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EXPONENTIAL STABILITY OF TRAVELING FRONTS FOR A
2D LATTICE DELAYED DIFFERENTIAL EQUATION WITH
GLOBAL INTERACTION

SHI-LIANG WU, TIAN-TIAN LIU

ABSTRACT. The purpose of this paper is to study traveling wave fronts of
a two-dimensional (2D) lattice delayed differential equation with global in-
teraction. Applying the comparison principle combined with the technical
weighted-energy method, we prove that any given traveling wave front with
large speed is time-asymptotically stable when the initial perturbation around
the wave front need decay to zero exponentially as icosf + jsinf — —oo,
where 0 is the direction of propagation, but it can be allowed relatively large
in other locations. The result essentially extends the stability of traveling wave
fronts for local delayed lattice differential equations obtained by Cheng et al
[I] and Yu and Ruan [I6].

1. INTRODUCTION

The purpose of this paper is to consider the exponential stability of traveling
wave fronts for a stage structured population model on a 2D spatial lattice. The
population model can be described by the delayed lattice differential equation with
global interaction (see Cheng et al [I] and Weng et al [13]):

duivj (t)

g = DPm [Wig1,5(t) + i1 () + wigp1(t) +uij1(t) — 4w j(t)] — dmu (1)

+ oz D Bali=mal = mb(umalt=7)), i EZ, t>0,
m,neZ

(1.1)
where D,, and d,, represent the diffusion coefficient and the death rate of the
matured population, respectively, d(s) and D(s) are the death rate and diffusion
rate of the immature population, respectively, at age s € (0,7), w = efs 45)ds and
a= fOT D(s)ds represent the impact of the death rate for immature and the effect

of the dispersal rate of immature on the mature population, respectively, and

Ba(l) = 26_20‘/ cos(18)e?* 5 5ds, v, (1) = 26_2"‘/ cos(1s)e?*%ds, 1€ 7.
0 0
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The important feature of is the reflection of the joint effect of the diffusion
dynamics and the nonlocal delayed effect. Under monstable and quasi-monotone
assumptions, the authors of [II [13] established the existence of minimal wave speed
cx = ¢.(0)(> 0), where 6 € [0, 7] is any fixed direction of propagation, and showed
that the minimal wave speed ¢, () coincides with the spreading speed for any fixed
direction 6. Moreover, the effects of the maturation period 7 and the direction of
propagation 6 on the spreading speed were considered.

When D(a) = 0 for any 0 < @ < 7 (i.e. the immature population is non-mobile),
a = 0 and then By(0) = v0(0) = 27 and Go(I) = v(l) = 0 for any I € Z \ {0}. In
this case, reduces to the local delayed lattice differential equation

dui i(t
T]t() = Dy [tit1,5(t) + wim1,5(t) + wijr1(t) + wij—1(t) — 4u, ()]

— dmui’j (t) + wb(ui’j(t — ’7'))

(1.2)

Applying the weighted energy method, Cheng et al [2] proved the asymptotic sta-
bility of traveling wave fronts of (1.2). More precisely, they proved that, for the
Cauchy problem of (|1.2]) with initial data

uij(s) =g (s), i,j€Z, s€[-7,0], (1.3)

the traveling wave front ¢(i cos @ + j sin 6 + ct) of connecting ET and E~ with
large speed is time-asymptotically stable, when the initial perturbation around the
wave front (i.e. |u?’j(s) — ¢(icos O+ jsinb + cs)l) is sufficiently small in a weighted
norm. More recently, the authors of [I6] further established the stability of traveling
wave fronts of for relatively large initial perturbations by using the comparison
principle and the weighted-energy method. However, to the best of our knowledge,
there has been no results on the stability of traveling wave fronts for the delayed
lattice differential equation with global interaction.

The purpose of this paper is to consider the stability of traveling wave fronts of
. More precisely, we shall prove that any given traveling wave front ¢(i cos§ +
jsin® + ct) with large speed ¢ (i.e. ¢ satisfies below) is time-asymptotically
stable when the initial perturbation around the wave front (i.e. [uf ;(s)— (i cos 6+
jsin® + ¢s)|) need to decay to zero exponentially as icosf + jsin — —oo, where
0 is the direction of propagation, but it can be allowed relatively large in other
locations (see Theorem . Here, we use an approach combining the comparison
principle and the weighted-energy method, which was developed by [5] to prove the
stability of traveling wave fronts of a Nicholson’s blowflies equation with diffusion.
This approach was further employed by many researchers to prove the stability of
traveling wave fronts of various reaction-diffusion equations with local or nonlocal
delays; see, e.g., [4, [6l [7, 8 @), [14] [15].

