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BACKWARD UNIQUENESS FOR HEAT EQUATIONS WITH
COEFFICIENTS OF BOUNDED VARIATION IN TIME

SHIGEO TARAMA

Abstract. Uniqueness of solutions to the backward Cauchy problem for heat

equations with coefficients of bounded variation in time is shown through the
Carleman estimate.

1. Introduction

We consider a heat operator in the time backward form

Lu = ∂t +
d∑

j,k=1

∂xj (ajk(x, t)∂xju), (1.1)

with real bounded and measurable coefficients ajk(x, t) on Rd × [0, T ], for some
T > 0, satisfying ajk(x, t) = akj(x, t) (j, k = 1, 2, . . . , d) and

d∑
j,k=1

ajk(x, t)ξjξk ≥ D0|ξ|2 (1.2)

for any ξ ∈ Rd with some positive D0.
The Cauchy problem for Lu = f on Rd× [0, T ] with Cauchy data on t = 0 is not

well-posed. But the uniqueness of solutions to the Cauchy problem is valid under
some conditions on the coefficients. Since the work of Mizohata [5], there are many
works on this problem. See for example the survey paper of Vessella [6] and the
papers cited therein. But it seems that the backward uniqueness for heat operators
with discontinuous coefficients is not well studied.

We consider an operator whose coefficients ajk(x, t) (j, k = 1, 2, . . . , d) are of
bounded variation in t uniformly with respect to x ∈ Rd. That is, there exists a
constant M ≥ 0 such that we have

L∑
l=1

sup
x∈Rd

|ajk(x, tl)− ajk(x, tl−1)| ≤M (1.3)

for any partition of [0, T ], t0 = 0 < t1 < · · · < tL = T , which means that ajk(x, t) is
a C0

b (Rd)-valued function on [0, T ] with bounded variation. Here C0
b (Rd) is a space

of bounded and continuous functions on Rd. While we assume that ajk(x, t) are
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Lipschitz continuous in x uniformly with respect to t, that is, we assume that we
have, with some L ≥ 0,

d∑
j,k=1

|ajk(x, t)− ajk(y, t)| ≤ L|x− y| (1.4)

for any x, y ∈ Rd and any t ∈ [0.T ]. Under these conditions we show the following.

Theorem 1.1. Assume that the coefficients ajk(x, t) (j, k = 1, 2, . . . , d) of the
operator (1.1) are real, bounded and symmetric and satisfy (1.2), (1.3) and (1.4).
Let u(x, t) ∈ L2([0, T ], H1(Rdx))∩C0([0, T ], L2(Rdx)) satisfy Lu ∈ L2([0, T ], L2(Rdx)),

‖Lu(·, t)‖ ≤ C‖u(·, t)‖1 almost all t ∈ [0, T ],

and u(x, 0) = 0. Then we have u(x, t) = 0 on Rd × [0, T ].

Here the spaces L2 and H1 and their norm ‖·‖ and ‖·‖1 are standard ones whose
definitions are given below. For a Banach space X, we denote by L2([0, T ], X) and
C0([0, T ], X) the space of X-valued square integrable functions and the space of
X-valued continuous functions respectively.

Remark 1.2. We note that Lu ∈ L2([0, T ], L2(Rdx)) implies ∂tu(x, t) being in
L2([0, T ], H−1(Rdx)). While ∂tu(x, t) being in L2([0, T ], H−1(Rdx)) and u(x, t) in
L2([0, T ], H1(Rdx)) imply u(x, t) ∈ C0([0, T ], L2(Rdx)) (see for example [3, Theorem
1. §1.1 Ch. XVIII]). Then the assumption u(x, t) ∈ C0([0, T ], L2(Rdx)) follows from
the other assumptions.

Theorem 1.1 is shown by using the Carleman estimate. Here, in order to indicate
the principal idea of proof, we show how to obtain the Carleman estimate for a
simple operator ∂tu + a(t)∂2

xu. We assume that the coefficient a(t) satisfies that
C1 ≤ a(t) ≤ C2 with positive C1, C2, and that for any positive ε there exists
Tε ∈ (0, ε] such that we have, for any h ∈ [0, Tε],∫ Tε

0

|a(t+ h)− a(t)| dt ≤ εh.

We remark that the second assumption is satisfied if a(t) is of bounded variation
and continuous at t = 0.

We define the weight function ψ1,γ(t) by ψ1,γ(t) = γ
∫ Tε
t
eψγ(t) dτ , where

ψγ(t) =
∫ Tε

t

1
ε

(1 + γ|a(τ + 1/γ)− a(τ)|+ γ

∫ 1

0

|a(τ + s/γ)− a(τ)| ds) dτ.

