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MOTION OF COMPRESSIBLE MAGNETIC FLUIDS IN T3

WEIPING YAN

Abstract. This article shows the existence of weak time-periodic motion of

a three-dimensional system of compressible magnetic fluid driven by time-
dependent external forces in a torus T3. The model consists of the mass

conservation equation, the linear momentum equation, the angular momentum

equation, the Bloch-Torrey type equation and the magnetostatic equation.
This analysis is based on the Faedo-Galerkin method and weak compactness

techniques.

1. Introduction

Magnetic fluids (also called ferrofluids) have found a wide variety of applica-
tions: magnetic liquid seals, cooling and resonance damping for loudspeaker coils,
printing with magnetic inks, magnetic resonance imaging contrast enhancement,
magnetic separation, rotating shaft seals in vacuum chambers used in the semicon-
ductor industry, for more applications see [12, 23, 32]. Magnetic fluids are colloidal
suspensions of fine magnetic mono domain nanoparticles in nonconducting liquids.
A set of such system is a combination of the compressible Navier-Stokes equations,
and the angular momentum equation, the Bloch-Torrey equation and the magneto-
static equations, see [2, 24]. The Bloch-Torrey equation is proposed by Torrey [29]
as a generalization of the Bloch equations, which is the magnetization equation with
a diffusion term describing the situations when the diffusion of the spin magnetic
moment is not negligible. More precisely, we consider the following model:

the continuity equation,
∂tρ+ div(ρu) = 0, (1.1)

the linear momentum equation

∂t(ρu)+div(ρu⊗u)−µ∆u− (λ+µ)∇(div u)+∇(P (ρ,M)) = R+ρf(t, x), (1.2)

the angular momentum equation

∂t(ρΩ) + div(ρu⊗ Ω)− µ′∆Ω− (λ′ + µ′)∇(div Ω) = S + ρg(t, x), (1.3)

the Bloch-Torrey equation

∂tM + div(u⊗M)− σ∆M +
1
τ

(M− χ0H) = Ω×M + ρl(t, x), (1.4)
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the magnetostatic equation

H = ∇ψ, div(H + M) = F, (1.5)

where (t, x) ∈ R1 × T3, ρ ∈ R1
+ denotes the density, u ∈ R3 denotes the fluid

velocity, M ∈ R3 denotes the magnetization, H ∈ R3 denotes the magnetic field,
Ω ∈ R3 denotes the angular velocity, F is a given function defined on R1 ×T3 with∫

T3 Fdx = 0, for all t ∈ R1,

R = µ0M · ∇H− ζ∇× (∇× u− 2Ω), (1.6)

S = µ0M×H + 2ζ(∇× u− 2Ω), (1.7)

the pressure P (ρ,M) obeys the state law [24]:

P (ρ,M) = Pe(ρ) + Pm(M) (1.8)

with the isentropic pressure Pe(ρ) = aργ , a > 0 and the adiabatic exponent γ > 3
2

are constants, the magnetic pressure Pm(M) = µ0
2 |M|

2. The parameters λ, µ,
λ′, µ′, χ0, µ0, ζ and τ are positive and their physical meaning can be found in
[24]. f(t, x), g(t, x) and l(t, x) denote the time periodic external forces with a
period ω > 0. Moreover, the functions f(t, x), g(t, x) and l(t, x) have bounded and
measurable components with no restriction on their amplitudes. The symbol ⊗
denotes the Kronecker tensor product.

In recent years, compressible magnetohydrodynamics (MHD) has attracted much
attention. Such a system (MHD) is a combination of the compressible Navier-Stokes
equations of fluid dynamics and Maxwell’s equations of electromagnetism. Duvaut
and Lions [7], Sermange and Temam [27] obtained some existence and long time
behavior results; Ducomet and Feireisl [6] proved existence of global in time weak
solutions to a multi-dimensional nonisentropic MHD system for gaseous stars cou-
pled with the Poisson equation with all the viscosity coefficients and the pressure
depend on temperature and density asymptotically, respectively. Hu and Wang
[13] studied the global variational weak solution to the three-dimensional full mag-
netohydrodynamic equations with large data by an approximation scheme and a
weak convergence method. In [14], by using the Faedo-Galerkin method and the
vanishing viscosity method, they also studied the existence and large-time behav-
ior of global weak solutions for the three-dimensional equations of compressible
magnetohydrodynamic isentropic flows (1.1)-(1.3). They [15] showed that the con-
vergence of weak solutions of the compressible MHD system to a weak solution of
the viscous incompressible MHD system. Jiang, et all. [16, 17] obtained that the
convergence towards the strong solution of the ideal incompressible MHD system in
the whole space and periodic domain, respectively. But the study of magnetic fluids
differs from MHD that concerns itself with nonmagnetizable but electrically con-
ducting fluids. In fact, it is more complicated and can be treated as homogeneous
monophase fluid, see [24]. As the authors known, for compressible case without
external forces, only Amirat and Hamdache [1, 2] obtained the existence of global
in time weak solution with finite energy to magnetic fluids equations (1.1)-(1.8)
under suitable the boundary conditions.

A natural question of the existence of time-periodic solution arises when the ex-
ternal forces are time-periodic. Feireisl [8] first studied three dimensional compress-
ible Navier-Stokes equations driven by a time-periodic external force. They imposed
so-called no-stick boundary condition. For the three dimensional flat boundary case,
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this condition means that the vorticity is perpendicular (see [8]). Using the Faedo-
Galerkin method and the vanishing viscosity method, they obtained the existence
of time-periodic weak solution for three dimensional compressible Navier-Stokes
equations. But the uniqueness is highly nontrivial and far from being solved. For
MHD driven by the time periodic external forces, Yan and Li [31] showed that such
system has the time periodic weak solution.

In what follows, we use the ideas and techniques in the books of Lions [20] and
Feireisl [10] to construct a time-periodic weak solution of the problem (1.1)-(1.5).
The main difficulty is how to deal with the strong coupling of the hydrodynamic
motion and the magnetic field. Here, the density ρ(t) is a renormalized solution
of the continuity equation (1.1) in domain D′(R1), which is introduced by DiPerna
and Lions [7], it says that if for any function b ∈ C1(R+), there holds

∂b(ρ)
∂t

+ div(b(ρ)u) + (b′(ρ)ρ− b(ρ)) div u = 0.

Assume that

f(t+ ω, x) = f(t, x), g(t+ ω, x) = g(t, x), l(t+ ω, x) = l(t, x),

for a.e. x ∈ T3, t ∈ R1, with some constant ω > 0 (periodic). The corresponding
periodic solution of equations (1.1)-(1.5) should satisfy

ρ(t+ ω, x) = ρ(t, x), u(t+ ω, x) = u(t, x), Ω(t+ ω, x) = Ω(t, x),

M(t+ ω, x) = M(t, x), H(t+ ω, x) = H(t, x),

for all t ∈ R1, x ∈ T3. We impose so-called no-stick boundary conditions to the
fluid velocity, the angular velocity, the magnetization field and the magnetic field:

u(t, x) · ν(x) = 0, Ω(t, x) · ν(x) = 0, ∀t ∈ R1, x ∈ ∂D,
M(t, x) · ν(x) = 0, H(t, x) · ν(x) = 0 ∀t ∈ R1, x ∈ ∂D,

(∇×M)× ν(x) = 0, ∀t ∈ R1, x ∈ ∂D,

where ν(x) denotes the outer normal vector.
Here, the domain we considered is a three dimensional torus T3, this no-stick

boundary conditions on the fluid velocity, the angular velocity, the magnetization
field and the magnetic field is equal to

ui = 0 on the opposite faces

{xi = 0, xj ∈ [0, π], j 6= i} ∪ {xi = π, xj ∈ [0, π], j 6= i},
Ωi = 0 on the opposite faces

{xi = 0, xj ∈ [0, π], j 6= i} ∪ {xi = π, xj ∈ [0, π], j 6= i},
Mi = 0 on the opposite faces

{xi = 0, xj ∈ [0, π], j 6= i} ∪ {xi = π, xj ∈ [0, π], j 6= i},
∂Mj

∂xi
= 0 for i 6= j on

{xi = 0, xj ∈ [0, π], j 6= i} ∪ {xi = π, xj ∈ [0, π], j 6= i},
Hi = 0 on the opposite faces

{xi = 0, xj ∈ [0, π], j 6= i} ∪ {xi = π, xj ∈ [0, π], j 6= i}.

(1.9)
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The density satisfies the physical requirements:

ρ ≥ 0,
∫

T3
ρ(t)dx = m > 0, ∀t ∈ R1,

for a given positive mass m.
The rest of this article is organized as follows: In section 2, the concept of

the finite energy weak time-periodic solution is introduced and the main result
of this paper is also given. In section 3, using the Faedo-Galerkin method, the
time periodic solution of corresponding approximation equations is obtained. By
employing compactness arguments developed by Lions, et all. [4] and Feireisl et all.
[8, 10] of compressible barotropic flows, we pass to the limit, in section 4 as ε→ 0
and then in section 5 as δ → 0.

We denote C as a generic constant, depending only on some bounds of the
physical data, which can take different values in different occurrences.

2. Preliminary results

In this section, we introduce some notations and the main result. Because this
paper is devoted to finding the existence of weak time-periodic solution, it is con-
venient to consider the time t belonging to the one dimensional sphere

t ∈ S1 = [0, ω]|[0,ω].

Moreover, we set
Q = S1 × T3.

The time-periodic external forces f(t, x), g(t, x) and l(t, x) are

f(t, x) = [f1(t, x), f2(t, x), f3(t, x)],

g(t, x) = [g1(t, x), g2(t, x), g3(t, x)],

l(t, x) = [l1(t, x), l2(t, x), l3(t, x)].

Let Lp(T3) and Wp,q(T3) (1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞) be the usual Lebesgue and
Sobolev spaces. C([0, ω]; X′weak) is the space of function u : [0, ω] → X′ which are
continuous with respect to the weak topology, where X is a Banach space and X′
is the the dual space of X. We denote

M = {u ∈ L2(T3) : div u ∈ L2(T3), ∇× u ∈ (L2(T3))3, u · ν(x) = 0 on ∂D},
the Hilbert space equipped with the scalar product:

(u,v) =
∫

T3
u · vdx+

∫
T3

(div u)(div v)dx+
∫

T3
(∇× u)(∇× v)dx

and the associated norm. From [5], we know that if we also denote

M = {u ∈W1,2(T3) : u · ν(x) = 0 on ∂D},
then ‖ · ‖M and ‖ · ‖W1,2(T3) are two equivalent norms on the space M.