Although the main idea and methods of the proof for our main theorem are
originally encouraged by [4l (6, [7 [8, @] 14} [15] [16], we mention that difficulties and
challenge are existing for our arguments due to the convolution term. For exam-
ple, in the construction of the weight function, we need to derive some important
estimations (see Lemma [2.2)). In addition, the proof of the key inequality is more
technical (see Lemma [3.3). Similar to [I} 3], we make the following assumptions:

(A1) b e C*([0,K]), b(0) = 0, wb(K) = dpn K, dy, > wb' (K), wb(u) > dyu for
u € (0, K), where K is a positive constant;
(A2) b(u) <V (0)u and b'(u) > 0 for u € [0, K].
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The rest of this paper is organized as follows. In Section 2, we first introduce
some known results on the existence of traveling wave fronts of , and then
present our stability results. The proofs of the main results are given in Section 3.

Notation. Throughout this paper, [2 denotes the weighted I? space with weight
w(é) € C(R,RT) and a fixed 0 € [0, 5]; that is,

2= {g ={G}ijez i ER: Z w(icos B —|—jsin0)§zj < oo}
i,jEL

with the norm

||§ :|1/2

2 = { Z w(icos&—i—jsin@)gij
i,jEL

In particular, if w = 1, we denote (2, by [2.

2. PRELIMINARIES AND MAIN RESULTS

Throughout this article, a traveling wave solution connecting 0 and K refers to
a triplete (¢, c,0), where ¢ = ¢(-) : R — R is a function, ¢ > 0 and 6 € [0, 7/2] are
constants, such that u; ;(t) = ¢(§), £ = icosf + jsiné + ct, is a solution of (1.1));
that is,

cd' (&) = D [¢(€ + cos ) 4+ ¢(€§ — cosf) + ¢(& + sinf) + ¢(& — sin ) — 4¢(€)]
—dmo(§) + % Z Ba(m)va(n)b(¢(& — mcosf — nsing — cr))

m,ne”L
(2.1)
with the boundary conditions

¢(—00) =0, ¢(+o0) = K. (2.2)

The constant 6 represents the direction of the wave. We call ¢ the wave speed and
¢ the wave profile. Moreover, we say ¢ is a traveling (wave) front if ¢(-) : R — R
is monotone.

It is clear that the characteristic function for with respect to the trivial
equilibrium 0 can be represented by

A(C, )\) =cA—D,, [ez\cosﬁ +e—)u:os«9 +e>\sin0 +6—Asin0 _4] +d,,
_ W —A(m cos 0+nsin 0+cT)
ZHO) Y Balmpran)e .
m,neZ
Properties of A(c, A) and existence of traveling wave fronts of ([1.1]) were investigated
in [I, [13]. For the sake of completeness, we recall them as follows.
Proposition 2.1. Assume (A1)—(A2) hold. Then the following results hold:
(1) For each 0 € [0, %], there exist Ay := A\.(0) > 0 and c, := c.(0) > 0 such
that

0
A(cy, M) =0 and 8/\A(C*7>\)‘)\:)\* =0.
Furthermore, if ¢ > c.(0), then the equation A(c,\) = 0 has two positive
real roots A1 := A1(c,0) and Ay := Aa(c, 0) with A\ < A < Aa.
(2) Fiz 0 € [0,7/2]. Then, for every c > c.(0), has a traveling wave front
@(€) with direction 0 and speed c.
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For convenience, we denote

L = b _ A 1 —m cos §—n sin 6 )
= V. =g 2 Falmpa(n)ma {1.e }

Note that if b"(u) < 0 for u € [0, K], then L; = ¥'(0). Moreover, it is easy to see
that Ly = 1 when o = 0.

The following result plays an important role for constructing the weight function.