We note that 0 ≤ ψγ(t) ≤ 5/2 when γ ≥ 1/Tε. Under these conditions, we show
that there exist positive ε, γ0 and C such that we have the estimate∫ Tε

0

(γ‖e2ψ1,γ(t)u‖2 + ‖e2ψ1,γ(t)∂xu‖2) dt ≤ C
∫ Tε

0

‖e2ψ1,γ(t)(∂tu+ a(t)∂2
xu)‖2 dt

for any γ ≥ γ0 and u(x, t) satisfying u(x, 0) = 0 and u(x, Tε) = 0. Plancherel’s
theorem implies that we have only to show the estimate

(γ + ξ2)
∫ Tε

0

|e2ψ1,γ(t)u(t)|2 dt ≤ C
∫ Tε

0

|e2ψ1,γ(t)L̂u(t)|2 dt (1.5)
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for any ξ ∈ R, γ ≥ γ0 and u(t) satisfying u(0) = 0 and u(Tε) = 0. Here L̂u =
d

dt
u − a(t)ξ2u. By setting u(t) = e−ψ1,γ(t)v(t), we see that the estimate above is

equivalent to

(γ + ξ2)
∫ Tε

0

|v(t)|2 dt ≤ C
∫ Tε

0

|L̃v(t)|2 dt (1.6)

where L̃ = d
dt + γeψγ(t) − a(t)ξ2. In the following, we show (1.6) for a real valued

v(t) satisfying v(0) = 0 and v(Tε) = 0.
We see from v(0) = v(Tε) = 0 that

−
∫ Tε

0

v(t)L̃v(t) dt =
∫ Tε

0

(a(t)ξ2 − γeψγ(t))(v(t))2 dt.

Then, when C1ξ
2 ≥ 2e5/2γ, we have∫ Tε

0

|v(t)||L̃v(t)| dt ≥ (C1ξ
2/2)

∫ Tε

0

|v(t)|2 dt.

Hence we have

C3

∫ Tε

0

|L̃v(t)|2 dt ≥ (ξ2 + γ)
∫ Tε

0

|v(t)|2 dt

with some C3, when C1ξ
2e−5/2/2 ≥ γ ≥ 1.

For the case where C1ξ
2e−5/2/2 ≤ γ, we first remark that∫ Tε

0

(L̃v(t))2 dt =
∫ Tε

0

(
(v′(t))2 + (γeψγ(t) − a(t)ξ2)2(v(t))2

)
dt+ I

where

I = 2
∫ Tε

0

v′(t)(γeψγ(t) − a(t)ξ2)v(t) dt.

To estimate I, we regularize a(t) by aγ(t) =
∫ 1

0
a(t + s/γ) ds. Since aγ(t) =

γ
∫ t+1/γ

t
a(s) ds, we see that

|aγ(t)− a(t)| ≤
∫ 1

0

|a(t+ s/γ)− a(t)| ds, |a′γ(t)| ≤ γ|a(t+ 1/γ)− a(t)|.

Note that |aγ(t)| ≤ C2. We set I = I1 + I2, where

I1 = 2
∫ Tε

0

v′(t)(γeψγ(t) − aγ(t)ξ2)(v(t)) dt,

I2 = 2
∫ Tε

0

v′(t)(aγ(t)− a(t))ξ2v(t)) dt.

From |aγ(t)− a(t)|2 ≤ 2C2|aγ(t)− a(t)| and Schwarz’s inequality, we obtain

|I2| ≤
∫ Tε

0

|v′(t)|2 dt+ 2C2

∫ Tε

0

∫ 1

0

|a(t+ s/γ)− a(t)| dsξ4|v(t)|2 dt.

Note

I1 =
∫ Tε

0

(γeψγ(t) − aγ(t)ξ2)
d

dt
(v(t))2 dt,

v(0) = 0, v(Tε) = 0, and

− d

dt
eψγ(t) =

eψγ(t)

ε
(1 + γ|a(t+ 1/γ)− a(t)|+ γ

∫ 1

0

|a(t+ s/γ)− a(t)| ds).
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By integrating by parts and eψγ(t) ≥ 1,

I1 ≥
∫ Tε

0

(γ
ε

(
1+γ|a(t+1/γ)−a(t)|+γ

∫ 1

0

|a(t+s/γ)−a(t)| ds
)
+a′γ(t)ξ2

)
(v(t))2 dt.

