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DARBOUX INTEGRABILITY AND RATIONAL REVERSIBILITY
IN CUBIC SYSTEMS WITH TWO INVARIANT
STRAIGHT LINES

DUMITRU COZMA

ABSTRACT. We find conditions for a singular point O(0,0) of a center or a
focus type to be a center, in a cubic differential system with two distinct
invariant straight lines. The presence of a center at O(0,0) is proved by using
the method of Darboux integrability and the rational reversibility.

1. INTRODUCTION AND STATEMENT OF RESULTS

A cubic system with a singular point with pure imaginary eigenvalues (A1 2 = =i,
i? = —1) by a nondegenerate transformation of variables and time rescaling can be

brought to the form
&=y + ax® + cxy + fy? + ka® + maly + pry? +ryd = P(x,y),

1.1
§ = —(x + ga® + doy + by* + sx® + qry + nay® +1y®) = Q(x,v), (L.1)

where the variables x,y and coefficients a,b,...,s in are assumed to be real.
Then the origin O(0,0) is a singular point of a center or a focus type for (L.1)).
The problem arises of distinguishing between a center and a focus, i.e. of finding
the coefficient conditions under which O(0,0) is, for example, a center. These
conditions are called the conditions for a center existence or the center conditions
and the problem - the problem of the center.

The derivation of necessary conditions for a center existence often involves ex-
tensive use of computer algebra (see, for example, [12], [13]), in many cases making
very heavy demands on the available algorithms and hardware. The necessary con-
ditions are shown to be sufficient by a variety of methods. A number of techniques,
of progressively wider application, have been developed.

A theorem of Poincaré in [I5] says that a singular point O(0,0) is a center for
if and only if the system has a nonconstant analytic first integral F' in the
neighborhood of O(0,0). It is known [I] that the origin is a center for system
if and only if the system has in the neighborhood of O(0,0) an analytic integrating
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factor of the form

wla,y) =1+ ez, y),
k=1

where pj are homogeneous polynomials of degree k.

There exists a formal power series F(x,y) = > F;(z,y) such that the rate of
change of F(z,y) along trajectories of is a linear combination of polynomi-
als {(2? +¢y*) )52, + dF/dt = Y272, L 1(2® + y°)’. Quantities L;, j = 1,00
are polynomials with respect to the coefficients of system (|1.1)) called to be the
Lyapunov quantities [I4]. The origin O(0,0) is a center fo if and only if
L; =0, j =1,00. The set of these conditions, which are polynomial equations in
the coefficients of the system 7 is denumerable [9] and hence by Hilbert’s basis
theorem, it is sufficient that a finite number of them be satisfied.

A singular point O(0, 0) is a center for if the equations of are invariant
under reflection in a line through the origin and reversion of time, called time-
reversible systems. The classical condition is that the system is invariant under
one or other of the transformations (z,y,t) — (—z,y, —t) or (z,y,t) — (z, —y, —t).
The first corresponds to reflection in the y-axis and the second to reflection in the
T-axis.

Zotadek [23] mentioned three general mechanisms for producing centers: search-
ing for (1) a Darboux first integral or (2) a Darboux—Schwarz—Christoffel first in-
tegral or by (3) generating centers by rational reversibility, and he claimed that
these are sufficient for producing all cases of real polynomial differential systems
with centers. This conjecture is still open, even for cubic systems .

The time-reversibility in two-dimensional autonomous systems was studied in
[16] and the relation between time-reversibility and the center-focus problem was
discussed in [21].

The problem of the center was solved for quadratic systems and for cubic sym-
metric systems. The problem of finding a finite number of necessary and sufficient
conditions for the center in the cubic case (for cubic system ) is still open. It
was possible to find the conditions for the center only in some particular cases (see,
for example, (2, B 4 5, [6] [7, [8, 1T [12] 17, 18] 19, 20} 22]).

The problem of the center for cubic differential systems with invariant
straight lines (real or complex) was considered in [3], [4], [5], [6], [11], [19], [20].
In these papers, the problem of the center was completely solved for cubic systems
with at least three invariant straight lines. The main results of these works is that
every center in the cubic system with at least three invariant straight lines
comes from a Darboux integrability or from a rational reversibility.

The goal of this paper is to obtain center conditions for a cubic differential system
with two distinct invariant straight lines by using the method of Darboux
integrability and rational reversibility. Our main result is the following one.

Theorem 1.1. The origin is a center for a cubic differential system (1.1)), with at
least two invariant straight lines, if one of the conditions (i)—(xiv), (1)- (26) hold.

The paper is organized as follows. In Section 2 we summarize the results ob-
tained for cubic differential systems with at least three invariant straight lines and
centers. In Section 3 we find four series of conditions for the existence of two dis-
tinct invariant straight lines. In Section 4 we study the Darboux integrability in
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cubic systems with two distinct invariant straight lines and obtain the center condi-
tions (i)—(xiv). In Section 5 we describe the algorithm to transform a cubic system
to one which is symmetric in a line by means of a rational transformation. In
Section 6 for cubic system with at least two invariant straight lines we obtain
conditions (1)—(26) for the system to be rationally reversible. In the last section,
we prove the main theorem.

2. CUBIC SYSTEMS WITH AT LEAST THREE INVARIANT STRAIGHT LINES

We shall study the problem of the center for cubic system (|1.1)) assuming that
(1.1) has invariant straight lines.

Definition 2.1. An algebraic invariant curve (or an algebraic particular integral)
of ([1.1) is the solution set in C? of an equation f(z,y) = 0, where f is a polynomial
in x,y with complex coefficients such that

af _; _of , 9Of

Y _¢_Yp Y

dt / Ox * oy
for some polynomial in z,y, K = K(z,y) with complex coefficients, called the
cofactor of the invariant algebraic curve f(z,y) = 0.

Q=[K,

By the above definition, a straight line
L=C+Az+By=0, AB,CeC, (A,B)+#(0,0), (2.1)

is an invariant straight line for (1.1 if and only if there exists a polynomial K (z,y)
such that the following identity holds

A-P(z,y)+ B-Q(z,y) = (C + Az + By) - K(z,y). (2.2)

If the cubic system (1.1]) has complex invariant straight lines then obviously they
occur in complex conjugated pairs

L=C+Azx+By=0 and L=C+ Az + By =0.

According to [3] the cubic system (1.1)) cannot have more than four nonhomoge-
neous invariant straight lines, i.e. invariant straight lines of the form

1+ Az +By=0, (A,B)#/(0,0). (2.3)

As homogeneous straight lines Ax + By = 0, this system can have only the lines
r+iy=0%= -1

From it results that is an invariant straight line of if and only if
A and B are the solutions of the system

Fi(A,B) = AB? — fAB+bB* +rA—IB =0,
Fy(A,B) = A’B +aA* — gAB — kA + sB =0,
F3(A,B) = B® — 2A%B + fA? 4 (c — b))AB — dB*> — pA +nB =0,
Fy(A,B) = A®> —2AB* — cA? + (d — a)AB + gB* + mA — ¢B = 0.
The cofactor of is
K(z,y) = =Bz + Ay + (aA — gB 4+ AB)2> 4 (cA — dB + B? — A®)xy
+ (fA—bB — AB)y*.

