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SPREADING OF CHARGED MICRO-DROPLETS

JOSEPH IAIA

ABSTRACT. We consider the spreading of a charged microdroplet on a flat
dielectric surface whose spreading is driven by surface tension and electrostatic
repulsion. This leads to a third order nonlinear partial differential equation
that gives the evolution of the height profile. Assuming the droplets are circular
we are able to prove existence of solutions with infinite contact angle and in
many cases we are able to prove nonexistence of solutions with finite contact
angle.

1. INTRODUCTION

The interaction between a fluid and an electric field has received much attention
recently due to its connection to potential technological applications in microflu-
idics, inkjet printing, electrospinning, and electrospray ionization. See for example
[2]-[]. The spreading of a charged droplet on an electrically insulating surface has
received less attention. However, this is relevant to spray painting of insulating
surfaces when the droplets are charged. A natural question is whether it is possible
to accelerate the spreading by charging the drops and what the influence of the
charge is on the shape of the drop [I].

We will study the spreading of a charged microdroplet using the lubrication
approximation which assumes that the fluid spreads over a solid surface and that
the droplet is thin so that the horizontal component of the velocity is much larger
than the vertical component and that the stresses are mostly due to gradients of
the velocity in the direction perpendicular to the surface. Using this approximation
it is shown in [I] that the height profile h(r,t) of a circular drop satisfies

1orr ,0 Q? 1 he VT
et o [@hSE (260(47ra(t))2 2 =z T+ =0 ay

where a(t) is the radius of the drop and the boundary conditions are:

hr(0,t) = hprr (0,8) =0 (due to the circular symmetry), and (1.2)
h(a(t),t) = 0. (1.3)

Here + is the free surface tension coefficient, ¢g is the permittivity of the gas above
the drop, u is the viscosity, and @ is the total charge.
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We seek a self-similar solution such that the radius of the drop a(t) satisfies a
power law; i.e., a(t) = At?. The height profile will then, by conservation of mass,
be of the form

1 r 1 r
hir:t) = 25 (@) = 5l (55)

where p = r/a(t) and 0 < p < 1. This then gives for § = 1/10:

H Y
H (Hpp + =2 4 )] =2(H, + 200
{P PP P, 1— 02/, (p°H, pH)
where: ) A
v — Q _ 3uA
32m2eqy A2’ 10y °
Integrating once, using (1.2)), and rewriting yields
H'\' Zp 2Y p
H" —):——7f 1 1.4
( +p 1) or 0 < p<1, (1.4)
H'(0) =0, (1.5)
H(1)=0. (1.6)

Note that Y and Z are positive constants. Also, note that

H(p) =/Z/(2Y)(1 - p?)
is one solution of ([1.4)-(1.6)). A natural question is whether there are other solutions

of (L.4)-(1.6).
In attempting to solve ([L.4)-(1.6]), we first thought of using the shooting method.
That is, we would solve (|1.4) with:

H(0)=d >0, (1.7)
H'(0) = 0, (1.8)
H'(0) =k (1.9)

)

where k is arbitrary and then show that if & is sufficiently large then H > 0 on [0, 1
and if k is sufficiently small then H must have a zero on [0,1). Then making an
appropriate choice for k we could show that H(1) = 0. Therefore we conjectured
that for each d there would be at least one value of k such that H was a solution.
However, what we discovered is that the shooting method will not work for this
problem. In fact, what turns out to be true is the following theorem.

Theorem 1.1. Let H € C3(po, 1) be a solution of (1.4) such that 0 < pg < 1 and
H(po) > 0. Then H >0 on (pg, 1).

We were able to eventually show that if we look at a slightly different differential
equation then it is possible to solve this new problem by the shooting method. The
key turned out to be to look at the function

W =H—\/Z/2Y)(1 - p?). (1.10)
Using it is straightforward to see that
( . W\ =2YpW(H 4+ \/Z/(2Y)(1 - p?))
w +7) - 2 2)2
p H?(1 - p?)
_ —2Y pW (W +24/Z/(2Y)(1 — p?))
(W + VZ/2Y)(1 - p2)*(1 - p2)?

(1.11)
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for 0 < p < 1. The initial conditions for W are related to (1.7)-(1.9) by (1.10),

—V/Z/(2Y), (1.12)

W’(O) =0, (1.13)

W"(0)=k++/2Z/Y. (1.14)
Theorem 1.2. For each d > \/Z/(2Y) there is a C3[0,1) solution of (1.11)) with
W'(0) =0 and W(1) = 0. In addition, if d > \/Z/(2Y) then W >0 on [0,1) and
W'(1) = —oo. (Thus W and hence H have infinite contact angle at p = 1). If

d=+\/Z/(2Y) then W = 0 is a solution of (1.11). (Thus W and hence H have
finite contact angle at p =1 for this choice of d). So we see that there is a solution

of (1.4)-(1.6) for these values of d.

Note that if 0 < d < \/Z/(2Y), then it is not clear that the argument we used
in the proof of Theorem can be extended to these values of d and it is not clear
whether — can be solved for these values of d.

Next we attempted to determine if there are solutions of ( . other than

Z/(2Y)(1 — p*) which have finite contact angle at p = 1.
Somethlng Wthh seemed feasible was to attempt to find a power series solution

of (|1.4)-(1.6)) centered at p =1 in the form

n=0

H™ (1)

n!
We eventually discovered that requiring H to be smooth on [0, 1] and hence with
finite contact angle at p = 1 allows there to be only one solution of —. The
following theorem will be restated and proved as Theorem [{.4] in section 4.