Hence, noting |a′γ(t)| ≤ γ|a(t+ 1/γ)− a(t)|, we see that, if γ/ε ≥ ξ2,

I1 ≥
∫ Tε

0

(
γ

ε
+
γ2

ε

∫ 1

0

|a(τ + s/γ)− a(τ)| ds)(v(t))2 dt.

Then from I ≥ I1 − |I2| it follows that, if γ/ε ≥ ξ2,

I ≥
∫ Tε

0

(
(
γ

ε
+ (

γ2

ε
− 2C2ξ

4)
∫ 1

0

|a(t+ s/γ)− a(t)| ds
)

(v(t))2 dt−
∫ Tε

0

|v′(t)|2 dt,

from which we see that

I ≥
∫ Tε

0

γ

ε
(v(t))2 dt−

∫ Tε

0

|v′(t)|2 dt,

when γ/ε ≥ ξ2 and γ2/ε ≥ 2C2ξ
4.

We have some positive ε not depending on ξ or on γ such that, if C1ξ
2e−5/2/2 ≤

γ, we have γ/ε ≥ ξ2 and γ2/ε ≥ 2C2ξ
4. Therefore, with such ε, we see that∫ Tε

0

(L̃v(t))2 dt ≥
∫ Tε

0

γ

ε
(v(t))2 dt

if γ ≥ 1/Tε and γ ≥ C1ξ
2e−5/2/2. Then we have with some positive C4,

C4

∫ Tε

0

(L̃v(t))2 dt ≥ (γ + ξ2)
∫ Tε

0

(v(t))2 dt

if γ ≥ 1/Tε and γ ≥ C1ξ
2e−5/2/2. Hence we obtain the estimate (1.6).

We remark that we need a more precise estimate than the estimate above for
the proof of Theorem 1.1.

In the next section we recall the properties of the Hardy-Littlewood decomposi-
tion and the properties of functions of bounded variation for the preliminaries. We
draw the Carleman estimate in the section 3. Finally we give the proof of Theorem
1.1 in the section 4. In this study the author is inspired by the paper of Del Santo
and Pruzzi [2].

We denote the space of square integrable functions on Rd by L2(Rd). The inner
product in L2(Rd) is given by

(u, v) =
∫

Rd
u(x)v(x) dx

and the norm by ‖v(·)‖ =
( ∫

Rd |v(x)|2 dx
)1/2

.

The space H1(Rd) consists of u(x) ∈ L2(Rd) whose derivatives ∂xju(x) (j =
1, 2, . . . , d) belong also to L2(Rd). The norm ‖ · ‖1 of H1(Rd) is given by ‖u(·)‖1 =√
‖u(·)‖2 +

∑d
j=1 ‖∂xju(·)‖2. We set ‖∇u‖2 =

∑d
j=1 ‖∂xju‖2.

Let C∞(Ω) be the space of infinitely differentiable functions on Ω, W 1,∞(Rd)
the space of bounded and Lipschitz continuous functions on Rd with the norm

‖u(·)‖W 1,∞ = ‖u(·)‖L∞ +
d∑
j=1

‖∂xju(·)‖L∞ .
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Here we denote by ‖u(·)‖L∞ the essential supremum of |u(x)| on Rd.
We denote by v̂(ξ) the Fourier transform of v(x) given by∫

Rd
e−ixξv(x) dx,

while the inverse Fourier transform of w(ξ) is defined by
1

(2π)d

∫
Rd
eixξw(ξ) dξ.

In the following, we use C or C with some suffix in order to denote positive constants
that may be different line by line.

2. Preliminaries

2.1. The Littlewood-Payley decomposition. We recall some properties of the
Littlewood-Payley decomposition and the related results referring to [4].

Let φ0(ξ) ∈ C∞(Rd) satisfy 0 ≤ φ0(ξ) ≤ 1, φ0(ξ) = 1 for |ξ| ≤ 11/10 and
φ0(ξ) = 0 for |ξ| ≥ 19/10. We define φn(ξ) with n = 1, 2, 3, . . . by

φn(ξ) = φ0(
ξ

2n
)− φ0(

ξ

2n−1
).

For a function φ(ξ), we denote the Fourier multiplier with φ(ξ) by φ; that is, φv
is the inverse Fourier transform of φ(ξ)v̂(ξ). We remark that

C−1‖u‖2 ≤
∞∑
n=0

‖φnu‖2 ≤ C‖u‖2. (2.1)

Lemma 2.1. For a(x) ∈W 1,∞(Rd), we have
∞∑
n=0

‖φnau− aφnu‖21 ≤ C(‖a‖W 1,∞‖u‖)2. (2.2)

Proof. We define the paraproduct Tau by
∑∞
l=0 al−3φlu. Here al is the inverse

Fourier transform of φ0(2−lξ)â(ξ). It is well known that we have

‖au− Tau‖1 ≤ C‖a‖W 1,∞‖u‖.
See for example [4, Theorem 5.2.8]. This estimate and (2.1) imply

∞∑
n=0

‖(aφnu− Taφnu)‖21 ≤ C(‖a‖W 1,∞‖u‖)2,

∞∑
n=0

‖φn(au− Tau)‖21 ≤ C(‖a‖W 1,∞‖u‖)2.