(2.4)
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The problem of the center for cubic systems with at least three invariant straight
lines was completely solved. The main results of these works are summarized in
the following three theorems.

Theorem 2.2 ([3,/4]). Let the cubic differential system have four invariant straight
lines (real, real and complex, complex). Then any singular point with pure imag-
iary eigenvalues of this system is a center if and only if the first two Liapunov
quantities vanish (L1 = Ly = 0).

Theorem 2.3 ([ [6 19, 20]). Let the cubic differential system have exactly three
invariant straight lines (real, real and complex). Then any singular point with
pure imaginary eigenvalues of this system is a center if and only if the first seven
Liapunov quantities vanish (L; =0, j =1,...,7).

Theorem 2.4. Every center in the cubic differential system (L.1)) with:

(1) four invariant straight lines comes from a Darboux first integral or a Dar-
boux integrating factor;

(2) three invariant straight lines comes from a Darbouz integrating factor or a
rational reversibility.

3. CUBIC SYSTEMS WITH TWO INVARIANT STRAIGHT LINES

Let the cubic system have two distinct invariant straight lines L; and Lo
real or complex. If L1, Ly are complex and Ly # L, then the straight lines L, Lo
conjugate with L;, Lo will be also invariant for (the coefficients in are
real). In this case the system has four distinct invariant straight lines and the
problem of the center is solved by Theorem If Ly is complex and Lo is real,
then the problem of the center is solved by Theorem

In this section, we shall consider cubic systems with two distinct invariant
straight lines, where L1, Lo are real or Lq, Ly are complex (Lo = E) It is easy to
see that for the relative positions of two distinct invariant straight lines three cases
can occur:

(1) two parallel invariant straight lines;
(2) two homogeneous invariant straight lines;
(3) two nonhomogeneous and nonparallel invariant straight lines.

3.1. Two parallel invariant straight lines. Let the cubic system have two
parallel invariant straight lines Ly, Lo, then by a rotation of axes we can make them
parallel to the axis of ordinates (Oy). Note that by a rotation of axes of coordinates
the linear part of preserves the form.

Assume L; and Lo are complex, then Ly = L;. From L;||L;, it follows that L;
looks as 1 + A(xz + By) = 0, where A is a complex number and B is real. In this
case, via a rotation of axes about the origin, it is also possible to make the straight
lines Ly and Ly to be parallel to the axis Oy.

In order that the cubic system had two invariant straight lines Lq, Lo par-
allel to the axis Oy, it is necessary and sufficient that the following coefficient
conditions to be satisfied

a=f=k=p=r=0, m(c®—4m)#0. (3.1)
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In this case the invariant straight lines L; and Ly are

+ 21
Liz=1+ %x = 0. (3.2)

3.2. Two homogeneous invariant straight lines. For homogeneous invariant
straight lines, it is easily verified that the cubic system (|1.1)) can have only the lines
x+iy =0, i> = —1. These lines are invariant if and only if the following conditions
hold

g=b+c, f=a+d, g=p+l—k, s=m-+n-—r (3.3)
3.3. Two nonhomogeneous and nonparallel invariant straight lines. Let
the cubic system have two nonhomogeneous and nonparallel invariant straight
lines Ly, Lo intersecting at a point (zg, yo). The intersection point (g, yo) is a sin-
gular point for and has real coordinates. By rotating the system of coordinates
(r — xcosy —ysinp,y — xsinp + ycos ) and rescaling the axes of coordinates

(r — az, y — ay), we obtain L; N Ly = (0,1). In this case the invariant straight
lines can be written as

LJEI+AJQJ‘—y:O, AjE(C, j:1,2, Al—AQ#O (34)
As the point (0, 1) is a singular point for (1.1]), then P(0,1) = Q(0,1) = 0. These
equalities yield r = —f — 1,1 = —b. Substituting B=—-1,r=—f —1and | = —b

in (2.4) we find that the straight lines (3.4) are invariant for (1.1 if and only if Ay
and A, are the solutions of the system

Fy(A1) = (a = 1A+ (9 — k) A1 — s =0,
F(A)=(f+2)A+(b—c—p)Ay —d—n—1=0,
Fu(A) =A% —cA?+(a—d+m—2)A1 +g+q=0,
Fy(Az) = (a— 1A + (9 — k) Az — 5 = 0,
Fy(A) = (f+2)A2+(b—c—p)Ada—d—n—1=0,
Fy(A)) = A3 —cA2+(a—d+m—2)As+g+q=0.
It is easy to see from at the system can have two distinct invariant

straight lines of the form (3.4)) if and only if the following coefficient conditions are
satisfied

k=(a—1)(A1+A2)+g, I=-b, r=-f-1,

m=—A2 — AjAy — A3+ (A1 + Ay) —a+d +2,

n=—(f+2A14; —(d+1), s=(1-a)A14,,
p=(f+2)(A1+A3)+b—c, g=(A1+As—c)A1A2—g.

Theorem 3.1. The cubic differential system (L.1|) has at least two distinct invari-

ant straight lines if and only if one of the sets of conditions (3.1)), (3.3)) and (3.6)
holds.

(3.6)

4. DARBOUX INTEGRABILITY IN CUBIC SYSTEMS WITH TWO INVARIANT
STRAIGHT LINES

Let the cubic system (L.1) have sufficiently many invariant algebraic curves
fi(z,y) =0, j = 1,...,q with cofactors K;(z,y). Then in most cases a first
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integral (an integrating factor) can be constructed in the Darboux form [10]

L Iy (4.1)

and we say that the cubic system (|1.1) is Darboux integrable. The function (4.1),
with a; € C not all zero, is a first integral (an integrating factor) for (1.1)) if and

only if
a ! 0Q opP
CVZKZEO ( Q5 Z‘Ei—i).
; ; oy Ox
The method of Darboux turns out to be very useful and elegant one to prove
integrability for some classes of systems depending on parameters.
In this section we shall find center conditions for cubic system with two
invariant straight lines by constructing an integrating factor of the Darboux form

= LLge, (4.2)

where L; = 0, j = 1,2 are invariant straight lines for (1.1)) with cofactor K;(z,y)
and a; € C. The cubic system (1.1)) will have an integrating factor of the form
(4.2) if and only if the numbers «; satisfy the following identity

Ky (x, Ky(z,y) = — — —. 4.3

o Ky (2,y) + o K (2, y) 9y or (4.3)

4.1. Centers of system (1.1) with two parallel invariant straight lines and
Darboux integrability.

Lemma 4.1. The following set of conditions is sufficient condition for the origin

to be a center for system (L.1]):
(i)a=d=f=k=l=p=q=r=0.

Proof. Let the conditions (3.1)) hold, then the cubic system (1.1)) has two invari-
ant straight lines of the form (3.2) with cofactors Kiq(z,y) = [y(c + 2mz £
V2 —4m)]/2. Taking into account the cofactors, the identity (4.3) yields d =
qg=1=0and

a1 = [(n—m)yvc® —4m £ (2bm — cn)|/(mV/ 2 — 4m),

we obtain the center conditions (i). O

4.2. Centers of system (/1.1) with two homogeneous invariant straight lines
and Darboux integrability.

Lemma 4.2. The following three sets of conditions are sufficient conditions for the
origin to be a center for system :
(i) c=—-2b,d=—-2a, f=—a,g=-b,n=2r—m,p=—-1l,g=—k, s=r;
(i) a=d=f=0,g=b+c, k=1, m= (2br+cn—cr)/(2b), p = q = [I(b+¢)]/b,
s=(2bn+cn—cr)/(2b);
(iv) ¢ = (bd)/a, f = a+d, g = [bla+d)]/a, p=q=[(a+d)]/a, k =1,
m = (2ar +dn —dr)/(2a), s = (2an + dn — dr)/(2a).

