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MOTION OF COMPRESSIBLE MAGNETIC FLUIDS IN T3

WEIPING YAN

ABSTRACT. This article shows the existence of weak time-periodic motion of
a three-dimensional system of compressible magnetic fluid driven by time-
dependent external forces in a torus T®. The model consists of the mass
conservation equation, the linear momentum equation, the angular momentum
equation, the Bloch-Torrey type equation and the magnetostatic equation.
This analysis is based on the Faedo-Galerkin method and weak compactness
techniques.

1. INTRODUCTION

Magnetic fluids (also called ferrofluids) have found a wide variety of applica-
tions: magnetic liquid seals, cooling and resonance damping for loudspeaker coils,
printing with magnetic inks, magnetic resonance imaging contrast enhancement,
magnetic separation, rotating shaft seals in vacuum chambers used in the semicon-
ductor industry, for more applications see [12] 23], 32]. Magnetic fluids are colloidal
suspensions of fine magnetic mono domain nanoparticles in nonconducting liquids.
A set of such system is a combination of the compressible Navier-Stokes equations,
and the angular momentum equation, the Bloch-Torrey equation and the magneto-
static equations, see [2} [24]. The Bloch-Torrey equation is proposed by Torrey [29]
as a generalization of the Bloch equations, which is the magnetization equation with
a diffusion term describing the situations when the diffusion of the spin magnetic
moment is not negligible. More precisely, we consider the following model:

the continuity equation,

Op + div(pu) = 0, (1.1)
the linear momentum equation
O(pu) +div(pu@u) — pAu— (A +p)V(divu) + V(P(p,M)) = R+ pf(t,z), (1.2)
the angular momentum equation

0 (pQ) +div(pu @ Q) — /' AQ — (N + 1) V(divQ) = S + pg(t, z), (1.3)
the Bloch-Torrey equation

. 1
OM +diviu®@ M) —cAM 4+ —(M — xoH) = Q x M + pl(t, z), (1.4)
T
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the magnetostatic equation
H=Vy, divH+M)=F, (1.5)

where (t,2) € R! x T3, p € RL denotes the density, u € R? denotes the fluid
velocity, M € R? denotes the magnetization, H € R3 denotes the magnetic field,

Q) € R3 denotes the angular velocity, F is a given function defined on R' x T3 with
f’]l‘S Fdx = 0, for all t € RY,

R = oM -VH - (V x (V x u—2Q), (1.6)
S = poM x H+2¢(V x u—2Q), (1.7)

the pressure P(p, M) obeys the state law [24]:
P(p,M) :Pe(p)+Pm(M) (18)

with the isentropic pressure P.(p) = ap”, a > 0 and the adiabatic exponent ~v > %
are constants, the magnetic pressure P, (M) = £2|M|?>. The parameters A, u,
N, w', xo, po, ¢ and T are positive and their physical meaning can be found in
[24). f(t,z), g(t,x) and 1(¢,z) denote the time periodic external forces with a
period w > 0. Moreover, the functions f(¢, z), g(t,«) and 1(¢, ) have bounded and
measurable components with no restriction on their amplitudes. The symbol ®
denotes the Kronecker tensor product.

In recent years, compressible magnetohydrodynamics (MHD) has attracted much
attention. Such a system (MHD) is a combination of the compressible Navier-Stokes
equations of fluid dynamics and Maxwell’s equations of electromagnetism. Duvaut
and Lions [7], Sermange and Temam [27] obtained some existence and long time
behavior results; Ducomet and Feireisl [6] proved existence of global in time weak
solutions to a multi-dimensional nonisentropic MHD system for gaseous stars cou-
pled with the Poisson equation with all the viscosity coefficients and the pressure
depend on temperature and density asymptotically, respectively. Hu and Wang
[13] studied the global variational weak solution to the three-dimensional full mag-
netohydrodynamic equations with large data by an approximation scheme and a
weak convergence method. In [I4], by using the Faedo-Galerkin method and the
vanishing viscosity method, they also studied the existence and large-time behav-
ior of global weak solutions for the three-dimensional equations of compressible
magnetohydrodynamic isentropic flows —. They [I5] showed that the con-
vergence of weak solutions of the compressible MHD system to a weak solution of
the viscous incompressible MHD system. Jiang, et all. [I6, [I7] obtained that the
convergence towards the strong solution of the ideal incompressible MHD system in
the whole space and periodic domain, respectively. But the study of magnetic fluids
differs from MHD that concerns itself with nonmagnetizable but electrically con-
ducting fluids. In fact, it is more complicated and can be treated as homogeneous
monophase fluid, see [24]. As the authors known, for compressible case without
external forces, only Amirat and Hamdache [T}, 2] obtained the existence of global
in time weak solution with finite energy to magnetic fluids equations —
under suitable the boundary conditions.