Then we have to show only that
∞∑
n=0

‖φnTau− Taφnu)‖21 ≤ C(‖a‖W 1,∞‖u‖)2.

In the following, we assume that l and n are non-negative integers. Note that
the spectrum of al−3φlu, that is, the support of the Fourier transform of al−3φlu is
contained in 2l−2 < |ξ| < 2l+2 if l ≥ 1, while the spectrum of a−3φ0u is contained
in |ξ| < 2. Then we see that

φnal−3φlu = 0 |l − n| ≥ 3.
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We remark also that φl(ξ)φn(ξ) = 0 if |l−n| > 1. Then φnTau−Taφnu is equal to∑
l;|l−n|≤2

φnal−3φlu− al−3φlφnu,

which, using the symbol of commutator, is equal to∑
l;|l−n|≤2

[φn, al−3]φlu.

Since al(x) =
∫

Rd a(y)2ldP (2l(x−y)) dy where P (x) is the inverse Fourier transform
of φ0(ξ), then we have |al(x)− al(y)| ≤ C‖a‖W 1,∞ |x− y|. Note that [φn, al−3]u is
equal to

2nd
∫

Rd
Q(2n(x− y))(al(y)− al(x))u(y) dy

where Q(x) = P (x)− 2−dP (x/2) if n ≥ 1 and Q(x) = P (x) if n = 0. Then

|[φn, al−3]φlu(x)| ≤ C‖a‖W 1,∞2−n2nd
∫

Rd
P1(2n(x− y))|u(y)| dy

where P1(x) = |P (x)||x|. Since P1(x) is integrable, we have

‖[φn, al−3]φlu‖ ≤ C‖a‖W 1,∞2−n‖u‖.
If |l − n| ≤ 2, the spectrum of [φn, al−3]φlu is contained in |ξ| ≤ 2n+2, then

‖[φn, al−3]φlu‖1 ≤ (2n+4 + 1)‖[φn, al−3]φlu‖.
Hence we obtain

‖
∑

l;|l−n|≤2

[φn, al−3]φlu‖1 ≤
∑

l;|l−n|≤2

C‖a‖W 1,∞‖φlu‖.

Since φnTau− Taφnu =
∑
l;|l−n|≤2[φn, al−3]φlu, we have

‖φnTau− Taφnu‖1 ≤
∑

l;|l−n|≤2

C‖a‖W 1,∞‖φlu‖,

from which we obtain (2.2). �

2.2. Bounded variation. Next we recall the properties of functions with bounded
variation. (See, for example, the appendix of [1] for the detail.) Let X be a Banach
space with a norm ‖·‖X and let f(t) be a X-valued function on [0, T ] with bounded
variation; that is, whose total variation V (f, [0, T ]) given by

V (f, [0, T ]) = sup
any partition of [0, T ]
t0=0<t1<···<tL=T

L∑
l=1

‖f(tl)− f(tl−1)‖X

is finite. Then, setting Vf (t) = V (f, [0, t]), we have

‖f(t)− f(s)‖X ≤ Vf (t)− Vf (s)

for any 0 ≤ s ≤ t ≤ T , which implies that f(t) has at most countably many
discontinuous points and there exists f(t+ 0) = limh↘0 f(t+ h) for any t ∈ [0, T )
and that we have ∫ T−h

0

‖f(t+ h)− f(t)‖X dt ≤ hVf (T ) (2.3)

for any 0 ≤ h ≤ T .
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We see that (2.3) implies∫ T/2

0

‖f(t+ h)− f(t)‖X dt ≤ hVf (T ) (2.4)

for any 0 ≤ h ≤ T/2.
Furthermore we have ‖f(t+ 0)− f(t)‖X = Vf (t+ 0)− Vf (t). Then we see from

(2.4) that, when f(t) is right continuous at t = 0, that is f(0 + 0) = f(0), for any
ε > 0 there exists a positive Tε such that we have∫ Tε

0

‖f(t+ h)− f(t)‖X dt ≤ hε

for any 0 ≤ h ≤ Tε.

