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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS
FOR HENON EQUATIONS IN HYPERBOLIC SPACES

HAIYANG HE, WEI WANG

ABSTRACT. In this article, we consider the existence and asymptotic behavior
of solutions for the Hénon equation

~Agnu = (d@)*uf’*u, @ eQ
u=0 z€dN,
where Agn denotes the Laplace Beltrami operator on the disc model of the
Hyperbolic space BY, d(z) = dyn (0,z), Q@ C BY is geodesic ball with radius
1, @« > 0, N > 3. We study the existence of hyperbolic symmetric solutions

when 2 < p < % We also investigate asymptotic behavior of the ground

state solution when p tends to the critical exponent 2* = % with N > 3.

1. INTRODUCTION AND MAIN RESULT

In this paper, we consider the problem
—Agnvu = (d(2))¥uP%u, =€

1.1
u=0 x €09, (1.1)

where A~ denotes the Laplace Beltrami operator on the disc model of the Hy-
perbolic space BN, d(x) = dg~(0,2), Q@ C BY is geodesic ball with radius 1,
a>0,N >3.

When posed in Euclidean space RY, problem becomes

—Au = |z|*uP?u, €
u=0 x €09,

where Q is the unit ball in RY with N > 3, o > 0 and p > 2, which stems from the
study of rotating stellar structures and is called Hénon equation [5]. Such a problem
has been extensively studied, see for instance [T}, [7, 9] etc. Interesting phenomenon
concerning with problem was revealed recently that the exponent « affects
the critical exponent for the existence of solutions. Precisely, it was shown in [7]
that for p € (2, 28£22), problem admits at least one radial solution. One also
notices that the moving plane method in [2] can not be applied to since the
weight function r — r< is increasing. So it can be expected that problem
2N

possesses non-radial solutions. Such solutions were found in [I0] for 2 < p < 75

(1.2)
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and in [9] for p = % Furthermore, in [I], the limiting behavior of the ground

state solutions of was considered as p — 2* = % The authors showed that
the maximum point of ground state solutions of concentrate on a boundary
point of the domain as p — 2*. In their arguments, one of the key ingredients is
to show that the ground state solutions {u,}, 2 < p < %, of problem is
actually a minimizing sequence of the problem

Jo IVul® dx
ey
(Joy [ul? dz)2/2
as p — 2%, and use the fact that S is attained in RY by the instanton U =
1/(1 — |z?) V=272,

In the hyperbolic space, the existence of Brezis-Nirenberg problem for the critical
equation

S:inf{ eHg(Q),u;éo}

— Agvu = [ul> Pu+ I, uw>0,uec HHQ) (1.3)
has been studied in [IT] and the results are very similar to the results in the Eu-
clidean case. However, for problem , there are some difference from Euclidean
space. Firstly, the weight function d(z) depends on the Riemannian hyperbolic
distance r from a pole 0. Secondly, the main purpose in this paper is to study the
profile of ground state solution u, of problem as p — 2%, in particular, the
asymptotic behavior of u, and the limit location of the maximum point of u, as
p — 2*. In generally, in order to prove the ground state solution is a minimizing
sequence of the problem

fQ |V~ u|? do .
(Jo lu?™ day2rz "
one will use the unique positive solution of the problem

—Agvu=u?""" inBY. (1.5)

However, in [6], Mancini and Sandeep proved that problem did not have any
positive solutions.

Motivated by above mentioned works, we study problem in this paper. Our
main results are as follows.

Sax () :inf{ e HL(Q), u;éo}, (1.4)

Theorem 1.1. For a > 0, problem (L.1) possesses a ground solution wu, which

belongs to H}(BYN) when p € (2, 2%5). Moreover, there is a hyperbolic symmetry

positive solution u;‘ld for problem (1.1)) provided that p € (2, %)
Theorem 1.2. Suppose p € (2,2%), > 0, then the ground state solution u, satis-
fies (after passing to subsequence) for some xy € 012,

(i) |Venup|> — oz, as p— 2% in the sense of measure.