A natural question of the existence of time-periodic solution arises when the ex-
ternal forces are time-periodic. Feireisl [§] first studied three dimensional compress-
ible Navier-Stokes equations driven by a time-periodic external force. They imposed
so-called no-stick boundary condition. For the three dimensional flat boundary case,
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this condition means that the vorticity is perpendicular (see [8]). Using the Faedo-
Galerkin method and the vanishing viscosity method, they obtained the existence
of time-periodic weak solution for three dimensional compressible Navier-Stokes
equations. But the uniqueness is highly nontrivial and far from being solved. For
MHD driven by the time periodic external forces, Yan and Li [31] showed that such
system has the time periodic weak solution.

In what follows, we use the ideas and techniques in the books of Lions [20] and
Feireis] [10] to construct a time-periodic weak solution of the problem —.
The main difficulty is how to deal with the strong coupling of the hydrodynamic
motion and the magnetic field. Here, the density p(t) is a renormalized solution
of the continuity equation in domain D’(R!), which is introduced by DiPerna
and Lions [7], it says that if for any function b € C}(R*), there holds

9b(p)

5 div(b(p)u) + (V' (p)p — b(p)) divu = 0.

Assume that
ft+w,2) =1t 2), gltt+wr)=gltz), (t+wr)=1t2),

for a.e. z € T3, t € R, with some constant w > 0 (periodic). The corresponding
periodic solution of equations (1.1])-(1.5)) should satisfy

plt+w,x) =p(t,z), ult+wz)=u(tz), QUt+wz)=.0Q(1z),
M(t+w,z) = M(t,z), H(t+w,z)=H(, z),

for all t € R!, x € T3. We impose so-called no-stick boundary conditions to the
fluid velocity, the angular velocity, the magnetization field and the magnetic field:

u(t,z) v(z) =0, Qt,z) viz)=0, VtecR', zcaD,
M(t,x)-v(z) =0, H(t,z)-v(z)=0 VteR' zcaD,
(VxM)xv(z)=0 VteR zeob,

where v(x) denotes the outer normal vector.
Here, the domain we considered is a three dimensional torus T2, this no-stick

boundary conditions on the fluid velocity, the angular velocity, the magnetization
field and the magnetic field is equal to

u; = 0 on the opposite faces

{ZL’i :O,I'j e [O,ﬂ'],j #Z}U{"Ei =T,T; S [O,ﬂ'},j 752},
Q; =0 on the opposite faces

{l'i = O7Ij S [Oaﬂ-]uj # 7’} U {131 =T,Tj € [O)ﬂ-}uj # 7’}7
M; =0 on the opposite faces

{z; =0,2; € [0,7],j #i} U{a; =7, z; € 0,7],j # i}, (1.9)
oM, =0 fori#jon
8xi

{z;, =0,z; € [0,7],j #i} U{z; =m,x; € [0,7],j # i},
H; =0 on the opposite faces

{.’L‘i = vaj € [Oaﬂ-]?j 7é i}U{l‘i =T, T; € [0777]?j 7& ’L}
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The density satisfies the physical requirements:
p >0, / p(t)de =m >0, VteR!,
T3

for a given positive mass m.

The rest of this article is organized as follows: In section 2, the concept of
the finite energy weak time-periodic solution is introduced and the main result
of this paper is also given. In section 3, using the Faedo-Galerkin method, the
time periodic solution of corresponding approximation equations is obtained. By
employing compactness arguments developed by Lions, et all. [4] and Feireisl et all.
[8, [10] of compressible barotropic flows, we pass to the limit, in section 4 as € — 0
and then in section 5 as § — 0.

We denote C' as a generic constant, depending only on some bounds of the
physical data, which can take different values in different occurrences.

2. PRELIMINARY RESULTS

In this section, we introduce some notations and the main result. Because this
paper is devoted to finding the existence of weak time-periodic solution, it is con-
venient to consider the time ¢ belonging to the one dimensional sphere

teSt = [O,w]|[07w].
Moreover, we set
Q=S! x T3.

The time-periodic external forces f(¢, z), g(t,«) and 1(¢, ) are

f(t,z) = [f'(t,2), f2(t,2), £ (t,2)],

g(t,z) = [¢' (t,2), 8 (t, ), 6" (t, 2)],

1(t,z) = [I*(t, x), 13(t, x), P(t, 2)).

Let LP(T?) and WP4(T3) (1 < p < 00,1 < ¢ < o0) be the usual Lebesgue and

Sobolev spaces. C([0,w]; X! ..,) is the space of function u : [0,w] — X’ which are

continuous with respect to the weak topology, where X is a Banach space and X'
is the the dual space of X. We denote

M ={uecL*T?) :diva € L*(T?), V x u € (L*(T*))?, u-v(z) = 0 on ID},
the Hilbert space equipped with the scalar product:
(u,v) = / u- vdz —|—/ (div u)(div v)dz —|—/ (Vxu)(V xv)de
T3 T3 T3
and the associated norm. From [5], we know that if we also denote
M ={uecW"¥T?) :u-v(z) =0 on dD},

then || - ||x¢ and || - |lwr.2(rs) are two equivalent norms on the space M.