Proof. Assume the conditions (3.3)) are satisfied, then the cubic system (|1.1)) has
two homogeneous invariant straight lines « + iy = 0 with cofactors

Ki(z,y) = =i+ (a — ib — ic)x — (b4 ia + id)y + (k — im — in + ir)x?

+ (r —n —il —ip)xy — (I +ir)y?,
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Ky = K;.
In this case the system (1.1]) will have an integrating factor of the form (4.2)) if and
only if the identity (4.3)) holds. Substituting in this identity the expressions of the
cofactors and identifying the coefficients of z°,z,y, 2%, vy and 32, we obtain that
as = oy and a; obey the following system of algebraic equations:
(r—=m)ag+m—-n=0, 2a(a;+1)—d=0, 2b(a;+1)—c=0,
2k(a; +2)—1—p=0, (an+2)(k—-1)=0.

Let ay = —2, then from (4.4) we obtain the conditions (ii). Assume a; # —2,
then k = 1. If a = 0, then b # 0, a; = (¢ — 2b)/(2b) and from (4.4) we get the
conditions (iii). If a # 0, then ay = (d — 2a)/(2a) and (4.4) implies the conditions
(iv).

In each of the cases (ii)—(iv), the system (l.1) has an integrating factor of the
form (4.2)) and therefore the origin is a center for (1.1). O

(4.4)

4.3. Centers of system (1.1)) with two nonhomogeneous and nonparallel
invariant straight lines and Darboux integrability. Let the coefficient con-
ditions (3.6) hold. Denote A = a — 1, v = f + 2 and consider the following two

cases:
4.3.1. A=0. In this case a =1 and yields the following conditions
a=1 k=g, l=-b q=[d+n+1)(cy+b—c—p)—g7’]/7
m=[(v(d+1)+c*)(y = 1) = (b= p)(c(y = 2) + b —p) = m]/7*, (4.5)
r=1-7v, s§=0, y[(b—c—p)>+4y(d+n+1)]#0
for the existence of two distinct invariant straight lines of the form where Aj,
7 = 1,2 are the solutions of the equation
YA 4+ (b—c—p)A—d—n—1=0. (4.6)

Lemma 4.3. The following five sets of conditions are sufficient conditions for the
origin to be a center for system :

V)a=y=1,d=-2k=—q=g,p=—-l=b,m=—-n,r=s=0;

(Vija=n=1b=1l=s=0,d=-2,k=—q=g,p=cly—-1), f=~v-2,
m=-1,r=1—7;

(Vi) a=n=1,d=-2, f=v-2,k=—-—q=9g,l=-b,r=1—7,5=0,
¢ = [2b(y = 2)]/v, m = —(4b%y — 4b* +9%) /7%, p = b(4 — 3v) /v;

(viii) a =1,d= -1, f=(-3)/2, k=g=q=s5s=0,1l=-b, m = —2n,
p=(2b—1¢)/2, r=1/2;

(ix) a=1,k=g,1=-b qg=[d+n+1)(cy+b—c—p)—g7°]/7*, m = [(v(d+
D+c)(v=1)=(b=p)(c(v=2)+b=p)—m]/7?, f=~-2,r=1-7,5=0,
p="b(1-d)+(c=2b)y—c, g = [b((d+7)* 7>+ (n+1)(d+27))]/[(d+2)*],
n = [b(d + 2v)(ey — 2bd — 2by) + dy(d + 1)(y — 1)]/[7(d + 29)].

Proof. Indeed, if the conditions (4.5) hold, then the cubic system (L.1) has two
invariant straight lines of the form L2 =1+ A o2 —y = 0 with cofactors

Kia(z,y) =x+ A1y +g2> + (1+d — Aiz + cArz)zy + (v — 1) A1z +b)y?,
where Ay, As are the roots of the equation (4.6)):
Alg=(p—bt+ct/(b—c—p2+4y(d+n+1))/(27).
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In this case system (|1.1)) will have an integrating factor of the form (4.2)) if and
only if the identity (4.3) holds. Substituting in (4.3) the expressions of the cofactors
and identifying the coefficients of z,y, 2%, vy and 32, we obtain that

alzd—2—a2, 0[2:[(d—2)A1—2b+C]/(A1—A2)
and
p=>0(1—d)+ (c—2b)y—c, g(d+2)7y* —b(d+n+1)(d+27y) =0,

4.7
(d? — 4b* + 2bc +d — 2n)y? + dy(bc — 66> —d —n — 1) — 2b%d* = 0 (4.7)

Let d = —2. If v = 1, then from we obtain the conditions (v); if v # 1 and
b = 0 — the conditions (vi); if b(y — 1) # 0 and n = 1 — the conditions (vii).

Assume d # —2. If d+2v = 0, then we get the conditions (viii) and if d4+2v # 0 —
the conditions (ix). In each of the cases (v)—(ix), the system has an integrating
factor of the form and therefore the origin is a center for . O

4.3.2. XA # 0. In this case (3.6) yields the following conditions

p=1b—A+(k—gN/A  q=[\es—gN) +s(g— k)]/N,
l=-b, m=[d-X+DN+Xc(k—g)—s)— (k—g)%/\?, (4.8)
r=1-—v n=[sy—1+dAN/\ (9—k)?>+4sA#0

for the existence of two distinct invariant straight lines of the form (3.4 where
Aj, 7 = 1,2 are the solutions of the equation

M2+ (g—k)A—s5=0. (4.9)

Lemma 4.4. The following five sets of conditions are sufficient conditions for the

origin to be a center for system :
x)a=A+1,b=—2A+9)/2\),d=2Xx-1, f =(=3)/2, k =c\+yg,
L= (2eA+ 9)/(2N), m = (N — $)/A, g = —g, 1 = (5 — 4X)/(2N), p =
—(BeA+)/(2N), 7 = 1/2;

x)a=A+1,d=-2, f=A-1, k=c\+g,l=-b=c—g, ¢ =—g,
m=-A—1-sAx"1n=s+1+sx L p=cA—1)+g,r=-);

(xil) a =A+1,b=1=0, c=[g2x—d-2)]/2N), k = [g(2Xx — d)]/2,
f=1=2p=1[b0-—0A+(k=—gnl/A n = [sy = 1+ dA/A m =
[(d— A+ DN+ Mk — g) —5) — (k— 9PN, 7 = 1—7, q = —g,
s = [M(d? — 2d\ + 3d — 4\ + 2)]/(d + 27 — 2));

(xiii) a=A+1, f=-2,d=2\,n= -2 +1),b=[(cA+g—k)(cA+2(g—k))—
2200+ D)/RACA+ g — B, p = (b— ). g = A(es — g)) + s(g — K]/,
r=1,1=-b,m=[NA+1)+Xclk—g) —s)— (k—g)?]/)\, s =
NN+ D)+ (k+g)(k—g—cN)/(eA+g—k)*;

(iv) a= A1, f=ry—2, 7 =1— L= b, b= py(eA+g—K)]/Nd+2(3 - N),
n = [sy—(1+d)N/A, p = [(b—c)A+(k=g)V]/A, a = [Mes—gA\)+s(g—k)] /X%,
m=[(d= A+ 1N+ Ac(k—g)—s)—(k—g)?]/\%, s = [N2((2b—c—29)\ +
3k—g+dg)/(eA+g—k), 2(d+2)N3+ ((c—b)? —b* —d?> —3d — 25 —2)\% +
((Bc—=2b)(g —k)+ (d+27)s)A +2(g — k)* = 0.

