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SELFADJOINT EXTENSIONS OF MULTIPOINT SINGULAR
DIFFERENTIAL OPERATORS

ZAMEDDIN I. ISMAILOV

ABSTRACT. This article describes all selfadjoint extensions of the minimal op-
erator generated by a linear singular multipoint symmetric differential-operator
expression for first order in the direct sum of Hilbert spaces of vector-functions.
This description is done in terms of the boundary values, and it uses the
Everitt-Zettl and the Calkin-Gorbachuk methods. Also the structure of the
spectrum of these extensions is studied.

1. INTRODUCTION

The general theory of selfadjoint extensions of symmetric operators in Hilbert
spaces and their spectral theory have deeply been investigated by many mathe-
maticians; see for example [2, [ [5l [7, 8, ©]. Applications of this theory to two
point differential operators in Hilbert spaces of functions have been even continued
up to date. It is well-known that for the existence of selfadjoint extension of any
linear closed densely defined symmetric operator in a Hilbert space, a necessary
and sufficient condition is an equality of deficiency indices [9]. However multipoint
situations may occur in different tables in the following sense: Let L; and Ly be
minimal operators generated by the linear differential expression [(u) = i% in the
Hilbert space of functions L?(—o00,a1) and L?(as, +0), ai,as € R, respectively.
In this case, it is known that deficiency indices of these minimal operators are in
form (m(L1),n(L1)) = (0,1), (m(L2),n(L2)) = (1,0). Consequently, L; and Ly are
maximal symmetric operators, but they have no selfadjoint extensions. However,
direct sum L = Ly @ Lo of operators in the direct sum L?(—o00,a;) & L?(ag, +00)
of Hilbert spaces have equal defect numbers (1,1). Then by the general theory [9]
it has a selfadjoint extension. On the other hand, it can be easily shown [I] that
all selfadjoint extensions of L are in the form

us(ag) = ei“’ul(al), v €el0,2m), wu=(ui,uz), wuy € D(L}), wus € D(L3).

Note that in the multiinterval linear ordinary differential expression case the
deficiency indices may be different for each interval, but equal in the direct sum
Hilbert spaces from the different intervals. The selfadjoint extension theory of
linear ordinary differential expression of any order is known from famous work of
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Everitt and Zettl [3] for any number of intervals, finite or infinite, of real-axis.
This theory is based on the Glassman-Krein-Naimark Theorem. Information on
the selfadjoint extensions, the direct and complete characterizations for the Sturm-
Liouville differential expression in finite or infinite interval with interior points or
endpoints singularities can be found in the significant monograph of Zettl [10].
Special cases of problems considered in this paper has been investigated in [I, [6].

Lastly, note that many problems arising in the modeling processes, multi-particle
quantum mechanics, quantum field theory, the physics of rigid bodies and etc sup-
port to study selfadjoint extension of symmetric differential operators in direct sum
of Hilbert spaces (see [10] and references in it).

In section 2 in this work, by the method of Calkin-Gorbachuk Theory, all self-
adjoint extensions of the minimal operator generated by linear multipoint singular
symmetric differential-operator expression of first order in the direct sum of Hilbert
spaces L?(Hy, (—o0, a1))® L%(Ha, (ag, +00))® L?(Hs, (a3, +o0)), where Hy, Hy, Hs
are a separable Hilbert spaces with condition 0 < dim H; = dim H, + dim Hs < oo
and ai,a2,a3 € R, in terms of boundary values are described. In section 3, the
spectrum of such extensions is investigated.

In this article, let

Ay = (—00,a1), A= (ag,+0), Asz=(as,+o0) forareR, k=123,
£(k) = L*(Hy, Ay), k=1,2,3; £=21)dL(2) @ L(3).