Theorem 1.3. Let H € C*°[0,1] be a solution of (1.4])-(1.6) with H(0) > 0. Then

H(p) =+/Z/(2Y)(1 — p?). (1.16)

Despite the fact that there are no C°°[0,1] solutions of (1.4)-(1.6) which are
positive on all of [0,1) other than (1.16)), we still thought that there might be a
power series solutions of (1.4)) and (1.6) on (1 — ¢, 1] for some € > 0. Interestingly,

where of course

Ay =

3/2 . . .
there are some values of (zyzﬁ which appear to allow power series solutions and

others which do not. We will also prove the following result, which will be restated
and proved as Theorem in section 4.

Theorem 1.4. Let € > 0. Ifn(n—1)(n—2) # @ Z /2 for every positive integer n

and H € C*(1 — ¢, 1] is a solution of (L.4) and (1.6) with H positive on (1 —¢,1)
then
H(p) = VZIEY)(1 - ).
Note: The
Conjecture: }I:.E/tz e > 0. If there is a positive integer ng > 3 such that ng(ng —

1)(ng—2) = (OARER then there are power series solutions of (1.4 and (1.6) which
are positive on (1 — €, 1) other than

H(p) = VZ] (Y )(1 - 7).
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What we show here is that a recurrence relation for the a,, in (1.15]) can be solved
but proving the convergence of the series is not at all clear or obvious.

2. PROOFS OF THEOREMS [I.1] AND

Proof of Theorem[I.1. We suppose by the way of contradiction that there exists
zo > 0 with pg < zo < 1 such that H(zp) = 0 and H(p) > 0 on [po, z0). Integrating
(1.4) on (p1, p) where pg < p1 gives for some constant Cp,

H’ Y A
H +—+ ——=( — dt. 2.1
+p+1_p2 o+ T (2.1)
Multiplying (2.1)) by p and integrating on (p1, p) gives for some constant C1,
Y Pt sZ
pH' = —1In(1 — p?) + C1p? +/ t/ 8—2 ds. (2.2)
2 P1 P1 H

The first two terms on the right-hand side of (2.2) have limits as p — z; (since
zo < 1) and the integral term on the right-hand side is an increasing function. Thus
H' is bounded from below and in fact:

lim H'(p) exists (and is possibly +o00).

p—zy
However, since H(zp) = 0 and H(p) > 0 on [po, z0) we see that
lim H'(p) = —-A <0 (and thus A is finite). (2.3)

P2y
It then follows from L’Hopital’s rule that
H
lim M =-A
szO_ P — 20
and thus )
H
i 0
p—zy (p—20)
Suppose now that A > 0. Then there is a ps with py < p2 < 2o such that
H? < 2A%(p — 20)? for py < p < 2.
Thus for ¢ € (p2, 29) we have

t Zs Zpg/t 1 _Zpg[ -1 1 ]
P2

25 45> SR Y — .
d (s —20)? T oAz t—20 p2—20

o H? T 242
Multiplying by ¢ and integrating again gives

rortz Zp? [P —t t
/t/ 22 ds > pzz/[ + ] dt
ps Jps H 24% Jp, tt—z0  p2— 20

_ Zp® P> =3 ]

2A2 2(p2 — 20)"

We see that the expression —zgIn(p — z) on the right-hand side of (2.4 goes to

+o00 as p — z; which contradicts (2.2) and (2.3). Thus we see that it must be the
case that A = 0. Thus

(2.4)

[—(p—p2) — 20In(p — 20) + 20 In(p2 — 20) +

H
lim H'(p) = lim (p)
p—zy p—zy P — 20

= 0. (2.5)
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Next, it is straightforward to show using (|1.4) that

" , 2HH" 2Y H?
H2(H" + 2y - HH?| = +plz - — H'3.
[ ( P ) ] p [ (1 _ p2)2]
Integrating this on (p2, p) gives
Hl

HQ(H/I + 7) _ HH/2

= H*(p2) (H" (p2) + HI[ESZ)) — H(p2)H"(p2) (2.6)

?2HH" ? 2Y H? ’
+/ 2 dt+/ t[Z—ﬁ}dt—/ H" dt.
P o (1—1t2)

2 P2

It follows from (2.5)) that H>H' — 0 and HH'> — 0 as p — z, . Also the integrals
in (2.6)) are finite because zg < 1. Thus it follows that

lim H?H" = B.

p—zq
We now want to show that B = 0. Suppose then that B # 0. Then integrating
on H2H" on (p, 29) gives
z20 zZ0
H?(p)H'(p) +/ 2HH"? dt = f/ H?H".
2 2

Dividing by zop — p and taking limits as p — z;, we see that the right-hand side
limits to —B # 0 and the left-hand side limits to 0 by (2.5). This is a contradiction
and therefore,

lim H?H" = 0. (2.7)
p—zq
Next, multiplying (1.4) by H?, taking limits, and using (2.5) and (2.7) gives
lim H?H" = Zz, > 0. (2.8)
p—zg

Now integrating H>H'" on (p, z9) and using that H(zo) = 0, (2.5), and (2.7)
gives

zZ0 20
—H°H" + HH"” + / H®dt = / H?H" dt.
P p
Dividing by zo — p and taking limits as p — z; gives Zzy on the right (from (2.8))

while from (2.5 and the fact that H(z¢) = 0, the second and third terms on the
left have a limit of 0. Thus we see that

_HQH//
lim —— =2z, > 0. (2.9)
pP—zg 20 — P
Therefore near zy we have

Z
—H?H" > =2 (20— p),
and after integrating on (p, z9) and using (2.5)) we see that

Z0 Z
H2H' +/ QHH? dt > %(ZO — )2
P
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Dividing by (29 — p)? gives
H?H'+ [7"2HH"” dt Zx
(z0 — p)? -4
Finally, taking limits as p — z; using (2.5) we see that the left-hand side of (2.10)

limits to 0 and thus Zzy = 0 which contradicts that Z > 0 and zy > 0. This
completes the proof of Theorem

Proof of Theorem[1.3 We first prove existence of a solution of 1.14) on
(0, po) for some py > 0. Assuming first that W € C3[O 1] is a solution of (1.11))-

- then by L’Hopital’s rule W”(O) = lim,_,o+ W(p) Using this, integrating

on (0, p), and using 1.14]) gives ’
p 2YtW(H +/Z/2Y)(1 - t?)) p

W/
W'+ — =2W"(0) — t. 2.11
= (0) / e (211)
Multiplying by p and integrating on (0, p) gives

2YtWH Z/(2Y) 1—t2
P! = W (0)p —/ / +V /( Daras. (212)

H2(1—12)?