Proof. Indeed, if the conditions (4.8) hold, then the cubic system (L.1) has two
invariant straight lines of the form L1 = 1 + Aj92 —y = 0 with cofactors
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Kia(x,y) = o4+ A12y+(g+AA12)2® + (1+d+cAy o — AT p)xy+ (b4 (v —1)A12)y,
where Ay, As are the roots of the equation (4.9):

Ao =(k—gx/(g—k)2+4Xxs)/(2)N).
In this case the system will have an integrating factor of the form (4.2 if and
only if the identity (4.3) holds. Substituting in this identity the expressions of the
cofactors and identifying the coefficients of x,y, 22, zy and y?, we obtain that
o] = d*2()\4’1) — g, Qg = [C*Qb+ (d7272)\)A1}/(A1 7A2)
and )
b=[(c+29)A* + (g — dg — 3k)A* + (cA+ g — k)s]/(2)?),
262 + ((c — 2b)y — bd)A + (g — k)y = 0,
2(d+2)A3 + ((c — b)® — b* — d? — 3d — 25 — 2)\?
+ ((3c —2b)(g — k) + (d + 27)s)A + 2(g — k)* = 0.
Let k = cA+g. If d = 2(A — 7), then from (4.10) we obtain the conditions (x)
and (xi); if d # 2(A — ), then (4.10]) implies the conditions (xii).
Let £ # cA+g. If d = 2(A — ), then from (4.10) we get the conditions (xiii)
and if d # 2(A — 7y), then (4.10]) yields the conditions (xiv).

In each of the cases (x)—(xiv), the system (1.1) has an integrating factor of the
form (4.2) and therefore the origin is a center for (1.1]). d

Taking into account Lemmas for cubic differential system (1.1]) with two
distinct invariant straight lines (real or complex conjugated), it was proved the
following theorem.

(4.10)

Theorem 4.5. The differential system (1.1)) with two distinct invariant straight
lines has a Darboux integrating factor of the form (4.2)) if and only if one of the
sets of conditions (1)—(xiv) is satisfied.

5. RATIONAL TRANSFORMATION IN CUBIC SYSTEMS

It is well known from Poincaré [I5] that if a differential system with a singular
point O(0,0) of a center or a focus type is invariant by the reflection with respect,
for example, to the axis X = 0 and reversion of time then O(0,0) is a center for
(1.1) (X = 0 is called the axis of symmetry). It is clear that has a center at
0(0,0) if there exists a diffeomorphism

P:U—-V, &= {X = (P(xay)v Y = ¢(xay)}’ (I)(an) = (070)7 (51)

which brings system to a system with the axis of symmetry. In particular, if
o(z,y) and 9 (z, y) are rational functions in 7 then we say that is rationally
reversible ([24]).

In [13] is described an algorithm based on application of Gréebner bases in the
search for a bilinear transformation, which is invertible in a neighbourhood of the
origin and transform a given system to one which is symmetric in a line. This
algorithm is applied to find center conditions for some cubic systems.

In this section we shall consider a general mechanism to produce center by ra-
tional reversibility. We seek a transformation of the form

a X +0Y a2 X + bY
gttt o, a2 At (5.2)
CL3X+b3Y—1 a3X+b3Y—1
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with a1by — bias 75 0 and (Ij,bj eR, j=123. The condition a;by — bias 7é 0
guarantees that is invertible in a neighborhood of O(0,0) and the singular
point is mapped to X =Y = 0. Applying the transformation to we
obtain a system of the form

R(X,Y)’ R(X,Y)’
whose orbits in some neighborhood of O(0,0) are the same as those of the system
4 4
X= )Y U;XYI=PX)Y), Y=)>Y V;XV =Q(X,)Y), (5.3)
i+5=0 i+j=0

where U;j,V;; are polynomials in the coefficients of the original system and the
parameters aq, as, as, by, ba, bz of the transformation.

The requirement is to show that aq,as, as, b1, bs,bs can be chosen so that the
system is symmetric in the Y-axis; i.e. the transformation brings in
some neighborhood of O(0,0) the system to one equivalent with a polynomial

system

dX

o =Y + M(X2Y), % = —X(1+N(X2%Y)). (5.4)

The obtained system has an axis of symmetry X = 0 and therefore O(0,0) is a

center for ([1.1). The system ([5.4) is equivalent to the system (5.3)) if the following
conditions are satisfied:

Ui =Var =0, Uiz3=Vou=0, Upo=Vo1 =0, Vio=0, Up=0, V=0
and
Vou = az[sbi + ((k + q)b7 + (m + n)bibs + (I + p)b3)bibs + 73] = 0,
Vag = ag[maibs + carbiaz + (2p — 3k — q)ajazbs + dagbias
+ (31 +p — 2q)a3biby + (3(r + s) — 2(m + n))a3bs + na3b?
+ (2b 4 ¢ — 29)asbibras + (2f — 2a — d)agbiasz + a3] = 0,
Usp = 2aa3bsag + [(m — s)ar + (p — q)as + 2(c — g)as]aiazbs
+ ka3by + aj(lby — nby + rby) + 2a3a3(bby — dba + fba) = 0,
Ura = (qaz + 2gaz)bi + [2(a + d)az + (m + 2n — 3s)as]bibs + [(31 — 3k
+2p — 2q)as + 2(b + ¢)as]bib3 + [par — (2m +n — 3r)as + 2fas]bs = 0,
Vos = (kaz — gas)bs + [(m — s)ag — (a + d)as)b3by
+[(p — q)az — (b4 c)as)b1b3 + (lay — (n — 7)as — faz)b3 = 0,
Va1 = qa3by + (m + 2n — 3s)atagby + (d — a)atasbs
+ (31 — 3k + 2p — 2q)a1a3bs + [pby + (3r — 2m — n)bs]a’
+ (2b — g)arazasbs + [(f — 2a)by — (b — ¢)by]adaz = 0,
Voo = aasb? + (¢ — g)bibyas + (bay — dag + faz)bs —az = 0,
Vao = gad + (a+ d)a3as + (b + c)ara3 + fa3 + 2a3 = 0,
Ui = [dby + (2b 4 ¢ — 29)ba]asby + [car + (2f — 2a — d)az]b3 + 3az = 0,
Un=b34+b3—-1=0, Uyg=ab+abs=0 Vig=al+ai-1=0. (5.5)
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Next we shall study the compatibility of assuming that the cubic system
has two distinct invariant straight lines (real or complex conjugated). If
is compatible, then the cubic system with two distinct invariant straight lines
is rationally reversible and a singular point O(0,0) is a center.

