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EXISTENCE OF SOLUTIONS FOR (k,n—k—2) CONJUGATE
BOUNDARY-VALUE PROBLEMS AT RESONANCE WITH
dimker L =2

WEIHUA JIANG

ABSTRACT. By constructing suitable project operators and using the coinci-
dence degree theory due to Mawhin, the existence of solutions for (k,n—k—2)
conjugate boundary-value problems at resonance with dimkerL = 2 is ob-
tained.

1. INTRODUCTION

The existence of solutions for (k,n — k) conjugate boundary-value problems at
nonresonance has been studied in many papers (see [T}, 2l 8], [6] [7, @ 10, 11, 16, 14
211,25, 27, 29, 30}, B1],32]). The solvability of boundary-value problems at resonance
has been investigated by many authors (see [4} 5 [8, 12} 13} [15], 17, 18], 19, 20} 26} 22,
24, 28, [33]). In [12], the existence of solutions for (k,n — k) conjugate boundary-
value problems at resonance with dimker L = 1 has been studied. To the best
of our knowledge, no paper discusses the existence of solutions for (k,n — k — 2)
conjugate boundary-value problems at resonance with dimker L = 2. We will fill
this gap in the literature.

In this article, we investigate the existence of solutions for the (k,n — k — 2)
conjugate boundary-value problem at resonance

(=1 Fy @) = £ (L5 @0,y I@) +elt), ae te o], (L)
yD(0) =y (1) =0, 0<i<k-1,0<j<n—k-3,

1 m
W) = Y B ), I =Y et E),
= i=1

where 1 <k<n—-3,0<m<m< - <mu<L0<&E << <& <.
In this article, we assume that the following conditions hold.

(HI) Y 0o =1, 50 85 =1, 35, Bimy = 1.
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€1

€2
(H2) e s ey

# 0, where

m l
1
e1=1-> a&, 6225(1—Zﬁjﬁf>’
i=1 j=1
1 u 1 !
_ 2 —— _ 3
632<1;az§i)7 64*6<1 Zlﬂﬂ?j)-

(H3) e(t) € L*=[0,1], f : [0,1] x R® — R satisfies Carathéodory conditions;
i.e., f(-,x) is measurable for each fixed x € R™, f(¢,-) is continuous for
a.e. t € [0,1], and for each r > 0, there exists ®, € L*°[0,1] such that
|f(t,z1, @2, ..y 20)| < @ (t) for all |z;] <r,i=1,2,...,n, ae. t€]0,1].

2. PRELIMINARIES

For convenience, we introduce some notation and a theorem. For more details
see [23]. Let X and Y be real Banach spaces and L : domL C X — Y be a
Fredholm operator with index zero, P : X — X, @ : Y — Y be projectors such
that

ImP=kerL, kerQ=ImL, X=kerL®kerP, Y =ImL®ImQ.

It follows that
L’domLﬂkerP :domLNkerP —ImL

is invertible. We denote its inverse by Kp.

Let Q be an open bounded subset of X,dom LN # @, the map N : X - Y
will be called L-compact on Q if QN () is bounded and Kp(I — Q)N : @ — X is
compact.

Theorem 2.1 ([23]). Let L : domL C X — Y be a Fredholm operator of index
zero and N : X — Y L-compact on §). Assume that the following conditions are
satisfied:

(1) Lx # ANz for every (x,\) € [(dom L \ ker L) N 9] x (0,1);

(2) Nx ¢ Im L for every x € ker L N 0%);

(3) deg(QN|kerr, 2Nker L,0) # 0, where Q : Y — Y is a projection such that
ImL =kerQ.

Then the equation Lz = Nx has at least one solution in dom L N Q.

Take X = C"710,1] with norm |Ju] = max{|u|lec, [|t]lec,- - - [t D},
where |[uls = max;epo 1y u(t)], Y = L'0,1] with norm [[z|, = fol |z(t)|dt. De-
fine operator Ly(t) = (—1)" %y (t) with

dom L — {y eX:y™ ey, y@0)=yD(1)=0,0<i<k-1,

l
0<j<n—k=3y"21)=> By ()
j=1

yI() =3 a V(e b
i=1
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Let N: X — Y be defined as
Ny(t) = £ (ty(®), g/ @),y 0) +2(0), te0,1)
Then problem (1.1)), (1.2)) becomes Ly = Ny.