Lemma 2.2. Assume
1
¢n>Dm@—4)+§wWKx1+Lg. (2.3)

For any given traveling wave front ¢(§) of (L.1) with direction 6 € [0, T] and speed
¢ > c.(0) obtained in Propositionm there exists £, > 0 such that for any £ > &,

w —m cos 0—n sin
mb/ Z Ba(m)ya(n) max{1,e o g

m,n€”z

+ % Z Ba(m)’m(n)b’@(f —mcosf —nsinf — CT)))

m,ne”Z

< @b (K)(1+ L2) +
where € = dy, — Dy (e — 1) — %wb (K)(l + Ly) > 0.

Proof. Since limg_, o0 b'(¢(£)) = V' (K), it suffices to show that
1 Z Ba(m)va(n)b' (¢(§ —mcos —nsind — cr))) =V (K).  (2.4)

Given any € > 0, since

o > falm) = 5= 3 faln) =1

meZ nez
(see [1l Lemma 2.1]), there exists M, N > 0 such that
e
> Balm), Y Yaln) < —.
4L,
lm|>M In|>N

Noting that lime_, oo b'(¢(£)) = V/(K), there exists & > 0 such that for any £ >
€ —M—N —er,

¥ (6(€) =¥ (K| < 7.

Then, for any £ > &, we have

‘# Z ﬂa(m)%(n)b’(qb(é—mcosﬂ—nsine_CT))_b/(K)‘

m,n€”z

= ‘ﬁ Z Ba(m)va(n) [b’(¢(§ —mcosf —nsinf — CT)) _ b/(K)H

m,n€Z
1
= 472 Z 5a(m)7a(n)|b'(¢(§—mcos9—nsin@—cr)) —b’(K)|
[m|>M,neZ
1

—I—ﬁ Z ﬁa(m)’Ya(n)‘b’(qb(f—mCOSH—nsinG_CT)) —b’(K)‘

|m|<M,|n|>N
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—I—# Z ﬁa(m)’Ya(n)‘b’(qb(f—mCOSG—nsinH_CT)) —b’(K)‘

[m|<M,|n|<N

1 1 e 1
< 2L1% Z Ba(m) +2L1% Z Ya(n) + 1472 Z Ba(m)ya(n) <e
|m|>M [n|>N |m|<M,|n|<N
Thus, (2.4) holds. The proof is complete. |

Based on the above lemma, we define the weight function w(§) as

~(6-6) . for £ < &,
w<5>={6 , forg <& (2.5)

1, for £ > &,.
‘We can now state our main theorem.

Theorem 2.3. Assume (A1)—(A2) hold and b"(u) < 0 for u € [0, K]. For any
given traveling wave front ¢(€) of (1.1) with direction 8 € [0,7/2] and speed ¢
obtained in Proposition if (2.3) holds,

¢ >max {2Dp, (e — 1) + 0" (0)w(1 + L) — 2dyp,, c.(6)} (2.6)
and the initial data satisfies 0 < w; ;(s) < K for (i,j,s) € Z* x [-1,0], and
{u?’j(s) — ¢(icosf+ jsing + cs)}ijez € C([-7,0],12),

then the unique solution w; ;(t) of the Cauchy problem (L.1) and (1.3) satisfies
0 < wiy(t) < K (i,4,t) € Z* x [0, +00),

{ui;(t) — p(icosf + jsinf + ct)}; jez € C([0, +00), l?u),
and there exists positive number u such that

sup |u;;(t) — ¢(icosd + jsinf + ct)| < Coe ™, >0,
i,jEL

for some constant Cy > 0.

Remark 2.4. (i) Note that if D,, and b’'(K) are relatively small, then the technical
assumption holds. As mentioned by Mei et al [6], the condition ¥'(K) < 1 is
natural, see e.g. [0, Remark 1].

(ii) From the condition and definitions of the weighted function w(§) and
the space C ([—7’7 0], lfv), we see that the initial perturbation around the wave front
must converge to 0 exponentially as icosf + jsinf — —oo in the form

u?J(s) — ¢(icosO + jsinf + cs) = O(l)e_%licoseﬂ sinbl s ¢ [—7,0].
Contrasting to [2], we do not require that the initial perturbation must be suffi-
ciently small in a weighted norm.

