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CONTROLLABILITY OF IMPULSIVE FUNCTIONAL
DIFFERENTIAL SYSTEMS WITH NONLOCAL CONDITIONS

YANSHENG LIU, DONAL O’'REGAN

ABSTRACT. In this article, we study the controllability of impulsive functional
differential equations with nonlocal conditions. We establish sufficient condi-
tions for controllability, via the measure of noncompactness and Monch fixed
point theorem.

1. INTRODUCTION

Consider the impulsive functional differential equation
() = A@®)x(t) + f(t,x(t), ) + Bu(t), a.e.tec[0,a];
Az|,_, =Li(x(t:), i=12,...k

z(t) = ¢(t), tel-7,0);
z(0) + M (z) = xo,

where Ax|i—y, = x(t; +0) — z(t; — 0), A(t) is a family of linear operators which
generates an evolution operator

U:A={(t,s)eJxJ:0<s<t<a}— LX),

X is a Banach space, J = [0,a], L(X) is the space of all bounded linear operators
in X, M: PC(J,X) — X, B is a bounded linear operator from a Banach space
V to X and the control function u(-) is given in L2(J,V), 0 = tg < t; < ta <
<ty < tgpr = a, I; 0 X — X,i = 1,...,k are impulsive functions, f :
J x X x L([-7,0],X) — X is a given function satisfying some assumptions that
will be specified later, ¢ € L([—7,0], X) and L([—7,0], X) is the space of X-valued
Bochner integrable functions on [—~7,0] with the norm ||@||z[—70 = f_OT llo(t)]]dt.
Abstract differential systems in infinite-dimensional spaces appear in many bran-
ches of science and engineering, such as heat flow in materials with memory, vis-
coelasticity, and other physical phenomena. Systems with short-term perturbations
are often naturally described by impulsive differential equations [18, 25]. Impulsive
interruptions are observed in mechanics, radio engineering, communication security,
control theory, optimal control, biology, medicine, bio-technologies, electronics, neu-
ral networks and economics (see for example [4] [5] [8] [19] 26] 27]). We also refer the
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reader to recent results in impulse theory [6, [7, 24) 28]. The semilinear nonlocal
initial problem was first discussed by Byszewski [2, B]. It was studied extensively
under various conditions on A (or A(t)) and f by several authors (see [4, [15] and
the references therein). Recently, Ji et al [15] studied the impulsive differential
equation
Z'(t) = A(t)z(t) + f(t,z(t)) + Bu(t), a.e.te[0,al;
Ax|t:ti = Li(z(t)), i=1,2,... k; (1.2)
z(0) + M (z) = xo.

Time delays are often encountered unavoidably in many practical systems such as
automatic control systems, population models, inferred grinding models, the AIDS
epidemic, and neural networks; see [0 [10, 17, 1T, 22] and the references therein.
They describe phenomenon present in real systems where the rate of change of the
state depends on not only the current state of the system but also its state at some
time in history. Therefore, it is natural and necessary to study with time
delay, i.e. the .

To the best of our knowledge there is no paper studying such systems. The
purpose of the present paper is to fill this gap. In this paper some sufficient condi-
tions for controllability are established by using the measure of noncompactness and
Monch’s fixed point theorem. The main features in the present paper are as follows.
First, the considers the effect of time delay. Also we relax the assumptions on
the functions f, M, and I; in [15].

The organization of this article is as follows. We shall introduce some prelimi-
naries and some lemmas in Section 2. The main results and their proof are given
in Section 3.

2. PRELIMINARIES

For the sake of simplicity, we put Jy = [0,¢1] and J; = (t;,ti41],4=1,..., k. Let
PC(J,X) = {x : x is a map from J into X such that z(t) is continuous at ¢ # ¢;,
and left continuous at ¢ = ¢;, and the right limit 2(¢]") exists for i = 1,2,...,k}.
Evidently, PC(J, X) is a Banach space with the norm

lzllpc = iug{llx(t)ll}, vz € PC(J,X).
S

Notice that the interaction of time delay and impulse give rise to discontinuity.
Therefore, we introduce the special complete space L([—,0], X) to overcome the
difficulty arising from time delay. For any function y € PC(J, X) and any t € J,
we denote a function y; by

pt+0), t+6<0 @1)

for 0 € [—7,0], where ¢(t) is the same as in ((1.1). Then it is easy to see y; €
L(]—,0], X). Moreover, we have the following Lemma.

t(e){y(t—FG), t+0>0;

Lemma 2.1. Suppose yn,yo € PC(J, X) with ||yn —yollpc — 0 asn — +o0o0. Then
for each t € J, we have

Ynt — Yol Lj—r,0) = 0, asn — +oo,

where yni (0) and yo () are defined by ([2.1).
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Proof. From ({2.1)), it follows that

I3 1yn(s) —yo(s)lds, ¢ <
I, \yn s) —yo(s)lds, t>T.