(ii) |up|> — vds, as p — 2% in the sense of measure,

where p > 0, v > 0 satisfy p > Sv*/?", 8, is the Dirac mass at x.
Theorem 1.3. Let u, be as in Theorem and x, € Q be such M), = up(zp) =
maz,equp(x), N, = MZ’,_Q/(N_Q). Then, as p — 2%, M, — +o0 and
(1) x, is unique when p close to 2*. Moreover, as p — 2*, distgn (2, 0Q) — 0,
distgn (2, 0Q) /A, — 00,
(ii) limp_o- [o Ve (up — (#)¥UAP,%)|2 dVgn = 0, where A\ is defined
in Section 4.
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This paper is organized as follows. In section 2, we give some basic facts about
hyperbolic space and the proof of Theorem In section 3, we show that u,
is a minimizing sequence of S as p — 2*, and then prove Theorem by the
concentration compactness principle. In section 4, we prove Theorem [1.3| mainly
by a blow-up technique.

2. PRELIMINARIES

Hyperbolic space HY is a complete simple connected Riemannian manifold which
has constant sectional curvature equal to —1. There are several models for HY and
we will use the Poincaré ball model BY in this article.

The Poincaré ball model for the hyperbolic space is

BY = {z = (z1,22,...,7,) € RY| |z| < 1}
endowed with Riemannian metric g given by g;; = (p())?8;; where p(x) = ﬁ
We denote the hyperbolic volume by dVg~ and is given by dVg~y = (p(x))"™ dx. The
hyperbolic gradient and the Laplace Beltrami operator are:
Vu
p(x)
where V and div denote the Euclidean gradient and divergence in RY, respectively.

The hyperbolic distance dg~ (z,y) between 2,y € BY in the Poincaré ball model
is given by the formula:

Agy = (p(2)) ™"V div((p(«))" *Vu)), Vevu=

2|z — y|?
(1= [z[2)(1 = Jy[?)

From this we immediately obtain for = € BV,

dgn~ (x,y) = Arccosh(1 +

). (2.1)

1
dle) = daw (0,2) = log({ ).
Let us denote the energy functional corresponding to (1.1]) by
1 1
() =+ / Vi 2 dVin — - / ()| [P dVig (2.2)
2 Ja pJa
defined on H{ (£2), where H}(€2) is the Sobolev space on BY with the above metric g.

N-—2

We see that u € Hj () is a solution of problem (1.1)) if and only if v = (ﬁ) T U
solves the following equation

NN-2), 2 o 14|, 11—
4 (1_|$|2)’U—(n1_|x|)( 2 )

(N—2)p—2N
2

— Av+ [v[P~2v, (2.3)

for v € H(Q), where Q' is a ball in RY centered at origin with radius r =
(e—1)/(e+1),a>0,p>2.
Let us define the energy functional corresponding to (2.3)) by

1 N(N-2)., 2
J(v) = = Vol? 224
W)= [ Vel S
1 L+ x|, 1—|z|* ov2p-2y
_z 1 @ Pd.
o[ T S s

Thus for any v € H}(Q) if @ is defined as @ = (ﬁ)¥u, then I(u) = J(a).
Moreover (I'(u),v) = (J'(@),?) where ¥ is defined in the same way.

(2.4)
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2
Proof Theorem[1.1. AsIn 1+‘$|‘ < 12| B x| < ? and (e+1)2 < 1_|2w‘ < %7 firstly,

for > 0,2 < p < 2*, we have the variational problem
N N 4
fQ/ |Vv|2 ( )(17|2I‘2)2’U2dx