(iii) Theorem [2.3] guarantees that any given traveling wave front of with
large speed is time-asymptotically stable. However, we are unable to prove the
stability for any slower waves ¢ > c,, particularly the case of critical waves with
¢ = c,. We leave this for future research.
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3. PROOF OF MAIN RESULTS

In this section, we first state the existence of solutions of the Cauchy problem
(1.1) and (1.3) and establish the comparison principle. Then we prove our stability
results by using the comparison principle together with the weighted energy method.
In the sequel, we always assume that all the conditions in Theorem hold.

Applying similar methods as in Cheng et al [2, Theorem 2.2], we obtain the
following existence result.

Lemma 3.1 (Existence). For any function u®(s) = {u ;(s)}i jez € C([—T,0],1°),
equation (L.1)) has a unique solution u(t) = {u; j(t)}i ez € C([—T,+00),1°) with
u(s) = u®(s) on [—7,0]. Furthermore, if

{u?’j (s) — ¢(icosO + jsind + cs)}i jez, € C([-,0],1%),
then

{um (t) — ¢(Z cosf + J sin @ + Ct)}i,jeZ S C([O, +OO), l2)
Lemma 3.2 (Comparison Principle). Let {%; ;(t)}ijez and {u; ;(t)}ijez be the
solutions of (LI) and (L3) with initial data {u ;(s)}ijez and {u;(s)}ijez, re-
spectively. If
»j(s)gﬂo»(s)gK fori,j €7Z and s € [—,0],
then

Oﬁym-(t) <T;t) <K fori,jeZ andt>0.
Proof. Put w; ;(t) = U ;(t) — u, ;(t) for i, j € Z and t > —7. Direct computation
shows that
w;j (t) = Dm[wiHJ (t) + Wi—1,5 (t) —+ wi7j+1(t) + U}i,jfl(t) — 4wm- (t)]
— dmwij(t) + hi (1),

where

w _ ) _

hia(0) = 225 3 Bali = m)rali = 1) (Tt = 7)) = oty (¢ = )]
m,n€”Z

We claim that

1 _ . .
wi(t) = e N B, = k)D,¢ (5 — Dwg1(0)
k,J€Z

1 (s , ,
bz 2 [ B, g Km0 - Dhals)ds.
47 0
k,EZ
We note that this claim can be proved by using discrete Fourier transformation
as in Cheng et al. [2]. For the sake of completeness and reader’s convenience, we
provide its proof here. Note that the grid function w; ;(¢) can be viewed as the

discrete spectral of a periodic function w(t, A) by discrete Fourier transformation
(see Goldberg, 1965; Titchmarsh, 1962):

1 .
- t )\ — —l(kA]-‘rlAQ) t
w(t,A) = o k%eze w1 (t),

1 ™ T
wra(t) = 5 / / MR G (1 N)dAd)s,
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where i is the imaginary unit and A = (A1, \2). Using discrete Fourier transforma-
tion, we obtain

o . . . . . . ~
570t ) = Dy + e P ez o7 415 (¢, N) — dp @ (L, A) + h(t,N)
A AQ ~ >
[40 (sin? 5 + sin? 22) + d | Dt X) + Bt A):
(3.1)
This equation can be solved as:
’L/ﬁ(t, /\) _ @(0’)\) —4D,, t(sin? A—1+sm A—) —dpt
t/\ 2 2 Ao
+/ h(sv)\)eféle(tfs)(sm S-+sin T)efdm(tfs)ds'
0

Note that

w(0, \) Z e_‘(k’\lH’\?)wkl(O) h(s A) Z e_‘(k)‘1+l)‘2)hk (s).

k lEZ k I€Z

Using the inverse discrete Fourier transformation, we obtain

w; ;(t) = ie_dmt / ) / ﬂ HPMFIA2) (0, \)e~4Pmtsin® Ftsin 32) gy 1,

+7/ —dpm (t—s / / 11)\1+J)\2)h(s )\)
e

™ m (t—s)(sin® ——&-sm )d)\ld/\gds

_ —d t § wkl / e (i—k))qe—4Dmt51n —d)\l

k€L

X/ 1(] l))\g —4D,,tsin? —d>\2+7 Z / tfs)hhl(s)

k,lcZ

></7r l(i=k)A1 ,—4Dp, (t—5) sin *d/\l/ ei(jfl))\gef4Dm(tfs)sin2%d/\QdS

—T

Lt S By i K)vp,a(j — D (0)