6. RATIONALLY REVERSIBLE CUBIC SYSTEMS WITH AT LEAST TWO INVARIANT
STRAIGHT LINES

In this section we shall find conditions on the coefficients, for cubic system (|1.1))
with two distinct invariant straight lines, which allow us to transform the system
to the system (5.4)), symmetric in a line, by means of the rational transformations

E2.
It is easy to verify that the equations Up; = 0, Vip = 0 of (5.5) admit the
following parametrization

ay = (2u)/(u? +1), ap = (u®—1)/(u®+1),

by = (20)/(v* +1), by =(v*—1)/(v*+1),
where u and v are some real parameters. In this case Uyg = j1j2 = 0, where
hi=w+u—v+1 jo=uw—u+v+1.

Next assume j; = 0, then v = (1 4+ u)/(1 — u) and Uyg = 0. The case jo = 0 is
equivalent with j; = 0 if we take into consideration that ja(u,v) = ji(—u, —v).

6.1. Centers of system (1.1) with two parallel invariant straight lines and
reversibility. Consider the system of algebraic equations (5.5) and let the condi-

tions (3.1)) hold.

6.1.1. a3 =0. In this case Vpgs =0 and Voo =0. f u=0; u = -1 or u(u+1) #0,
then from the equations of we obtain, respectively, the following three sets of
conditions for the existence of a center:

1)a=d=f=k=l=p=q=r=0;

(2) a:b:c:f:gfk:l:pqur:();

(3)a=f—k :0l—[4mu(u6—7u4—|—7u—1)]/u2+1)
b= [c(6u )]/(u +1)%, s = [m(u! - 6u” + 1)]/(u® 1)4,92—
qg=-3l,d= [20u(10u2 — 3ut — 3)]/[(u2 +1)%w? - 1)), n=[-
20u8 + 54ut — 20u? + 1)]/(u? + 1)%.

6.1.2. a3z # 0. In this case from the equation Vpo = 0 of (5.5)) we have
az = [2u((g — c)u* — 2du® + 2(2b + ¢ — g)u* + 2du + g — ¢)] /(v + 1)*.

If w =0, then (5.5)) yields the center conditions which are contained in (1).
If w = —1, then from the equations of (5.5) we obtain the following conditions
for the existence of a center

(4) a=f=k=l=p=r=0,c=—-3b, g=—2b, m =2b% q= —bd.
Assume u(u + 1) # 0, then from the equations {U; = 0, Vou = 0, U2 = 0, Vp3 =
0, Va1 =0, Uzg = 0} of (5.5)) we express, g,1, s, m, q,n, respectively and
Vao = Voo = (3b+ ¢)(3u? — 1)(u? — 3)u — d(u* — 10u? + 1)(u* — 1) = 0.

If (3u? — 1)(u? — 3) = 0, then we obtain the following two sets of conditions for
the existence of a center:
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B)a=d=f=k=p=r=09= (c—7b)/5,n:[30(2()—0)]/20,
I = [V/3(8b% + 2bc — 3¢%)] /100, m = [2(2¢® — 2b® — 3bc)] /25, ¢ = [3v/3(3c% —
8b% — 2bc)] /100, s = [3(16b* — 6bc — ¢?)]/100;

6)a =d=f=k=p=r=20,g=(c—T1b/5 n = [3¢(2b — ¢)]/20,
I = [V/3(—8b%—2bc+3¢?)] /100, m = [2(2¢2 —2b%—3bc)] /25, ¢ = [3v/3(—3c%+
8b2 + 2bc)] /100, s = [3(16b> — 6bc — ¢2)]/100.

If (3u® — 1)(u? — 3) # 0, then we get the following conditions for the existence
of a center

(MMa=f=k=p=r=0m= [h(du —4bu—80u—d)]/(100u2), g =
[4(b+2¢)(u® +u) +d(1 — 19u2 +19ut — u%) — 8(4b + 3¢)u3] /[10u(u? — 1)?],
I = [h(u® — 1)(d(u® — 19u* + 19u? — 1) — (19b + 3¢)(u® + u) + 6(7b —
c)u®)]/[25u(u? + 1)4], h = d + 4bu — 2cu — du?,

h(d(1 — 9u® + 230u* — 230u’® + 9u® — u'®) +3(3b + ¢)(u + u?)
16(c — 12b)(u” + u®) 4+ 2(279b + 13¢)u”)]/[50u? (u? + 1)4],
h(d(1 — 21u? 4 458u* — 458u® 4 21u® — u'®) + 12(2b — ¢)(u + )
40(c — )( 3 4 u7) 4 8(144b + 13¢)u®)]/[50u(u? — 1)(u? + 1)4],
(d(4u” — T6u® + 76u® — 4u) + 5(b — ¢)(u® + 1)

+ 8(c — 7b) (u® + u?) + 2(99b + 13c)ut)]/[25(u* — 1) (u? + 1),
c = [d(u* = 10u? + 1)(v® — 1)]/[(3u? — 1) (u® — 3)u] — 3b.

Remark 6.1. In each of the cases (3) and (7) the system has four invariant
straight lines. Thus, in conditions (3) besides the invariant straight lines (3.2)), the
system has two more invariant straight lines L34 = (¢ & v/c2 — 4m)[(u? —
6u? + 1)x + 4u(l — u?)y] + 2(u? + 1)?; in conditions (7): Lz = [4bu(3u? — 1)(u? —
3) —2d(u?®+2u—1)(u? —2u—1)(u? - 1)](v?y + 2ux —y) — (3u? — 1) (u® +1)2(u? - 3),
Ly = (3u? —1)(u? - 3)[4bu(u? — 1) (v?x — 2uy — x) — 2u(u® +1)?] —d(u? — 1) (uBz —
12u8z + 32udy + 38utx — 32uy — 12u%x + 7).

6.2. Centers of system (|1.1)) with two homogeneous invariant straight lines
and reversibility. Consider the system of algebraic equations (5.5) and let the
conditions ([3.3]) hold.

6.2.1. az = 0. In this case Vhy = Voo = 0 and we have the following possibilities:
Ifu = —1oru(u+1) # 0, then from the equations of (5.5)) we obtain respectively
the following two sets of conditions for the existence of a center:
8) b=c=g=k=l=p=q=0,f=a+d, r=m+n-—s;
(9) b = [a(l — w?)]/(20), ¢ = [A(1 — w)]/(2u), g = [(a + d)(1 — 3)/u),
= [(g—3k)(u* —6u? +1)+4m(u® —u)]/[du(u® -1, l =k, f =a+d, r =
(g — k) (u* — 6u? + 1) + dm(u?® — u)]/[4u(u?® — 1)], s = [k(6u® —u* — 1) +
2mu(u® — 1)]/[2u(w® = 1)], p = ¢.
If w =0, then (5.5)) yields the symmetric set of conditions to (8).

6.2.2. a3z # 0. In this case from the equation Vpo = 0 of (5.5)) we find
az = [a(u® — 1) + 2bu]/(u® + 1).
If u = —1, then (5.5) yields the following conditions for the existence of a center
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(10) ¢ = =3b, f =a+d, g = —2b, k = —2ab, | = bla+d), m = 2% p =
—2b(a+d), g =bla—d), r =0, s = 2b> + n.
In the case u = 0, we get the symmetric to (10) set of conditions for the existence
of a center.