Now, we introduce the concept of finite energy weak solution (p,u, 2, M, H) to
the problem (L.I)-(L.8), which is taken from the strategy in [2, [8, (10} 20] as

(1) The non negative density function p and the momentum pu satisfy

p € L®°(SLLY(T?)) NLY(Q), ~>2,

pu € C(S"; LT Q).

'weak
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(2) The fluid velocity u, the angular velocity Q and the magnetization M satisfy
ue (L2(SHWHA(T?)))°, Qe (L3S WH(T?)))°,
pQ e C(SLLITL(Q), Me (LASH M)’ N (CSH L2, (T)))’ .

weak weak

Moreover, pu ® u is integrable on Q.
(3) The magnetic field H is so that H = V¢ where

¥ € L=(SHWH(T?)) NLA (S W22(T?)),
solving the problem

—AYp=divM — T, (2.1)

with [ ¥de =0 and
;i
833j
{xi = Oaxj € [O’WL J 7é Z} U {xl =T, T;€E [07,”}7 J 7& Z}

(4) For any (t,z) € Q and i = 1, 2, 3, there holds

=0 on the opposite faces

[ pltrda = m >0, p(t.¥i(@) = plt. ). (2:2)
u'(t,Yi(z)) = —ui(t,x), u'(t,YI(x)) =4 (t,x), j#i, (2.3)
Q(t,Yi(2)) = —Q(t,x), Q' YI(x))=Q(t,z), j#i, (2.4)
where Y; satisfies
Yilz1, .. @iy s3] = (21,0, =24y .., 23]

(5) The continuity system (1.1)-(1.3) is satisfied in the sense of renormalized
solutions; i.e., the equation

6'1767(;)) +div(b(p)u) + (V' (p)p — b(p)) divu =0 (2:5)

holds in D’'(R') and for any function b € C}(R™).
(6) The energy inequality

E(t)+C / Ey(s)ds < E(0) + C / (1+IF(3)]12 + 0 (s)|2)ds

t
+C/O (L + ()1 ) + I18()IE @) + () 1 ()5,

holds for almost everywhere t € S', where

_ 1 2 2 a 5y, Ho 2 2
B0 = [ (5P +108) + 57 + 5P + [HE) )da,
E;(t) :/ (| Vul? + @/ |VQP + (u+ N)| divul® + (¢ + )| div Q|?)dz
T3

2x0 + 1

+/ (B2 IMP + #o2X0 +1) = JIHP 4 0|V x MP)de
’]1‘3

—|—/ 2up0| div M2 + ¢V x u — 2Q|*dz,
T3

_ 1 2 2 a 5, Ko 2 2
B0) = [ (Good +98) + ) + M + HoP)) o
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The main result of this paper is stated as follows.
Theorem 2.1. Assume that f%, g%, 1" € L>°(Q) and satisfy
Fi(t.Yi(2)) = =f' (@), f(LY (@) = f(t2), j#i 6j=123
g'(tYi(@) = —g'(t.2), ¢'(t,Y(x) =g(t,2), j#i, i,j=123
and F € H'(S';1L2(T?)), [rs F( dx = O the pressure function P(p,M) = P.(p) +

P,,(M) with P.(p ) = apV and P = “°|M|2, where a, g > 0 and v >
Then, for a given m > 0, equatwn has a time-periodic weak solution

(p(t, ), (t,Q:),Q(t,x),M(t,z),H(t,x)) in the sense of (1)-(6) above.

N

The proof of this theorem will be carried on by means of a three-level approxi-
mation scheme based on a modified system under boundary conditions (1.9): the
continuity equation

Op + div(pu) = eAp — 2ep + M(/ pdzx), (2.6)
T3

the linear momentum equation

Or(pu) + div(pu’ @) — pAu’ — (1 + Ny, (div w) + 0y, P(p, M)

i . . (2.7)
= R —00,,p° — eVu'Vp — 2epu’ + pf?,
the angular momentum equation
Ot(pQY) + div(pQ' @ u) — W AQ — (N + )V (div Q) 28)
=85 —eVQ'Vp —2epQ* + pg*(t, x),
the Bloch-Torrey equation,
oM+ div(u®@ M) — cAM + — (M xoH) = Q x M + pl(t, z), (2.9)
the magnetostatic equation
H=Vy, divH+M)=F, (2.10)
where
R=poM-VH — (V x (V x u' —29), (2.11)
S = oM x H + 2¢(V x u — 207%), (2.12)
€,8 > 0 are small, 3 > 0 sufficiently large and M (t) € C*®(R?),
1, t € (—o0,0],
M(t) = { M'(t) <0, (0,m),
0, [m, 00).