The conclusion follows. O

The basic space to study in this paper is PC(J, X). For a bounded subset
Q) of Banach space X, let 3(2) be the Hausdorff noncompactness measure of €2,
which is defined by £5(2) = inf{e > 0 : Q has a finite e-net in X'} (see [I} [16]).
In this paper, the Hausdorff measure of noncompactness of a bounded set in X,
PC(J,X), and L([-7,0],X) are denoted by 3(-), Bpc(-), and 3,(-), respectively.
As in [13], we have the following result on the Hausdorff noncompactness measure.

Ynt — votllLi-r.00 = {

Lemma 2.2. Suppose E is a Banach space. Let H be a countable set of strongly
measurable function x : J — E such that there exists a u € L[J, RT] with ||z(t)| <
w(t) a.e. t € J for allz € H. Then B(H(t)) € L[J, R"] and

{/ t)dt:x € H <2/ﬁ

where ((-) denotes the Hausdorff noncompactness measure, J = [0, a.

Lemma 2.3 (Monch fixed point theorem [20]). Suppose E is a Banach space. Let D
be a closed and convex subset of E and uw € D. Assume that the continuous operator
A : D — D has the following property: C C D countable, C C co({u} U A(C))
implies C' is relatively compact. Then A has a fixed point in D.

Definition 2.4. A function z € PC(J; X) is said to be a mild solution of (1.1)) if
x(0) + M(z) = 2o and

z(t) = U(t,0)z(0) —l—/o U(t,s)((f(s,z(s),zs) + Bu(s))ds + Z U(t,t:) I (x(t;)),

0<t; <t

for all t € J, where x4 is defined by (2.1)).

Definition 2.5. Equation is said to be nonlocally controllable on J if, for
every xg, 1 € X, there exists a control u € L?(J, V) such that the mild solution
of satisfies z(b) + M (x) = ;.
A two parameter family of bounded linear operators U(t,s), 0 < s <t < a on

X is called an evolution system if the following two conditions are satisfied:

(i) U(s,s) =1, U(t,r)U(r,s) =U(t,s) for 0 < s <t <aq

(ii) (¢,8) — U(t,s) is strongly continuous for 0 < s <t < a.
Since the evolution system U (¢, s) is strongly continuous on the compact set J x J,

then there exists Ly > 0 such that [|[U(¢,s)|| < Ly for any (t,s) € J x J. More
details about evolution systems can be found in [23].

3. MAIN RESULTS

We will use the following hypotheses:

(S1) A(t) is a family of linear operators, A(t) : 2(A) — X, Z(A) not depending
on t is a dense subset of X, generating an equicontinuous evolution system
{U(t,s): (t,s) € J x J}, ie., (t,8) = {U(t,s)x : x € Q} is equicontinuous
for t > 0 and for all bounded subsets €.
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(S2) f:JxX x L(]-7,0], X) — X satisfies:
(i) t — f(t,x,y) is strongly measurable for each z € X,y € L([-7,0], X);
(z,y) — f(t,x,y) is continuous for almost all ¢t € J;
(ii) there exist functions aq,b1, 1 € L(J; R1) such that

1t 2, y)ll < ar(@®)llz]l + br (D) llyllLi—r.01 + pa(t),

forallte J,z € X,y € L([-7,0], X);
(iii) there exist l1,l € L'(J; RT) such that for any bounded subsets By C
X, By C L([—7,0],X),

B(f(t, By, Bz)) < Li()B(B1) + 12(t) 57 (Ba);

(S3) M : PC(J,X) — X is a continuous operator and there exist nonnegative
numbers as, ba, I3 such that

M) < azllyll + b2, vy € PC(J, X);
B(M(B1)) <l3fpc(B1), for any bounded B; C PC(J, X);

(S4) the linear operator W : L?(J,V) — X defined by
Wu = / U(a, s)Bu(s)ds
0

is such that:

(i) W has an invertible operator W ! which take values in L?(J, V') /kerW
and there exist positive constants Lg and Ly such that ||B|| < Lp
and [ W < Ly