(2.10)

Dividing by p and mtegrating on (0, p) gives

W = W(0) + W"(0) /,, 1/ / W (H +Z/CV)A =) o

H2(1— 2)2

(2.13)
Denoting the right-hand side of (2.13) as T(W), it is straightforward to show that
T is a contraction mapping on C3[0, ] for some € > 0 when W (0) > 0 and W"(0)
is arbitrary. Thus it follows from the contraction mapping principle [5] that there

is a solution of (1.4))-(1.6) on (0, pg) for some py > 0.
Next, let us denote (0, p;) as the maximal open interval of existence for this

solution. We claim now that p; > 1. So we suppose by the way of contradiction
that 0 < p; < 1. Integrating (1.4)) on (0, p) gives

H' Y VA
H' + — =2k+Y — dt
ot +Y + /0 =3
Multiplying by p, integrating (0, p), and simplifying gives
Y In(1 —
H =5 n( ), (k+ o+ - / / 2 dt ds. (2.14)

Integrating again on (0, p) gives

Y P In(1 —t2 r1
H = H(0) /nit)dt-i- k+ / / / 22 dsdtdz. (2.15)

From (2 we see that fo S fos % dt ds is an increasing function and since p; < 1
we see that lirn pspr H '(p) exists (and is possibly +oo). Similarly from (2.15) we

see that [J/ L [ tfot 2Z dsdt dz is increasing and thus lim,_ - H(p) exists (and is
H(p) exists and is finite.

possibly +00). We claim now that lim , or
First, if lim,,_, - H'(p) is finite then it follows that lim,,_, - H(p) is also fi-
nite. So suppose hmpﬁp; H(p) = 4+o00. Then by contraposition it follows that

lim,_, - H'(p) = +00. On the other hand, if lim - H(p) = 400 then it follows

p—p
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that 4 is bounded near p = p; < 1. Then from (2.14)) it follows that H’ is bounded

contradicting that lim,,_, - H'(p) = +00. So we see that lim,_ - H(p) exists and is

finite. As in the proof of Theoremit is possible to show that lim ,_, - H(p) > 0.

Therefore H(p) > 0 on [0, p1] and since H is continuous then there exists a ¢ > 0
such that H > ¢o > 0 on [0, p1].

Using this estimate in and using that p; < 1 we obtain the existence of a
constant ¢y so that

1 x s
IWIS\W(0)|+|W”(0)|+c2/ f/ s/ |W|dt ds dx.
o TJo 0

Next, since 0 < p < 1 we see that

Py TS Py ofE e
/7/ s/ \W|dtdsdm§/ 7/ s/ |W|dt ds dx
o TJo 0 o TJo 0
P> [*
:7/ W dt
4 Jo

P
g/ W | dt
0

P
W] < [W(0)] + W (0)] +C2/ wl.
0

and therefore,

Then by the Gronwall inequality [5] it follows that W remains bounded on [0, p1].
We can then apply the contraction mapping principle again and obtain existence on
a slightly larger interval contradicting the maximality of p;. Thus the assumption
that 0 < p; < 1 must be false and therefore we see that p; > 1. Hence we see W
is a solution of on the entire open interval (0, 1).

Next, we observe from Theoremthat H > 0on [0,1). Thus we see by
that when W > 0 then

W'/
(v + =) <o,
p
Integrating on (0, p) and using L’'Hopital’s rule again we see W (0) = lim,,_,o+ W;J(p)
and thus
Wl
w" + v < 2W"(0).
Multiplying by p and integrating on (0, p) using (|1.13)) gives
pW' < W"(0)p? (2.16)
and thus
W < W”(0)p. (2.17)

Integrating a final time on (0, p) gives

w<wo) + O (d—W} + (k+\/m)%2. (2.18)

2
Now if W > 0 on [0, 1] then the left-hand side of (2.18)) is positive but we see that
the right-hand side of (2.18]) is negative if k is sufficiently negative. Thus we obtain

a contradiction and so we see that if £ is sufficiently negative then W has a zero on
[0,1].



8 JOSEPH IAIA EJDE-2013/202

Next it follows from ([2.15) that

Y [?In(1—t?) Y p?
H>d+—= | ——2dt+(k+>)=.
- Jr2/0 t +( Jr2)2

Thus by 7
p _
W= (d-VZ/(eY)) }’/jlnl ad) dt+<k+ +~¢2Z/Y)%< (2.19)

We see next by L’Hopital’s rule that
Yy P In(1—t3)
i Zdo & 4t _ Y
p—07F p? 4’
Therefore it follows that

In(1
2§<t”ﬁ+k+ +Mﬂﬂ’%_k+

li Z/(2Y). 2.20
i, = 5 /(2Y) (2.20)
Also M is integrable at ¢t = 1 so we see that 1f d VZ/(2Y)) > 0 and k is

chosen sufficiently large then it follows from , , and the mtegrablhty of
2
@ that W >0 on [0, 1).

We now define Wy, to be the solution of (1.11))-(1.14). We have shown that
Wi > 0 on [0,1] if k is sufficiently large and that W} has a zero on [0,1] if k is
sufficiently negative.