R}
(N—2)2p—2N |U|pda':)2/p )

il’lfl / 1+|z| 1 \x\Q
0z0eHY () ([, (In Htzlyo (1=l

1—|z|

Sap =

which is solved by a v,. Thus u, = ( 7‘21|2 )_¥vp is a ground state solution of

1
D).

Secondly, by [7], we have u +— |z|ru from H}(') to LP(Q) is compact for
pE (2, N,ZQIX@ )(2 < p < 2A22) Then the problem
N N 4
R ._ inf Jor 190 + 2= (i) Poda (2.6)
P el (fo (1 <1‘2—””"“>M+”|v|pdz>2/p '

is also attained by a v;“ , where Ho,m 4(€) denotes the subspace of radial functions

in Hg(€Y). Then u*® = (ﬁ)flvz_zv;ad is a hyperbolic symmetry solution of

(). O

3. PROOF OF THEOREM

Let us consider the problem

N(N —2) 2 1+ x|, 1—|z? ov-2p-2n
—Av + 1 (1_|x‘2)2v= (lnl_ ‘37|) ( 5 )2 lv[P~2v, xe€
v=0, xz¢€o
(3.1)
where € is a ball in RY centered at origin with radius r = i__&, a>0,p>2.
Lemma 3.1. The solution of (3.1)) satisfies
N(N-—
Jor (Vp 2+ MO (2002, [2)d
ey TosPdz /7 5
N N 2 ’
SV + 22 e e
= fQ/ |Up 2" d)2/2" (2*—p)
for p near 2*.
Proof. By Hélder inequality
2*—p
/ |vp|pd1: / v | dx)t/? (measQ )
then Lemma [3.7] follows immediately. O
For € > 0 small enough, let 2y = (:jr} - ﬁ,o, ...,0) € RN,
1
Ue(z) = N3

(e+ |z —mol?) =
v € C§°(£2) be a cut-off function satisfying

1, xEB(xO,—iE)
(P($> = n 2lIne] 1
O, x e R \B(‘To’iﬂns\)
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and 0 < ¢(z) < 1, [Vo(z)| < Cllng| for all 2 € RY, where C is independent of ¢,
B(x,r) denotes a ball centered x with radius 7.
Set v. = pU,, then v, € H} ().

Lemma 3.2. Let v. be defined as above, then

NN
i 1 o (VP S ()l ) de

S0r2 ([ (In %t'\;)a(#>wwg|pdm)”” :

Proof. On the one hand, from [I][I1], we have

[vef2 = U5~V 4 OBy (U 7RI (3)
CllnelN¥=2 4+ o] Ine|N—2), N >5,
Vo2 = VU2~ "5 4+ Ollne2(In(22lne])) + O(|Ine?), N =4, (3.4)
C|nel?, N =3,
and )
ve[5 = O( )- (3.5)

[Ine|?
On the other hand, we have

1 1 — |2]?. vy
[ e () S

1— |z 2
e — e+1 1
€7 Tnel (N=2)p—2N
Z (111 e+1 ) (7) 2 / |U5|pdl‘,
1+ \1L| 2 o
and
N(N -2 2 N(N —2) (e +1)?
( 1 )(1 2)2|U5‘2d$§ ( )( ) |’U€|2dl’
Q/ — |.’I}| 4 2e Q/
By (3.3)—(3.5), for N > 5, we have
S (Ve + M2 2 e ) da
By B, L [e] o 1-[2f2 ) =2p=2N 2/
P2 (Jo (=) (F50) 2 fuefpda)?/P
< lim i ! !
- 511}%175121* (1 ATy )27‘* 8 (l)w
1+% ?
) IVUBe™"%" + C|InelN=2 + o(| Ine[¥~2) + O(15kp)
URes =N 1 CK, ()| U Pe 2 35 (N =2)
- 5L ., |VU|25—L+C|lns|N 2+o(\1ns|N 2)+ O rikpe)
e—0 1+ [Ine]| |U2*
fel 2o [VUB+C(e3|ne)V 2 VU3
— Tim (In — L) 3% 5 VOB 2. (3.6)
=0 1+ 5 |U)3. + C(e2|Ing|)N- U3
Moreover,
N(N— N(N-—-2
fQ, (|Vv5|2 (4 2) 1_|2x‘2 \v5|2)dx - fQ, (|Vv5|2 + (4 )ﬁm?)dx
1+ x 1—|z|2\ (N=2)p—2N 2/p — e (N—1)p—2N 2/p °
(Jor n EEED D) ST uelrda) ™ ()™ 7 (Joy [oelrda) ™
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Similarly, we have