(ii) there is Ky € L'(J, R") such that, for any bounded set Q C X,

Bv(WQ)(1) < Kw (6)B(Q)-

(S5) I; : X — X(i=1,...,k) is a continuous operator and there exist nonneg-
ative numbers ¢;, d;, k; (i =1,2,..., k) such that:

ILi(x)|| <cllzl|+di, YexeX,i=1,2,...,k;
B(L;(B1)) < k;8(By), for any bounded B; C X, i =1,2,... k.
Theorem 3.1. Assume that (S1)—(S5) are satisfied. In addition, assume that

c:=Ly [(1 + LpLwa'/?) (ag + /a (a1(s) + 7b1(s))ds + zk:co

0 (3.1)

+ LULBLWazal/ﬂ <1,
a k a
0 i=1 0 (3.2)
4 2sLy / KW(s)ds} <1
0

Then the impulsive functional differential system (|1.1)) is nonlocally controllable on
J.
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Proof. From (S4)(i), one can define the control:

Uy (t) = W tay — M(x) — Ul(a,0)(xo — M(x))
a k (3.3)
— /0 Ula,s)f(s,x(s),zs)ds — Z U(a,t;)I;(z(t:))](t),
i=1

for all x € PC(J, X). Using this control, define the following operator on PC(J, X)
by

(Ga)() =U (£,0) (o — M () + / U(t, ) (f(s,2(s), ) + Bug(s))ds

+ Y Ut t)L(x(t:), Vo e PC(J, X).
o<t <t

(3.4)

Obviously, Gz € PC(J, X). We shall show that G has a fixed point, which is then
a solution of (LI)). Clearly, if z is a fixed point of G, then z1 = M(z) + G(z)(a),
which implies that the system is controllable.

First we show that G is continuous. To do this, suppose x,,z € PC(J, X) and
Zp — x as n — +o00. Then by (S3) and (S5) we know that

|Gz — Gzl pc
< Lu<IIM(xn) — M(z)]| +/O 1f(ss2n(5); 2ns) = f(s,2(s),25)||ds

a k
+Lp /0 e, () = we(s)llds + Y I i(wna(ti) — fi(x(ti))ll)
=1

(3.5)
< Lo (IMG) = M@+ [ 170 2(5)000) = f(s.2(5). ) s
k
-+ LBa1/2||uxn — u£||L2 -+ Z le(xn(tz) — Iz(x(tz))H) .
i=1
Notice that
2ns — sl Lf—r0) < Tl — 2 PC- (3.6)
From (3.3)), we have
”uiﬂn, - umHL2
< Lwl|M(wq) = M(@)]| + Lw Ly || M () = M(@)] o

a k
+/0 1f (s, n(s), Tns) — f(s,I(S),zs)HdSJrZ [1i(n () *Ii(x(ti))ll}-

Then by (3.5)—(3.7), (S2)—(S5), and the Lebesgue dominated convergence theorem,
we obtain

|Gz, — Gx||pc — 0 as n — 400,

so G is continuous.
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Next, choose a positive number r satisfying

L a
r> [0 Ll Lwat ) (Jlzol + b2 + / bi(s)ds - |6 L-r
0

@ k
+ [ (s + 30 ds) + LoLwa (o + b))
0 =1

We now show that
G : B(0,r) — B(0,r), (3.9)

where B(0,r) = {z € PC(J,X) : ||z||pc < r}. In fact, for each x € PC(J, X), by
(13.3)), we have

a 1/2
sl = ([ us(s)1Ps)

< Lw(llz1]l + azllz|| pc + b2) + Lw Lu [||$0|| + az|lz| pc + b2
a k
+ [ @@l + 0 llin + (o)) ds + Y (ele)] + )
=1
< Lw (21l + asllallpc +b2) + L Lu [ |20 ]| + aslje]| pc: + b

+ /a (ar(s)llzllpc + ba(s)(7llzllpc + 19l Li—r.0) + pa(s))ds
0

k

+3 (eillzllpe + di)] :

=1

This together with (3.4) guarantees that

1G]l pc

a k
< Ly llzo + 1M ()] + / 1 (s, 2(s), @) + Bua(s)lds + 3 i ()]
i=1

< Lolall + aallelme + b + [ (@6 oo + b (Slllira + pa(s)ds
a k
Y A CIES SO EGIERS)
< Ly [Jlol + eallellre + b+ [ (@@ lellre + ba(s)rlele +[6]1ra)
k
() ds + Lpa gl + 3 (el pe + )
i=1

