L = ({52 +1) > 0. On the other hand, for u > v and t € [0, 1], we have

Ftw) - f(t,0) = (%f F)IE +w) — (151 + 1)@+ 0)
24w

<mt2+1>1 (55)
2—|—v+u—v)

(o
i

1+U—’U)
2+wv

—t2+1

ftQ 1) ln

IN

(—t2 +1)In (14 (u—w))

< In(1 —
_10n( +u—v).

In this case, A = 11/10 because

_ _ a—1
M < il Gl A 0.48636,
l—‘q(O‘)
11
> 141514 > — — \.
A R T/

Thus Theorem u 4.1 implies that boundary value problem (1.1} . ) has a unique
solution u(t); i.e.,

u(t) = /01 G(t,qs)¢, " (thV) /Os(s — )= £ (7, U(T))qu) dys.

By Lemma[3.3] we know that G is strictly increasing in the first variable. Therefore,
The unique solution wu(t) of boundary value problem (5.1) is strictly increasing
solution.

Acknowledgments. The authors are very grateful to Professor Ira Herbst for his
valuable suggestions and helpful comments which improved the presentation of the
original manuscript.

The authors are supported by Foundation for China Postdoctoral Science Foun-
dation, (Grant no. 2012M520665), Youth Foundation for Science and Technology
Department of Jilin Province (20130522100JH), Research Foundation during the
12st Five-Year Plan Period of Department of Education of Jilin Province, China
(Grant [2013] No. 252), The open project program of Key Laboratory of Symbolic
Computation and Knowledge Engineering of Ministry of Education, Jilin Univer-
sity (Grant no. 93K172013K03), and Natural Science Foundation of Changchun
Normal University.

REFERENCES

[1] R.P. Agarwal; Certain fractional g-integrals and g-derivatives, Proc. Cambridge Philos. Soc.,
66 (1969) 365-370.

[2] R. P. Agarwal, D. O’'Regan, P. J. Y. Wong; Positive Solutions of Differential, Difference and
Integral Equations, Kluwer Acad. Publ., Dordrecht, 1999.



10
(3]
(4]
(5]

7]

I8

(9]
[10]
(11]
(12]
13]
[14]
[15]
[16]
(17]
(18]
19]
[20]
(21]
22]
23]
24]
(25]
[26]
27]
(28]

29]

F. MIAO, S. LIANG EJDE-2013/174

W. A. Al-Salam; Some fractional g-integrals and g-derivatives, Proc. Edinburgh Math. Soc.,
(2) 15 (1966,/1967) 135-140.

F. M. Atici, P. W. Eloe; Fractional q-calculus on a time scale, J. Nonlinear Math. Phys., 14
(3) (2007) 333-344.

M. Benchohra, J. Henderson, S. K. Ntouyas, A. Ouahab; FExistence results for fractional
order functional differential equations with infinite delay, J. Math. Anal. Appl., 338 (2008)
1340-1350.

J. Caballero Mena, J. Harjani, K. Sadarangani; Ezistence and uniqueness of positive and
nondecreasing solutions for a class of singular fractional boundary value problems, Boundary
Value Problems, Vol. 2009 (2009), Article ID 421310, 10 pages, doi:10.1155/ 2009/ 421310.
A. M. A. El-Sayed, A. E. M. El-Mesiry, H. A. A. El-Saka; On the fractional-order logistic
equation, Appl. Math. Letters, 20 (2007) 817-823.

M. El-Shahed; Positive solutions for boundary value problem of nonlinear fractional differ-
ential equation, Abstract and Applied Analysis, Vol. 2007, Article ID 10368, 8 pages, 2007,
doi: 10.1155/2007,/10368.

T. Ernst; The History of q-Calculus and a New Method, U. U. D. M. Report 2000:16, ISSN
1101-3591, Department of Mathematics, Uppsala University, 2000.

R. A. C. Ferreira; Nontrivial solutions for fractional q-difference boundary-value problems,
Electron, J. Qual. Theory Differ. Equ., (70) (2010) 10 pp.