Jo(IVoe? + 202 op o P)de U

lim lim (3.7)

* T —lx (N—=2)p— —
o fQ (in ) () &5 2
Combining (3.6 and (3.7] , we can complete the proof for N > 5. The case N = 3,4
can been proved similarly. [
Lemma 3.3. There holds
N(N—
fgz/ (IVop|? + 2)(17\2w\2)2|vp|2)d$
e T 1T B D Yy (3:8)
(Jo (In =51 (F=75) 2 |vp|Pd)?/P
fﬂ, |va\2dx 1 fQ/(IVUP|2 + N(Z\i—2) ( 1—|2w\2 )2|’UP|2)d'7j S (3 9)
=t - = lim = 9. .
p—2* (fﬂ’ |Uplpdx)2/p p—2* (IQ/ |Up|pd1‘)2/p

Proof. By the definition of {v,} and Lemma noting In }f‘zl <1, ~2 <
1— |‘L < 1 and(l—\wﬁ)wﬂ)zp—zzv
N 2
fg/ (IVop|* + )(1 mz) |vp|?)dzx
fQ' |vp|Pdac)2/P

Jor (1Yo, + XA (25 0, ) da

— 1 as p — 2*, we have

" (o (i 12 (50 57 ) (310
Jo (Vv + XE2A (2 o )de
o D () s~
In addition, for any p, 2 < p < 2%,
S < Jor [Vvp|?d < lim Jo (IV0p? + N(N 2)(17|2w\2)2|vp|2)d'r (3.11)
= (Jo [vplPdx)?/p — par fQ, |vp|Pdm)2/p
which combined with Lemma | gives and (| . O

Lemma implies that {v,} is actually a minimizing sequence of S. In fact, we
have

Corollary 3.4.
lim / |V, |2 do = 57,
Q/

p—2*

Corollary 3.5. When p = 2*, Equation (2.3) does not possess any ground state
solutions.

Proof. Assume to the contrary that S, 2+ can be achieved by vex € HI(Y), b
Lemma[3.3] Sq 2« = Sp2+ = S, s0

N N-—-2
Jor (Ve[ 4 XEZD (20 )2 0, ) da
@2 = x * *
(foy (In 1+‘|m|‘)0‘|v2*\2 dx)?/?
N N 2
Jor (Ve 2 4 XE=D (20 )20,e|2) da

2" d)2/2"

B fQ’ |v2*
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fQ’ ‘V'UQ* 2d
(fsz/ |vg-

=5, which is impossible since S cannot be achieved in a

S )
2 dg)2/2

Sy |Vvox|? da
(fQ’ |’U2* |2* dx)2/2*
bounded domain. O

Hence

Proof of Theorem[I.3. Suppose p € (2,2*),a > 0. As [1I], using the concentration-
compactness principle, we can prove that the ground state solution v, of problem
(3.1)) satisfies (after passing to subsequence) for some zg € 9,

(i) [Vvp|? = pdy, as p — 2* in the sense of measure.
(ii) |vp|?" — vy, as p — 2* in the sense of measure,

where u > 0, v > 0 satisfy p > Sv?/?