CArx
k,l€Z

71—2 Z / (t_s)ﬁDm(tfs) (’L _ k')’}/Dm(tfs) (] — l)th(S)dS

k,IEZ

Since b'(u) > 0 for u € [0, K] and 0 < g?’j(s) <7 (s) < K for s € [-7,0], we have
w; ;(t) > 0 for i,j € Z and t € [0,7]. Inductively, we obtain that w; ;(t) > 0 for
i,j € Z and t > 0, ie. w; ;(t) < (t) for i,j € Z and ¢ > 0. Similarly, we can
show that u; ;(t) > 0 and @, ;(t) < K for 4,j € Z and ¢ > 0. This completes the
proof. O

In what follows, we shall prove the stability theorem by means of the comparison
principle together with the weighed energy method.

We assume that the initial data {uf;(s)}ijez of (L.1) satisfying 0 < u ;(s) <
K for i,j € Z and s € [—7,0], and {u?j(s) — ¢(icosf + jsind + cs)}i jez €
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C([-7,0],12). Take

wjj(s) = max {ugj(s), p(icosd+ jsinfd + cs)},

¢; ;(s) == min {u;{j(s), P(icosf + jsinf +cs)}
for i,j € Z and s € [—7,0]. Then,

{apfj(s) — @(icosf + jsinb + cs)}; jez € C([-7,0], l?u)
and
0< (,OZ_J(S) < u?)j(s), @(icosf + jsinf + cs) < cpjj(s) <K.

Let u™(t) :i{ufj(t)}i,jez be the solutions of ([1.1)) with respect to the initial data
p=(s) = {%’,j (8)}ijez, Le.

dufj“) _ + + +
g = DPm [ iy, (8) w5 (0w () + uyy (8) = 4uis (0] = diui (1)
47T2 D Bali=m)vali —nb(u,,(t = 7)), 1,5 E€Z, t>0,
m,n€”Z

iy (s) = wij(s), i,j €L, s€ -0

(3.2)
Applying the comparison principle, we have

0 <u;;(t) <uij;(t), ¢licosd+jsind +ct) < uj](t) <K fori,jeZ,t>0.

3.1. Weighted energy estimate. For convenience, we denote
Ui ;) = u:rj(t) — ¢(icosf+jsinf +ct), & ;(t) =icosf + jsinf + ct.
It is easy to verify that {U; ;(¢)}; jez satisfies
du; ;(t
d’i;() = Din[Uis1,5() + Uie1j(8) + Ui ja (8) + Ui i1 (8) — Ui 5(8)]

+ % Z ﬂa(m)'ya(n)b/(¢(§i—m,j—n(t — T)))Ui—m,j_n(t —7)

mneE”L

—dn Ui ;(t) + Gi;(t),
Uij(s) = ¢i;(s) = d(&ij(s)) := Uy, (s),
where 4,5 € Z, t > 0, s € [-7,0] and the nonlinear term G, ;(t) is given by

Gig(t) = 15 D BalmPa() B(Uimmjnlt = 7) + 6(Eimjmnlt = 7))

m,n€”
- b(¢(£i—m,j—n(t - T))) - b/(d)(gi—m,j—n(t - T)))Ui—m,j—n(t - 7—)] .

To obtain a weighted energy estimate, we need the following key inequality. Take

Co(p) = min {Cy (), Co(p) }, where

(3.3)

Ch (1) = ¢+ 2dy, — 2D (e — 1) — Ly (1 + L) — 2p — wLy La(e2*™ — 1),

1
Co(p) = dm — Dm(e — 1) — §Wbl(K)(1 + Ly) — 2u — wly Ly (27 —1).
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Define
&Amwz—ﬁﬁjﬁﬁ+awm—m—mewngm—4
_;;awyw@ﬂo»2£;mmwamw@jgjgfﬂ)<3@
— 5 2 Balm)ra(m (B(Eimm it = 7)),
where e
e (o) — D) | 6 10) | 0l ©) | w6 (1)

+ + + .

w(&i;(t)) w(&i,;(t)) w(&i;(t)) w(&i,;(t))

Lemma 3.3 (Key inequality). Let w(§) be the weight function given in (2.5). Then
Bi j(p,t) > Co(p) > 0,

foralli,j € Z,t >0, and 0 < p < po := min{py, po}, where u; is the unique

solution to the equation C;(pn) =0, 4 =1,2.