Now we choose ko to be the infimum of all k& such that Wy > 0 on [0,1]. We
claim that W, is a positive solution of (L.11)) with W} (0) = 0, Wy, (1) = 0 and
thus Hy, = Wi, +/Z/(2Y)(1 — p?) is a solution of ([1.4))-(1.6).

First we observe from 1.10 , m, and (|2.17] m ) that
Y In(1 pr)
57 k+ — +\/2Z/Y p < W, <W/(0)=k+2Z/Y.
P

Thus we see that there exists constants Cy and Cs (independent of k for k near ko)
such that [W/| < C1|In(1—p)|+C5 on [0, 1] and therefore there is a C3 (independent
of k for k near kg) such that

/ t)dt < Cs.

Then we see by the Holder inequality that

Y 1
Wito) - Wa) =| [ Wil < o=y /OWE(t)dts@\/m—y\.

Thus the {W}} are equicontinuous on [0, 1]. Now if W}, is ever negative then Wj
would have to be somewhere negative for some k > kg, but by assumption if k£ > kg
then Wy > 0. Thus we see that Wy, > 0.

If Wy, > 0 on [0, 1] then W}, > 0 on [0,1] for k < ko contradicting that W}, has
a zero on [0, 1] for k < ko. Thus Wy, must have a zero on (0,1]. So suppose there
exists zp with 0 < zg < 1 such that W, > 0 on [0, z9). If 2o = 1 then we are done
with this part of the proof so we suppose zy < 1.

Since we also know that Wy, > 0 we see that if 29 < 1 then it follows that Wy,
has a local minimum at zo and so Wy, (z0) = 0.
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Also, since Wy, (0) > 0 and Wy, (z0) = 0 it follows that W}, must have a local
maximum M with 0 < M < zp < 1. Integrating (1.11]) on (M, p) gives
W p 2Vt Wy, (Hko +/Z/2Y)(1 - t2))
w ko _ B _/
M Hi (1-t2)2
where B = W} (M) if M >0 or B =2W,/ (0) if M = 0. Whether the local max is
at M > 0 or at 0 we see that in either case B < 0.
Multiplying (2.21) by p and integrating on (M, p) gives
z 2Y Wy, Hko +Z/(2Y)(1 — tz))
T R

dt (2.21)

Wi = dtdr.  (2.22)

0

Thus we see that

x 2YtWy, H o TV Z/(2Y)(1 —t?)
0= W, (=) <_7/ / AT T a Py )dtdx. (2.23)

But Wy, > 0 on (M, zp) and also by Theorem we know Hj, > 0 on [0,1)
and therefore the right-hand side of must be negative. Thus we obtain a
contradiction and we see that zo = 1.

We also see by that W;, < 0on (M, 1). It also follows from and that
Wiy > 0 and Hy, > 0 that lim, ;- W exists (and is possibly —oc). This limit
must be strictly negative because B < 0 and the integrand in is not identically
zero on (M,1). If Wy (1) = —L > —oo then H} (1) = —L — 2Z/Y and since
Wi, (1) = Hy, (1) = 0 then lim, ;- "2 = [ and lim,_,- 2 = [+ /27]Y.
Using and that Wy, > 0 and Hjy, > 0 we see that there 1s aCy>0anda

6 > 0 such that )
C r t
P Ly
1= Ji—s (1 —1)

This goes to —oco as p — 17 contradicting that W}, (1) = —L > —oc. Thus it must
be the case that W’(1) = —oo. This completes the proof of Theorem [1.2] O

3. FACTS ABOUT THE BEHAVIOR OF H NEAR p =1

We now begin to investigate the behavior of (1.4) and (1.6} in a neighborhood
of p = 1 assuming H is a solution of (1.4)) and (1.6) with finite contact angle at
p=1

So let us assume that H € C3(1 — ¢, 1] for some € > 0 and that H is a positive
solution of (1.4]) and (1.6)) on (1 —¢,1). Since H(1) =0,

H
(1) = Tim 2 (3.1)
p—1-p—1
Multiplying (1.4) by H? gives
" 9V pH?
H2(H" + — - ) =zp— —L—_ (3.2)
( p p2 ) (1 _ p2)2
Taking limits as p — 17, using that H € C3(1 —¢,1], H(1) =0, and (3.1) gives

0=2— gH’u)?.
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Since H > 0 on (1 —¢,1) and H(1) = 0, it then follows that H'(1) < 0 and thus

H'(1) = —\/2Z]Y <0. (3.3)

Next by Taylor’s theorem we have

g=m -0+ T2 o 12,

Using this on the right-hand side of (3.2)) we obtain
2YpH? _ [2H'(1)H"(1)Y — Z(3 + p)lp(p — 1)

Zp— +o(1)(p—1). (3.4)

(1—02)2 a (1+p)2
Next d1v1d1ng and ( . 3.4) by (p — 1) we obtain
H' H' 2H'(HH"(1)Y — Z(3
H (H///_"_i_T):[ (L)H"(1) . ( +p)]p+0(1).
- PP (1+p)

Taking hmlts as p — 17 using H(1) =0 and . gives
2H’( YH"(1)Y —4Z

0=
4

Thus, using (3.3)) we obtain
H'(1)=H'(1) = —\/2Z/Y. (3.5)
Now integrating (|1.4)) on (p, 1) and using (3.5) gives

2H'(1) — [H" + E/] /1 [@ - 2)/795] dx.
14

’ o~ A-2)
Multiplying by ¢ and integrating on (p, 1) gives
Z 2Y
—H'(1)p* + pH' = / / . 7)] dx dt. (3.6)