Remark 2.2. It follows from the argument above and assumption (1.3) that the
right limit limh↘0 ajk(x, t+ h) converges uniformly on Rdx for any t ∈ [0, T ). Then
we see that (1.2) and (1.4) still hold for ajk(x, t+0) = limh↘0 ajk(x, t+h). Further-
more, we have ajk(x, t+ 0) = ajk(x, t) except for at most countably many t. Then,
in Theorem 1.1, we may assume that ajk(x, t + 0) = ajk(x, t) on [0, T ] uniformly
with respect to x ∈ Rd.

3. Carleman estimate

Noting Remark 2.2, we may assume that for any positive ε, there exist Tε > 0
such that we have ∫ Tε

0

d∑
j,k=1

‖ajk(·, t+ h)− ajk(·, t)‖L∞ dt ≤ εh (3.1)

for any h ∈ [0, Tε]. Here we may assume that Tε ≤ ε.
We define ψγ(t) and ψ1,γ(t) with γ ≥ 1/Tε by

ψγ(t) =
∫ Tε

t

(1
ε

+
1
ε

d∑
j,k=1

γ

∫ 1

0

‖ajk(x, τ +
s

γ
)− ajk(x, τ)‖L∞ ds

)
dτ,

ψ1,γ(t) = γ

∫ Tε

t

eψγ(τ) dτ.

We note that, since

d∑
j,k=1

∫ Tε

0

‖ajk(x, t+
s

γ
)− ajk(x, t)‖L∞ dt ≤

εs

γ

for s ∈ [0, 1] and γ ≥ 1/Tε, we have, on [0, Tε],

0 ≤ ψγ(t) ≤ 3
2
. (3.2)

In this section we show the following Carleman estimate.
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Proposition 3.1. There exists a positive constant ε0 so that, for any ε ∈ (0, ε0)
we have, with a positive γε,

γ

ε

∫ Tε

0

e2ψ1,γ(t)‖u(·, t)‖2 dt+
1
ε

∫ Tε

0

e2ψ1,γ(t)‖∇u(·, t)‖2 dt

≤ C
∫ Tε

0

e2ψ1,γ(t)‖Lu(·, t)‖2 dt
(3.3)

for any γ ≥ γε and any u(x, t) ∈ L2(Rd × [0, Tε]) satisfying ∂xju(x, t) ∈ L2(Rd ×
[0, Tε]) (j = 1, 2, . . . , d) and Lu ∈ L2(Rd × [0, Tε]), u(x, 0) = 0 and u(x, Tε) = 0.
Here the constant C is independent of ε and of γ.

We define the operator Lγ by Lγ = eψ1,γ(t)Le−ψ1,γ(t); that is,

Lγu = ∂tu+ γeψγ(t)u+
d∑

j,k=1

∂xj (ajk(x, t)∂xju).

Then, by replacing u by eψ1,γ(t)u, (3.3) is equivalent to

γ

ε

∫ Tε

0

‖u(·, t)‖2 dt+
1
ε

∫ Tε

0

‖∇u(·, t)‖2 dt ≤ C
∫ Tε

0

‖Lγu(·, t)‖2 dt. (3.4)

We remark that from (2.2) it follows that
∞∑
n=0

‖φn∂xj (ajk∂ku)− ∂xj (ajk∂kφnu)‖2 ≤ C‖∂xku‖2,

from which we obtain
∞∑
n=0

‖φnLγu− Lγφnu‖2 ≤ C‖u‖21.

Then, by (2.1) we get
∞∑
n=0

‖Lγφnu‖2 ≤ C(‖Lγu‖2 + ‖u‖21). (3.5)

Therefore, we consider the estimate of ‖Lγφnu‖. Note that (1.2) implies
d∑

j,k=1

(ajk(x, t)∂xkv, ∂xjv) ≥ D0‖∇v‖2, (3.6)

from which and from (3.2) we obtain the following: for u(x, t) satisfying u(x, 0) = 0
and u(x, Tε0) = 0,

−
∫ Tε

0

(Lγφnu, φnu) ≥ D0

∫ Tε

0

‖∇(φnu)‖2 dt− γe3/2
∫ Tε

0

‖φnu‖2 dt.

When D0
4 22(n−1) ≥ γe3/2 and n ≥ 1, we see, noting ‖∇(φnu)‖2 ≥ 22(n−1)‖φnu‖2,

that

−
∫ Tε

0

(Lγφnu, φnu) ≥ D0

2

∫ Tε

0

‖∇(φnu)‖2 dt+ γe3/2
∫ Tε

0

‖φnu‖2 dt.