In following sections, we will prove our main result by three steps. Note that
the continuity equation can be solved as done in [§]. Hence, this result is
taken from [§, Lemma 1]. At the first step, by using a modified Faedo-Galerkin
approximation and a standard fixed point theorem, a finite-dimensional system
is solved and the existence of periodic weak solution (in the sense of (1)-(6))
(P65 Un,e,5, Qne.5: My e, Hy e 5) is obtained, i.e., a fixed point of the correspond-
ing Poincaré map on a bounded invariant set is found. The rest steps are: let the
artificial viscosity terms and artificial pressure term represented by the e-quantities
and the d-quantity go to zero, respectively. To eliminate the e-quantities, we use
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the weak continuity of the effective viscous flux P(p) — (A + 2u) div u which used
by Lions [20] and Feireisl [8] [I0] to remove e-quantities. More specially, it is shown
that
(P(pn) — (A +2p) divag )b(pn) — (P(p) — (A + 2p) divu)b(p)

weakly as n — 0, where the over bar and (p,,u,) denote the corresponding weak
limit and a suitable sequence of approximate solutions, respectively. The process
of elimination of the d-quantity is similar with removing e-quantities, with only
difference that the loss of integrability of the density must be compensated for by

replacing the function p by 7[p] (defined in (4.38)) in
[ Poa) = O 20) divan)blpn) dedt — [ (PG] ~ (3-+ 20) div w)blp) s
Q Q

weakly as € — 0.

3. FAEDO-GALERKIN APPROXIMATION SCHEME
Let

X, = {w = [w',w? W’ s w! = Z ax[w]e™”, where ay,pq[w'] = —ax[w'],
[k|<n

ay; k] [w'] = ax[w'], j # i for all i = 172,3}7

Y = {Myu|My(z,t) = Z my,(t)¢r(x), n € N},
|k|<n

|k|<n

be the finite dimensional space with the L?, H} and H? Hilbert space structure,
respectively, where {4 () }ren is an orthonormal basis of H} (T?) and {Vk(z) }ken
be an orthonormal basis of H?(T?), the symbols a, hi, k € Z* denote the Fourier
coefficients.

We define an approximate solution (pn, un,,, M,, H,,) of the problem (2-6)-
by the following scheme:

The equation of p,:

Orpn + div(ppu,) = €Ap, — 2ep, + M(/ pnd), (3.1)
’]I‘3

with the initial data p,(0) satisfying
0 < p(0) < pu(0) < 5(0),  pu(0) € C(T?) NWHH(T?),  po(Yi(2)) = po(z), (3.2)

where 5(0) and p(0) are given constants.
The equation of u,:

4
dt

= / (pn(up ®uy) - Vw — pVu,, - Vw — (p+ X) divu, - divw) dz

Py, - Wdz
3

—|—/ (a pn)7 divw + 6(pn)ﬁ d1vw—|— |Mn\2d1vw —eVu, - Vp, - )dx
‘TS

+/ (—2eppuy - W+ oM, - VH,, - w +2¢(V x Q,,) - w) dz
T3
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4 [ 6T %) (V% W)+ puy - w) d, (3.3)
TS

with the initial conditions u,(0) € X,,.
The equation of £2,,:
d

@ - Q, - wd
dt fps PV

= / (pn(1, ® Q) - VW — (/'VQ,, - Vw — (¢ + X) div Q,, - divw) dz
T3
(3.4)
+/ (—2€pn Q2 - W —eVQ, - Vo, - W+ ug(M,, x Hy,) - w) dx
T3

+/ (26(V X 1 — 200) - W+ pugn - W) .,
']1‘3

with the initial conditions €,,(0) € X,,.
The equation of M,,:

1
WM, +div(u, @ M,,) —cAM,, + —(M,, — xoH,) = Qn X M, + pp1,(t, x), (3.5)
T

with the initial conditions M, (0) € Y,,.
The equation of H,,:
H,=Vvy,, dvH,+M,)=F,, (3.6)
with the initial conditions H,,(0) € Z,.
Moreover, for any fixed constant n, f,,gn,1, € C*(Q), f,, g, satisfies (2.3 and
I fallLe@ < I llue@, l9nllL=@ <19l  Malli=@ < ML) 37)
fL—f gt —g', 1, —1 strongly in L*(Q), i=1,2,3. ’

Now, we have the following result:

Proposition 3.1. Assume that 3 > 4. Then there exits a time periodic solution
(p,u,Q, M, H) of the problem

Op + div(pu) = eAp — 2ep + M(/ pdz), a.e. on Q, (3.8)
’]I‘S
=R-— 53%.,0[3 — eVu'Vp — 2epu’ + pft, i=1,2,3, in D'(Q), )
0t (p") + div(pQ' @ u) — W AQ" — (N + 1)V (div Q) (3.10)