R. A. C. Ferreira; Positive solutions for a class of boundary value problems with fractional
q-differences, Computers and Mathematics with Applications. preprint.

J. Harjani, K. Sadarangani; Fized point theorems for weakly contractive mappings in partially
ordered sets, Nonlinear Anal., 71 (2009) 3403-3410.

F.H. Jackson; On q-functions and a certain difference operator. Trans. Roy Soc. Edin., 46
(1908) 253-281.

F. H. Jackson; On g-definite integrals, Quart. J. Pure and Appl. Math., 41 (1910) 193-203.
V. Kac, P. Cheung; Quantum Calculus, Springer, New York, 2002.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo; Theory and Applications of Fractional Differen-
tial Equations. North-Holland Mathematics Studies, 204. Elsevier Science B. V., Amsterdam,
2006.

V. Lakshmikantham, A. S. Vatsala; Basic theory of fractional differential equations, Nonlin-
ear Anal., 69 (2008) 2677-2682.

V. Lakshmikantham, A. S. Vatsala; General uniqueness and monotone iterative technique
for fractional differential equations, Appl. Math. Letters, 21 (2008) 828-834.

V. Lakshmikantham; Theory of fractional functional differential equations, Nonlinear Anal.,
69 (2008) 3337-3343.

S. Liang, J. H. Zhang; Positive solutions for boundary value problems of nonlinear fractional
differential equation, Nonlinear Anal., 71 (2009) 5545-5550.

C. F. Li, X. N. Luo, Y. Zhou; Ezistence of positive solutions of the boundary value problem
for nonlinear fractional differential equations, Comput. Math. Appl., 59 (2010) 1363-1375.
J. J. Nieto, R. Rodriguez-Loépez; Contractive mapping theorems in partially ordered sets and
applications to ordinary differential equations, Order, 22 (2005) 223-239.

J. J. Nieto, R. Rodriguez-Lépez; Fized point theorems in ordered abstract spaces, Proceedings
of the American Mathematical Society, vol. 135, no. 8 (2007) 2505-2517.

D. O’Regan, A. Petrusel; Fized point theorems for generalized contractions in ordered metric
spaces, J. Math. Anal. Appl., 341 (2008) 1241-1252.

I. Podlubny; Fractional Differential Equations, Mathematics in Sciences and Engineering,
198, Academic Press, San Diego,1999.

P. M. Rajkovi¢, S. D. Marinkovié¢, M. S. Stankovié¢; Fractional integrals and derivatives in
g-calculus, Appl. Anal. Discrete Math., 1 (1) (2007) 311-323.

S. G. Samko, A. A. Kilbas, O. I. Marichev; Fractional Integrals and Derivatives. Theory and
Applications, Gordon and Breach, Yverdon, 1993.

S. Zhang; Existence of solution for a boundary value problem of fractional order, Acta Math-
ematica Scientia, 26 (2006) 220-228.

Y. Zhou; Ezistence and uniqueness of fractional functional differential equations with un-
bounded delay, Int. J. Dyn. Syst. Differ. Equ., 1 (2008) 239-244.



EJDE-2013/174 UNIQUENESS OF POSITIVE SOLUTIONS 11

FENGHUA MIAO

COLLEGE OF MATHEMATICS, CHANGCHUN NORMAL UNIVERSITY, CHANGCHUN 130032, JILIN, CHINA
E-mail address: mathfhmiao@163.com

SIHUA LIiANG
COLLEGE OF MATHEMATICS, CHANGCHUN NORMAL UNIVERSITY, CHANGCHUN 130032, JILIN, CHINA.
KEY LABORATORY OF SYMBOLIC COMPUTATION AND KNOWLEDGE ENGINEERING OF MINISTRY OF
EDUCATION, JILIN UNIVERSITY, CHANGCHUN 130012, CHINA

E-mail address: 1iangsihua@163.com, Phone 08613578905216



	1. Introduction
	2. Preliminaries
	3. Related lemmas
	4. Main result
	5. Examples
	Acknowledgments

	References