2. DESCRIPTION OF SELFADJOINT EXTENSIONS

In the Hilbert space £ of vector-functions let us consider the linear multipoint
singular symmetric differential-operator expression

(u) = (l1(u1),l2(u2), 13)(us)),
where u = (u1, ug, uz), lg(ux) = iu},(t) + Agur(t), t € Ay, k=1,2,3.
Ay : D(Ay) C Hy — Hy, k = 1,2,3 are linear selfadjoint operators in Hy. In
the linear manifold D(Ay) C Hy, introduce the inner product

(fvg)k,Jr = (Akfv Akg)Hk + (fu g)Hkv fvg S D(Ak)v k= 17273‘

For k = 1,2,3, D(Ag) is a Hilbert space under the positive norm || - ||5,+ with
respect to the Hilbert space Hj. It is denoted by Hj 4, k = 1,2,3. Denote Hy, _,
k =1,2,3 a Hilbert space with the negative norm (for information on Hilbert spaces
with positive and negative norms, see for example [5]). It is clear that an operator
Ay, is continuous from Hj, 4 to Hy, and that its adjoint operator flk cHy — Hy, _ is
a extension of the operator Ay, k = 1,2,3. On the other hand, A, : H, C Hy_ —
Hy _, k=1,2,3 is a linear selfadjoint operator.
In the direct sum £ let us define

I(u) = (I (u1), 12 (u2), I3 (us)), (2.1)

where u = (u1, ug, uz) and Iy (ug) = i}, (t) + Agug(t), t € Ap, k=1,2,3.

The minimal operator Lyg (L2g, L3o) and maximal operator Ly (La, L3) gener-
ated by differential-operator expression I1(-) (I2(-), I3(-)) in £ have been investigated
in [4] and here established that the minimal operator Lig (Lag, L3o) is not selfad-
joint in £. The operators Ly = Lig @ Log @ L3g and L = L1 & Ly @ L3 in the
space £ are called minimal and maximal (multipoint) operators generated by the
differential expression , respectively. Note that the operator Ly is symmetric
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in £. On the other hand, it is clear that, deficiency indices m(Lig) = dim Hy,
n(Lio) = 0, m(Lao) = 0, n(Ly) = dim Hy. Consequently, m(Ly) = dim Hy,
n(Lg) = dim Hs + dim Hs. Hence, the minimal operator Lg in the direct sum £
has a selfadjoint extension [9].

In this section all selfadjoint extensions of the minimal operator Ly in £ in terms
of the boundary values are described, using Calkin-Gorbachuk method. Note that
in this theory, the space of boundary values is important for the description of
selfadjoint extensions of linear symmetric differential operators [4) [5l [8]. Now give
their definition.

Definition 2.1. Let T : D(T) C H — H be a closed densely defined symmetric
operator in the Hilbert space H, having equal finite or infinite deficiency indices.
A triplet (9,71,72), where § is a Hilbert space, 771 and 2 are linear mappings of
D(T*) into $, is called a space of boundary values for the operator T if for any
f.9 € D(T)

(T*fag)’}-( - (f7 T*g)H = (71(f)772(g))ﬁ - (72(.}(‘)7’71(9))533
while for any F, G € 9, there exists an element f € D(T*), such that v, (f) = F and
72(f) =G.

Note that any symmetric operator with equal deficiency indices has at least one
space of boundary values [5].

Since Hy, H», H3 are separable Hilbert spaces and dim H; = dim Hs + dim Hs,
then it is known that there exist an isometric isomorphism V' : Hy & H3 — H;y such
that V(Hz @ H3) = H;. In this case the following statement is true.

Lemma 2.2. The triplet (H1,v1,72), where

vy : D(L) — Hy, (u1(ar) + V(uz(az), us(az))), u€ D(Lg),

1
71(U) = W
() = %wl(al) ~ V(us(az), us(az)), e D(LY)

is a space of boundary values of the minimal operator Lg in direct sum £.

Y2 ¢ D(LS) — Hl,

Proof. For arbitrary u = (u1,uz2,u3), v = (v1,v2,v3) € D(Lg) the validity of the
equality
(Lu,v)e = (u, Lv)e = (M1 (u),72(v)) g, = (72(w),71(v)) g,
can be easily verified. Now for any given elements F,G € Hi, we will find the
function v = (uy, ug, us) € D(Lg) such that
1

() = = (uy (ar) — V'(un(a2), us(as))) = G.

(u1(a1) + V(uz(az),us(as))) = F,

N

Indeed, in this case
V(ua(az),uz(az)) = (iF — G)/V2, wi(ar) = (iF+G)/V2

and from this, since V' is the isometric mapping from Hy @& Hs onto Hi, then it
implies that there exists unique elements v (F,G) € Hy and vo(F,G) € Hjs such
that

(UQ(QQ),Ug(ag)) = %Vﬁl(’LF - G) = (’Ul(F, G),’UQ(F, G)) S H2 S¥) Hg,
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ul(al): (iF-i—G)EHl.