Let u(u + 1) # 0, then from the equations of (5.5) we obtain the following
conditions for the existence of a center

(11) c=[(Ba + d)(1 — u?) — 6bu]/(2u), g = [(3a + d)(1 — u?) — 4bu]/(2u),
I = [a(3a+d)(u® — 1) + 2(3ab + bd + k)u]/(2u),
m = [r(u® + 1)* 4+ 2(au® — a + 2bu)((5a + 2d)(u® — 1)
+ (11a — 2d)(u?* — u?) + b(10u® — 12u® + 10u))]/(u? + 1),
s = [n(u?® + 1)* + 2(au® — a + 2bu)((5a + 2d) (u® — 1)
+ (11a — 2d)(u® — u?) + b(10u® — 120> + 10u))]/(u? + 1)*,
f=a+d, q=[2pu+ (3a+d)(au?® —a+ 2bu)]/(2u),
r = [2(5ab + bd + k)(u'' —u) 4 2(4b* — 9a* — 3ad) (u'® + u?)
+a(3a + d)(u'? + 1) + 2(3k — 5bd — 33ab) (u® — u®)
+ (61a® — ad — 64b%)(u® + u*) + 4(45ab — 3bd + k)(u” — u®)
+ 4(28b — 23a* + 3ad)u®]/[4u*(u? +1)%),
n = [2(k — 10ab — 2bd)(u® 4 u) + 8(10ab + k)(u” + u®)
+2(14a® + ad — 126%) (u® — u?) + 4(106* + ad — 8a?) (u® — u*)
+ 4(3k — 14ab + 2bd)u® + 2a(2a + d)(1 — u'*)]/[(v? + 1)*(u? — 1)],
= [(12ab + 2bd + k) (u® + u) + (120* — 5ad — 19a?) (u® — u?)
+ 4(k — 16ab — 2bd) (u” + u?) + 2(21a® — 3ad — 26b%) (u® — u?)
+a(3a + d)(u'® — 1) 4+ 2(52ab — 10bd + 3k)u®]/[u(u® + 1)*].
Remark 6.2. In each of the cases (10) and (11) the system has three invariant
straight lines. Thus, in conditions (10) besides the invariant straight lines z+iy = 0,

the system (L.1) has one more invariant straight line Ly = 1 — 2bx; in conditions
(11): Lg = (au® — a + 2bu)[4uz + 2(u?® — 1)y] — (u* + 1)2 = 0.

6.3. Centers of system (|1.1) with two nonhomogeneous and nonparallel
invariant straight lines and reversibility. Consider the system of algebraic
equations (5.5)) and let the conditions (3.6]) hold.

6.3.1. az = 0. In this case Vyy4 = Va2 = 0 and we have the following possibilities:
If u =0 or u = —1, then from the equations of we obtain, respectively, the
following three sets of conditions for the existence of a center:
(12) a=b=d=f=k=l=p=q=0,c=29,m=g’+1,n=1,r=s=—1,
Alzg—A27A§—gA2—1:O;
(13 b=c=g=k=l=p=q=0,r=—(f+1),s=(a—1)(d—a—m+2),
n=(f+2)d-a-m+2)—d—1,A =—-Ay, AS+a+m—-d—2=0;
(14) b=c=g=l=p=q=s=0,f=-2,n=—(d+1),r=1, k= (a—1)As,
A =0,A3+a—-d+m—-2=0.
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If u(u+1) # 0, then from the equations {Voa = 0, Voo = 0, U1 = 0} of (5.5) we

express, b, g and d, respectively. Then Vo3 = f1 fofs = 0, where
fl :2uA1—|—1—u2, f2 :2uA2—|—1—u2,
fa=a(u* +1) +2(A; + Ay — o) (u® —u) + 2(2f — a + 4)u?

Let fi = 0, then A; = (u? —1))/(2u) and Vo3 = Vo3 = 0. Express Ay from
Usp = 0 and denote z = u* — 6u? + 1, then Ujs = hic + hy = 0, where h; =
2(fz+ (u? +1)% — 8au?)(u? — 1)u and hy = f(u? + 1)* — 32au* + f2(u —-1)2z —
da(f —2)(u? + 1)%u

If hy = 0, then Ujs = 0 yields f = —1 and @ = 1. In this case we get the
following conditions for the existence of a center

(15) a = 1, b = [u® — 15u* + 15u? — 1 — 20uz]/[2u(u

[4(u? — 1)z — 2cu(3z + Su? )]/[(u +1)2%(u?-1)], 9=
m = (b2)/2u(l —u?)], r =5=0,n=-m, z
(u? = 1)/(2u), Az = (2cu —u® +1)/(2 )-

If hy # 0, then express ¢ form U;o = 0 and obtain the following conditions for

the existence of a center

(16) g = [(a(1 — u?) + 2cu)z + 8f(1 —u )ug]/[Q (1+u?)?], s
d=2(a— f)(u?®—1)z — 2cu(3z + 8u?)]/[(u?® — 1)(u? + 1)?],
c=—[f(u?+1)* = 32a%u* + f2(u® — 1)%2 — da(f — 2)(u® + 1)%u?]

= 2(fz 4 (u? +1)* — 8au?)(u? — 1)
b= g+ (a+ F)(1—u2)/2u), k= (a— 1)(As + A2) + g, g = (A1 + Ag —
)JA1Az—g, r=—f—1,n=A1As(—f=2)—(d+1), p= (f+2)(A1 + A2) +
b—c,l=—bym=—A2—A1Ay— A3+c(A1+As)—a+d+2, z = u* —6u+1,
Ay = (W2 = 1)/(2u), Az = 2(a — Du/(u? — 1)+ (2cu+ fu? — )/ (2u).

The case fo = 0 can be reduced to f; = 0 if we replace As by A;.

Assume fifo # 0 and f3 = 0. We express A; from f3 = 0, a from V51 = 0 and
calculate the resultant of the equations {Usg = 0,U;2 = 0} by As. We find that
Res(Usg, Ura, Az) = 649793 (u? +1)12(u? — 1)*u?, where g1 = 2uz(u® —1)c+ f(u® +

1) = 8(f = D(u® +u?) +2(23f + 24)u’, go = (u® + 1)*f + 8u’.
If g1 =0 or go = 0, then we get the following center conditions, respectively:

(17) a = (8u® — f2)/[2(v? — 1)?], n = 2pu/(u® — 1) + (2 — 16u?)/z,
c= [S(f 1)+ 0?) — 2023f + 200" — f(u + 1))/l — 1),
= [4(3f + 8)(u® + u?) — 8(5f + 12)u]/[z(u® — 1)?], 1= —b,
b= [ (F+20u/ — 1), g=[f(ut+1) +2(5f + 1z>u2m u(l — )],
k=[32(f + Du(u* +1) + f2(u® + 1)*)/[8u(u® — 1)?], —(f+1),
m = [gz(u® — 1) — 2u(5u* — 14u® + 5))/[22u], 2z =u* — 6u® +1,
p=[f2(u® + 1)* +48u?(u? — 1)? + 8fu?(Tu* — 10u® + 7)]/[4uz(1 — u?)],
5= [(f +2((f — D" +6ut + 1) + 4(f + 6)(u® + u))]/[4( — 1)4),
q=[f2(® + D*u* — 14u® + 1) 4+ 32(f + 3) (u'® + 10u® 4 u?)
—192(3f + 5)(u® + u)]/[8zu(u® — 1)3],
Ay = [42(1 —u?)udy — A(f +10)(u® +u?) — 6(f — 8)u* — f(u® + 1)]/[4zu(u® — 1)),

no
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dru(u® —1)2A2 + (u? — 1)(8(5u* — 6u® + 5)u? + f(u® +1)") Ay
+2u((f = 2)(u® + 6u' + 1) + 4(f + 6)(u’ + u?)) = 0;
(18) a = (8u? )/(u +1)2 f=-al=g= b, = 3b, p——3k b= [du(u? —