Now, we introduce the concept of finite energy weak solution (ρ,u,Ω,M,H) to
the problem (1.1)-(1.8), which is taken from the strategy in [2, 8, 10, 20] as

(1) The non negative density function ρ and the momentum ρu satisfy

ρ ∈ L∞
(
S1; Lγ(T3)

)
∩ Lγ(Q), γ > 2,

ρu ∈ C
(
S1; L

2γ
γ+1
weak(Q)

)
.
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(2) The fluid velocity u, the angular velocity Ω and the magnetization M satisfy

u ∈
(
L2(S1; W1,2(T3))

)3
, Ω ∈

(
L2(S1; W1,2(T3))

)3
,

ρΩ ∈ C
(
S1; L

2γ
γ+1
weak(Q)

)
, M ∈

(
L2(S1;M)

)3 ∩ (C(S1; L2
weak(T3))

)3
.

Moreover, ρu⊗ u is integrable on Q.
(3) The magnetic field H is so that H = ∇ψ where

ψ ∈ L∞(S1; W1,2(T3)) ∩ L2(S1; W2,2(T3)),

solving the problem
−∆ψ = div M− F, (2.1)

with
∫

T3 ψdx = 0 and

∂ψi
∂xj

= 0 on the opposite faces

{xi = 0, xj ∈ [0, π], j 6= i} ∪ {xi = π, xj ∈ [0, π], j 6= i}.
(4) For any (t, x) ∈ Q and i = 1, 2, 3, there holds∫

T3
ρ(t)dx = m > 0, ρ(t, Yi(x)) = ρ(t, x), (2.2)

ui(t, Yi(x)) = −ui(t, x), ui(t, Y j(x)) = uj(t, x), j 6= i, (2.3)

Ωi(t, Yi(x)) = −Ωi(t, x), Ωi(t, Y j(x)) = Ωj(t, x), j 6= i, (2.4)

where Yi satisfies

Yi[x1, . . . , xi, . . . , x3] = [x1, . . . ,−xi, . . . , x3].

(5) The continuity system (1.1)-(1.3) is satisfied in the sense of renormalized
solutions; i.e., the equation

∂b(ρ)
∂t

+ div(b(ρ)u) + (b′(ρ)ρ− b(ρ)) div u = 0 (2.5)

holds in D′(R1) and for any function b ∈ C1(R+).
(6) The energy inequality

E(t) + C

∫ t

0

Ef (s)ds ≤ E(0) + C

∫ t

0

(1 + ‖F(s)‖2 + ‖∂tF(s)‖2)ds

+ C

∫ t

0

(1 + ‖f(s)‖2L∞(Q) + ‖g(s)‖2L∞(Q) + ‖l(s)‖2L∞(Q))ds,

holds for almost everywhere t ∈ S1, where

E(t) =
∫

T3

(1
2
ρ(|u|2 + |Ω|2) +

a

γ − 1
ργ +

µ0

2
(|M|2 + |H|2)

)
dx,

Ef (t) =
∫

T3
(µ|∇u|2 + µ′|∇Ω|2 + (µ+ λ)|div u|2 + (µ′ + λ′)|div Ω|2)dx

+
∫

T3
(
µ0

τ
|M|2 +

µ0(2χ0 + 1)
τ

|H|2 + µ0σ|∇ ×M|2)dx

+
∫

T3
2µ0σ|div M|2 + ζ|∇ × u− 2Ω|2dx ,

E(0) =
∫

T3

(1
2
ρ0(u2

0 + Ω2
0) +

a

γ − 1
ργ0 +

µ0

2
(|M0|2 + |H0|2)

)
dx.
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The main result of this paper is stated as follows.

Theorem 2.1. Assume that f i, gi, li ∈ L∞(Q) and satisfy

f i(t, Yi(x)) = −f i(t, x), f i(t, Y j(x)) = f(t, x), j 6= i, i, j = 1, 2, 3,

gi(t, Yi(x)) = −gi(t, x), gi(t, Y j(x)) = g(t, x), j 6= i, i, j = 1, 2, 3,

and F ∈ H1(S1; L2(T3)),
∫

T3 F(t)dx = 0, the pressure function P (ρ,M) = Pe(ρ) +
Pm(M) with Pe(ρ) = aργ and Pm(M) = µ0

2 |M|
2, where a, µ0 > 0 and γ > 3

2 .
Then, for a given m ≥ 0, equation (1.1)-(1.5) has a time-periodic weak solution

(ρ(t, x),u(t, x),Ω(t, x),M(t, x),H(t, x)) in the sense of (1)-(6) above.

The proof of this theorem will be carried on by means of a three-level approxi-
mation scheme based on a modified system under boundary conditions (1.9): the
continuity equation

∂tρ+ div(ρu) = ε∆ρ− 2ερ+M(
∫

T3
ρdx), (2.6)

the linear momentum equation

∂t(ρui) + div(ρui ⊗ u)− µ∆ui − (µ+ λ)∂xi(div u) + ∂xiP (ρ,M)

= R− δ∂xiρβ − ε∇ui∇ρ− 2ερui + ρf i,
(2.7)

the angular momentum equation

∂t(ρΩi) + div(ρΩi ⊗ u)− µ′∆Ωi − (λ′ + µ′)∇(div Ω)

= S − ε∇Ωi∇ρ− 2ερΩi + ρgi(t, x),
(2.8)

the Bloch-Torrey equation,

∂tM + div(u⊗M)− σ∆M +
1
τ

(M− χ0H) = Ω×M + ρl(t, x), (2.9)

the magnetostatic equation

H = ∇ψ, div(H + M) = F, (2.10)

where

R = µ0M · ∇H− ζ∇× (∇× ui − 2Ω), (2.11)

S = µ0M×H + 2ζ(∇× u− 2Ωi), (2.12)

ε, δ > 0 are small, β > 0 sufficiently large and M(t) ∈ C∞(R1),

M(t) =


1, t ∈ (−∞, 0],
M ′(t) < 0, t ∈ (0,m),
0, t ∈ [m,∞).

In following sections, we will prove our main result by three steps. Note that
the continuity equation (2.6) can be solved as done in [8]. Hence, this result is
taken from [8, Lemma 1]. At the first step, by using a modified Faedo-Galerkin
approximation and a standard fixed point theorem, a finite-dimensional system
is solved and the existence of periodic weak solution (in the sense of (1)-(6))
(ρn,ε,δ,un,ε,δ,Ωn,ε,δ,Mn,ε,δ,Hn,ε,δ) is obtained, i.e., a fixed point of the correspond-
ing Poincaré map on a bounded invariant set is found. The rest steps are: let the
artificial viscosity terms and artificial pressure term represented by the ε-quantities
and the δ-quantity go to zero, respectively. To eliminate the ε-quantities, we use
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the weak continuity of the effective viscous flux P (ρ) − (λ + 2µ) div u which used
by Lions [20] and Feireisl [8, 10] to remove ε-quantities. More specially, it is shown
that

(P (ρn)− (λ+ 2µ) div un)b(ρn)→ (P (ρ)− (λ+ 2µ) div u)b(ρ)
weakly as n → 0, where the over bar and (ρn,un) denote the corresponding weak
limit and a suitable sequence of approximate solutions, respectively. The process
of elimination of the δ-quantity is similar with removing ε-quantities, with only
difference that the loss of integrability of the density must be compensated for by
replacing the function ρ by Tk[ρ] (defined in (4.38)) in∫

Q
(P (ρn)− (λ+ 2µ) div un)b(ρn) dx dt→

∫
Q

(P (ρ)− (λ+ 2µ)(div u)b(ρ) dx dt,

weakly as ε→ 0.

3. Faedo-Galerkin approximation scheme

Let

Xn =
{
w = [w1, w2, w3] : wj =

∑
|k|≤n

ak[wj ]eik·x, where aYi[k][wi] = −ak[wi],

aYj [k][wi] = ak[wi], j 6= i for all i = 1, 2, 3
}
,

Yn = {Mn|Mn(x, t) =
∑
|k|≤n

mk(t)ϕk(x), n ∈ N},

Zn = {Hn|Hn(x, t) =
∑
|k|≤n

hk(t)∇ϕk(x), n ∈ N}

be the finite dimensional space with the L2, H1
0 and H2 Hilbert space structure,

respectively, where {ψk(x)}k∈N is an orthonormal basis of H1
0(T3) and {∇ψk(x)}k∈N

be an orthonormal basis of H2(T3), the symbols ak, hk,k ∈ Z3 denote the Fourier
coefficients.