Sl

If we choose the functions u(t) = (uy (¢

—~
~—

usg(t), uz(t)) in the form

—ay

(ZF+G), tGAl,

Sl

a2

):e 27t7)1(F,G), tEAQ,
)= ey (F,G), teAs,

then it is clear that u(t) = (u1(¢),u2(t),us(t)) € D(Lo) and vi(u) = F, vy2(u) =
G. O

Using the method in [5] the following result can be deduced.

Theorem 2.3. If L is a selfadjoint extension of the minimal operator Lo in direct
sum £, then it is generated by differential-operator expression (2.1) and boundary
condition

ur(ar) = WV (uz(az), us(as)),
where W : Hi — Hy is a unitary operator. Moreover, the unitary operator W is
determined uniquely by extension L, i.e. L = Ly and vice versa.

Remark 2.4. In a similar way, the selfadjoint extensions can be described of
minimal operator generated by multipoint differential-operator expression

l(u) = (Li(ur),la(ua), ..., ln(un);ma(vr), ma(ve), . .., me(vk)),
where u = (ug,ug, ..., Up; V1,09, ...,0),
lp(up) = iy, (t) + Apuy(t), te(—o00,a,), p=1,2,...,n;
mj(vy) = (t) + Bju;(t), te (bj,+00), j=1,2,....k,

A, :D(A,) C H, — H, and B; : D(B;) C G; — G; are linear selfadjoint operators
in Hilbert spaces Hy,, p = 1,2,...,n and G;, j = 1,2,...,k respectively, in direct
sum spaces @ _, L*(Hy, (—00,a,)) © @?:1 L2(Gy, (bj,+00)) with condition 0 <
S dimH, =35 dim G, < co.

3. SPECTRUM OF THE SELFADJOINT EXTENSIONS

In this section, we study the structure of the spectrum of the selfadjoint extension
Ly in a direct sum £. First, we have to prove the following result.

Theorem 3.1. The point spectrum of any selfadjoint extension Ly, is empty; i.e.,
op(Lw) = 0.
Proof. Let us consider the problem for the spectrum of the selfadjoint extension
Ly,
I(u) = Mu(t), AeR,
ui(ar) = WV (ua(az2),us(as)),

where W : Hy — H is a unitary operator. Then

(1 (u1), l2(u2), I3(u3)) = A(ur,uz, us), ui(ar) = WV (ua(az),us(as))
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and from this we have
Ie(uk) = duj,(t) + Agug(t) = Mug(t), te€ Ay, k=1,2,3;
ui(ar) = WV (uz(az),us(az)), AeR.
The general solution of the this problem is
up(Njt) = AN g f e Hyte Ay, k=1,2,3.

The boundary condition is in form fi1 x = WV (fax, fs,a). In order for ui(A;t) €
£(1), ua(A;t) € £(2), uz(A;t) € £(3), necessary and sufficient conditions are fi y =
0, k =1,2,3. So for every operator W we have o,(Lyw ) = 0. O

Since the residual spectrum of any selfadjoint operator in any Hilbert space
is empty, it is sufficient to investigate the continuous spectrum of the selfadjoint
extensions Ly of the minimal operator Lg in the Hilbert space £. First of all, we
prove the following result.

Theorem 3.2. For the resolvent set p(Ly) it holds
p(Lw) D {A € C:ImA # 0}.

Proof. For this, we research the existence of the resolvent operator of Ly, gener-
ated by the differential-operator expression [(-) and boundary condition u;(a;) =
WV (uz(az),us(as)) in £, in case when A € C, Im A # 0. Firstly, consider the

spectral problem in form

lw)y= )+ f(), f=(1,f2,f3) Ae€C, XA=ImA>0
ul(al) = WV(UQ(CLQ),U?,(Q3))
Now, we will show that the function

w(A;t) = (ur (A t), ua(A;t), us(A; b)),

(3.1)

where
o ar
uy (A t) = AN t—an) g, +i/ A= NE=8) £ (5)ds, te Ay,
t
ua(Ast) = z/ ei(A?_)‘)("‘_s)fg(s)ds7 t e Aoy,
t B
us(A;t) = z/ e’(Ar)‘)(t_“")ﬁo,(s)ds7 t e As,
t
£ =Wv(z' / (AN (@29 £, () i / oi(As—N)(as =) fS(s)dS)

az as

is a solution of boundary value problem (3.1) in £. It is sufficient to show that
ur(Ast) € £(1), ua(A;t) € £(2), ug(A;t) € £(3), for A; > 0. Indeed, in this case