We use convention that 1/k! =0, for k = —1,—2,.... By simple calculation, we
can get the following results.
L| ! i et ! |
=) 3 (n—4)!

1 1 1
[k—(n—k=3)]! [k+1—(n—Kk=3)]! "~ [n—3—(n—k—3)]!
:(nfk73)!.(n7k‘f4)!”. 1 20,

k! (k+1)! (n—3)!

So, the following lemmas hold.

Lemma 2.2. The system of linear equations

n (;Ti)! L (ﬁf;)! + (ni2)! =0,
& ik1)! Fo (TTTZ)I T - g =0
= (ngikk—i%)]! + [k+1j2+ikf3)]! L
* [n—B—x(:;ik—:%)]! * [n—2—(;—k—3)]! =0
has only one solution, its denoted by (ag,apt1,. .., 0n-3).
Lemma 2.3. The system of linear equations
n (/j]fi)! ot (ﬁf;)! * (nil)! =0,
& ikm Fo (jrj)! e . 2 =0
= (ngikk—i’))]! + [k+1—gilr€1+ik—3)]! L
+ [n—S—x(ZL_ik:—S)]! + [n—l—(;—k—S)]! =0

has only one solution, it is denoted by (bg,bg11,...,bn—3).

Lemma 2.4. For given u € Y, the system of linear equations

Tk Tht1 Tn—3 (=1)n—k /1 1
Lk 1— )" ds —
R ar b o Ty, () ule)ds =0,

Tk Th41 Tp_3 (_1)71—k /1 I
S R ey TR s T A (1—5)""u(s)ds =0,
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Tk Thp41 - Tn—3
[k —(n—k-=3)] [kJrlf(n—k 3)] [n—3—(n—k—3)]!

+ (=) /1(1 — )" TRy () ds = 0
m—1-(Mm-k-=3)]Jo
has only one solution, its denoted by (By(u), Bg+1(u), ..., Bp_3(u)).
Define the operators 11,75, Q1,Q2 : Y — R as follows:

Tyu(t) Zal/
Tyu(t) zﬁ]{ / (1 - s)uls)ds + (1 - ;) /O"ju<s>ds],

1
Qu = (e4T1u —esThu), Qau= g(—engu + e1Thu).
ObViOUSly, €1 = Tl(l), €y = TQ(].), €3 = Tl(t), €4 = Tg(t)

Lemma 2.5. Assume that (H1) holds, then L : domL C X — Y is a Fredholm

operator of index zero and the linear continuous projector Q : Y — Y can be defined
as

Qu = Qi1u+1-Qau,

and the linear operator Kp : Im L — dom L Nker P can be written as

n—3 — t
_ Bl(u) i (71)71 ¥ n—1
Kpu= ; f '+ (= 1)1 /0 (t— )" u(s)ds.
Proof. Take y € ker L. We obtain y = >\~ kl % t! satisfying
Tk Thit1 Tpn—2 Tn—1
P — 0
S R e R e s T
Tk Tp41 Tn—2 Tn—1
-0
R I Py oy R
Tk Th41 +.
[k—(n—k—3)]! [k+1—(n—k 3)]!
+ Tn—2 Tn—1 —0.

n—2—-(n—-k-3)| [n—l—(n—k’—?))]!

Setting z,,_o =1, x,—1 =0, and z,,_2 = 0, x,_1 = 1, respectively, by Lemmas

[2:2] 23] we have

ca; + db c d
_ 7 tn—2 tn—l d R.
Z N OED R

Therefore,

n—3
_ o ca; +db; ; c 2 d ne1
kerL—{y.y—E D t+(n72)!t +mt ,c,d € R}.
=

Define the linear operator P : X — X as follows

-3 n— n— n— n—
Yy (0)as +y OOy TP 0) sy TH(0)
i! (n —2)! (n—1)!

n—1

Py(t) =
i=k
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Obviously, ImP = ker L and P%?y = Py. For any y € X, it follows from y =
(y — Py) + Py that X = ker P + ker L. By simple calculation, we can get that
ker L Nker P = {0}. So, we have

X =ker L @ ker P. (2.1)
We will show that

ImL:{ueY:iai/%usds:
Zﬁg[/ 1—5) (S)ds—l—(l—nj)/om u(s)ds} =0}.