=85 —eVQ'Vp —2pQ" + pg'(t,z), inD'(Q),
M + div(u ® M) — cAM + %(M ~ \oH) = Q x M + l(t, 2), in D'(Q),
(3.11)
H=Vy, div(H+M)=F, inD'(Q), (3.12)
where
R=poM-VH — (V x (V x u' —2Q),
S = oM x H + 2¢(V x u — 20%),
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function p > 0 belongs to the class corresponding to (3.46)-(3.47) and satisfies (2.2)

and

/ p(t)dx =m., VteS', 2em,=|T3|M(m,). (3.13)
T3

The fluid velocity and angular velocity u, Q € [L(SY; W12(T3)))? satisfies (2.3) and
(24) a.e. on Q. The Magnetization M € C(S'; L2 ., (T?)) N L2(S*; HY(T?)) and

weak
H = Vi, ¢ € L2(SYH?(T?)) N L (SYHY(T?)). The energy Es(t) € L°(St) such
that

En(t)+0/0 Epp(s)ds
< E(0)+c/0 (L4 [[E(s)[2 + [0.F(s)[%)ds (3.14)

t
+ C/O (L + () lIE~ (@) + 8(3)IFe gy + 1) 1< () )ds

holds on S*, where
1
B = [ (ot + 102 +
T3

B, (t):/ (V4 1 [V + (4 N)| div a2+ (1 + )| div 0 [2)da
T3

a
v—1

o+ B + HL %) ) da,

2x0 + 1
+/ (B2 + o2xo +1) = JEL 2 4 ooV x ML )
T3

+/ 2[1400'| CllVlV[n|2 + C|V X Up — 2Qn|2dxv
T3

1 a

£0) = [ (oot + 98+ — 13+ B20M? + [HoP) )
T3 vy — 1 2

where C' is independent of € and J.

The following lemma is taken from [§] which shows that the local solvability of
(3-1)-(3-2).

Lemma 3.2. Assume that the initial data p,(0) satisfies (3.2) and fix u, in the
space C([0,T),X,,). Then (3.1)-(3.2) has a unique solution p,(t) on the interval
(0,w) satisfying

(1) pn € C([0,T}; C(T?) NWE2(T?)) is a classical solution of (3.1)-(B.2).
(2) For anyt € [0,w],

0 < (t) < palt) < A1),
where

t
A(t) :ﬁ(O)exp(—et—/ | div [l (g ds),
0

t
p(t) = p(0) exp(—et + / | div uy || (r3)ds) 4 t.
0

This lemma tells us that there exists a locally Lipschitz continuous function
u,, — pn[u,] acting between the spaces C([0,7]; X,,) and C([0, T]; Wh2(T3)]).
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Before showing the solvability of (3.3])-(3.6)), we first derive the energy equation
and some a priori estimates. Let w = u,,(¢) in (3.3)). We obtain
d

dt

1 2 a v 6 ﬂ)
aFn n 4 a1 d

2
+/ (epn|“n\2 +p|Vu, 2 + (g + V)] divu? + ¢V x w, * + ﬁvlp%
T3 _
208 4
o gen)de (3.15)

ay -1 op 31
< | |fallunlpnd M([ pud Y d
f/w' [P x+/w </T3P o) (2 et ) da

+ / (%Mnﬁ divuy + oM, - VH,, - u, + 20(V x Q) - un>dx.
T3

Taking w = Q,,(t) in (3.4) yields

1
4 fpn|Qn|2d1:+/ || + 1 [V 2 + (1 4+ N)| div Q,|?)da
dt Jrs 2 o
+/ CIV x Q2 dx + 4¢|Q,|*dx (3.16)
T3

< / 8|0 lpn + o(M,, x H,,) - Q,, +20(V x Q) - Q. da.
T3
Multiplying (3.5) by M,,, integrating on T? and using the equation (3.6)), we have

th/ M, | d:c+/ —(IM,,[* + x0|Ha|?) + o(IVM,,|> + | div M, |*)da
(3.17)
T3 2 T

Multiplying (3.5) by H,,, and integrating on T?, we have

1
oM, -H,dx — o AM,, - H,dz + - M, -H,dx
T3 T3 T3
:/ (div(un ®oM,) -H,+(Q, xM,) -H, + —\Hn|2 + 1, Hn|pn)
T3
(3.18)
First using the relation V x H,, = 0, we have
div(u, ®M,,) -H,dx = — M,,-VH, -u,dz = / u,-VH, -M,dz. (3.19)
T3 T3 T3
Multiplying (3.6) by ., then differentiating, we obtain

M, - H,dx = ”7/ ||Hn||2dx7/ Oy Fippdz. (3.20)
T3 2dt

Multiplying the identity
V x(VxM,)=VdvM, - AM,,
by H,,, using the boundary condition (V x M) x v(x) = 0 and (3.6), we have