1A, = | ei(AzfA)(az—S)f2(s)ds|}22 + H/ ei(ﬁsz)(aafs)f3(s)d$’|i{3
as as
fe%s) 9 o ,
Ai(az—s) Ai(as—s)
< ([ e @lmds) + ([N )

< ([ e ) ([ ineik,as)

a
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- (/m ezmag_s)ds) (/Oo Hf?,(s)||§,3ds)

as
1
= 27)\1(“102”?:(2) + ||f3H%(3)) < 00,
||ei(A1—>\)(t—a1)f>\H%(1) _ ||6—i)\(t—a1)f)\||%(1) :/ He_i)\(t_al)f/\H?{ldt
—o0

o 1
:/ Mt f[17, = 5y IallF, < oo

— 00

and

Z/ ei(A1—)\)(t—S)f1(s)dsHi(l)
t
al ay 2
<[ ([ Il ds)
t
< [ “ Hilt—s)  nt—s) 2
_/ (/t ds)(/t D) £y (5) 3, ds ) dt

([ eear)io)i,ds
—00

“ 2 1 2
=2 1 f1(s) ||, ds = F”fl”,ﬂ(l) < 0.

Hence, [[u1(A;t)[l g1y < oo. Furthermore,

»Ooz'~— —s 2
loah )l = i [ B0 psyas|

o0 [e's) )
S/ (/ e/\i(t—S)HfQ(S)HH2d8) dt
a2 t
= - oOe/\i(t*‘g)ds /Ooexi(tfs) Fols)|% ds ) dt
/a2 (/t I \ I f2(5)l13, s )
1 [ ©
= f/ / it )||f2(5)||?{2ds)dt

|| fo(s) |, dt ) ds

SIAYA
=5 [ ([ )i
-5 [ = s
1

A2

< ||f2H2 (2) <

and

o0
. i(Aq— _s 2
wwwﬁ@=wlemsw ) fals)ds
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o0 o0 2
([ &Nl mds)

3 t

() ([ A o s)ar
t t

3
([ o) las)a

t

(] 2Nt ae)as

3

IN

IN
e

S~

X Xl e e

Ea

=5 [ (] )il ds
as as ’
= [ ) () ds
() as

1
< ﬁ”fi%Hrf‘:(g) < oo.

The above calculations imply that uq(A;t) € £(1), uz(A;t) € £(2) and ug(\;t) €
£(1) for A € C, \; = Im A > 0. On the other hand, one can easily verify that
w(A;t) = (ur(As 1), uz(N;t), uz(A;t)) is a solution of boundary value problem ({3.1)).

When A € C, \; = Im A < 0 is true solution of the boundary value problem (3.1))
is in the form u(A;t) = (ug (A1), uz2(A;t), us(A;t)),

t -
ur(\;t) = —i/ M= NE=3) £ (5)ds, te Ay

~ ¢
uz(A;t) = elAz=A(tma) gy Z/ el(Az_/\)(t_s)fZ(S)dsv t € Ay,

a2

- ¢
us(A;t) = A=A (t—aa)p z/ e’(A:‘_)‘)(t_s)fg(s)ds, t e As,

as
where —i [*!_ ei(’al_’\)(al_s)fl(s)ds =WV (g, hy) and since

1 “ 2
| =i [ et @i, < ([ o) lads)

S (/ eQAi(al_s)dS)(/ ||f1(3)||%{1d3>
1 2
< m“fl”,ﬁ(l) < 00,

we have

al

(%merW%fﬁjﬂﬁwmﬂmw@em@m.