In fact, if u € Im L, there exists y € dom L such that w = Ly € Y. This, together
with y%(0) = 0, 0 <i < k — 1, implies that

_n_lﬁi (=nr* 1 S u(s)ds
o) = 3 G+ gy [ G- utsas

Since .1 | ; = 1 and y V(1) = 37, ay " (&;), we obtain
S / —0. (2.2)
i=1

Since Z 1B =1, Z _1Bim; =1 and y(=2) ( )= Z lﬁ]y(" ( ), we obtain

Z@[/ 1— s)u(s)ds + (1 —nj)/om u(s)ds} —0. (2.3)

On the other hand, if u € Y satisfies (2.2]) and ( . take
n—3

() _1\n—k
y = Z Bz.( )tl—l— ( 1) /0 (t—s)”_lu(s)ds.

! —1)!
= il (n—1)!

It follows from , and Lemmathat y € dom L. Obviously, Ly = u. So,
we get u € Im L.

Now we will prove that Q : Y — Y is a projector such that ker@Q = Im L,
Y=ImL®ImQ. For u € Y, since

QD) = LleTi(1) ~ T = 1, QD) =

Qg(l) = *[—62T1(1) + €1T2(1)] = 0, Q2(t)

we have

leaT1(t) — e3Ta(t)] = 0,

[t

[ eng(t) + eng(t)] = 1,

m\»—m\»—A

g

Q1(Qu) = Q1(Qru+1t- Qou) = Qru- Q1(1) + Qau - Q1(t) = Quu,
Q2(Qu) = Q2(Qru +1t - Qau) = Qru - Q2(1) + Qau - Q2(t) = Qau.
Thus,
Q*u = Q1(Qu) + t- Q2(Qu) = Qru+t - Qou = Qu.
Since u € ker (), we have
esThu —esThu =0,
—exThu + erTou = 0.
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It follows from (H2) that Thu = Tou = 0. So, v € Im L; i.e., ker @ C Im L. Clearly,
ImL C ker@. So, ImL = ker@. This, together with Q%y = Qy, means that
ImLNIm@Q = {0}. Thus, we have Y = Im L & Im Q. Considering , we know
that L is a Frdholm operator of index zero.

Define the operator Kp : Y — X as follows

n—3 n— t
Kpu= 3 Bilt)y GO [ =9 tutegas

P i! (n—1)!
For v € Im L, by Lemma [2.4] we have Kpu € dom L. Clearly, Kpu € ker P. So,

we get that Kp(Im L) C dom L Nker P. Now we will prove that Kp is the inverse

of L|dom Lnker P+
Obviously, LKpu = u, for v € Im L. On the other hand, for y € dom L Nker P,

we have

n—3 — t
KpLy(t) = ; St (] /0 (t —s)" " H(=1)""Fy ™) (5)ds
n—3 i
B;(Ly) — y(0),
-3 ( y)i' y( ))tzﬂ/(t)_

i=k ’
Since Kp(Ly) € dom L and y € dom L, we obtain (KpLy)W (1) = yW)(1) = 0,
0<j <n—k—3. Thus (Be(Ly) —y™*(0), Ber1(Ly) — y*+1(0),..., Bus(Ly) —

y(™=3)(0)) is the only zero solution of the system of linear equations
Tk Th+1 Tn—3

MPoro T e 0
T Tp+1 Tn—3
RS I e TR
Tk Tk+4+1
(k-2 ktl-(m-k_2)
Tn—3

+ [n—3—(n—k—23)! =0

So, we have KpLy = y, for y € dom LNker P. Thus, Kp = (L|qom LAker ) *- The
proof is complete. O

3. MAIN RESULTS

Lemma 3.1. Assume Q2 C X is an open bounded subset and dom L NQ#0, then
N is L-compact on Q.