1—|z|? 1 _ (1=z?
Given that © +1)2 < <35 U =(—)

, 05 is the Dirac mass at x.
N—-2

2 v, and v, — 0 in H} ('), w

have
(i) |Venup|* = wéz, as p — 2* in the sense of measure.
(ii) |up|* — vdy, as p — 2% in the sense of measure,

2/2*

where p > 0, v > 0 satisfy u > Sv*/“ | §, is the Dirac mass at z. O

4. PROOF OF THEOREM [L3|

In this section, we shall study the asymptotic of the ground state solution and
prove Theorem [[.3] Set

M, = sup vy(x) = v,(,), 2, € V.
zeqY
Proposition 4.1. M, — +o00 as p — 2*.
Proof. We need only to prove this proposition for any subsequence pg, such that
pr — 2% as k — +00. Assume by contradiction that there exists a positive constant
csuch that M, < cforall k. For Theorem vp, — Oa.e. Q. By Fatou’s Lemma,
Egoroff Theorem and the fact that [, lup,|?” = 1, we have u,, — 0 weakly in

L?(Q). So, for ¢ > 0 small, due to the compactness of L2 (') — L? ~7(Q'), we
have a subsequence(still denoted by {v,, }) such that

1 :/ |U:Dk|2*d13 < |Upk|z°"(ﬂ’)/ |Upk|2*7gdx < CU/ |’Upk|2*7‘7dx —0
Q 194 Q

as k — oo, which is impossible. O

Proof of Theorem [1.3] We follow the blow up technique used by Gidas and
Spruck in[3]. Suppose that for a subsequence ofp as p— 2%, 1, — 29 € Q. Let )\,

be a sequence of positive numbers defined by ), T Mp =landy= ﬂ Define
the scaled function

wy(y) = Ap? vp(z) (4.1)
and the domain
Q) ={yeR" : \py+uz, € Q}. (4.2)
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Since M,, — 400, we have A\, — 0 as p — 2*. It is easy to see that w,(y) satisfies

N(N —2) 2\
A P 2
R S s W ELL
1—|—|y/\p+xp‘ (N—2)(2* —p) 1—|)\ y+x ‘2 (N—2)p—2N -
= (1 7(1)\ 2 - 1wy TPl N—5——, ,p—1 EQ/
(n1*|yp+xp‘> : ( 2 ) oo UENp
w, =0, ye,
O0<w, <1, w,=1
(4.3)

By Proposition Fi;fl, we can have M, > 1 for p close to 2*. Therefore 0 < \, <

N-2)(2*—p

(
1. Setting L(p) = A\, 2 ,L(2*) = lim;,_.9- L(p), by choosing subsequence if
necessary, we have one of the three cases:
(i) L(2%) = 0;

(i) L(2%) =/ € (0,1);

(iii) L(2*) = 1.
For the location of zg € €/, we also have one of the two cases: (1) xo € ', and (2)
Xy € oY,

(1) Assume zo € ', let 2d denote the distance of zy to 9Q'. For p close to 2*,
w,(y) is well defined in the ball B(0, %) and

sup  wy(y) = wp(0) =1,

yEB(0,55)
Q, — Q. =RN as p — 2%,
d
B(07 )\7) - RN,CLS p— 2*5
P
N(N —2 2\ 2
( )< L )vp—>0, as p — 2%,
4 L —[yAp + ap?
_ 2.  (N=2)p—2N
(—1 \Ap?24+33p| ) ’ —1, asp— 2%

Therefore, given any radius [, we have B(0,2l) C B(0, /\%) for p close to 2*. By the
L"-estimates in the theory of elliptic equation (see [4], for example), we can find
uniform bounds for ||wy|lw2.~(B(o,21)(r > n). Choosing p sufficiently close to 2%,
we obtain by Morrey’s theorem that ||wp| e (B(0,1))(0 < 6 < 1) is also uniformly
bounded. It follows that for any sequence p — 2%, there exists a subsequence
pr — 2% such that w,, — win W2"NCH(r > N) on B(0,1). By Hélder continuity
v(0) = 1. Furthermore, since for y € B(0,1),

AppY + Zp, — o as k — 400,

as in [3] we can also prove that w is well defined in all RN and w,, — w in
W2r N CY(r > N) on any compact subset. Therefore w(y) is a solution of

1+ |zo]

—Aw = (In
1—|l‘0|

YOL(29)w? L. (4.4)

If L(2*)

=0or 29 =0, then —Aw = 0 in RY. Thus w = 0, which is impossible
since w(0) =

1.
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If L(2*) € (0,1], then by (4.4), Equation (4.3) is
—Aw = cw? !, ye RN
w—0 as |yl — o0 (4.5)
O<w<1l, w(0)=1

where 0 < ¢ = (In %)O‘L(Q*) < 1, since 0 < |zo| < Z;i Let z = ¢ 2w, then
—Az =221 ye RN
z—0 aslyl — oo (4.6)

a1 a1
0<z<cT2, z(0)=cT-2.