Hence, by |(Lγφnu, φnu)| ≤ ε
2‖Lγu‖

2 + 1
2ε‖u‖

2 we get

ε

∫ Tε

0

‖Lγu‖2 dt ≥ D0

∫ Tε

0

‖∇(φnu)‖2 dt+
∫ Tε

0

(2γ − 1
ε

)‖φnu‖2 dt. (3.7)
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For the case where D0
4 22(n−1) ≤ γe3/2 with γ ≥ 1/Tε, we have the following lemma.

Lemma 3.2. There exists a positive ε0 such that under the condition that (3.1)
is valid for 0 < ε < ε0, we have the following estimates. When 0 < ε < ε0 and
D0
4 22(n−1) ≤ γe3/2 with γ ≥ 1/Tε, we have

C

∫ Tε

0

‖Lγφnu‖2 dt ≥
1
ε

∫ Tε

0

‖∇φnu‖2 dt+
γ

ε

∫ Tε

0

‖φnu‖2 dt (3.8)

for any u(x, t) satisfying u(x, 0) = 0 and u(x, Tε0) = 0

Proof. Note that

‖Lγφnu‖2 = ‖∂t(φnu)‖2 + ‖γeψγφnu+
d∑

j,k=1

∂xj (ajk∂xkφnu)‖2

+ 2<(∂t(φnu), γeψγφnu) +
d∑

j,k=1

2<(∂t(φnu), ∂xj (ajk∂xkφnu)).

Let χ(s) ∈ C∞(R) satisfy χ(s) ≥ 0 on R, χ(s) = 0 on (−∞, 0] ∪ [1,∞) and∫∞
−∞ χ(s) ds = 1. Set D1 = sups∈R |χ(s)|+ |χ′(s)|. We define the regularization of
ajk, aγjk(x, t), by

aγjk(x, t) = γ

∫ ∞
−∞

χ(γ(s− t))ajk(x, s) ds.

We see that

aγjk(x, t) =
∫ ∞
−∞

χ(s)ajk(x, t+ s/γ) ds

from which and from
∫∞
−∞ χ(s) ds = 1 we see

aγjk(x, t)− ajk(x, t) =
∫ ∞
−∞

χ(s)(ajk(x, t+ s/γ)− ajk(x, t)) ds,

while from ∂ta
γ(x, t) = −γ

∫∞
−∞ χ′(s)ajk(x, t + s/γ) ds and

∫∞
−∞ χ′(s) ds = 0, it

follows that

∂ta
γ
jk(x, t) = −γ

∫ ∞
−∞

χ′(s)(ajk(x, t+ s/γ)− ajk(x, t)) ds.

Then we have

|aγjk(x, t)− ajk(x, t)| ≤ D1

∫ 1

0

|ajk(x, t+ s/γ)− ajk(x, t)| ds,

|∂taγjk(x, t)| ≤ D1γ

∫ 1

0

|ajk(x, t+ s/γ)− ajk(x, t)| ds.

Furthermore we note that

|aγjk(x, t)| ≤ ‖ajk(·, t)‖L∞

implies
|aγjk(x, t)− ajk(x, t)| ≤ 2‖ajk(·, t)‖L∞ .

Then we have

|aγjk(x, t)−ajk(x, t)| ≤
√

2‖ajk(·, t)‖L∞
(
D1γ

∫ 1

0

|ajk(x, t+ s/γ)−ajk(x, t)| ds
)1/2

.
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Using the estimates above, we estimate the term (∂t(φnu), ∂xj (ajk∂xkφnu)). Note
that

(∂t(φnu), ∂xj (ajk∂xkφnu))

= (∂t(φnu), ∂xj (a
γ
jk∂xkφnu)) + (∂t(φnu), ∂xj ((ajk − a

γ
jk)∂xkφnu)).

(3.9)

Note that |(∂t(φnu), ∂xj ((ajk−a
γ
jk)∂xkφnu))| = |(∂t∂xj (φnu), ((ajk−aγjk)∂xkφnu))|

which is dominated by

2n+1‖∂t(φnu)‖
√

2‖ajk(·, t)‖L∞
(
D1

∫ 1

0

‖ajk(·, t+s/γ)−ajk(·, t)‖L∞ ds
)1/2

‖∇φnu‖.

Here we used φn(ξ) = 0 for |ξ| ≥ 2n+1. SettingK =
∑d
j,k=1 supt∈[0,Tε] ‖ajk(·, t)‖L∞ ,

we obtain, from Schwarz’s inequality,
d∑

j,k=1

|(∂t(φnu), ∂xj ((ajk − a
γ
jk)∂xkφnu))|

≤ 2n+1‖∂t(φnu)‖
√

2K
(
D1

d∑
j,k=1

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds
)1/2

‖∇φnu‖.