< cllzllpc + Lo [(1 + LyLpLwa'/?) (||950H + b2 +/ bi(s)ds - |¢]lLj—r0]
0

a k
4 [ s + 30 + Lawa (o] + )]
0 i=1

From (3.8) we have |Gz||pc < r if ||z||pc < r; that is, (3.9) holds.
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Next we prove that if D C B(0,r) is countable and
D ceo({up} UG(D)), (3.10)

where ug € B(0,r), then D is relatively compact. Without loss of generality,
suppose that D = {z,,}22 ;. First we show {Gz,}5°, is equicontinuous on each .J;,
1 =0,...,k. If this is true then ¢o({ug} U G(D)) is also equicontinuous on each J;.
To this end, notice that for each x € D, t',t" € J;, we have

(Gz)(t") = (Gz)()]
= [U(",0) = U(t',0)](xo — M(x))] + | Z U(t",t;) = U 1)) I ((t5))

4 / U0, 5) (£ (s, 2(s), 1) + B (s)) s

—/ U(t’,s)(f(s,x( ),xs)—kBuw(s))dsH

0

< UE",0) = U, 0)](xo — M(z))|| + Z 1T, ) = U 15)) I (2(t)))

+/0 (U, 5) — Ut 5)(f(s,2(s), 25) + Bua(s)) | ds

+ /t IO, s)I - 1 (s, 2(s), 25) + Bua(s)llds

(3.11)
From the equicontinuity property of U(:,s) and the absolute continuity of the
Lebesgue integral, we see that the right-hand side of the inequality tends
to zero independent of x € D as |t —t/| — 0,t",¢ € J;. Therefore, G(D) is
equicontinuous on every J;.
Next notice that

Tns = TmsllLi—r,0] < T2 = Tmllpes  |2n(8) = 2m(8)|| < |20 — 2mllPc, s € J,
which implies

Br{znstnzi) < mBpo({zn}nli),  A{zn(s)}nt:) < Bre({zn}nii) s € J.
Then from (S2), (S3), (S4) and (S5), for each t € J, we have

Bv ({ua, (1) }n21)
< Kw(t)ﬁ<{M(scn) +U(a,0)(xg — M(x,)) + /0 Ul(a, s)f(s,2n(8), Tns)ds

k
EDILCRBIACHT) -y
< K (0 (a1 + Lo)re((anlin) + 2L [ [6)3((en(ei)

k
1233 ({ns 1o ds + Lo > ki ({an(t)152))

i=1
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a k
< Kw(l) (l3(1+LU)+2LU/O [1(s) + ha()]ds + Ly 3 k) Bec ()i

i=1
and

BU(Gr)B)
< B({U(£,0)(z0 — M(wa) 121

+ ﬂ(‘{/ot Ul(t,s) (f(s, Ty (8), Tns) + Bug, (5))d8}ﬁ°°:1)
+A(1 Y Ut L))

0<t; <t

< Lot (o) + 200 [ (a9} + b6, (2] ds
2oLy [ By (o, ())ds + Lo Z N RER DI

< Ly [13 +2 /Oa [l1(s) + Tla(s)]ds + 2L (13(1 + Ly) + 2Ly /Oa [l1(s) + Tla(s)]ds
+ Ly Z k) [ " Kuw(s)ds + Z ki Bre ()2

a k a
<Ly [(ls + 2/0 (I1(s) + 7l2(s))ds + Z k:l) (1 +2LgLy /0 KW(S)ds)

+2I5Lp /Oa KW(s)ds} Brc({Tn}ni1)

=d- Bprc({zn}niy).
(3.12)
Note since {Gxz,}22 ; is equicontinuous on each J;, i =0, ...,k we have (from a
well known result on measures of noncompactness)

Brc({Grn};Zi) = sup sup S({(Grn)(t)}521)-

0<i<k teJ;

This together with (3.2)), (3.10]) and (3.12)) guarantees that
Bro({en}tnzi) < Bre({Grn}nly) < d- Bro({zn}ly),

which implies that D = {x,,}°2 is relatively compact.
From Monch’s fixed point theorem, G has a fixed point in B(0,r) and immedi-
ately the system (|1.1) is nonlocally controllable on J. |

Remark 3.2. Note that with no effect of time delay was considered in [I5].
The assumptions on f, M, and I; in [I5] are relaxed in this paper. For example
M is not necessarily compact here, and the the assumptions (S2), (S3), and (S5)
in our paper are weaker than assumptions (H2), (H3), and (H5) in [15].
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