We define an approximate solution (ρn,un,Ωn,Mn,Hn) of the problem (2.6)-
(2.10) by the following scheme:

The equation of ρn:

∂tρn + div(ρnun) = ε∆ρn − 2ερn +M(
∫

T3
ρndx), (3.1)

with the initial data ρn(0) satisfying

0 < ρ̄(0) ≤ ρn(0) ≤ ρ̃(0), ρn(0) ∈ C(T3) ∩W1,2(T3), ρ0(Yi(x)) = ρ0(x), (3.2)

where ρ̄(0) and ρ̃(0) are given constants.
The equation of un:
d

dt

∫
T3
ρnun ·wdx

=
∫

T3
(ρn(un ⊗ un) · ∇w − µ∇un · ∇w − (µ+ λ) div un · div w) dx

+
∫

T3

(
a(ρn)γ div w + δ(ρn)β div w +

µ0

2
|Mn|2 div w − ε∇un · ∇ρn ·w

)
dx

+
∫

T3
(−2ερnun ·w + µ0Mn · ∇Hn ·w + 2ζ(∇× Ωn) ·w) dx
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+
∫

T3
(−ζ(∇× un) · (∇×w) + ρnfn ·w) dx, (3.3)

with the initial conditions un(0) ∈ Xn.
The equation of Ωn:

d

dt

∫
T3
ρnΩn ·wdx

=
∫

T3
(ρn(un ⊗ Ωn) · ∇w − µ′∇Ωn · ∇w − (µ′ + λ′) div Ωn · div w) dx

+
∫

T3
(−2ερnΩn ·w − ε∇Ωn · ∇ρn ·w + µ0(Mn ×Hn) ·w) dx

+
∫

T3
(2ζ(∇× un − 2Ωn) ·w + ρngn ·w) dx,

(3.4)

with the initial conditions Ωn(0) ∈ Xn.
The equation of Mn:

∂tMn + div(un ⊗Mn)− σ∆Mn +
1
τ

(Mn −χ0Hn) = Ωn ×Mn + ρnln(t, x), (3.5)

with the initial conditions Mn(0) ∈ Yn.
The equation of Hn:

Hn = ∇ψn, div(Hn + Mn) = Fn, (3.6)

with the initial conditions Hn(0) ∈ Zn.
Moreover, for any fixed constant n, fn,gn, ln ∈ C∞(Q), fn,gn satisfies (2.3) and

‖f in‖L∞(Q) ≤ ‖f i‖L∞(Q), ‖gin‖L∞(Q) ≤ ‖gi‖L∞(Q), ‖ln‖L∞(Q) ≤ ‖l‖L∞(Q),

f in → f i, gin → gi, ln → l strongly in L2(Q), i = 1, 2, 3.
(3.7)

Now, we have the following result:

Proposition 3.1. Assume that β > 4. Then there exits a time periodic solution
(ρ,u,Ω,M,H) of the problem

∂tρ+ div(ρu) = ε∆ρ− 2ερ+M(
∫

T3
ρdx), a.e. on Q, (3.8)

∂t(ρui) + div(ρui ⊗ u)− µ∆ui − (µ+ λ)∂xi(div u) + ∂xiP (ρ,M)

= R− δ∂xiρβ − ε∇ui∇ρ− 2ερui + ρf i, i = 1, 2, 3, in D′(Q),
(3.9)

∂t(ρΩi) + div(ρΩi ⊗ u)− µ′∆Ωi − (λ′ + µ′)∇(div Ω)

= S − ε∇Ωi∇ρ− 2ερΩi + ρgi(t, x), in D′(Q),
(3.10)

∂tM + div(u⊗M)− σ∆M +
1
τ

(M− χ0H) = Ω×M + ρl(t, x), in D′(Q),

(3.11)

H = ∇ψ, div(H + M) = F, in D′(Q), (3.12)

where

R = µ0M · ∇H− ζ∇× (∇× ui − 2Ω),

S = µ0M×H + 2ζ(∇× u− 2Ωi),
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function ρ ≥ 0 belongs to the class corresponding to (3.46)-(3.47) and satisfies (2.2)
and ∫

T3
ρ(t)dx = mε, ∀t ∈ S1, 2εmε = |T3|M(mε). (3.13)

The fluid velocity and angular velocity u,Ω ∈ [L2(S1; W1,2(T3))]3 satisfies (2.3) and
(2.4) a.e. on Q. The Magnetization M ∈ C(S1; L2

weak(T3)) ∩ L2(S1; H1(T3)) and
H = ∇ψ, ψ ∈ L2(S1; H2(T3)) ∩ L∞(S1; H1(T3)). The energy Eδ(t) ∈ L∞(S1) such
that

En(t) + C

∫ t

0

Enf (s)ds

≤ E(0) + C

∫ t

0

(1 + ‖F(s)‖2 + ‖∂tF(s)‖2)ds

+ C

∫ t

0

(1 + ‖f(s)‖2L∞(Q) + ‖g(s)‖2L∞(Q) + ‖l(s)‖2L∞(Q))ds

(3.14)

holds on S1, where

En(t) =
∫

T3

(1
2
ρ(|u|2n + |Ω|2n) +

a

γ − 1
ργn +

µ0

2
(|Mn|2 + |Hn|2)

)
dx,

Enf (t) =
∫

T3
(µ|∇un|2 + µ′|∇Ωn|2 + (µ+ λ)|div un|2 + (µ′ + λ′)|div Ωn|2)dx

+
∫

T3
(
µ0

τ
|Mn|2 +

µ0(2χ0 + 1)
τ

|Hn|2 + µ0σ|∇ ×Mn|2)dx

+
∫

T3
2µ0σ|div Mn|2 + ζ|∇ × un − 2Ωn|2dx ,

E(0) =
∫

T3

(
1
2
ρ0(u2

0 + Ω2
0) +

a

γ − 1
ργ0 +

µ0

2
(|M0|2 + |H0|2)

)
dx,

where C is independent of ε and δ.

The following lemma is taken from [8] which shows that the local solvability of
(3.1)-(3.2).

Lemma 3.2. Assume that the initial data ρn(0) satisfies (3.2) and fix un in the
space C([0, T ],Xn). Then (3.1)-(3.2) has a unique solution ρn(t) on the interval
(0, ω) satisfying

(1) ρn ∈ C
(
[0, T ]; C(T3) ∩W1,2(T3)

)
is a classical solution of (3.1)-(3.2).

(2) For any t ∈ [0, ω],

0 < ρ̄(t) ≤ ρn(t) ≤ ρ̃(t),

where

ρ̄(t) = ρ̄(0) exp(−εt−
∫ t

0

‖div un‖L∞(T3)ds),

ρ̃(t) = ρ̃(0) exp(−εt+
∫ t

0

‖div un‖L∞(T3)ds) + t.

This lemma tells us that there exists a locally Lipschitz continuous function
un → ρn[un] acting between the spaces C([0, T ]; Xn) and C([0, T ]; W1,2(T3)]).
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Before showing the solvability of (3.3)-(3.6), we first derive the energy equation
and some a priori estimates. Let w = un(t) in (3.3). We obtain

d

dt

∫
T3

(1
2
ρn|un|2 +

a

γ − 1
ργn +

δ

β − 1
ρβn

)
dx

+
∫

T3

(
ερn|un|2 + µ|∇un|2 + (µ+ λ)|div un|2 + ζ|∇ × un|2 +

2aεγ
γ − 1

ργn

+
2δεβ
β − 1

ρβn

)
dx

≤
∫

T3
|fn||un|ρndx+

∫
T3
M(
∫

T3
ρndx)

( aγ

γ − 1
ργ−1
n +

δβ

β − 1
ρβ−1
n

)
dx

+
∫

T3

(µ0

2
|Mn|2 div un + µ0Mn · ∇Hn · un + 2ζ(∇× Ωn) · un

)
dx.

(3.15)

Taking w = Ωn(t) in (3.4) yields

d

dt

∫
T3

1
2
ρn|Ωn|2dx+

∫
T3
ερn|Ωn|2 + µ′|∇Ωn|2 + (µ′ + λ′)|div Ωn|2)dx

+
∫

T3
ζ|∇ × Ωn|2dx+ 4ζ|Ωn|2dx

≤
∫

T3
|gn||Ωn|ρn + µ0(Mn ×Hn) · Ωn + 2ζ(∇× Ωn) · Ωndx.

(3.16)

Multiplying (3.5) by Mn, integrating on T3 and using the equation (3.6), we have

1
2
d

dt

∫
T3
|Mn|2dx+

∫
T3

1
τ

(|Mn|2 + χ0|Hn|2) + σ(|∇Mn|2 + |div Mn|2)dx

= −
∫

T3

µ0

2
|Mn|2 div un −

χ0

τ
Fnψn + ρnlnMndx.

(3.17)

Multiplying (3.5) by Hn, and integrating on T3, we have∫
T3
∂tMn ·Hndx− σ

∫
T3

∆Mn ·Hndx+
1
τ

∫
T3

Mn ·Hndx

=
∫

T3

(
div(un ⊗Mn) ·Hn + (Ωn ×Mn) ·Hn +

χ0

τ
|Hn|2 + |lnHn|ρn

)
dx.

(3.18)
First using the relation ∇×Hn = 0, we have∫

T3
div(un⊗Mn) ·Hndx = −

∫
T3

Mn ·∇Hn ·undx =
∫

T3
un ·∇Hn ·Mndx. (3.19)

Multiplying (3.6) by ψn, then differentiating, we obtain∫
T3
∂tMn ·Hndx = −1

2
d

dt

∫
T3
‖Hn‖2dx−

∫
T3
∂tFψndx. (3.20)

Multiplying the identity

∇× (∇×Mn) = ∇ div Mn −∆Mn,

by Hn, using the boundary condition (∇×M)× ν(x) = 0 and (3.6), we have

−
∫

T3
∆Mn ·Hndx = −

∫
T3
|div Mn|2dx+

∫
T3

Fn div Mndx (3.21)
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Substituting (3.19)-(3.21) into (3.18), we obtain

1
2
d

dt

∫
T3
|Hn|2dx+ σ

∫
T3
|div Mn|2dx

= −
∫

T3
∂tFψn + σFn div Mndx−

∫
T3

un · ∇Hn ·Mn − (Ωn ×Mn) ·Hndx

−
∫

T3

χ0

τ
|Hn|2 − |lnHn|ρndx.

(3.22)
Hence, summing up (3.15), (3.16), (3.17) and (3.22), we obtain the energy inequality

d

dt
En(t) + Ef (t) ≤

∫
T3

(|fn||un|+ |gn||Ωn|+ |ln|(|Mn|+ |Hn|))ρndx

+
∫

T3
M(
∫

T3
ρndx)

( aγ

γ − 1
ργ−1
n +

δβ

β − 1
ρβ−1
n

)
dx

+ C

∫
T3

(1 + |F|2 + |∂tF|2)dx,

(3.23)

where

En(t) =
∫

T3

(1
2
ρn(|un|2 + |Ωn|2) +

a

γ − 1
ργn +

δ

β − 1
ρβn +

µ0

2
(|Mn|2 + |Hn|2)

)
dx,

(3.24)

Ef (t) =
∫

T3
(µ|∇un|2 + µ′|∇Ωn|2 + (µ+ λ)|div un|2 + (µ′ + λ′)|div Ωn|2)dx

+
∫

T3
(
µ0

τ
|Mn|2 +

µ0(2χ0 + 1)
τ

|Hn|2 + µ0σ|∇ ×Mn|2)dx

+
∫

T3

2εaγ
γ − 1

ργn +
2εδβ
β − 1

ρβn + 2µ0σ|div Mn|2 + ζ|∇ × un − 2Ωn|2dx.