Then we get

2
d∑

j,k=1

|(∂t(φnu), ∂xj ((ajk − a
γ
jk)∂xkφnu))|

≤ ‖∂t(φnu)‖2 + 22(n+1)+1KD1

d∑
j,k=1

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds‖∇φnu‖2.

Hence

‖∂t(φnu)‖2 + 2
d∑

j,k=1

<(∂t(φnu), ∂xj ((ajk − a
γ
jk)∂xkφnu))

≥ −22(n+1)+1KD1

d∑
j,k=1

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds‖∇φnu‖2.

On the other hand, noting that
d∑

j,k=1

2<(∂t(φnu), ∂xj (a
γ
jk∂xkφnu))

=
d∑

j,k=1

(∂xjφnu, (∂ta
γ
jk)∂xkφnu)−

d∑
j,k=1

∂t(∂xjφnu, a
γ
jk∂xkφnu),

we see that, when u(x, 0) = 0 and u(x, Tε0) = 0 are satisfied,

|
∫ Tε

0

2<(∂t(φnu), ∂xj (a
γ
jk∂xkφnu)) dt|

≤
∫ Tε

0

(
d∑

j,k=1

D1γ

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds)‖∇φnu‖2 dt.
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Therefore, we see that, when u(x, 0) = 0 and u(x, Tε0) = 0 are satisfied,∫ Tε

0

(
‖∂t(φnu)‖2 + 2<(∂t(φnu),

d∑
j,k=1

∂xj (ajk∂xkφnu))
)
dt

≥ −(22(n+1)+1K + γ)D1

d∑
j,k=1

∫ Tε

0

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds‖∇φnu‖2 dt.

Similarly, we have

2<(∂t(φnu), γeψγφnu) = ∂t(φnu, γeψγφnu)− γ(
d

dt
eψγ )‖φnu‖2.

We note that

−γ(
d

dt
eψγ ) = γeψγ × (

1
ε

+
γ

ε

d∑
j,k=1

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds)

from which and from eψγ(t) ≥ 1, we obtain

−γ(
d

dt
eψγ ) ≥ γ

ε
(1 + γ

d∑
j,k=1

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds) .

Then we see that, when u(x, 0) = 0 and u(x, Tε) = 0 are satisfied,∫ Tε

0

2<(∂t(φnu), γeψγφnu) dt

≥
∫ Tε

0

γ

ε
(1 + γ

d∑
j,k=1

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds)‖φnu‖2 dt

Therefore,∫ Tε

0

‖Lγφnu‖2 dt ≥
∫ Tε

0

γ

ε
‖φnu‖2 dt

+
∫ Tε

0

(
γ2

ε
‖φnu‖2 − (22(n+1)+1KD1 +D1γ)‖∇φnu‖2)

×
( d∑
j,k=1

∫ 1

0

‖ajk(·, t+ s/γ)− ajk(·, t)‖L∞ ds
)
dt.

Since ‖∇φnu‖2 ≤ 22(n+1)‖φnu‖2, when D0
4 22(n−1) ≤ γe3/2, we have

(22(n+1)+1KD1 +D1γ)‖∇φnu‖2 ≤ Cγ2‖φnu‖2,
‖∇φnu‖2 ≤ Cγ‖φnu‖2.

Choosing ε0 small, we have, for 0 < ε < ε0,

(
γ2

ε
‖φnu‖2 − (22(n+1)+1KD1 +D1γ)‖∇φnu‖2) ≥ 0.

Hence ∫ Tε

0

‖Lγφnu‖2 dt ≥
∫ Tε

0

γ

ε
‖φnu‖2 dt.
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Using γ‖φnu‖2 ≥ 1
C ‖∇φnu‖

2, we obtain∫ Tε

0

‖Lγφnu‖2 dt ≥
∫ Tε

0

(
γ

2ε
‖φnu‖2 +

1
2Cε
‖∇φnu‖2) dt.

�

Now we complete the proof of Proposition 3.1. We choose ε0 and γε so that the
assertion of Lemma 3.2 is valid. Furthermore we choose γε so large that we have
γε > 2/ε. Then we obtain from (3.7)

C

∫ Tε

0

‖Lγφnu‖2 dt ≥
1
ε

∫ Tε

0

‖∇φnu‖2 dt+
γ

ε

∫ Tε

0

‖φnu‖2 dt

for n satisfying D0
4 22(n−1) ≥ γe3/2 with γ ≥ γε. Hence it follows from the estimate

above, (3.8) and (2.1) that

C

∞∑
n=0

∫ Tε

0

‖Lγφnu‖2 dt ≥
1
ε

∫ Tε

0

‖∇u‖2 dt+
γ

ε

∫ Tε

0

‖u‖2 dt.