Hence z(y) = ez U(%), where ¢ is determined by c.
By Corollary [3.4 and Fatou’s lemma, we have

SN/2:/ |Vz|2dx:cﬁ/ |Vw|*dx
RN RN

2
<c¥-2Z lim |Vw,|*dx
p—2* QO

p

(4.7)
=77 lim / |V, |?dx

p—2* Q
= T GN/2 < GN/2 55 p— 2%,

which is impossible. Thus case (1) cannot occur and xy must be on 9Q'. Now we
straighten 0€)’ in a neighorhood of zy by a non-singular C*! change of coordinates
as in [3]:

Let x, = ¥(2') (2' = (21,...,2x_1)). ¥ € C! be the equation of Q. Define a
new coordinate system

yi=xz; (i=1,...,N—1), yy=an— () (4.8)

Then v, is again a solution of an equation of type (1), and 0’ is contained in the
hyperplane 2 = 0. Let dj, be the distance from z, to 9 (i.e. d,, = 2, -en). Note
that for p close to 2%, w, is well-defined in B(0, f—p) N A{yn > fi—z} for some small
§ > 0 and satisfies (4.3)). Moreover, sup wy,(y) = w,(0) = 1.

We assert that

) i—’;—wl—oo as p — 2%;

(I1) L(2*) =1.

Proof of (I). Assume to the contrary that f—’; is uniformly bounded from above,
and (by going to a subsequence if necessary) i—’; — s with s > 0. Repeating
the compactness argument as in the case (1), noting that |zg| = <%, we get a

e+17
subsequence of w, converging to w(y) satisfying

—Aw =L ", yeRY ={y=(y1,.. ., Un-1,Un) : Un = —5}
w=0, y€coRrY, (4.9)
O<w<1, w0)=1 yeRN
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By a translation, noting the fact that equation

~Aw=cw? ', yeRY ={y=(y1, -, ynv—1,un)|yn > 0)},

4.10
w(y) =0, ye€ 8Rf ( )

has a unique solution w = 0, we conclude that (4.9)) possesses a unique trivial
solution 0 for any case of L(2*), which contradicts w(0) = 1. So we can have only
f\l—" — 400 as p — 2%.

Proof of (II). Assertion(I) implies €, — Q5. = RY. Similarly by the above

regularity theorems in the theory of elliptic equation and |zg| = we obtain a

e—1
ef1°
subsequence of w,, converging to some function w(y) satisfying
—Aw = L(Z*)w?*l, y € RN,
w(y) =0, [yl — oo, (4.11)
O<w<1l, w()=1.

If L(2*) = 0 or L(2*) = 3, 0 < B < 1, just as done in case (1) we get the
contradiction w = 0 or (4.7) respectively. So L(2*) = 1, which implies that w
solves the equation

—Aw = w2*_1, ye RN

w(y) =0, |yl — o0 (4.12)
O<w<1, w0) =1

2—N _ . . . .
Hence w = ¢~ 2 U(¥=%) for some ¢ > 0, yo € R". Since v attains its maximum 1

at y = 0, we have ¢ = 1 and yo = 0. Therefore w = U. Note that the limit of {w,}
does not depend on the choice of subsequence by the uniqueness of U. Hence the
whole sequence {wy} must converge to U.