— | AM,, -H,dz = — |dian|2d:c+/ F,, div M, dz (3.21)
T3 T3 T3
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Substituting (3.19)-(3.21) into , we obtain

th/ |HL, | d:l:—!—a/ | div M, |*dx

=— OFy,, + oF, div M, dx — / u,-VH, -M, — (2, xM,,) -H,dx
T3 T3

- / %Hn\? —L,H,|ppdz.
T

(3.22)
Hence, summing up (3.15)), (3.16)), (3.17) and (3.22), we obtain the energy inequality

d
B0+ () < [ (Il + g2+ 1LI(M| + [Ho]))pdo
T

dt
+/ M(/ pndx)( “a pg—1+ﬂp§—1)d:c (3.23)
T3 T3 Y — 1 ﬁ —1

+C [ (14 BP + 0 P)da
T3

where

_ 1 2 J 2
Bu(®) = [, (5on(un +190P)+ —2pt 57 o+ SO + ) ) da,
(3.24)

Ey(t) = /T (VR ]* 4+ [V Q| + (1 + ) divun[* + (4 + )| div Q) de

2vo + 1
+ [ (L0, 2 PO D 2 o ML )
’]I‘S

2 2
+/ T o 290 5 4 g div ML+ (IV x u, — 20, d.
T Y — 1 ﬂ 1
(3.25)

In the following result, we show that if (u,, Q) is given, then there exists w-periodic

solution (M,,, H,,) for and (3.6)).

Lemma 3.3. Assume that the initial data (M, (0),H,,(0)) € Y,, X Z,, and fiz a
velocity field u,,Q, € C([0,T],X,). Then (3.5) and (3.6) have solutions

(M, (¢, @), Ha(t,2)) € C'([0,w]; Hy(T%)) x C'([0,w]; Hp(T*)) N CH([0, w]; H*(T?))

such that (M, (0,2),H,(0,2)) = (My(w,z),Hy(w,z)). Moreover, the operators
(un, ) — Mp(u,, Q) and (U, Q) — Hy(u,,Qn) map bounded sets from
C([0,T1,X,, x X,,) into bounded subsets of Y,, and Z,, and the solution operators
are continuous operators.

Proof. Multiplying (3.5) by Vh, integrating on T2, we have
1
(:M,,, Vh) — 0(AM,,, Vh) + —(M,,, Vh)
T N (3.26)
= (div(u, ® M,,), Vh) + (2, x M,,), Vh) + 7°(Hn, Vh) + (pngn, Vh).
Now using the relation V x (Vh) = 0, we obtain
(div(u, ® M,,), Vh) = (u,, - M, div(Vh)). (3.27)
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Multiplying (3.6]) by h,,, then differentiating, we obtain

(0;:M,,, Vh) = —di(Hn, Vh) — (8,F, Vh). (3.28)

Substituting ((3.27| into , we obtain

d 1
7 —(H,,Vh) — 0(AM,,, Vh) + ;(Mm Vh)

— (8/F, Vh) + (W, - My, div(Vh)) + (20 x M,.), Vh) (3.29)
+ X2(H,., Vh) + (pugn, V).

Multiplying by h,,, integrating on T* and using the equation (3.6), we have
da
dt
= (0 % My h) — ~(M,, — 0B h) + (ol ).

(M,,,h) — (1,, ® M,,, Vh) + 0(VM,,, Vh)
(3.30)

Take h(z) = ¢r(z) from an orthonormal basis of Y,, and Z, in (3.29)-(3.30)),
respectively. Note that M, (¢,z) € Y,, and H,,(¢,z) € Z,,. We can write

M, (z,) = Y my(t)er(z), Hpl(z,t)= Y hi(t)Ver(z)
|k|<n [k|<n

where the coefficients my(t) and hy(¢) are required to solve the coupled ordinary
differential equations

dmk + 3 Al (my+ Y A2 (0hy = BL(®t), k| <n, (3.31)
|k|<n |k|<n
dhk 4 _ R2
+ ) AT (Ohe+ Y A} (my = Bi(t), |k <n, (3.32)
|k|<n |k|<n

where
1
Al (1) = —(un ® U5, Voor) + 0(Ve;, Vo) — (X 05, 01) + ;(%‘7 k),
A2 = 22 (Ve 0)), ALt = 22 (Vep,, Vipr),

1 .
A (t) = 0(Ag;, Vior) — ;(@j, Vr) + (- @5, div Vr) + (2, X 05, Vr),

By (t) = (Inpns er),  Bi(t) = (lnpn, Vor)-

) =
Following [26], for given initial data M, (0) € Y,, and H,(0) € Z,, the system
(3-31)-(3-32) has a unique solution (mk,hk) € CY((0,7);Y,) x C*((0,T); Z,) for
some T < w. Multiplying both sides 3.32) by my, and hy, summing over k,
integrating by parts, we have

1d 1
sap(IM I+ I P) - ZING (X0 + 22 [ELa |1 + | VM,

- —%(Mn -divu,, M,,) — %(men) — (0¢F ., 0y) + (I, div M)