(3.25)

In the following result, we show that if (un,Ωn) is given, then there exists ω-periodic
solution (Mn,Hn) for (3.5) and (3.6).

Lemma 3.3. Assume that the initial data (Mn(0),Hn(0)) ∈ Yn × Zn and fix a
velocity field un,Ωn ∈ C([0, T ],Xn). Then (3.5) and (3.6) have solutions

(Mn(t, x),Hn(t, x)) ∈ C1([0, ω]; H1
0(T3))× C1([0, ω]; H1

0(T3)) ∩ C1([0, ω]; H2(T3))

such that (Mn(0, x),Hn(0, x)) = (Mn(ω, x),Hn(ω, x)). Moreover, the operators
(un,Ωn) → Mn(un,Ωn) and (un,Ωn) → Hn(un,Ωn) map bounded sets from
C([0, T ],Xn × Xn) into bounded subsets of Yn and Zn, and the solution operators
are continuous operators.

Proof. Multiplying (3.5) by ∇h, integrating on T3, we have

(∂tMn,∇h)− σ(∆Mn,∇h) +
1
τ

(Mn,∇h)

= (div(un ⊗Mn),∇h) + ((Ωn ×Mn),∇h) +
χ0

τ
(Hn,∇h) + (ρngn,∇h).

(3.26)

Now using the relation ∇× (∇h) = 0, we obtain

(div(un ⊗Mn),∇h) = (un ·Mn,div(∇h)). (3.27)
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Multiplying (3.6) by hn, then differentiating, we obtain

(∂tMn,∇h) = − d

dt
(Hn,∇h)− (∂tF,∇h). (3.28)

Substituting (3.27)-(3.28) into (3.26), we obtain

− d

dt
(Hn,∇h)− σ(∆Mn,∇h) +

1
τ

(Mn,∇h)

= (∂tF,∇h) + (un ·Mn,div(∇h)) + ((Ωn ×Mn),∇h)

+
χ0

τ
(Hn,∇h) + (ρngn,∇h).

(3.29)

Multiplying (3.5) by hn, integrating on T3 and using the equation (3.6), we have

d

dt
(Mn,h)− (un ⊗Mn,∇h) + σ(∇Mn,∇h)

= (Ωn ×Mn,h)− 1
τ

(Mn − χ0Hn,h) + (ρnln,h).
(3.30)

Take h(x) = ϕk(x) from an orthonormal basis of Yn and Zn in (3.29)-(3.30),
respectively. Note that Mn(t, x) ∈ Yn and Hn(t, x) ∈ Zn. We can write

Mn(x, t) =
∑
|k|≤n

mk(t)ϕk(x), Hn(x, t) =
∑
|k|≤n

hk(t)∇ϕk(x),

where the coefficients mk(t) and hk(t) are required to solve the coupled ordinary
differential equations

dmk

dt
+
∑
|k|≤n

A1
j,k(t)mk +

∑
|k|≤n

A2
j,k(t)hk = B1

k(t), |k| ≤ n, (3.31)

dhk
dt

+
∑
|k|≤n

A3
j,k(t)hk +

∑
|k|≤n

A4
j,k(t)mk = B2

k(t), |k| ≤ n, (3.32)

where

A1
j,k(t) = −(un ⊗ ψj ,∇ϕk) + σ(∇ϕj ,∇ϕk)− (Ωn × ϕj , ϕk) +

1
τ

(ϕj , ϕk),

A2
j,k(t) =

χ0

τ
(∇ϕk, ϕj), A2

j,k(t) =
χ0

τ
(∇ϕj ,∇ϕk),

A4
j,k(t) = σ(∆ϕj ,∇ϕk)− 1

τ
(ϕj ,∇ϕk) + (un · ϕj ,div∇ϕk) + (Ωn × ϕj ,∇ϕk),

B1
k(t) = (lnρn, ϕk), B2

k(t) = (lnρn,∇ϕk).

Following [26], for given initial data Mn(0) ∈ Yn and Hn(0) ∈ Zn, the system
(3.31)-(3.32) has a unique solution (mk,hk) ∈ C1((0, T ); Yn) × C1((0, T ); Zn) for
some T ≤ ω. Multiplying both sides (3.31)-(3.32) by mk and hk, summing over k,
integrating by parts, we have

1
2
d

dt
(‖Mn‖2 + ‖Hn‖2) +

1
τ
‖Mn‖2 + (χ0 +

χ0

τ
)‖Hn‖2 + σ‖∇Mn‖2

+ 2σ‖div Mn‖2

= −µ0

2
(Mn · div un,Mn)− χ0

τ
(Fn, ψn)− (∂tFn, ψn) + σ(Fn,div Mn)

− (un ·Mn,∇Hn) + (Ωn ×Mn,Hn) + (ρnln,Mn + Hn).

(3.33)
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Note that by the Young inequality and div Hn = Fn − div Mn,

−µ0

2
(Mn · div un,Mn) ≤ µ0

2
‖ div un‖‖Mn‖2, (3.34)

−χ0

τ
(Fn, ψn)− (∂tFn, ψn) ≤ χ0

2τ
‖Fn‖2 +

2τ
χ0
‖∂tFn‖2 +

χ0

τ
‖ψn‖2, (3.35)

σ(Fn,div Mn) ≤ σ

2
‖ div Mn‖2 +

2
σ
‖Fn‖2, (3.36)

−(un ·Mn,∇Hn) ≤ σ

2
‖ div Mn‖2 +

σ

2
‖Fn‖2 +

2
σ
‖un‖2‖Mn‖2, (3.37)

(Ωn ×Mn,Hn) ≤ χ0

4
‖Hn‖2 +

4
χ0
‖Ωn‖2‖Mn‖2, (3.38)

(ρnln,Mn + Hn) ≤ χ0

2
‖Hn‖2 +

1
2τ
‖Mn‖2 + (

2
χ0

+ 2τ)‖ρn‖2‖ln‖2. (3.39)

Using the Poincaré inequality and Hn = ∇ψn,

‖∇Mn‖L2(T2) ≥ C‖Mn‖L2(T2), (3.40)

‖Mn‖ = ‖∇ψn‖ ≥ C‖ψn‖. (3.41)

From (3.33)-(3.41), we derive
d

dt
(‖Mn(t)‖2 + ‖Hn(t)‖2) + C(σ, τ, χ0)(‖Mn‖2 + ‖Hn‖2)

≤ C(τ, χ0)(‖Fn‖2 + ‖∂tFn‖2) + (
2
χ0

+ 2τ)‖ρn‖2‖ln‖2.

Thus, for t ∈ [0, T ], we obtain

‖Mn(t)‖2 + ‖Hn(t)‖2

≤ (‖Mn(0)‖2 + ‖Hn(0)‖2)e−C(σ,τ,χ0)t

+
∫ t

0

e−Cν(t−s)(C(τ, χ0)(‖Fn‖2 + ‖∂tFn‖2) + (
2
χ0

+ 2τ)‖ρn‖2‖ln‖2)ds.

(3.42)

This implies that for t ∈ [0, T ],

‖Mn(t)‖2 + ‖Hn(t)‖2

≤ (‖Mn(0)‖2 + ‖Hn(0)‖2)e−C(σ,τ,χ0)t

+
∫ ω

0

e−Cν(t−s)(C(τ, χ0)‖Fn‖2 + (
2
χ0

+ 2τ)‖ρn‖2‖ln‖2)ds.

Since {ϕk(x)}k∈N and {∇ϕk(x)}k∈N are orthonormal bases of H1
0(T3) and H2(T3),

respectively, we have |hk(t)|2 = ‖Hn(t)‖2 and |mk(t)|2 = ‖Mn(t)‖2, from which
we conclude that T = ω.

Define the ball BR of radius R and the map Π : BR → BR such that

Π((Mn(0),Hn(0))) = (Mn(ω),Hn(ω)),

where the radius R satisfies

R ≥
(∫ ω

0
e−Cν(t−s)(C(τ, χ0)(‖Fn‖2 + ‖∂tFn‖2) + ( 2

χ0
+ 2τ)‖ρn‖2‖ln‖2)ds

1− e−C(σ,τ,χ0)ω

)1/2

.

By the same process as in [26], we can prove that the map Π is continuous. Hence,
it has a fixed point. Moreover, from (3.42), we know that the solution opera-
tors (un,Ωn) → Mn(un,Ωn) and (un,Ωn) → Hn(un,Ωn) maps bounded sets in
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C([0, T ],Xn) into bounded subsets of the set Yn and Zn. Then, as done in [14],
the solution operators (un,Ωn) → Mn(un,Ωn) and (un,Ωn) → Hn(un,Ωn) are
continuous. This completes the proof. �

The following result shows the local solvability of problem (3.3) and (3.4). The
proof is inspired by the work of [2, 8, 10].

Lemma 3.4. For initial (un(0),Ωn(0)) ∈ Xn×Xn, system (3.3)-(3.4) has a unique
solution (un(t, x),Ωn(t, x)) in C([0, ω]; Xn × Xn).

Proof. Define a family of linear self-adjoint operators

F1[ρn] : Xn → X∗n, (F1[ρn]un,w) =
∫

T3
ρnun ·wdx,

F2[ρn] : Xn → X∗n, (F2[ρn]Ωn,w) =
∫

T3
ρnΩn ·wdx.

By (3.2), we can get that those operators are invertible and the inverse operators
F−1

1 [ρn],F−1
2 [ρn] ∈ L(X∗n,Xn) are well defined and locally Lipschitz continuous on

the set {ρn ≥ ρ̃(0)
2 }. Furthermore, problem (3.3)-(3.4) can rewritten as the integral

equations

un(t) = F−1
1 [ρn(t)]

(
F1[ρn(0)]un(0) +

∫ t

0

G1[ρn,un,Ωn,Mn,Hn](s)ds
)
, (3.43)

Ωn(t) = F−1
2 [ρn(t)]

(
F2[ρn(0)]Ωn(0) +

∫ t

0

G2[ρn,un,Ωn,Mn,Hn](s)ds
)
, (3.44)

where

(G1[ρn,un,Ωn,Mn,Hn],w)

=
∫

T3
(ρn(un ⊗ un) · ∇w − µ∇un · ∇w − (µ+ λ) div un · div w) dx

+
∫

T3

(
a(ρn)γ div w + δ(ρn)β div w +

µ0

2
|Mn|2 div w − ε∇un · ∇ρn ·w

)
dx

+
∫

T3
(−2ερnun ·w + µ0Mn · ∇Hn ·w + 2ζ(∇× Ωn) ·w) dx

+
∫

T3
(−ζ(∇× un) · (∇×w) + ρnfn ·w) dx,

and

(G2[ρn,un,Ωn,Mn,Hn],w)

=
∫

T3
(ρn(un ⊗ Ωn) · ∇w − µ′∇Ωn · ∇w − (µ′ + λ′) div Ωn · div w) dx

+
∫

T3
(−2ερnΩn ·w − ε∇Ωn · ∇ρn ·w + µ0(Mn ×Hn) ·w) dx

+
∫

T3
(2ζ(∇× Ωn − 2Ωn) ·w + ρngn ·w) dx.