— 00

First, we prove that u(X;¢) € £. In this case,
ay

t -
a0l = [ =i [ A sy, e

< /“1 </t exi(t—s>d8> (/t e“(tfs)llfl(s)‘ﬁhds)dt

— 00 — 00 — 00
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/ A | £ (3)|, ds dt

wl
s ([ e )
L

/“ e/\i(tfs)dt)||f1(S)H%hdS
|)\.|2/( A=) | fi(s)[3, ds

|>\ |2Hf1||£ 00,

”ei(Az—)\)(t—az)g)\”%@) S/ e?Ai(t—az)dtHg)\H%{Q = 2|/\ |Hg>\||H2 < 00
az

and

t -
|- / A=) f )|
< / M| (s >||sz5) a

t
< / ([ etnas) ([ e nolas)a

i Ai(t—a2) ' Ai(t—s) 2
(a=e ) (| I pals)l,ds)di

az

/ ([ e s)
wil, (L

0| fo ()3, dt ) ds

= WHfz”?:(z) < 0.

In a similar way, it can be shown that

t

le¥As=DE=a0) |10 o) < 00, | —i/ AN £y (5)ds | (s < 0o

3

The above calculations show that uq (A;-) € £(1), u2(A;-) € £(2) and that ug(X;-) €
£(3); i.e., u(A;+) = (ur(A;-),ua(A; ), ug()\ ) eLforxeC, A\ =ImA <0. On
the other hand it can be verified that the function u(A;-) satisfies the equation and
boundary condition in . ([l

Now, we will study continuous spectrum o.(Lyw ) of the selfadjoint extension Lyy .
Theorem 3.3. The continuous spectrum of any selfadjoint extension Ly, is

O'C(Lw) =R.
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Proof. For A € C, A; = Im X\ > 0, norm of the resolvent operator Ry(Lw ) of the
Ly is of the form

Y B A 2
IRA(Lw ) ()] = [’ al)fﬂrl/t e (A=At s)fl(s)dSHg(l)

+H2/t ei(A2_’\)(t—s)fg(s)ds||z(2)

N > iAg*A —S8 2
+Hz/t el )@ )fg(S)dS||£(3),
where f - (f17f27f3) S '27
I ZWV<Z'/ ei(&*)‘)(ars)fQ(S)ds, z/ ei(‘g:‘*)‘)(ars)fB(S)ds).

a2 as

Then, it is clear that for any f = (f1, f2, f3) € £,
o0 -
IREw P01 = [ [ e s,

The vector functions f*(A;t) which is of the form f*(\;t) = (O,e*i(if“i?)tf7 0),
AeC, \;=ImA\ >0, f € Hy belong to £. Indeed,

IIf*(A;t)II%Z/ ||6‘“‘A2)tf||§12dt=/ et f,

as az

L oy, 2
= TMG 2 fllg, < oo

For such functions f*(};-), we have

||R>\(LW)f*()\;t)||%(2) > Hi/ e*i()\fﬁz)(tfs)e*i(jxffiz)SfdsHi
t
% int—2nis A 2
— ||/t e )\te 2X; 6A2tfd8||£(2)
—iXt_iA o is 2
= [l e A2t/t e fds|os)

— He—i)\t /OO e—QAist”2 ||f||2
. £(2) H>

oo

1 * ot 2
= — e “ritdt
o/ 171,
= e .
3% 2
From this we obtain
—Aiaz

€

Ry(L X )e > ——
[BA(Lw) f*(As)]le = NI

ie, for \; =ImA >0 and f # 0,
IBALw) f* X )lle o 1
[FNs)lle 2N

is valid. On the other hand, it is clear that

[ BA(Lw) f* (X -)|le

s )lle

1, = Q%Hf*u; Me:

| Rx(Lw )| > [ #0.
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Consequently, we have

1
| Rx(Lw)|| > N for A e C, X =ImA>0.

7

The last relation implies the validity of assertion. ([l

Example 3.4. By the previous theorem, the spectrum of the boundary-value prob-
lem

iau(t,x) B 0?u(t, )
ot Ox?
u(l,2) = e%u(—1,2), ¢ €]0,2m),
ul (t,0) = ul(t,1) =0, [t >1,
in the space La((—00, —1)x(0,1))@®L2((1, +00) x (0, 1)) is continuous and coincides
with R. This corresponds to the case when Hy = Hy = C and Hs = {0}.

= f(tvx)v |t| >1,ze€ [07 1]7
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