- (un . Mru an) —+ (Qn X Mna Hn) + (pnlna Mn + Hn)
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Note that by the Young inequality and divH,, = F,, — divM,,

—%(Mn ~divu,, M,) < %II div w, ||| M. )12, (3.34)
21
XY (B ) = (OiF tn) < A2 F |2+ 0 F 2 + X fpal2, (3.35)
T 21 Xo T
2
o(F,, divM,) < %Hdiann? + Z|Fa 2, (3.36)
g
2
(0, M, VH,) < 2l div M [P+ 27 + > PIMGP (3.37)
4
(2 Mo, Hy) < 22 H, |12 + o (LY (3.38)

X0 1 2
T Xo

Using the Poincaré inequality and H,, = V),,,
VM, [z (r2) = ClIMy|[r2(r2), (3.40)
M| = V¢l = Cl[¢n]- (3.41)
From ((3.33)-(3.41), we derive

%(Ill\/ln(t)ll2 +HIHLO)?) + C (o, 7, x0) (M ]|* + [[HL [|?)

2
< C(7, x0)([Fnll® + 10 Fnll?) + (% +27) || pu |1 |12

Thus, for t € [0,T], we obtain
ML ()11 + [ H ()]

< (M, (0) [ + [[FL, (0)[[2)e = (omo)? (3.42)

t
—Cuv(t—s 2
+/0 e v )(C(T7><o)(HFnII2+||5tFn||2)+(%+2T)Ilpn||2||ln||2)d8-

This implies that for ¢ € [0, 7],
ML ()12 + | HA (2)]?
< (M, (0) ]| + |[H, (0)[|?)e~Clomx0)t

v —Cv(t—s 2
+/0 e )(C(TaXO)Hanz+(%+2T)“pn”2”1n”2)d8'

Since {¢x(2)}ken and {Vy(z)}ren are orthonormal bases of H(T?) and H?(T?),

respectively, we have |hy(t)|? = ||H,(¢)||* and |my(t)|?> = |[M,(¢)||?, from which

we conclude that T = w.

Define the ball Bg of radius R and the map Il : B — Bp such that
I1((M,,(0), Hy,(0))) = (M (w), Hp (w)),

where the radius R satisfies

Jo e (O (r, x0) (IFnll® + 10:Fa?) + (& + 2T)II/Jn||2||1n||2)d8) 1/2
1— e—C(o’,T,Xo)w :

R (

By the same process as in [26], we can prove that the map II is continuous. Hence,
it has a fixed point. Moreover, from (3.42)), we know that the solution opera-
tors (w,, Q,) — M, (u,,Q,) and (u,,Q,) — H,(u,,Q,) maps bounded sets in
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C(]0,T],X,,) into bounded subsets of the set Y,, and Z,. Then, as done in [I4],
the solution operators (u,,,) — M,(u,,,) and (u,,Q,) — H,(a,,Q,) are
continuous. This completes the proof. O

The following result shows the local solvability of problem (3.3)) and (3.4). The
proof is inspired by the work of [2] [8] [10].

Lemma 3.4. For initial (u,(0),2,(0)) € X, xX,,, system (3.3)-(3.4) has a unique
solution (u,(t,z), Q. (¢, z)) in C([0,w]; X, x X,).

Proof. Define a family of linear self-adjoint operators

Filpn] : X = X0, (Filpn]un, w) = /3 Py, - WA,
T

Folpn) : X = X5, (Falpn)Qn,w) = / P, - wdz.
’H‘S

By (3.2]), we can get that those operators are invertible and the inverse operators
F onl, Fy Hpn) € L(X,X,,) are well defined and locally Lipschitz continuous on

the set {p,, > @}. Furthermore, problem (3.3)-(3.4) can rewritten as the integral
equations

0(0) = 77 o O)(F o010 (0) + [ Galpn, 2 Mo HJ()ds). - (343

Qut) = 75 1pu D) (Falpn(0))02,(0) + / Gl 2 My, HLJ(9)ds), - (3.44)

where

(Gl [pvuuna Qn, M, Hn],W)

= / (pn(u, @uy,) - VW — uVu,, - Vw — (p+ A) divu, - divw) dz
T3
+ / (a(pn)7 divw + 8(p,)? divw + %|Mn\2 divw — eVu, - Vp, W) dx
T3
—I—/ (—2€eppuy - W+ poM,, - VH,, - w + 2¢(V x Q) - w) dz
T3

+ / (=C(V X W) - (V X W) + pufn - W) d,
']I‘S

and

(G2 [Pm u,, 2,, M, Hn}v W)
= / (pn(u, ® Q) - VW — (/'VQ, - Vw — (' + N)divQ,, - divw) dz
TB
+ / (—2€p Q2 - W — eVQ, - Vo, - W+ uo(M,, x Hy,) - w) dx
T3