By Lemmas 3.2-3.3, we know that the nonlinear term

Gj : W1,2(T3)× Xn × Xn × Yn × Zn → X∗n, j = 1, 2
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are locally Lipschitz. This together with the properties of ρn[un], Mn(un,Ωn),
Hn(un,Ωn), F−1

1 [ρn] and F−1
2 [ρn] implies that integral equations (3.43)-(3.44) pos-

sess unique solutions (un,Ωn) ∈ C([0, T ); Xn ×Xn) by the Banach fixed point the-
orem, for sufficiently small T . Then, by Lemma 3.4 and (3.23), we know that ρn,
un, Ωn, Mn and Hn are bounded in [0, T ). Hence, (un,Ωn) can be prolonged up
to T = ω, which implies that the solution (ρn,un,Ωn,Mn,Hn) is global. �

Define a bounded convex set

Γ =
{

[ρn,un,Ωn,Mn,Hn]|‖ρn‖W1,2(T3)∩C(T3) ≤ R1, ρn ≥ R2,

∫
T3
ρndx ≤ m1,

1
2

∫
T3
|un|2dx ≤

E1

R2
,

1
2

∫
T3
|Ωn|2dx ≤

E1

R2
, ‖Mn‖W1,2(T3)∩C(T3) ≤ R3,

‖Hn‖W1,2(T3)∩C(T3) ≤ R3,

∫
T3

a

γ − 1
ργ +

δ

β − 1
ρβdx ≤ E1

}
,

a map P2 from [C(T3) ∩W1,2(T3)]×Xn ×Xn ×Yn × Zn to itself, and

P1([ρ,un,Ωn,Mn,Hn]) = [ρn, run, rΩn, rMn, rHn],

with

r = r(ρn,un,Ωn,Mn,Hn)

= min
{

1,
( E1 + ε− (

∫
T3

a
γ−1ρ

γ + δ
β−1ρ

βdx)
1
2

∫
T3(ρn|un|+ ρn|Ωn|+ µ0(|Mn|2 + |Hn|2))dx

)1/2}
.

Then, by the properties of ρn, un, Ωn, Mn and Hn obtained in Lemmas 3.2-3.4,
we get that the continuous map P1 : Γ→ DE1 ⊂ Γ and P1|DE1−ε

= Id, where

DE1 =
{

[ρn,un,Ωn,Mn,Hn]|‖ρn‖W1,2(T3)∩C(T3) ≤ R1, ρn ≥ R2,

∫
T3
ρndx ≤ m1,

‖Mn‖W1,2(T3)∩C(T3) ≤ R3, ‖Hn‖W1,2(T3)∩C(T3) ≤ R3, E(t) ≤ E1

}
and

DE1−ε =
{

[ρn,un,Ωn,Mn,Hn]|‖ρn‖W1,2∩C(T3) ≤ R1, ρn ≥ R2,

∫
T3
ρndx ≤ m1,

‖Mn‖W1,2∩C(T3) ≤ R3, ‖Hn‖W1,2(T3)∩C(T3) ≤ R3, E(t) ≤ E1 − ε
}
.

Moreover, the map P2 is continuous and compact, P2 ◦ P1 maps DE1 into DE1−ε.
Then, using Banach fixed theorem and Lemmas 3.2-3.4, we summarize the existence
of periodic solution for system (3.1)-(3.6) as follows.

Lemma 3.5. Assume that ε, δ and β are given positive parameters. Then, for
any fixed n, systems (3.1)-(3.5) have time-periodic solutions ρn, un, Ωn, Mn and
Hn. Moreover, ρn ∈ C1(S1; C2(T3)) is a classical solution of (3.1) on S1, and there
exists R2 depending on n such that

ρn ≥ R2(n) > 0,
∫

T3
ρn(t)dx = mε, with |T3|M(mε) = 2εmε.
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The energy inequality

En(t) + C

∫ t

0

Enf (s)ds

≤ E(0) + C

∫ t

0

(1 + ‖F(s)‖2 + ‖∂tF(s)‖2)ds

+ C

∫ t

0

(1 + ‖f(s)‖2L∞(Q) + ‖g(s)‖2L∞(Q) + ‖l(s)‖2L∞(Q))ds

(3.45)

holds on S1, where

En(t) =
∫

T3

(1
2
ρ(u2

n + Ω2
n) +

a

γ − 1
ργn +

µ0

2
(|Mn|2 + |Hn|2)

)
dx,

Enf (t) =
∫

T3
(µ|∇un|2 + µ′|∇Ωn|2 + (µ+ λ)|div un|2 + (µ′ + λ′)|div Ωn|2)dx

+
∫

T3
(
µ0

τ
|Mn|2 +

µ0(2χ0 + 1)
τ

|Hn|2 + µ0σ|∇ ×Mn|2)dx

+
∫

T3
2µ0σ|div Mn|2 + ζ|∇ × un − 2Ωn|2dx ,

E(0) =
∫

T3

(1
2
ρ0(u2

0 + Ω2
0) +

a

γ − 1
ργ0 +

µ0

2
(|M0|2 + |H0|2)

)
dx.

Moreover, there exits a constant E1 depending on δ, ε such that

En[ρn,un,Ωn,Mn,Hn](0) ≤ E1.

In what follows, passing to the limit as n→∞ in the sequence of approximation
solution {ρn,un,Ωn,Mn,Hn} is the main target, which is treated similarly to [2,
8, 9, 10, 20]. The following result is directly from the energy inequality (3.45) and
some properties about the Lp-theory of parabolic equations.

Lemma 3.6. Assume that β ≥ 4. Then (ρn,un,Ωn,Mn,Hn), the approximation
solutions constructed above, satisfy the following estimates:

‖ρn‖L∞(S1;Lβ(T3)) ≤ C, ‖un‖L2(S1;H1
0(T3)) ≤ C, ‖Ωn‖L2(S1;H1

0(T3)) ≤ C

‖ρ1/2
n |un‖L∞(S1;Lβ(T3)) ≤ C, ‖ρ1/2

n |Ωn‖L∞(S1;Lβ(T3)) ≤ C,
‖Mn‖L∞(S1;L2(T3)) ≤ C, ‖Mn‖L2(S1;M) ≤ C,
‖Hn‖L∞(S1;L2(T3)) ≤ C, ‖Hn‖L2(S1;M) ≤ C.

Furthermore, for 1 < p < 2, r1 > 2, r2 > β and q1 = 6β
4β+3 , it follows that

ε

∫
Q
|ρn|2 + |∇ρn|2 dx dt ≤ C,

∫
Q
|∇ρn|r1 + |ρn|r2 dx dt ≤ C (3.46)∫

S1
‖∂tρn‖pLq1 (T3) + ‖∆ρn‖pLq1 (T3)dt ≤ C, (3.47)

where C is a constant independent of n.

To obtain the weak solution of the approximation equations (3.1)-(3.6), the first
step is necessary to pass to the limit, as n → ∞, in the sequence of approximate
solutions (ρn,un,Ωn,Mn,Hn) constructed Lemma 3.5. We use the Lions-Aubin
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lemma (see [21]), as done in [2, 9], and obtain some convergence results about ρn,
un and Ωn:

ργn → ργ , ρβn → ρβ , strongly in Lr3(Q) for a certain r3 > 1, (3.48)

∇ρn∇uin → ∇ρ∇ui, weakly in Lr3(Q) for a certain r3 > 1,

∇ρn∇Ωn → ∇ρ∇Ω, weakly in Lr3(Q) for a certain r3 > 1,

ρnuin → ρui, strongly in L2(S1; W−1,2(T3)),

ρnΩin → ρΩi, strongly in L2(S1; W−1,2(T3)),

ρnuinu
j
n → ρuiuj , ρnuinΩjn → ρuiΩj , in D′(Q),

where i, j = 1, 2, 3.
Now we pass to the limit, as n→∞, in the sequence of the approximate solutions

(Mn,Hn) of approximation equations (3.5)-(3.6). By the energy inequality (3.23),
it is easy to see that

Mn →M weakly* in L∞(S1; L2(T3)) and in L2(S1;M) weak,

ψn → ψ weakly* in L2(S1; H1(T3)) and in L2(S1; H2(T3)) weak,

Hn → H weakly* in L∞(S1; L2(T3)) and in L2(S1;M) weak.

Due to the Sobolev imbedding H1(T3) ↪→ L6(T3), Ωn ∈ L2(S1; H1(T3)) and Mn ∈
L∞(S1; L2(T3)), we deduce that

Ωn ×Mn ∈ L2(S1; L3/2(T3)). (3.49)

Consider the orthogonal projections:

Λn : [L2(T3)]3 → Zn, Υn = Id− Λn.

It follows from (3.5) and (3.49) that

∂t(ΛnMn) are bounded in [L2(S1; W−1,2(T3))]3. (3.50)

Then, by the Lions-Aubin lemma, for −1 < q < 0, we know

Λn(Mn) are precompact in [L2(S1; W−q,2(T3))]3.

Again by the energy inequality (3.23) and the fact that L
2β
β+1 (T3) is compactly

embedded in W−q,2(T3), we have

Mn ∈ Σ, ∀t ∈ S1,

where Σ is a compact subset of W−q,2(T3). This means that

‖Υn(Mn)‖W−q,2(T3) → 0 as n→∞. (3.51)

Combining (3.50) and (3.51), for −1 < q < 0, implies that

Mn →M, strongly in [L2(S1; W−q,2(T3))]3.