Proof. By (H3), we have that QN (Q) is bounded. Now we will show that Kp(I —
Q)N : Q — X is compact.

It follows from (H3) that there exists constant My > 0 such that |(I — Q)Ny| <
My, a.e. t € [0,1],y € Q. Thus, Kp(I—Q)N(Q) is bounded. By (H3) and Lebesgue
Dominated Convergence theorem, we get that Kp(I — Q)N : Q — X is continuous.
Since {fot (t—s)/(I—Q)Ny(s)ds,y € Q}, j=0,1...,n—1 are equi-continuous, and
t7,7=0,1...,n—1 are uniformly continuous on [0,1], using Ascoli-Arzela theorem,
we obtain that Kp(I — Q)N : Q — X is compact. The proof is complete. O

To obtain our main results, we need the following assumptions.
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(H4) There exist constants M; > 0,M, > 0 such that if [y~ D(¢)] > M,
t € [€m, 1] then

m 1
i N d 0,
z;xli y(s)ds #

and if [y("=2) ()| > Ma, t € [0,7:] then
n;
Zﬁ; [/ 1= )Ny(s)ds + (1 =) [ Nytas] #0.

(H5) There exist functions g, h,; € LY[0,1], i =1,2,...,n, with |[,]1 =71 <
1/2, >0 Hzp 1 =1y < =210 € [0,1), and some 1 < j < n — 1 such
that

(@, aa, x| < g(8) + D wi(®)|a] + h(t)]z;)°.

i=1

(H6) There exist constants ¢y > 0,dg > 0 such that, for

n—3
ca; +db; c 9
= ¢ " t
v Z; T Py T o §

one of the following two conditions holds
(1) ¢-TiNy <0, if |¢| > ¢o, d-ToNy < 0, if |d| > dy,
(2) C'TlNy >0, if |C| > ¢, dTQNy >0, if |d| > dp,

Lemma 3.2. Suppose (H1)—-(H5) hold, then the set
Oy ={yedomL\kerL:Ly=ANy,Ae(0,1)}
15 bounded.

Proof. Take y € Q1. By Ny € Im L, we have

m 1
Zai Ny(s)ds =0, (3.1)
i=1 &i
n;
Zﬁ] [/ 1— s)Ny(s)ds + (1 — ;) Ny(s)ds} = 0. (3.2)
0
Since Ly = )\Ny and y € dom L, we obtain
ey DR )
where cg, Ck41, ..., Cn—1 satisfy
n—1 ) _1\n—k 1
Z c—: = —%)\/ (1 —8)""'Ny(s)ds,
ek 2. (TL — 1) 0
n—1 — 1
Ci =4 r -2
=— 1—-98)""*N
(1_1)' (n_2)| >\ 0 ( S) y(s)dSa
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i
L

e iy s T LB O

It follows from 3y (0) = yU)(1) =0,0<i < k—1,0 < j <n —k — 3 that there
exist points &; € [0, 1] such that ¥ (5;) =0,i=0,1,...,n — 3. So, we have

t
y(i)(t):/ y(i+1)(s)d8, 1=0,1,...,n—3.
b

i

s
I
=

Therefore,
1y oo < 5Vl < [y D )loo,i = 0,1,...,n = 3. (3.4)

By (B.1) and (H4), there exists ty € [&,,1] such that |y~ Y (tg)| < M;. This,
together with (3.3)), implies that

1
|Cn71‘ §M1+/ ‘f(S,y(S),y/(S), (n 1) |d8+|| ||1
0

By (3-2) and (H4), we get that there exists t; € [0,7;] such that [y~ (¢;)| < M.
It follows from (3.3)) that

1
|cn72‘§M2+|Cnfl‘+/ |£(s,9(5), 9/ (5), ..,y "1 (s))|ds + [lely
0

1
< M + My + 2/0 |£(s,9(5), 5/ (5), ..,y (s))|ds + 2||e]1.