Dividing by p, integrating on (p, 1), and using gives

Z/2Y)(1 - p?) — H = / // - = )}dxdtds

Rewriting we obtain

H—\/ZJ2Y)(1 - p /12/ /2Yx H22f£1x2)x2)2]dxdtds. (3.7)

Finally,

Z/(2Y)(1—p2):/ %/ t/t Y a[H — \/Z/(2Y)(1 — 2?)]

x [H +/Z]2Y)(1 — 22)] / (H2(1 — a:2)2) dz dt ds.
(3.8)

Often one can use an identity like (3.8) to prove local existence of a solution of
(1.4) and (1.6) near p = 1. The usual procedure is to define a mapping, T', as

1 1
T(H) = \/Z/(QY)(I—pQ)Jr/ 1/ t

X/ [QY:CH VZ]@Y)(1 — 22)] [Hﬂ/W(l—wQ)]}dxdtd&

H2(1 - 22)?
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If we could show that T is a contraction mapping then by the contraction mapping
principle T" would have a unique fixed point which would be a solution of and
(1.6). However, due to the singular nature of near p = 1, it turns out that 7' is
not a contraction and so this method of proof of existence does not work. However,
we are able to draw some conclusions from about the behavior of solutions of

D).
Note 1: From it follows that if there is an ¢ > 0 such that
H > ZJ@Y)(1-p?) on (1-e1)
then
H>\/Z/2Y)(1-p*) on[0,1).
The reason for this is that if there were a pg such that H(pg)—+/Z/(2Y)(1—p3) =0

and
H > JZJ@Y)(1 = %) on (pg,1)
then the left-hand side of (3.8]) would be zero but the right-hand side of (3.8)) would

be positive, yielding a contradiction.
Note 2: Similarly, if there is an € > 0 such that H(0) > 0 and

H<\Z/2Y)(1 - p?) on (1 —e¢1)
then by Theorem H > 0on [0,1) and then by (3.8]),

H<\/Z/2Y)(1—-p* on]0,1).
4. THE CASE n(n —1)(n —2) # % FOR ALL POSITIVE INTEGERS N

Our next attempt at solving (|1.4)-(1.6) was to look for solutions of ([1.4) with
H(1) = 0 and then trying to show H’(0) = 0. Consequently we attempted to find

a power series solution of (|1.4) and (|1.6)) centered at p =1 in the form

H(p) =Y an(p—1)" (4.1)
n=0
where ( )( )
H"™ (1
n = — (4.2)

Lemma 4.1. If H € C*[0,1] is a solution of (1.4)-(T.6) with H(0) > 0 and ko > 3
then
H(")(l) =0 forall3<n<k.
(In particular, if H € C*[0,1] then H™ (1) =0 for alln > 3).
Proof. Suppose H € C*0[0,1] with H(0) > 0, kg > 3, and H"”(1) # 0. Using
Taylor’s theorem and (3.5)) we then have
oy _ H"(1) 3 3

H—Z/(2Y)(1 = p") = —5r—(p = 1)" +o(1)(p ~ 1) (4.3)

and therefore if H"'(1) > 0 then we see from (4.3]) that

H<+\/Z/(2Y)(1 —p?) on (1 —¢,1) for some € > 0
and thus (by Note 1 at the end of section 2),

H<\/Z/(2Y)(1 —p?) on|0,1). (4.4)
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A similar argument shows that if H"”'(1) < 0 then (by Note 2 at the end of section
2) we obtain

H>\/Z/2Y)(1—-p*) on]0,1). (4.5)
In addition, by (3.5) and (3.6) we have
1 1 1 H2 _ L(l _ 1‘2)2
H 2Z/Yp=—=| t [ 2v 2y dz dt. 4.6
+ /Yp P/p /t CE[ H2(1 — 22)2 } x (4.6)
Thus
1 1 H2 _ L(l _ $2)2
H' QZY2:—/t/2Y 2Y de dt.
pH" + /Yp L, dl H2(1 — 22)2 J dz
Hence

lim pH' = / / 2Y£L‘ b d U m2)2] dx dt (4.7
O H2(1 — 22)2 : :
However, since H € C*[0,1] and H"’(1) # 0, then either ({.4) holds or ) holds
and therefore the right-hand side of (4.7) is nonzero. However, if H € C’CO [0,1]
then we see that the left-hand side of is zero. Thus, we obtain a contradiction
and so we cannot find a C*0[0, 1] solution of 1| unless H(1) = 0.

Assuming now that H'(1) =0 and H € C"][0,1] with ky > 4 then again using
Taylor’s theorem and we see that

H////(l)

H = Z[@V)(1 - ) = === 1)* +o(1) (p — 1)*

and arguing in a similar way as before we can show that H””(1) = 0. Continuing
in this way we see that all the higher derivatives of H up through order ky would
have to be zero at p = 1. This completes the proof. O

Lemma 4.2. Suppose H is a solution of (1.4) and (1.6) with H € C*o(1 — ¢,1]
and H >0 on (1 —¢,1) for some € >0 and ko > 3. Also suppose that

Y3/2

nn—1)(n—2) # W

for all positive integers n with 3 <n < kg. (4.8)

Then

H(")(l) =0 for all 3 <n < k.
(In particular, if H € C*>*°(1 —¢,1] and H > 0 on (1 —€,1) for some e >0 and H
is a solution of (T.4) and (L.6)) satisfying (&.8) then H™ (1) =0 for alln > 3).

Proof. We will assume and show that
H™(1)=0 forall 3<n <k
So suppose n > 3, H € C™(1 — ¢, 1], and that H satisfies
H=ai(p—1)+a(p—1)° +an(p—1)" +o(1)(p— )" (4.9)
Then
H? = af(p—1)* + 2a1a2(p — 1)* + a3 (p — )* + 2a1a,(p — 1)" " +o(1)(p — ).