Furthermore, by (3.6) and the above convergence of Mn, we obtain

Hn → H, strongly in [L2(S1; W−q,2(T3))]3,

ψn → ψ, strongly in [L2(S1; W−q−1,2(T3))]3.

Summing up above convergence results of (ρn,un,Ωn,Mn,Hn), we can pass to the
limit as n→∞ in equations (3.1)-(3.6) to obtain our main results in this section.
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4. Passing to the limit as ε→ 0

This section is devoted to letting ε→ 0 in the system (3.8)-(3.12). The method
is inspired by [2, 8, 20]. We denote by (ρε,δ,uε,δ,Ωε,δ,Mε,δ,Hε,δ) the weak peri-
odic solution constructed in Proposition 3.1 and ∆−1 stands for the inverse of the
Laplacian on the space of spatially periodic functions with zero mean. Consider
the operators

Ai[u] = ∆−1[∂xiu], i = 1, 2, 3.
We have

∂xiAi[u] = u− 1
|T3|

∫
T3
udx,

with the standard elliptic regularity results:

‖Ai[u]‖W1,s(T3) ≤ C(s,T3)‖u‖Ls(T3), 1 < s <∞,

‖Ai[u]‖Lq(T3) ≤ C(s, q,T3)‖u‖Ls(T3), q finite, provided
1
q
≥ 1
s
− 1

3
,

‖Ai[u]‖L∞(T3) ≤ C(s,T3)‖u‖Ls(T3), if s > 3.

(4.1)

This is the main results in this section.

Proposition 4.1. Assume that β > 5. Then there exists a time-periodic solution
(ρ,u,Ω,M,H) of the problem in D′(Q),

∂tρ+ div(ρu) = 0, (4.2)

∂t(ρui) + div(ρui ⊗ u)− µ∆ui

− (λ+ µ)∂xi(div u)− ∂xiP (ρ)

+ δ∂xiρ
β = R+ ρf i(t, x),

(4.3)

∂t(ρΩi) + div(ρΩi ⊗ u)− µ′∆Ωi − (λ′ + µ′)∇(div Ω) = S + ρgi(t, x), (4.4)

∂tM + div(u⊗M)− σ∆M +
1
τ

(M− χ0H) = Ω×M + ρl(t, x), (4.5)

H = ∇ψ, div(H + M) = F, (4.6)

where i = 1, 2, 3,

R = µ0M · ∇H− ζ∇× (∇× ui − 2Ω),

S = µ0M×H + 2ζ(∇× u− 2Ωi),

Fε = (2µ+ λ) div uε +
µ0

2
|M0|2 − aργε − δρβε ,

Fε → F weakly in L
β+1
β (Q).

Moreover, ρ, u and Ω satisfy (2.2)-(2.4), and

ρ ∈ L∞(S1; Lβ(T3)) ∩ Lβ+1(Q), u,Ω ∈ L2(S1; W1,2(T3)),

M ∈ L∞(S1; L2(T3)) ∩ L2(S1;M),

H = ∇ψ, ψ ∈ L∞(S1; H1(T3)) ∩ L2(S1; H2(T3)).

Equation (4.2) holds in the sense of renormalized solutions and for any continuous
sublinear function h on R1, then it holds∫

Q
h(ρ) div u dx dt = 0. (4.7)
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The energy Eδ[ρ,u,Ω,M,H] satisfies

d

dt
Eδ(t) + CEδf (t) ≤ C(1 + ‖F(t)‖2 + ‖∂tF(t)‖2)

+ C
(

1 +
∫

T3
ρ(|f ||u|+ |g||Ω|+ |l||M|)dx

)
,

(4.8)

in D′(S1), where

Eδf (t) =
∫

T3
(µ|∇u|2 + µ′|∇Ω|2 + (µ+ λ)|div u|2 + (µ′ + λ′)|div Ω|2)dx

+
∫

T3
(
µ0

τ
|M|2 +

µ0(2χ0 + 1)
τ

|H|2 + µ0σ|∇ ×M|2)dx

+
∫

T3
2µ0σ|div M|2 + ζ|∇ × u− 2Ω|2dx.

Lemma 4.2. Let ρ ≥ 0, u, Ω, M and H satisfy

ρ ∈ C(S1; Lγ(T3)), ‖ρ‖C(S1;L1(T3)) ≤ m, u ∈ [L2(S1; W1,2(T3))]3,

Ω ∈ [L2(S1; W1,2(T3))]3, u and Ω satisfy (2.3) and (2.4),

M ∈ L∞(S1; L2(T3)) ∩ L2(S1;M),

H = ∇ψ, ψ ∈ L∞(S1; H1(T3)) ∩ L2(S1; H2(T3)).

Then there holds

‖Eδ(t)‖C(S1) ≤ C(1 +
∫

Q
P (ρ(t)) dx dt),

where C is a constant depending on µ, ν, ‖f‖L∞(Q), ‖g‖L∞(Q) and ‖l‖L∞(Q), P
denotes a convex function such that P (ρ(t)) ≥ a

γ−1ρ
γ(t) for γ > 5

3 ,

Eδ(t) =
∫

T3

(1
2
ρ(u2 + Ω2) + P (ρ(t)) +

µ0

2
(|M|2 + |H|2)

)
dx ∈ L1(S1)

satisfying the energy inequality
d

dt
Eδ(t) + CEδf (t) ≤ C

(
1 + ‖F(t)‖2 + ‖∂tF(t)‖2

)
+ C(1 +

∫
T3
ρ(|f ||u|+ |g||Ω|+ |l||M|)dx)

(4.9)

and

Eδf (t) =
∫

T3
(µ|∇u|2 + µ′|∇Ω|2 + (µ+ λ)|div u|2 + (µ′ + λ′)|div Ω|2)dx

+
∫

T3
(
µ0

τ
|M|2 +

µ0(2χ0 + 1)
τ

|H|2 + µ0σ|∇ ×M|2)dx

+
∫

T3
2µ0σ|div M|2 + ζ|∇ × u− 2Ω|2dx.

Proof. Integrating (4.9) over S1, we have∫
S1

∫
T3
Eδf (t)dx dt ≤ C

∫
S1

(1 + ‖F(s)‖2 + ‖∂tF(s)‖2)dt

+ C
(

1 +
∫

S1

∫
T3

(|f ||u|+ |g||Ω|+ |l||M|)ρdx dt
)
.
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By the Poincaré inequality, the standard Sobolev embedding theorem and the def-
inition of Eδf (t),∫

S1
(‖u‖2L6(T3) + ‖Ω‖2L6(T3) + ‖M‖2L2(T3) + ‖H‖2L2(T3))dt

≤ C(1 + ‖ρ‖C(S1;L6/5(T3))

∫
S1

(‖u‖L6(T3) + ‖Ω‖L6(T3))dt

+ ‖ρ‖C(S1;L2(T3))

∫
S1

(‖M‖L2(T3) + ‖H‖L2(T3))dt),

which implies ∫
S1

(‖u‖2L6(T3) + ‖Ω‖2L6(T3) + ‖M‖2L2(T3) + ‖H‖2L2(T3))dt

≤ C
(

1 + ‖ρ‖C(S1;L6/5(T3))

)2

.

(4.10)

It follows from the Hölder inequality and (4.10) that∫
Q

1
2
ρ(t)(|u(t)|2 + |Ω(t)|2) +

µ0

2
(|M(t)|2 + |H(t)|2) dx dt

≤ ‖ρ‖C(S1;L3/2(T3))

∫
S1

(‖u‖2L6(T3) + ‖Ω‖2L6(T3))dt

+
µ0

2

∫
S1

(‖M‖2L2(T3) + ‖H‖2L2(T3))dt

≤ C
(

1 + ‖ρ‖C(S1;L6/5(T3))

)2(
1 + ‖ρ‖C(S1;L3/2(T3))

)
.

(4.11)

By (4.9), we have

‖Eδ(t)‖C(S1) ≤ C
(

1 +
∫

Q
ρ(|u|2 + |Ω|2) + |M|2 + |H|2 + P (ρ) dx dt

)
. (4.12)

Then, by (4.11)-(4.12) and the interpolation

‖ρ‖L3/2(T3), ‖ρ‖L6/5(T3) ≤ ‖ρ‖1−$L1(T3)‖ρ‖
$
Lγ(T3)

for γ > 5
3 , we can complete the proof. �

Lemma 4.3. Assume that β > 4. Then

ε

∫
S1
‖ρε‖2W1,2(T3)dt,

∫
S1
‖uε‖2W1,2(T3)dt,

∫
S1
‖Ωε‖2W1,2(T3)dt,∫

S1
‖Mε‖2W1,2(T3)dt,

∫
S1
‖Hε‖2W1,2(T3)dt, ‖ρ‖β+1

Lβ+1(Q)
,

‖Eδ[ρε,uε,Ωε,Mε,Hε]‖C(S1)

are bounded independently of ε > 0.

Proof. Integrating the energy inequality (4.9) over S1, we deduce∫
S1
‖u‖2W1,2(T3) + ‖Ω‖2W1,2(T3) + ‖M‖2W1,2(T3) + ‖H‖2W1,2(T3)dt

≤ C
(

1 +
∫

Q
(|u|+ |Ω|+ |M|+ |H|)ρ dx dt

)
.
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It follows from the Sobolev embedding theorem that∫
S1
‖u‖2W1,2(T3) + ‖Ω‖2W1,2(T3) + ‖M‖2W1,2(T3) + ‖H‖2W1,2(T3)dt

≤ C
(

1 + ‖ρ‖C(S1;L6/5(T3))

)
,

(4.13)

which implies ∫
S1
‖uε‖2W1,2(T3)dt,

∫
S1
‖Ωε‖2W1,2(T3)dt,∫

S1
‖Mε‖2W1,2(T3)dt,

∫
S1
‖Hε‖2W1,2(T3)dt

are bounded independently of ε > 0.
Multiplying the continuity equation (3.8) by ρ and integrating by parts, we

obtain
ε

∫
S1
‖ρ‖2W1,2(T3)dt ≤ C

(
1 +

∫
S1
‖u‖W1,2(T3)‖ρ‖2L4(T3)dt

)
.