Thus,
1
ly™ Ve < My + 2/ [ F(s,9(5),5/ (), "D (s)|ds + 2[e]1,
0

1
Iy oo < 201 + Mz + 4 / [£(5.9(5), 9/ (), 5D () |ds + 4]l
0
By (H5) and (3.4)) we have
" Pllso < 73+ 2021y o + 2r1lly™ oo + 2[[All1 1y~ 1%
and
ly "D lloe < 215 + M + 42|y oo + 471y Voo + 4RIy " (1%, (3.5)

where 75 = M7 + 2||g||1 + 2||¢]|1. So, we obtain

[r3 -+ 2r2ly™ = [lo + 2/l 1 2 1%]- (3.6)

1
(n—1) <
IVl < 75

By (3.5) and (3.6)), we have

N 2r 4r _ 4Hh||
(n=2)|| <« 3 Mo 4 —21 2 |lgy(n—2) Ly, (n=2)10
||y ||<X> — 1_27,1 + 2+ 1_27,1 ||y ||oo+ 1— || H

Therefore,

15l < 15 —p—lrs + (1= 2r1) Mo + 41y 1L,
It follows from 6 € [0, 1) that {||y "=2)|| : y € O} is bounded. By (3.4) and .,

we get that Q; is bounded.
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Lemma 3.3. Suppose (H1)—(H3), (H6) hold. Then the set
Qy={yckerL: NyeImlL}
is bounded.

Proof. Take y € s, then

n—3
ca; + db; . c d
t) = 2 ltz tn—2 tn—l.
y(t) ; R s L o
By Ny € Im L, we have T) Ny = 0,To Ny = 0. By (H6), we get that |¢| < ¢, |d] <
do. This means that € is bounded. O

Lemma 3.4. Suppose (H1)-(H3), (H6) hold. Then the set
Q3 ={yeckerL: \Jy+ (1 —-Nw@QNy=0,)€[0,1]}

is bounded, where J : ker L — Im @ is a linear isomorphism given by

n—3

ity ey L) ] 1
tz tn tn _ _ d - d ;
J(g N e T S T S (eac—esd) + —(—escterd)t,

where ¢,d € R and

) =1, if (H6)(1) holds,
YT\, if (H6)(2) holds.

Proof. Take y € Q3. y € ker L implies that

n—3
ca; + db; c 9 d -1
= t* t" t" e, deR.
v ; R s L o DL

Since A\Jy + (1 — M)wQNy = 0, we obtain
Ac=—(1-MNwIliNy, Ad=—(1—-XNwIyNy.

If A =0, by (H6), we get |c|] < co,|d| < dp. If A =1, then c=d =0. For A € (0,1),
if |e| > ¢ or |d| > dp, then

A? = (1= ANwe-T1Ny <0
or

A% = —(1 = Nwd - ToNy < 0.
A contradiction. So, €23 is bounded. O
Theorem 3.5. Suppose (H1)-(H6) hold. Then (1.1))~(L.2) has at least one solution
m X.
Proof. Let Q D U?_,Q; U {0} be a bounded open subset of X. It follows from
Lemma that N is L-compact on . By Lemmas and we obtain

(1) Ly # ANy for every (y,A) € [(dom L \ ker L) N 9] x (0,1);
(2) Ny ¢ Im L for every y € ker L N 09.
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We need to prove only that:
deg(QN|ker 1, 2 Nker L,0) # 0.

Take

H(y,\) = AJy+w(l —N)QNy.
According to Lemma [3.4] we know that H(y, ) # 0 for y € 8QNker L, A € [0,1].
By the homotopy of degree, we obtain

deg(QN|ker ., X Nker L,0) = deg(wH (-,0),Q Nker L, 0)
= deg(wH(-,1),Q2Nker L, 0)
= deg(wJ, Q2 Nker L,0) # 0.

By Theorem we can obtain that Ly = Ny has at least one solution in dom LN;
ie., (L.I)—(L.2) has at least one solution in X. The prove is complete. O
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