Therefore,
2

T—p? af 4+ 2a1az(p — 1) + a3(p — 1)* + 2a1a,(p — 1)" "+ 0o(1)(p — 1) .
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Then
2Y H? 2y
0= 2 = (g 2t 2mazlp = 1)+ ad(p—1)7)
4Y ayan(p — 1)"71 .
(14 p)? +o(1)(p—1)" .

Next,

2V I Z 2Y [af + 2 (p—1)+a(p—1)2 Z(1+p)2]

4= — a — _Z T A

(1—p2)2 (14 p)2 L1 T 2mazlp 2(p Ve o
4Y aran(p—1)"* :

1+ )2 +o(L)(p—1)" L.

Using (3.5) and (4.2) we see that the term in brackets on the right-hand side of
(4.10) is identically zero and thus (4.10) reduces to

2Y H? 4Y ara,(p— 1)1

7= i D(p—1)" " 4.11

Now multiplying by % and using the fact that

H
plir{lﬁ p—(pi =H'(1)=a; = —/2Z/Y (4.12)
as well as (1.4), (3.5)), and (4.11)) we obtain
—(H" + iﬂ . E) _ 2Yp . @ _ 4Y aranp(p —1)" 3

P P2 (1 - P2)2 H? (1 + P)2 4.13
(p—1)? )

=t o(1)(p—1)"73.

First we consider the case n = 3. Taking limits as p — 1~ of (4.13) using (4.12)
we obtain

Ya1 as Ya3 Y3/2
—3las = —H"'(1) = = = — . 4.14
as ( ) a% ay (22)1/2 as ( )
But from (4.8)) we have that
Y3/2
———#6=3-2-1
(22)1/2 7é
and thus from (4.14)) it follows that
H///(l)
as = 31 =0.
Now let us assume (4.8)) with 3 < n < kg and suppose that
H"1)=HW1)=...=H" Y1) =0. (4.15)
Then (4.9) holds and therefore from (4.13) we see that
g EL_H -y )2
P P2 — ala’;Lp (p 2) +0(1)' (4.16)
(p—1)—3 (1+p? H
Taking limits as p — 1~ of the right-hand side of (4.16]) and using (4.12) we obtain
H" + H' _ H' _y y3/2
lim R R—— (4.17)

1= (p— 10 i ezt



14 JOSEPH IAIA EJDE-2013/202

Next we observe that

H'" + H” _ i; 2 H' — H'
lim — £ P gy £ PR (4.18)
p—1= (p=1)"" p—1- (p—1)"~

Using (4.15)) and that H € C™(1 — €, 1], we may apply L’Hopital’s rule (n — 3)
times to the limit on the right-hand side of (4.18]), and it is straightforward to show
that

pQH/// 4 pH// —H

lim
e )
(4.19)
. p?H™ + (2n — 5)pH™ Y + (n? —6n+8)H""2  HM(1)
 pol- (n—3)! ~ (n-3)"
Thus from (4.17))-(4.19) we get
y3/2 H™(1) nla
L= — LU —1 — 2)ay,. 4.20
" " o) mogy D=2 (420)
And again by (4.8) we see that since n > 3 then
Y3/2
nn—1)n-2)# ——
)( 22"
and therefore by (4.20)),
H(®)
an = (1) =0.
n!
This completes the proof. ([l

Lemma 4.3. If H € C*(1 —¢€,1] with H > 0 on (1 —¢,1) for some e >0 and H
is a solution of (T.4), (L.6)), with H™ (1) = 0 for every n >3 then

H=/Z/(2Y)(1 - p%).
Proof. Let
W =H—+\/Z/2Y)(1 - p?).

Since H(1) = 0, it follows from (3.5) and by assumption that
W (1) =0 for all n > 0.
Then by (3.8) we have

W /pl % /Slt/tl [2Y$W[H+ \/W(l — xZ)]] dx dtds.

H2(1— 22)2

We rewrite this as follows:
1 1l H
2Y “—— +/Z/2Y)1+=z
W:/ 1/ t/ W N 9”2[1—1 1{1( 2)( )]]d:cdtds. (4.21)
p S Js ¢ (=2 (1+z) (=)
It follows then from (3.1)) and (3.3) that the limit as 2 — 1~ of the term in brackets
in ([#.21) is % and so there is a pg with 0 < po < 1 such that the term in
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brackets in (4.21)) is bounded by M where M = 2Y°  Then on [po, 1] we have

(22)172
MW
|W|</ / / | | d dtds
1t Mw
§/ f/ t/ dedtds (4.22)
p 5o S, =)
M Low
< —(1- 2/ dx
pO( p) P (1 _x)3
Now we let
U/lmdx for po<p<1 (4.23)
- , (1—1‘)3 Po P ) .
and observe that
W]
U =— | .
(=)

It follows from (4.22)) that

M
(1—p)U'"+BU >0 where B= o
0

This implies
Ulp)
(1-p)"
is increasing and thus if 0 < pg < p < p2 < 1 then
Ulp) . Ulpa)
1=p)P = (1—p2)”
Now we know from the beginning of the proof that W(1) = W/(1) = W”(1) =0

and by assumption we also know for n > 3 that W (1) = H™ (1) = 0. Thus W
vanishes faster than any power of (1 — p) at p = 1. That is,

lim W =0 for every n > 1.
p—1- (1= p)"

It follows then from (4.23) that the same is true for U.
It follows then from (4.24) that
Ulp) .
(L=p)" = pm1- (1= p2)P
Thus U < 0 on (p1,1) but clearly U > 0 (by (4.23))) and thus U = 0 which implies
W = 0 and thus

(4.24)

lim Ul(p2) _

ZIEV)(1 - ?).