The estimate of ‖ρ‖β+1
Lβ+1(Q)

is similar with [8]. Let b be an convex function. For
convenience, we take b(x) = x log x. Multiplying the continuity equation (3.8) by
b′(ρε) and integrating by parts, we have∫

Q
(b′(ρε)ρε − b(ρε)) div uε + 2ερεb′(ρε)−

2εmε

|T3|
b′(ρε) dx dt ≤ 0,

which leads to ∫
Q
ρε(div uε) dx dt ≤ εC, (4.14)

where C depends on |Q| and m.
Denote Ri,j = ∂xi∆

−1∂xj . Note that∫
Q
aργ+1
ε + δρβ+1

ε +
µ0

2
ρε|Mε|2 dx dt

=
∫

Q

m

|T3|
(aργε + δρβε ) + (λ+ 2µ)ρε(div uε) dx dt+ I1 + I2 + I3 + I4,

(4.15)

where Ai[ρε] are a test functions of (3.9) and

I1 =
∫

Q
ρεuiεAi[2ερε − ε∆ρε] dx dt,

I2 =
∫

Q
uiε(ρεRi,j [ρεujε ]− ρεujεRi,j [ρε]) dx dt,

I3 =
∫

Q
(ε∇ρε∇uε + 2ερεuε − f iρε)Ai[ρε] dx dt,

I4 =
∫

Q
µ0Mε · ∇Hε · Ai[ρε] dx dt,

I5 =
∫

Q
−ζ∇× (∇× uε − 2Ωε)Ai[ρε] dx dt.

By the Hölder inequality, (4.1) and (3.7), we obtain the following estimates:

|I1| ≤ εC‖ρ‖C(S1;L3(T3))

(∫
S1
‖u‖2L6(T3)dt

)1/2(∫
S1
‖ρ‖2W1,2(T3)dt

)1/2

, (4.16)
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|I2| ≤ C‖ρ‖2C(S1;L3(T3))

(∫
S1
‖u‖2L6(T3)dt

)
, (4.17)

|I3| ≤ εC‖ρ‖C(S1;L4(T3))

(∫
S1
‖u‖2W1,2(T3)dt

)1/2(∫
S1
‖ρ‖2W1,2(T3)dt

)1/2

+ C

∫
S1
‖ρ‖2L2(T3)dt.

(4.18)

|I4| =
∫

Q
µ0Mε · ∇Hε · Ai[ρε]dx

≤ µ0‖Mε · ∇Hε‖L1(S1;L3/2(T3))‖Ai[ρε]‖L∞(S1;L3(T3))

≤ µ0‖ρε‖L∞(S1;L5(T3))‖Mε‖L2(S1;M)‖Hε‖L2(S1;M)

≤ C‖ρε‖L∞(S1;L5(T3)),

(4.19)

|I5| = ζ

∫
Q

(∇× uε) · (∇×Ai[ρε])dx− 2ζ
∫

Q
(∇× Ωε) · Ai[ρε]dx

≤ ζ‖∇ × uε‖L2(S1;L2(T3))‖∇ ×Ai[ρε]‖L2(S1;L2(T3))

+ 2ζ‖∇ × Ωε‖L2(S1;L2(T3))‖Ai[ρε]‖L2(S1;L2(T3))

≤ C‖uε‖L2(S1;H1(T3))‖Ai[ρε]‖H1(S1;L2(T3))

+ C‖Ωε‖L2(S1;H1(T3))‖Ai[ρε]‖L2(S1;L2(T3))

≤ C‖ρε‖L∞(S1;L4(T3))(‖uε‖L2(S1;H1(T3)) + ‖Ωε‖L2(S1;H1(T3))).

(4.20)

Thus, by (4.13)-(4.20) and the estimate about
∫

S1 ‖u‖2W1,2(T3),
∫

S1 ‖M‖2W1,2(T3) and∫
S1 ‖H‖2W1,2(T3), we have∫

Q
aργ+1 + δρβ+1 +

µ0

2
ρε|Mε|2 dx dt ≤ C

(
1 + ‖ρ‖L∞(S1;Lβ(T3))

)4

.

This combining with Lemma 4.2 implies∫
S1
‖ρε‖β+1

Lβ+1(Q)
dt ≤ C, ‖Eδ[ρε,uε,Ωε,Mε,Hε]‖C(S1) ≤ C,

where C is independent of ε. �

In fact, from Lemma 4.3, using the standard Sobolev compact embedding and
the Arzelà-Ascoli theorem, we can obtain the following convergence results about
(ρε,uε,Ωε,Mε,Hε) as ε→ 0.

ρε → ρ in C(S1; Lβweak(T3)), (4.21)

uiε → ui, Ωiε → Ωi, weakly in L2(S1; W1,2(T3)), i = 1, 2, 3, (4.22)

Mε →M, weakly* in L∞(S1; L2(T3)) ∩ L2(S1;M), (4.23)

ψε → ψ weakly* in L∞(S1; H1(T3)) ∩ L2(S1; H2(T3)), (4.24)

Hε → H, weakly* in L∞(S1; L2(T3)) ∩ L2(S1;M), (4.25)

ρεuiε → ρui, ρεΩiε → ρΩi, weakly in L2(S1; L
6β
β+6 (T3)), (4.26)

ρεuiε → ρui, ρεΩiε → ρΩi, weakly in C(S1; L
2β
β+1
weak(T3)), i = 1, 2, 3, (4.27)

ρεuiεu
j
ε → ρuiuj , weakly in L2(S1; L

6β
4β+3 (T3)) i, j = 1, 2, 3, (4.28)

ρεuiεΩ
j
ε → ρuiΩj , weakly in L2(S1; L

6β
4β+3 (T3)) i, j = 1, 2, 3. (4.29)
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Letting ε → 0, we obtain the time periodic solution (ρδ,uδ,Ωδ,Mδ,Hδ) of these
equations in D′(Q),

∂tρ+ div(ρu) = 0, (4.30)

∂t(ρui) + div(ρui ⊗ u)− µ∆ui + µ∂xi(div u)− ∂xiF = R+ f iρ, (4.31)

∂t(ρΩi) + div(ρΩi ⊗ u)− µ′∆Ωi − (λ′ + µ′)∇(div Ω) = S + ρgi(t, x), (4.32)

∂tM + div(u⊗M)− σ∆M +
1
τ

(M− χ0H) = Ω×M + ρl(t, x), (4.33)

H = ∇ψ, div(H + M) = F, in D′(Q), (4.34)

where i = 1, 2, 3,

R = µ0M · ∇H− ζ∇× (∇× ui − 2Ω),

S = µ0M×H + 2ζ(∇× u− 2Ωi),

Fε = (2µ+ λ) div uε +
µ0

2
|M0|2 − aργε − δρβε ,

Fε → F weakly in L
β+1
β (Q).

Now, our attention turns to proving the strong convergence of ρ by means of
the classical Minty trick. This follows the idea of Lions[22] , Feireisl et al.[8] and
Amirat et al.[2]. Define the bilinear operator

Qi,j [u, v] = uRi,j [v]− vRi,j [u]. (4.35)

According to the work of Coifman et al [3], the bilinear operator Qi,j is weakly
continuous. Applying the discrete Fourier transform to (4.35), for k 6= 0 and
a0 = 0, we have

ak[Qi,j [u, v]] =
∑

n∈Z3/{0}

( (ki − ni)(kj − nj)
|k− n|2

− ninj
|n|2

)
ak−n[u]an[v].

Moreover, if we take u, v ∈ L2(T3) such that uε → u and vε → v weakly in L2(T3),
the operator Qi,j has the property

Qi,j [uε, vε]→ Qi,j [u, v], in D′(T3). (4.36)

Following the idea of Lions[22], letting ε→ 0, using (4.14)-(4.20), we obtain

lim sup
ε→0

∫
Q
aργ+1 +

µ0

2
|M|2 + δρβ+1 dx dt

≤
∫

Q

m

|T3|
(aργ + δρβ) + (uiQi,j [ρ, ρuj ]) + ρf iAi[ρ] +RAi[ρ] dx dt.

(4.37)

Moreover, by (3.13), we have

lim
ε→0

mε = lim
ε→0

∫
T3
ρεdx = lim

ε→0

∫
T3
ρdx = m.

Lemma 4.4. Assume that ρε and ρεujε satisfy (4.21)-(4.28). Then

Qi,j [ρε, ρεujε ]→ Qi,j [ρ, ρuj ], weakly in Lp(T3), ∀t ∈ S1,

where 1 < p < β
β+3 and i, j = 1, 2, 3. Moreover, if we take β > 5, then

Qi,j [ρε, ρεujε ]→ Qi,j [ρ, ρuj ], strongly in W−1,2(T3), ∀t ∈ S1.
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Proof. Denote the cut-off function

Tk[x] = min{|x|, k}sign(x). (4.38)

Then

‖Tk[ρεujε ]− ρεujε‖Lp1 ≤ k
p1− 2β

β+1 sup
ε
‖ρεujε‖

2β
β+1

L
2β
β+1 (T3)

,

‖Tk[ρεu
j
ε ]− ρεujε‖Lp1 ≤ k

p1− 2β
β+1 sup

ε
‖ρεujε‖

2β
β+1

L
2β
β+1 (T3)

,

where p1 = β/(β − 1) and Tk[ρεu
j
ε ] denotes a weak limit of Tk[ρεujε ]. Note that

Qi,j [ρε, ρεujε ]−Qi,j [ρ, ρεuj ] = Qi,j [ρε, Tk[ρεujε ]]−Qi,j [ρ, T ∗k [ρεujε ]]

+Qi,j [ρε, ρεujε − Tk[ρεujε ]] +Qi,j [ρε, T ∗k [ρuj ]− ρuj ]

Hence, for a sufficiently large k, by virtue of (4.36), we can obtain the result. This
completes the proof. �

Multiplying both sides of (4.31) by Ai[ρ], we obtain∫
Q

(aργ + δρβ)ρ dx dt =
∫

Q

m

|T3|
(aργ + δρβ) + (λ+ 2µ)ρdiv u

+ uiQi,j [ρ, ρuj ] + ρf iAi[ρ] +RAi[ρ] dx dt,
(4.39)

where we use ∫
Q

(uiQi,j [ρ, ρuj ]) dx dt =
∫

Q
uiQi,j [ρ, ρuj ] dx dt.