Let z, = w,—U. Then z, — 0 weakly in H!(X) for any bounded subset > C R",
and

N(N — 2)(
4 1= Ay + 2,2

—Az, + Yw, = Qpy)wt ™t —U> 1, yeq

P (4.13)

where
11—y + a:p|2
2

14+ |>\ Y+ | (N—2)p—2N (N—-2)(2"—p)
= (In P Pha 2 A 2
Quly) = (1n TSy ) .

Multiplying (4.13) by z, and integrating by parts, we obtain, as p — 2*,

/ VP = / @yt — U )z,
Q Q

’
P

’
p

The last equality follows from the weak convergence of w, in H'(X) and the decay
of U at infinity.
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Asp — 2%

9 » 2/p

Vel 2 S( | Qwlal) T +oa (1) (4.15)
@, @,
If f% |V2zp|?dz — p > 0, by (4.15), we see easily that
/ V2 |* = / Qp(W)|zpl’dz + 02+ (1) 2 SN2 03«—p(1) asp— 2"
Q) Q

Then by (2.3) and Corollary we have

1
J(vp) = NSN/Q +o0@-—p (1) as p — 27, (4.16)
On the other hand, as we done in obtaining (4.14)),
1 1 2 (N—2)p—2N
J(v =7/ VU2—7/— 2 u?
(tr) 2 Q;,| | p Q;(1—|)‘py+33p|2)

1 1 2 (N-2)p—2N

+ = Vw,|? — 7/ —_—) 2 wP
2/9’p| p| D Jay Qp(y)(l_p‘py"’xplQ) b
N(N -2 2\

+ ( ) / P 2)211)12)

4 Q, L — [Ny +

N(N*Q)/ 2 2719
+ U- + «_(1
4 Q;(1_|)‘py+$p‘2) oer-n(l)

1 1 | 1
=3 UF -5 | U? */ 22 P 4 ope (1
2 /RN ‘V ‘ 2% /g;; + 2 Q;} vapl p Q;} Qp(y)wp + 02 P( )

2 N2
> NS /2 4 0(2*—;0)(1)
which contradicts (4.16)). Thus p = 0, and we obtain

lim [ |V(v, —Ux,z,)> =0. (4.17)
p—2* Qf
Since
2¢ _ 1—|z> 1 (1—|x|2)N2_2
= Up=(—F— v
(e+1)2— 2 —27 °F 2 P

part (ii) of Theorem is proved.

To complete our proof of Theorem we need only to show that x, is unique
for p close to 2*. Suppose that this is not true, then exist x;, i = 1,2, such that
M, =v, (.13;) fori =1,2. For a:li, by choosing subsequence as p — 2*, we have either

1 _
%\7% — +oo (4.18)
'4

or . )
lzp = 3] <c< 400 (4.19)
Ap
where c¢ is some positive constant independent of p.
Suppose that (4.19) holds, then the scaled function w, would have two local
maximum points in B(0,1) for [ large enough and p close to 2*. On the other hand,
by [8, Lemma 4.2] and by using the similar arguments to [8], we can also verify

that w, has only one local maximum point. So we get a contradiction.



12 H. HE, W. WANG EJDE-2013/208

Assume that (4.18) holds, then from (4.17) we obtain

lim |V(U)\p,m117 - Uv)\p’zzz))‘2 =0. (420)

P—2* Jo

1.2
Setting ('), = {y[A\py + x, € Q} and m;, = %, we have

0=25N2_2 lim VUVU; ., (4.21)

= Sy

Since |my,| — 400, we obtain lim,_,9- f(Q,)l VUVU, ., = 0, this contradicts (4.20))
and hence (4.18]) does not hold, either.

Since
1l —z]? vz 2e <1—\x|2<1
’LLp—( 9 )2UP7 (6"‘1)27 2 75,
My, = up(1p) = maxu,(z),

it follows that M}, — +o0 as p — 2*. Thus part (i) of Theorem is proved. O
From Theorem we can obtain easily the following result.

Corollary 4.2. For p close to 2%, the ground state solution of (L.1)) is not radially
symmetric.
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