Proof. We distinguish two cases:
Case (i): & ;(t) < &. In this case w(& (1)) = e~ & aM=&) " Since w(¢) is

non-increasing in R, we have

W(iym,jtn(t + 7))

w(&i,;(t))
W(Eitm,j+n(t))
w(&i,;(t))
_ Jeltame) < if &ivmjtn(t) = &,
] eGii®—Eitm j4n(®) = g=mcosf—nsinb  jf Eitm,j+n(t) < &

Hence,

W(itm,j4n(t + 7))
w(&,;(t))
Similarly, it is easy to verify that
r » w(&i—1,;(t) | w(&,-1(t)
W)= 2 0) T wiE, )
< max{1, e’} + max{1,e "%} + 2 < 2(e 4 1).

< max{1,e” o8O sV for any m,n € Z.

+2

Thus, we have
B (p,1)
>c+2d,, —2Dp(e—1)—2u— L1w

_ L14L;262M7‘ Zezﬂ@(m)’ya(n) max{l, efmcosefnsinO}

=c+2dy, — 2Dy (e — 1) — Lyw(1 + Ly) — 2 — Ly Low(e*™ — 1)
=Ci(p) >0 for0<p<p,
provided that (2.6) holds.
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Case (ii): & ;(t) > &.. In this case w(¢; ;(¢)) = 1. Similarly, we can show that

w(§i+m7j+n(t =+ T)) < maX{l’e—mCOSG—nsinG} for any m,n € Z,
w(&i,;(t))

and

£(w)(&5(8)) < max{1,e*?} + max{1,e0} +2 < 2(c +1).
Note that & j—n(t —7) =& ;(t) —mcosf —nsing — cr. It follows from Lemma
2.2] that
BiJ(,LL,t) Z 2dm — 2Dm(€ — 1)

_ erb/ gl] Z Ba max{l e mcosefnsiHB}

T
m,ne”

— 5 Y Balm)ra(m)b (9(Ei—m—n(t = 7)) 20

m,n€”Z
w —m cos 0 —n sin
_ R(SZ#Ti ) é-zj Zezﬁa max{l e 0 6}
> 2dy, — 2Dy (e — 1) — wb' (K)(1 +L2)—€—2M
_ 47_(_2 2/_L‘r _ Ll Z ﬂoz max{l efmcosafnsine}

m,ne’

=dp — Dp(e—1) — %wb’(K)(l + Ly) — 2 — LiLow(e*™ — 1)

= Co(p) >0 for 0 < pu < pa.
Now, let 0 < g < po := min{p1, o}, then B; ;(pn,t) > Co(p) > 0 for all 4,5 € Z,
t > 0. This completes the proof. |
Lemma 3.4 (Weighted energy estimate). There exists pn > 0 such that

1/2

0
||U<t>||las(||U0<o>||ia+02 / |U°<s>|?g,,ds) e, 1> 0

—T

for some constant Cy > 0.

Proof. Multiplying (3.3) by e***w(¢&; ;(t))U; ;(t) for 0 < p < o, we have
1 2ut, 772 _ Cwe . 2ut, 172
(26 in’j(t))t+( 5w +dn ,u)e wU; (t)
— D w[Usp () + Ui, 5 () + Uiy () + Ui -1 () — 4U; 5 (0)]U; 5(8)
w
rel > Balm)ya(m)V (¢(&i—mjn(t = 7)) Uimmjon(t — )™ w0l (2)

m,n€z
Mwl; ()G ;(),
(3.5)
where w = w(&; ;(t)). Noting that 2U;+1 1 (¢)Us ;(t) < UZyy j44(t) + UZ;(t), and