1)(u —14u? + 1) — cz(u® +1)?]/(u? + 1)*, d = [32z(u* — u?) — 2cu(3u* —
10u? + 3)(u? + 1) /[(u? + 1)*(u? = 1)), k [4U(U D/ +1)%, s =
(=b2)/[4u(u® = 1)], r=—z/(u®+1)% m = [4u(u® —1)(u? —22u% + 1) +

c(u? +1)4)/[4u(u® — 1) (u? + 1)2],
n = [c(u® — 20u® + 54ut — 20u” + 1) (u? + 1)% — 2u(u® — 68u’ + 246u*
—68u% + 1)(u® — D]/[2u(u® + 1)*(1 — u?)], z = u* — 6u® + 1,
Al =c— A2 - (u —u)/(u?+1)2, du(u? —1)[(u? +1)2(A3 — cAz) +8u(u? —
DAy —ut 4+ 14u? — 1] + cz(u? + 1)2 = 0.
6.3.2. a3z # 0. In this case the equation Vpa = 0 of (5.5) yields
az = [a(u® —1)+2(g—c) (v’ +u) + (3a+4d—4f) (u* —u*) +4(20+c—g)u®]/ (u? +1)3.
If u = 0 or u = —1, then from the equations of (5.5 we obtain, respectively, the
following three sets of conditions for the existence of a center:
(19)b=l=s=0,a=r=1,d=-3,n=—-f=2, k=g, p=—c, ¢ =—2g,
A3 —cA3+ (m+2)Ay —g=0, A7 + (As — ) A1 + A} — cAs + m + 2 = 0;
(200 r=s=0,a=1/2,c=b+2g,d=(-3)/2, f = -1, k = g/2, | = —b,
m=g(b+g),n=1/2,p=—g,qg=—g, A1 =0, 4, = g;
(21) ¢ = =3b, f = —1, g = —2b, k = —2ab, | = —b, m = 2b*>, n = 1 — q,
p=2bqg="0bla—d),s=3a—a’>+ad—d—2,7r=0, Ay = —Ay — 2b,
A3 4+2bAs +a—d—2.
If u(u+1) # 0, then we express d from Vo9 = 0 and replace in Vp4 = 0. Factoring
we obtain Vs = f1f2f3 =0, where

fr = A (u® = 1)+ 2u, fo = Ay(u® —1) + 2u,
fa=(a—1)(u +1)+2(A; + Ay — ) (u® —u) +2(3 — a + 2f)u?
Let fi =0, then A; = (2u)/(1 — u?) and we find Uy = g192 = 0, where
g1 = (2a+2f +D)(u* +1) +4(b+ g)(u® —u) — 2(2a + 2f — 1)u?
g2 = 2a+ f)(u* + 1) +2(b — c + 9)(u® — u) + 2(f — 2a)u?

Assume g; = 0 and express g from g; = 0, then U5 = Usg = 0. Replacing g in
Vs = 0 and factoring we obtain V3 = hihe = 0, where

hy = 4u(l — u?) Ay +ut — 6u® + 1,
hy = (2a — 1)(u* 4+ 1) + 4(Az — ¢)(u® — u) + 2(3 — 2a + 4f)u?

If hy = 0, then Ay = (u* —6u?+1)/[4u(u® —1)]. We express a from Vay = Vo1 =
U1 = 0 and obtain the following set of conditions for the existence of a center

(22)
= [(f + 1) (8u® — u® +8u® — 1) +2(b + ¢)(u — u") + 2(b — Tc) (u® — u®)
+2(9 — 7f)ut]/[8u (u® — 1)%),
k=(a—1)(A 4+ A) +g, 1= —b,
d=[(f+1)(—=u® = 1) +2(0b+ c)(u—u”) + 2(4f — 1)(u® + u?)
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+2(7b 4 3¢) (u® — u®) — 2(7f + 1)ut]/[4u® (u? — 1),
—(f+1),
g=[(f+ D +1)+20b+c)(u" — Tu’ + Tu® —u)
—4(4f +3)(ub +u?) +2(15f — 13)u?]/[16u> (u? — 1)],
_(f+2)A1A2 —d-— ].7 m = C(A1 +A2) —A% _A1A2 —A% —a+d+2,
s=(1-a)A1As, g=A1A2(A1 + A2 —c)— g, p=(f+2)(A1 + A2) +b—c,
A = (2u)/(1 —u?), Ay = (ut — 6u? + 1) /[4u(u? — 1)].
If hy # 0, hy = 0, then express As from hs = 0 and a from Uy = Vo = 0. We
obtain the following two sets of conditions for the existence of a center

(23) a = [2cu(u® — 1) 4fu?)/(u? —1)2, k= (a — 1)(A1 +A2) +g,l=-b b=
[(F+1)(10u% —u'=1)+2c(u—u )]/[2(u3—u)] —(f+1),d = [6(4f+5)u—
(4f+9)(u! +1) +de(u—u?)]/[2(u*~1)%], g = [u —2(4f +11)u® +1]/[4(u® —
u)],nz—(f+2)A1A2—d—1,m:c(A1+A2) A A1A2—A a+d+2
s=(1-a)A14s, = A1As(A1 + Ay —c)—g,p= (f+2)(A1 +A42)+b—c,
A = (2u)/(1 —u?), Ay = (u* — 6u® + 1) /[4u(u® — 1)];

(24) a=[2(3f +u® — f(u* +1)]/[2(u® = 1], r = —(f + 1),
b=[2¢c(u—Tu® +7u’ —u”) — (f + 1) (u® + 1) + 43 f + 2) (u® + u?)

—2(19f + T)ut)/[2u(u® — 1) (u? + 1)?],
k=(a—1)(A1+ A2) + g,
d=[28(2f + 1)(u® +u?) — 3(2f + 3)(u® + 1) + 4e(3u — 13u?
4+ 13u® — 3u”) — 6(22f + 9)u']/[2(u* — 1)?],
S = (1 — a)AlAQ,
g=[(f+1)(u® —28u® — 28u* + 1) + de(u” — Tu® + Tu® — u)
+2(35f + 3)u'] /[4u(u® + 1)*(u? — 1)],
—(f+2)A1A2—d—1, m:C(A1 +A2)—A% _AlAQ_Ag —a+d+2,
l=-b q=A1A(A1+As—c)—g, p=(f+2)(Ai+4)+b—c,
Ay = (2u)/(1-u?), Ay =[(f+1)(u* - 14u® + 1)]/[4u(u® — 1)] + ¢
Assume now g1 # 0 and go = 0. We express g from go = 0, As from V3 =0, ¢
from Uzg = 0 and a from Vo = 0. Then Uy = g1 # 0.
The case fo = 0 can be reduced to f; = 0 if we replace As by A;.
Assume f1 fo # 0 and f3 = 0. We reduce the equations of by ¢ from f3 = 0.
Factoring we obtain that V3 = ejes = 0, where
e1=(a+f+1)(u?—=1)+2(b+g— A))u,
eo=(a+f+1)(u®—1)+2(b+g— As)u.
Let e; = 0, then Ay = [(a+ f +1)(u® — 1) +2(b+ g)u]/(2u). From the equations
Va1 = Vaa =0, Uiz =0 and f3 = 0 of (5.5 we express b, g and As, respectively.