Noting (3.5), we have

C

∫ Tε

0

(‖Lγu‖2 + ‖u‖21) dt ≥ 1
ε

∫ Tε

0

‖∇u‖2 dt+
γ

ε

∫ Tε

0

‖u‖2 dt.

Then, by choosing ε0 so small, we obtain the desired estimate (3.4). The proof of
Proposition 3.1 is complete.

4. Proof of Theorem 1.1

First, we show time local uniqueness under the assumptions of Theorem 1.1.
Then, using the well-known continuity argument, we show that the assertion of
Theorem 1.1 is valid.

Proposition 4.1. Under the assumptions of Theorem 1.1, there exists t0 ∈ (0, T ]
such that we have u(x, t) = 0 for t ∈ [0, t0].

Proof. Set f = Lu. Then we see from the assumptions of Theorem 1.1, that
f ∈ L2([0, T ], L2(Rd)) and ‖f(·, t)‖2 ≤ C0(‖∇u(·, t)‖2 + ‖u(·, t)‖2) for almost all
t ∈ [0, T ]. Let the non-negative function χ0(t) ∈ C∞(R) satisfy

χ0(t) =

{
1 t < 3/4
0 t > 7/8 .

Set uε(x, t) = χ0(t/Tε)u(x, t). Here we use the notation of Proposition 3.1. Then
we see that uε(x, 0) = 0, uε(x, Tε) = 0 and that

Luε = χ0(t/Tε)f +
χ′0(t/Tε)

Tε
u.

Then from (3.3) we obtain∫ Tε

0

(
1
ε
‖∇uε‖2 +

γ

ε
‖uε‖2)e2ψ1,γ(t) dt

≤ C
∫ Tε

0

(‖χ0(t/Tε)f‖2 + (
χ′0(t/Tε)

Tε
)2‖u‖2)e2ψ1,γ(t) dt.
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Since
‖χ0(t/Tε)f‖2 ≤ C0(‖∇uε‖2 + ‖uε‖2),

by choosing ε small, we have∫ Tε

0

(
1
ε
‖∇uε‖2 +

γ

ε
‖uε‖2)e2ψ1,γ(t) dt ≤ C

∫ Tε

0

(
χ′0(t/Tε)

Tε
)2‖uε‖2e2ψ1,γ(t) dt (4.1)

for any γ ≥ γε. Since χ′0(t/Tε) = 0 for t ≤ 3Tε/4 and ψ1,γ(t) is decreasing, we note
that the right-hand side of (4.1) can be dominated by

Cεe
2ψ1,γ(3Tε/4).

Since ψγ,1 = γ
∫ Tε
t
eψγ(τ) dτ and eψγ(τ) ≥ 1 for τ ≥ 0, we see that for t ∈ [0, Tε/4],

ψγ,1(t) ≥ ψγ,1(Tε/4) ≥ ψγ,1(3Tε/4) + γTε/2.

Then, noting that uε(x, t) = u(x, t) on [0, 3Tε/4], we see that

γ

ε
e2ψγ,1(3Tε/4)+γTε

∫ Tε/4

0

‖u‖2 dt

is not greater than the left hand side of (4.1). Then we have∫ Tε/4

0

‖u‖2 dt ≤ εCε
γ
e−γTε .

As γ tends to infinity, the right hand side converges to zero. Then we see that∫ Tε/4
0

‖u‖2 dt = 0, which implies u(x, t) = 0 on [0, Tε/4]. �

Using the same argument we have the following proposition.

Proposition 4.2. We assume that the assumptions of Theorem 1.1 except for
u(x, 0) = 0 are satisfied. For any t0 ∈ [0, T ) there exists t1 ∈ (t0, T ] such that, if
u(x, t0) = 0, then we have u(x, t) = 0 for t ∈ [t0, t1].

Now we prove Theorem 1.1. Let S be the subset of (0, T ) that consists of
t0 ∈ (0, T ) satisfying u(x, t) = 0 on [0, t0]. From Proposition 4.1 and Proposition 4.2
we see that the set S is not empty and open set. Since u(x, t) ∈ C0([0, T ], L2(Rd)),
we see that S is closed subset of (0, T ). Then the connectedness of (0, T ) implies
S = (0, T ). Then we see that u(x, t) = 0 on [0, T ). Hence u(x, t) = 0 on [0, T ]. The
proof of Theorem 1.1 is complete.
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