Z ﬁa a b/,<01Uz m,j— n(t*T)

m,neZ

+ ¢(Eimmjn(t - T>>)U3 mjen(t=7)] <0
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for alli,j € Z, t > 0, where 6; € (0,1), substituting these into (3.5]), we obtain
(eQ“thgj(t))t + ( - c% +2d,, — 2u> M wU? ;(t)
- DmGQ“tw[UfH’j(t) + Uiz—l,j(t) + Ui2,j+1( )+ Uz] 1(t) — 4Uz%j(t)]
w
5.3 > Ba(m)a(m (6(i—m.j—n(t = 7)) Uiz jn(t — ) wl; (t)

m,neZ
<0.
(3.6)
Summing about all i,j € Z and integrating the inequality over [0, ], we have

HUDNE — o /Z S Balm)ra(m)b (S mjnls — 7))

1,JEZMmnNEL

X Ui—m,j—n(s — 7)€ w(& ;(s))Us ;(s)ds
/ > |-y a(d, ) - Do (L) 615050~ ) 7

i,j€7 gz]
(fz‘,j (5))Ui,j(s)d8
< ”UO(O)H%%J'

Using the inequality 2ab < a? + b? and making changes of variables s — 7 — s,
i—m — i, and j —n — j, we obtain

2WQ/ S Balm e (B onls 7))

1,JELM,nEL
X Ui—m,j—n(s — 7)e* w (& ;(s))Us ;(s)ds

< [ % Balmranl (l6immsnls ~ D) (s (U2, (s

,JEZMNEL

Mz/zzaa )l

X U ($(Eimm.jn(s = 7)) e w(& () UZ p j_n(s — T)ds

47T2/ Z Z ﬁa rya b,( (51 m,j— n(S_T))) 2Hse (gl]( )) ()

,JELM,nEL

/ D D Palm)ra(mt (9(6:5(5)))

,JEZ M,NEL

W(Eitm.jtn(s +7)) o215, s)ds
w(&i;(s)) w(& ()7 (s)d

b e /Z S Balm)vam¥ (6(65(5)))
T 4,j€EZm,nEL

W(&itm, j+n(s+ 7)) s »
w(ii(s)) w(&ii()U7;(5)d
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From the proof of Lemma [3.3] we see that
W(Eitm,jn(t +17))
w(&i ; (1))
Thus, we have

’ WG4 j S+ T
S [ S Salmma(mp (o o)) )

,JEL M,nEL w(fzj (8))

—m cos —n sin 0}

< max{l,e for any i, j,m,n € Z.

X ezﬂsw(&,j(s))Uﬁj (s)ds
0
w 2pT — 6—nsin O
< m[qe “ /_T Z Z B (m)ya(n) max{1, e mcosf-nsindy (3.9)
1,jELm,nEL
w(&i ;(s))U7;(s)ds
0
— LT, / JU°(s) 12 ds.
Substituting (3.8) and (3.9) into (3.7]), we have

t
OO + [ 3 Bu )™ wlees (U2 (5)ds
0 i

) (3.10)
< IV +c: [ (s ds.
where Cy = wL1e2#97 Ly > 0. It then follows from Lemma that
Ol < (10°01 +C [ 10961 ds) e for v 20
This completes the proof. 0

3.2. Proof of Theorem By Lemma [3.4] and the standard Sobolev’s embed-
ding inequality I2 < [>° and 2 < [? for w(-) > 1 defined as in ([2.5]), we obtain the
convergence of u;fj(t), that is there exists a constant u{ > 0 such that
sup |uj;(t) — d(icosf + jsing + ct)] < Coe i, ¢ >0,
i,jEZ
for some constant Cy > 0.
Let V; ;(t) = ¢(icos0 + jsind +ct) — u; ;(t). We can similarly prove that u; ,(?)
converges to ¢(icosf + jsinf + ct), i.e. there exists a constant 9 > 0 such that
sup |u, ;(t) — ¢(icost + jsind + ct)| < Cge_“gt, t>0,
i,jEZ
for some constant C3 > 0.
Take p° = min{uf, 19}, Note that u; (1) < ugj(t) < ujj(t) for i,j5 € Z,t > 0.
Using the Squeeze Theorem, we can easily show that w; ;(t) converges to ¢(icos 6+
jsin@ + ct); that is,

sup |u; ;(t) — ¢(icos@ + jsinh + ct)| < Cie ™™t >0,
i,jEL

for some constant Cy > 0. We now complete the proof of Theorem [2.3
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