If a = 1, then {Uy; = 0, U3y = 0} yields f = —2 and we obtain the following

conditions for the existence of a center

(25) a=r=1,f=-2k=9g,1l=-b,¢q=A1A42(A1 + A2 —¢) — g, b= [2(z —
4u? —2u(u®—1)c)]/[2u(u® —1)(u?+1)2], p = b—ec, d = [2u(3Au* —10Ayu®+
3A2+8u’—8u)]/[(u?+1)*(1-u?)], g = [(A2(u®—1)+2u)z] /[(w?+1)*(u?~1)],
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z=ut—6ul+1,m=c(A;+As) — A2 — AjAy — A2 +d+1,n=—d—1,
s=0, A =b+g, Ay = [4c(u® —u) — u* + 14u® — 1]/[4(u® — 1)u].
If a # 1, then express ¢ from Uy = 0 and Usg = (2a+ f)(a— 1) (u® + 1) — 4(ub +
u?)(2a? + daf + f2 —2f — 1) + 2u*(6a® + 15af + 2a + 12f% + 9f + 4) = 0. This
equation admits the following parametrization

a = [(u* = 6u® + 1) (w?® + 16u?) + w(u® — 8u’ + 46u* — 8u* 4 1)]/[w(u* — 1),
f=[(u* = 6u? +1)(4u? — 2w) — 2w?]/[w(u® + 1)?],w # 0.
In this case we obtain the following conditions for the existence of a center

(26) a = [(u* —6u?+1)(w?+16u?) +w(ud —8u’ +46u* — 8u? +1)]/[w(u* —1)?],
b= [2u(w — 4u?)(u* + 10u? — 2w + 1)]/[(v? + 1) (u? — 1)w],

c=[2u"(u* 4 6u? — Tw — 113) + u®(w? 4 88w + 552) — 2u? (4w?* + Tw — 1)
— 2u8 (4w? + 154w + 113) + 2u*(23w? + 44w + 6) + w?]
=+ Juw(w? — 1) (u* — 6u? + 1)(u? +1)?],
[ = [(u* = 602 + 1)(4u? - 20) — 207 /[uw(u? + 1)7,
g = [(u*(12u* — w + 56) + u*(12 — 10w) — w)(4u* — w)]/[2(u? + 1)*(u? — 1)uw],
d=[(2a+ f)(W® = 1) +2(b— c +29) (v’ +u) + (2a — 5f)(u® — u*)
+ 4(3b + c)u®] /[4u® (u® — 1)),
g=(A1+As—c)A1A2—g, r=—(f+1),

m=—A3 —AjAy — A2+ (A1 +As) —a+d+2, s=(1—a)AA,,

l=—=b,n=—(f+2)A1A2—(d+1), p=(f+2)(A1+A)+b—c,
Ar = [2u((u® +1)? = w)]/[(u® = Dw], k= (a—1)(A1+ A2) +g,
Ay = [2cwu(u® — 1) — 4u?(u? +1)? — 8fwu? — w?]/[2wu(u® —1))].

The case e; = 0 can be reduced to e; = 0 if we replace Ay by A;.

Remark 6.3. In each of the cases (14), (20), (21), (24) the system (L.1)) has three

invariant straight lines. Thus, in conditions (14) besides the invariant straight lines

(3.4)), the system (1.1) has one more invariant straight line Ly = 1+ (d + 1)y; in

conditions (20): Ls = 1 4 gz; in conditions (21): Ls = 1 — 2bz; in conditions (24):

Ly = (u® +1)(f+ Do+ 4" —u)(cx — fy —y+ 1) — 4(u® + u?)(4ey + 5fzx + 3x)
+4(u® — ) (Tex — 15fy — Ty — 1) + 2u* (16¢cy + 43 fx + 192).

Remark 6.4. In each of the cases (12), (15), (16), (17), (18), (19), (25), (26) the

system has four invariant straight lines. Thus, in conditions (12) besides the
invariant straight lines , the system has two more invariant straight lines
L34 =2+(9£/¢?+ 4)z+2y = 0; in conditions (15): Ls = (u*—1)(bx—1) —2buy,
Ly = (u®—1)x—2(u’+u)(cr+3y+1) + (u* —u?)(8cy — 15x) +4u3(3cz + 5y — 1); in
conditions (16): Lz = [2(a—1)uz—(fy+y+1)(u?—1)](u?+1)?—(uv®—1)(f2z—8au?),

Ly= (W% = 1D)(f +1)2% =20 +u)(f +1)(fy+y+ 1)+ (u? — u®)[4a(3f + 2)
+ (3f + 12z + 8(u” +u®)(3afy + 2ay + 2a + 21y + fy + 2f)
+2(u® — u?)(16a® + 26af — 4a + 11f% — 4f — 1)x + 4u°(1 — 1663y
—20afy + 8ay — 8a — Tf*y + 6fy —7f +v);
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in conditions (17): Lz 4 = fa(u+1)—4(f+2)(u” +3ubz+3u?z—u)—4(f+10)(u® —
u?) = 2(13f + 24)uts 4 ((u? +1)2x +du(u? — 1))VA = 8(f + Du(u?® + 1)%(u? — 1)y,
A= f2(u?+ 1)* + 48 fu?(u® +1)? + 64(u + 3u® + 1)u?; in conditions (18): L3 4 =
(u? —uw)[(cx — 2)(u® + 1) +4(c — 22) (u? + 1) (u® — u) + 4(cz — 6)(ub + u?) + 6(cx +
14)ut] £ ((u? 4+ 1)%z +du(u? — 1)VA - 2u(u? = 1) (u? + 1)y, A = u(u® —1)[c(u?® +
1) (u* — 1) — 4uz](cu(u® +1)% — ub — 9u* + 9u? + 1); in conditions (19): Lz = 1 — 2y,
Ly =1+ (c—aj; —a)xr —y; in conditions (25): L3 = 2uz + (u? — 1)(y — 1),

Ly= (ud + D)z +4(cx+y+1)(u—u") +4(dey — Tx)(ub + u?)
+ 4(Tex + 23y — 1) (u® — u®) + 2(67x — 16¢y)u’;

in conditions (26): L3 = 2(2uz+u?y—y)(4u’ —w)+w(u?—1), Ly = (8u?—w)[(4u®—
w)(u? — 6u? + 1)z + 2u(u?® — 1) (u* — 6u? + 2w + 1)y] + 2uw(u? — 1)(u* — 6u? + 1).

In this way we have proved the following theorem.

Theorem 6.5. The cubic differential system (1.1) with at least two invariant
straight lines is rationally reversible if and only if one of the sets of conditions
(1)~ (26) is satisfied.

The proof of the main result, Theorem follows directly from Theorems
and
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