This completes the proof. O
Theorem 4.4. Let H € C*°[0,1] be a solution of (1.4)-(1.6) with H(0) > 0. Then
H(p) = VZIEV)(1 - )

The above theorem follows from Lemmas [.1] and [4.3]
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y3/2

Theorem 4.5. Let € > 0. If n(n—1)(n—2) # eane for every positive integer n

Z
and H € C*(1 —€,1] is a solution of (L.4) and (1.6) with H positive on (1 —¢,1)

then
H(p) = VZTEVI(1 - ).
The above theorem follows from Lemmas [£.2] and (4.3

y3/2

5. THE CASE no(no — 1)(no — 2) = 5z

FOR SOME POSITIVE INTEGER 7 > 3

So the question now is whether there are any power series solutions of ([1.4)) and

@) i

y3/2
no(ng —1)(ng —2) = ——  for some ny > 3.
Lemma 5.1. Let ng be an integer with ng > 3 such that
Y3/2
no(no — 1)(no —2) = @2

Suppose that
H= Z an(p—1)"
n=1

is a power series solution of (1.4) and (1.6). Let
by =n(n—1)(n —2)a, + (n—1)(n —2)(2n — 5)an_1 + (n — 2)*(n — 4)a,_o (5.1)
forn >3, and

Cp = Zakanﬂ,k forn > 1. (5.2)
k=1

ay = —+\/2Z]Y andagz—%\/QZ/Y. (5.3)

Then

In addition

Y3/2

O Gznle =0 o

y3/2 572 Y
[24 — W] a4 = —18&3 — ﬁaaa?, - ﬁbBC% (55)

y3/2 y2 & vy &

(60 — ———~]as = —60as —9a3 — — Y aras—r — = Y bpCo_y (5.6)

(22)1/2 47 2Z

k=2 k=3
V2 3 L (=) RAT = TR)cpsn
+E[_284_163+Z Y ]7 (5.7)
k=0
and
Y3/2
[n(n —1)(n—2) — W]an

=—(n—1n-2)2n—-5)a,_1—(n—2)*(n—4)a,_o — iz z_: arani1—k (5.8)
k=2
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n—1
y y?2 3 —1)"F(n —k—5)cy
Y Z brCny1—k + 17 { —2Cp_1 — icn—Q + Z on—k }
k=3 k=1
(5.9)

forn > 6.

Further, if ng > 3 then H™ (1) = 0 for 3 <n < ng—1. Also, if ng = 4 then the
right-hand side of is zero. If ng = 5 then the right-hand side of — 18
zero. Finally, if n = ng > 6, then the right-hand side of — is 0.

Proof. We suppose

= Z an(p —
n=1

where
H(n) (1)
nl

(5.10)

It follows from (3.5)) that

alz—\/QZ/Y, QQZ_%\/2Z/Y. (51].)

Then
= Z nan(p — 1)n71
H' = Zn(n — Dan(p—1)"2 Z (n+1)nap41(p— 1)1
n=1 n=1
H" = Zn(n— (n—=2)a,(p—1)" (n+2)(n + Dnanyg2(p— 1)1
n=1 n=1
(5.12)
Also
(0~ D" =3 n(n— Dan(p— 1"
n=1
Therefore,
pH"=H" + (p—1)H" = Z[(n + D)nany1 +n(n —1ay](p— 1" L (5.13)
n=1
Also
2(p—1)H" = ZQn n—1)(n—2)a,(p—1)" Z? (n+1)n(n—1)a,1(p—1)"""
n=1 n=1
and

(p—12H" =3 n(n—1)(n— 2)an(p— )"

n=1
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Therefore,

p2H/l/ — (p _ 1)2H/// 4 2(p _ 1)H/// 4 Hl//
o0
= Z [(n +2)(n+ Dnapi2 +2(n+ 1)n(n — 1)ap41 (5.14)
n=1
Faln—1)(n— 2)%] (p— 1)1
Finally, combining (5.12))-(5.14)), we obtain
pQH/// + pH” _H = Z bn+2<[) _ 1)n—1 (5-15)

where
buto = (n+2)(n+ Dnapso + (n+ Dn2n — Dapgr +n’(n — 2)a, (5.16)
for n > 1. After reindexing this is (5.1]). Also, we have

= Z Cn—1(p—1)" (5.17)
n=2
where
Cn = Z apan+1—k formn > 1. (5.18)
k=1
This is . Multiplying (5.15)) and ( gives
HX(*H" + pH" —H') =Y (mecn . 1) — 1)L, (5.19)
n=3 k=1
Next
ch Wp—1)" ch+1 -1 (5.20)
Also
1 1 1 1 & p—1in = (=1)"
1+P 2+(p_1) 2(1_’_%1) 2;( ) ( 2 ) ;271-5—1 (,0 )

for |p — 1] < 2. Differentiating we obtain

1 = (=1)"n .-
S AT 2 e U forlp <2, (5.21)
p n=1

Multiplying (5.20]) and (5.21)) we see that
H2 — k)ck-‘rl n—1
T2 Z(Z 271 k+1 )(pfl) .