By (4.37) and (4.39), we have

lim sup
ε→0

∫
Q
aργ+1
ε + δρβ+1

ε dx dt ≤
∫

Q
ρ(aργ + δρβ)− (λ+ 2µ)ρ(div u) dx dt,

which implies the strong convergence of ρ by means of the classical Minty trick.
Next, we will follow [7] and [8] to prove that ρ and u are a renormalized time-

periodic solution of (4.30). Let θk = k3θ(kx) be the regularizing kernels with
θ ∈ C∞0 (T3) and

∫
T3 θdx = 1, for k > 0. Then ρk = θk ∗ ρ is a regular solution of

∂tρk + div(ρku) = div(ρku)− θk ∗ (div(ρu)) on Q. (4.40)

Note that ρ,div u ∈ L2(Q). Using [4, Lemma 2.3], we obtain that

div(ρku)− θk ∗ (div(ρu))→ 0, as k →∞.

Multiplying (4.40) by b′(ρk) and passing to the limit, we obtain

∂b(ρ)
∂t

+ div(b(ρ)u) + (b′(ρ)ρ− b(ρ)) div u = 0.

Furthermore, taking b′(ρk) = ρk log ρk and integrating above equation over Q, we
obtain ∫

Q
ρ(div u) dx dt = 0.

This shows that ρ and u are a renormalized time-periodic solution of (4.30).
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5. Passing to the limit as δ → 0

In this section, our target is to pass to the limit as δ → 0 in (4.2)-(4.6). This
process of proof is similar to the proof of passing to the limit as ε→ 0. Firstly, we
need to show that

‖Eδ[ρδ,uδ,Ωδ,Mδ,Hδ]‖C(S1), ‖uδ‖L2(S1;W1,2(T3)), ‖Ωδ‖L2(S1;W1,2(T3))

‖Mδ‖L2(S1;M(T3)), ‖Hδ‖L2(S1;M(T3)),

∫
Q
aργ+ϑ + δρβ+ϑ dx dt

are bounded independently of δ, for some ϑ > 0.
Multiplying both side of (4.2) by ϑρϑ−1, for some ϑ > 0, we obtain

∂tρ
ϑ + div(ρϑu) + (ϑ− 1)ρϑ div u = 0, in D′(Q). (5.1)

As in [8], we take ϑ = 1/5 and a test function Ai[ρϑ] of (4.3). Then by (4.1), (4.7)
and (5.1), we obtain∫

Q
aργ+ϑ + δρβ+ϑ +

µ0

2
ρ|M|2 dx dt

=
∫

S1
(
∫

T3
aργ + δρβ)

∫
T3
ρϑ dx dt+

∫
Q
RAi[ρϑ] dx dt

+ (1− ϑ)
∫

Q
ρϑ(div u)Ai[ρui]− f iAi[ρϑ]ρ+ uiQi,j [ρ, ρuj ] dx dt.

(5.2)

The following estimates are taken from [8]. For γ ≥ 9/5,

‖Ai[ρui]‖L18/7(T3) ≤ C‖ρ‖Lγ(T3)‖u‖W1,2(T3), (5.3)

|(1− ϑ)
∫

Q
ρϑ(div u)Ai[ρui] dx dt| ≤ C(1 +

∫
S1
‖u‖W1,2(T3)‖ρ‖

6/5
Lγ(T3)dt), (5.4)

|
∫

Q
f iAi[ρϑ]ρ dx dt| ≤ C, (5.5)

|
∫

Q
uiQi,j [ρ, ρuj ] dx dt| ≤ C(1 +

∫
S1
‖u‖W1,2(T3)‖ρ‖

6/5
Lγ(T3)dt). (5.6)

The rest is to estimate
∫

Q RAi[ρ
ϑ] dx dt. Integrating the energy inequality (4.8)

over S1 and by (2.2), we obtain∫
S1

(‖u‖W1,2(T3) + ‖Ω‖W1,2(T3) + ‖M‖W1,2(T3) + ‖H‖W1,2(T3)) dx dt

≤ C(1 +
∫

S1
‖√ρ‖L3(T3)(‖u‖L6(T3) + ‖Ω‖L6(T3) + ‖M‖L6(T3)) dx dt),

which implies∫
S1

(‖u‖W1,2(T3) + ‖Ω‖W1,2(T3) + ‖M‖W1,2(T3) + ‖H‖W1,2(T3)) dx dt

≤ C(1 + ‖ρ‖C(S1;L3/2(T3))).
(5.7)

By Hölder’s inequality, the above inequality and (4.1), for s ≥ 3/4, we have

|
∫

Q
RAi[ρϑ] dx dt| ≤ C(1 + ‖ρ‖C(S1;Ls(T3))). (5.8)
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By Hölder’s inequality and the standard Sobolev theorem, for τ > 2, it follows from
(5.2)-(5.8) that

∫
Q
aργ+ϑ + δρβ+ϑ dx dt ≤ C(1 + ‖ρ‖C(S1;Lγ(T3)))τ .

Furthermore, using the method of estimating (5.2), the boundness independent of δ
of the values ‖Eδ[ρδ,uδ,Ωδ,Mδ,Hδ]‖L∞(S1), ‖uδ‖L2(S1;W1,2(T3)), ‖Ωδ‖L2(S1;W1,2(T3)),
‖Mδ‖L2(S1;M(T3)) and ‖Hδ‖L2(S1;M(T3)) can be obtained.

Letting δ → 0 in (4.2)-(4.6), we obtain the time periodic solution (ρ,u,Ω,M,H)
of the equations in D′(Q),

∂tρ+ div(ρu) = 0, (5.9)

∂t(ρui) + div(ρui ⊗ u)− µ∆ui + µ∂xi(div u)− ∂xiF = R+ ρf i(t, x), (5.10)

∂t(ρΩi) + div(ρΩi ⊗ u)− µ′∆Ωi − (λ′ + µ′)∇(div Ω) = S + ρgi(t, x), (5.11)

∂tM + div(u⊗M)− σ∆M +
1
τ

(M− χ0H) = Ω×M + ρl(t, x), (5.12)

H = ∇ψ, div(H + M) = F, (5.13)

where i = 1, 2, 3,

R = µ0M · ∇H− ζ∇× (∇× ui − 2Ω),

S = µ0M×H + 2ζ(∇× u− 2Ωi),

Fε = (2µ+ λ) div uε +
µ0

2
|Mε|2 − aργε − δρβε ,

F = (2µ+ λ) div u +
µ0

2
|M|2 − p(ρ),

Fε → F weakly in L
γ+ϑ
γ (Q).

Furthermore, using the same process of deducing that ρ is a renormalized solution
of the continuous equation (5.9), for sublinear continuous function h, it holds

∫
Q
h(ρ) div u dx dt = 0.

To prove our main result, Theorem 2.1, it remains to show the density ρδ → ρ
strongly on Q. We introduce a uniformly bounded smooth function h(x) ∈ C1(R)
with h(0) = 0 and uniformly bounded h′(x) and a sequence of functions Hk =
h(x) − Ik(x − h(x)), where Ik(x) ∈ C∞(R+) is bounded nondecreasing function
with 0 ≤ Ik(x) ≤ x, Ik(x) = x on [0, k] and Ik+1(x) ≥ Ik(x).

According to the definition of Hk, it is easy to check that

∫
Q
|Hk(ρδ)− ρδ|2 dx dt ≤ k−ζ

∫
Q
|ρδ|γ+ϑ dx dt, ζ = γ + ϑ− 2 > 0. (5.14)
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Multiplying both side (4.3) by h(ρδ) and using (2.5) and (4.7), we obtain∫
Q
aργδh(ρδ) + δρβδ h(ρδ) dx dt

=
∫

S1
(
∫

T3
aργδ + δρβδ )

∫
T3
h(ρδ) dx dt+

∫
Q
RAi[h(ρδ)] dx dt

+
∫

Q
(h(ρδ)− ρδh′(ρδ))(div uδ)Ai[ρδuiδ]− f iAi[h(ρδ)]ρδ dx dt

+
∫

Q
uiQi,j [h(ρδ), ρδu

j
δ] dx dt.

(5.15)

Note that h(ρδ) is bounded and satisfies (2.5). Letting δ → 0 implies that

h(ρδ)→ h(ρ) in C(S1; Lq(T3)), ∀q ∈ (1,∞), (5.16)

∂t(h(ρ)) + div(h(ρ)u) + (h′(ρ)ρ− h(ρ)) div u = 0. (5.17)

Combining (4.21)-(4.28), Lemma 4.4 and (5.16), we pass to the limit in (5.15) to
obtain∫

Q
a(ργh(ρ)) dx dt =

∫
S1

(
∫

T3
aργdx)

(∫
T3
h(ρ)dx

)
dt+

∫
Q
RAi[h(ρ)] dx dt

+
∫

Q
(h(ρ)− ρh′(ρ)) div uAi[ρui]− f iAi[h(ρ)]ρ

+ uiQi,j [h(ρ), ρuj ] dx dt.

Multiplying both sides of (5.10) by Ai(h(ρ)) and using (5.17), we have∫
Q
aργh(ρ)) dx dt =

∫
S1

(
∫

T3
aργdx)

(∫
T3
h(ρ)dx

)
dt+

∫
Q
RAi[h(ρ)] dx dt

+
∫

Q
h(ρ)− ρh′(ρ)) div uAi[ρui]− f iAi[h(ρ)]ρ dx dt

+
∫

Q
uiQi,j [h(ρ), ρuj ] dx dt.

From the two equalities above, it follows that∫
Q
ργh(ρ)) dx dt =

∫
Q
ργh(ρ) dx dt− 2µ+ λ

a

∫
Q

(h(ρ)− ρ) div u dx dt. (5.18)

Note that h is nondecreasing and Hk is increasing about k. So, by (5.18) and (5.14),
it follows that

0 ≤
∫

Q
(ργh(ρ))− ργh(ρ) dx dt

≤
∫

Q
ργHk(ρ)− ργHk(ρ) dx dt

≤ −2µ+ λ

a

∫
Q
Hk(ρ)− ρ) div u dx dt

≤ Ck−ζ .
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Hence, for increasing k, we obtain∫
Q
ργh(ρ) dx dt =

∫
Q
ργh(ρ) dx dt,

which implies that the density ρδ → ρ strongly on Q.
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Dunod-Gauthier-Villars, 1969

[22] Lions, P.-L: Compacité des solutions des éequation de Navier-Stokes compressible isen-
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