Thus
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Next, using (3.5 we see that

2V H? X (=) R (n = k)ep 1Y o
n=3 k=0
Thus after reindexing,
2Y H? = 23— R (=1 — k)ep Y .
3(p—-1D[Z - W] = ( on 1 % )(P - 1)
n=4 k=0

n=5 k=0 2n72ik
and
2 © n—4d, \p_3-k n—3—k)cii 1
o-1P12- ] = 3 (X S i e et (s

=6 k=0

Now using that p?> =1+3(p—1)+3(p—1)2+ (p— 1), combining (5.22))-(5.23)),
using (3.5, and (5.1 as well as some tedious algebra gives

2Y H?
w0

1
= —aja3Y (p—1)% - [504 +2a1a3)Y (p—1)3

p’[Z —

1
Y 3 (—D)F (17 — Th) ey 4
T2 } 1
+ 5 [ Cs Cq 4(}3 + Z: ok (p ) (5.24)
k=0
=Y
+ 7;5 5 |: —Cp — 207171 - icn72
n—4
—1)" 1k —k —6)cg _
+ (-1) 27(17149 ) H}(p— 1" 1
k=0

So we see that a power series solution of (|1.4]) is equivalent to equating the

coefficients in (5.19)) and (5.24]) and so we obtain
n—2
Z bi+2Cn—1—k
k=1

n—4
Y 3 (=) 1k — k- 6)craq
=g 2o fena kz_o gn=T=k

(5.25)

for n > 6. In addition, when n = 3,

b3€1 = —a1a3Y.
(Using (1), (5:2), and (5.11), this is (5.4)). When n = 4,

1
bgCQ + b4Cl = 7§C4Y — 2a1a3Y.
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(Using (5.1)), (5.2)), and , this is (5.5)). And when n =5,

bzcz + byca + bscr = Z [ ey — ¢4 — 763 n Z ) k(2147 . 7k)ck+1
(Using (5.1] ., ., and - thls and .
Next, rewriting and reindexing 1-} we see that
bpci + gcn
== Z beCny1—k + g { —2cp—1 — ch—g + Z (*1)n7k;7z_*kk - 5)%} (5.26)
for n > 6.

From (5.2) and (5.3) we recall that a; = —/2Z/Y and ¢; = a?. Therefore,
multiplying both sides of (5.26) by é = % we see that

V2 Y 'R y? 3
by + — n:(—— Dot 7[—2,1, P
+4ZC 2Z’; kCn+1 k+4Z Cn—1 = 7 Cn—2
5 i (5.27)
— (=1)"F(n —k —5)c
Jrz on—k D for n > 6.
k=1
Rewriting (5.2)) gives
n—1
cn = 2a1a, + Z 41 —- (5.28)
k=2

Combining (|5.1) and ([5.28) we see that the left-hand side of (5.27) can be written
as

Y2
b, + Ecn
3/2
= [n(n—-1)(n—2) — (2YZ)1/2]G” +(n—1)(n—2)(2n —5)an_1 (5.29)
2 n—1

+(n—2)2(n an 2+—Zakan+1 k-

Finally combining ([5.27) and ( - we obtain

3/2
[n(n—1)(n—2) — (QYZ)I/Z]an

9 n—1

—(n—=1)(n—=2)2n—5)an_1 — (n —2)*(n — 4)an_o — YA Z Ak t1—k
k=2

Y Y2 3 — (=1)"*(n —k —5)cy
- 7 kz:; bkcn+1—k + E |: —2¢p-1 — ch—Q + kzz:l on—Fk ]

(5.30)

for n > 6, which is (5.9).
We note that by (5.1])-(5.2)) all the terms on the right-hand side of (5.5)-(5.9)
can be expressed in terms of a; where 1 < k <n — 1.
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Note that if n is an integer and 3 < n < ng then n(n — 1)(n — 2) # X (2Z)
so in a completely analogous way as in the proof of Lemma in section 4 we can
show that

a3 =G4 =+ = ap,—1 = 0. (5.31)
Thus if ng > 3 then H™ (1) =0 for 3 <n < ng — 1.

Next, we need to show that if ng = 4 then the right-hand side of is zero,
if ng = 5 then the right—hand side of is zero, and if n = ng > 6, then the
right-hand side of . is0

Suppose first that ng = 4. Then (QYZ)/I/Q =4-3-2 =24 and so we see from
that as = 0. We also see from and (5.3]) that b3 = 6as + 2a3 — a; = 0. Hence
the right-hand side of (5.5) is O

Next suppose ng = 5. Then W =5-4-3 =060 and so from we see that

az = 0. We also see from ([5.1]) and . ) that b3 = 0. Then from we see that
as = 0. Then and (5.2)) imply that bs=0and ¢y =0.

Since a3z = O 1t follows then from and (5.3] . ) that

c1=al, cy=2a1ay = a%, c3 = 2a1a3 + a3 = ia%. (5.32)
Substituting these values into the right-hand side of ( m— gives
2 2
%[—%c;;—%cl—kg@] :j—z[—%cﬁ 1; f+5aﬂ =0. (5.33)
Thus, the right-hand side of — is zero.
Now suppose that ng > 6. It then follows from that

’I’Lofl

Z Apno+1—k = 0.

It addition, it also follows from (5.1)) and ( - ) that
bp=0 for3<k<ng—1

and therefore,
’I’Lo—l

Z brcny1—r = 0.
k=3
It also follows from ([5.2)) and (|5.3) that (5.32)) holds. In addition, by (5.31)),
k 2

Ccx = Zazak+1—l = Zazak+1—l = ara + aap—1 =0 (5.34)
1=1 1=1
for4 <k <ng-—1.
Then usmg l-j , and we see that if ng > 6, then the right-hand
side of . reduces to

3 _1n0—kn_k_5c
S A S

= (722"0 [—2(no — 6)c1 +4(ng — 7)ca — 8(no — 8)cs]
_eym

[—2(ng — 6)a? + 4(ng — 7)at — 2(ng — 8)a?] = 0.
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This completes the proof of the lemma. O

It follows then that we are free to choose a,, to be any nonzero value and this

appears to indicate that there might be power series solutions of (|1.4)-(1.6]) in the

case when ng(ng — 1)(ng — 2) = % but we still need to show that the series

Z an(p - l)n

with the a,, chosen as in Lemma [4.1] of section 4 converges in some neighborhood
of p=1.
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