+/ (2¢(V x Qp — 2Q) - W + ppgp - W) dx.
T3

By Lemmas we know that the nonlinear term
Gy WH(T*H x X,, x X, x Yy, x Zy, = X5, 5 =1,2
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are locally Lipschitz. This together with the properties of p,[u,], M, (u,,Q2,),

H,(u,,Q,), Fi '[pn] and F, ' [p,] implies that integral equations (3.43)-(3.44) pos-
sess unique solutions (u,, 2,) € C([0,T);X,, x X,,) by the Banach fixed point the-
orem, for sufficiently small T". Then, by Lemma and , we know that p,,
u,, Qn, M,, and H,, are bounded in [0,T). Hence, (u,,$2,) can be prolonged up
to T = w, which implies that the solution (p,, un,2,, M,, H,) is global. O

Define a bounded convex set

L = { o s 0 Mo Bl s0 o0y < By o = B, |

pndr < my,
’]I‘S

1 E 1 Ey
5 /TS lu,[*de < Ry’ 5/1[*3 |2, [*dz < Ry’ M, [lv 2 (13)ne(rsy < Ra,

a §
HHn”Wl’?(W)mC(’]I‘?)) < Rs, /JI‘3 ﬁp"’ + ﬁpﬁdm < El},

a map Py from [C(T?) NWH2(T3)] x X,, x X,, x Y, X Zj, to itself, and
P1([py un, Oy My, Hy ) = [pn, 700, 700, 7M,, rHL ],
with
r =1(pn, Upn, A, M,,, H,,)
Ei+e—(fpu 525907 + 270 dx)

= min {1,
{ (%fT3(/’n|un| + Q| + po(IMp|? + [H,[?

1/2

Then, by the properties of p,, u,, ,, M,, and H,, obtained in Lemmas [3.2
we get that the continuous map P; : I' = D, C I" and P1|DE1—5 = Id, where

Dg, = {[pnvun7QnaanHn””pn”WLQ(T?’)ﬂC(T?’) < Ry, pn = Ra, /

pndr < my,
’]I‘S

M, [[wr2(3ynecrsy < R, [Hyllwizrsynersy < Rs, E(t) < E1}

and

Dg, .= {[pnvunaQnaMnaHn]|||pn”W1>20C(T3) < Ry, pn 2 Ro, /

pndr < my,
’]TS

M, [[wr2ncrsy < Rs, [|[Hpllwzrsyncers) < Rz, E(t) < By — €}~

Moreover, the map Ps is continuous and compact, P2 o P; maps Dg, into Dg, ..
Then, using Banach fixed theorem and Lemmas|3.2 we summarize the existence
of periodic solution for system (3.1))-(3.6] as follows.

Lemma 3.5. Assume that ¢, § and B are given positive parameters. Then, for
any fized n, systems — have time-periodic solutions p,, u,, ,, M, and
H,,. Moreover, p, € C*(S';C*(T?)) is a classical solution of on S, and there
exists Ry depending on n such that

pn > Ra(n) >0, / pn(t)dr = me, with |T3|M(m.) = 2em..
T3
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The energy inequality

En(t)JrC/O E, ¢(s)ds
< E(O)+C/O (1+ [F(s)|| + [|0F(s)[?)ds (3.45)

t
+ C/O L+ £(9)F = (q) + 8)F < (q) + 1(5)[F~ (gy))ds
holds on S*, where
1
Balt) = [ (5o +92) + g+ BIML P + [HL ) ) do
T3 2 ’j/— 1 2
Epg(t) :/ (1l Vun? + 1 [V P+ (i V)] divun|? + (0 + X)) div Q,[*)dz
T3
2 1
b [ o+ O g o] M P
T3 T T
—|—/ 2up0| div M, |* 4+ ¢|V x u,, — 2Q,,*dz
’]1‘3

1 a
BO) = [ (Gooud+99)+ 0 + 52 (Mo + [HOP)) o
T3 Y — 1 2
Moreover, there exits a constant E1 depending on 0, € such that
En[pny Up, Qn; Mn> Hn}(o) < k.

In what follows, passing to the limit as n — oo in the sequence of approximation
solution {pn,u,, 2, M,,H,} is the main target, which is treated similarly to [2,
8, [@, 10, 20]. The following result is directly from the energy inequality and
some properties about the LP-theory of parabolic equations.

Lemma 3.6. Assume that > 4. Then (pn, Uy, L, M,,, Hy,), the approzimation
solutions constructed above, satisfy the following estimates:

[onllLestiLocrsyy < €, anllLz@imyrsy) < € 1QnllLestm sy < C

o/ unlls sy < C o ?I9nllie @ ime sy < C
M [|loesriz(rsy) < €5 M lLz@imy < C,
HHTL||L°°(81;]LZ(T3)) < C, ||Hn||L2(S1;M) < (.

Furthermore, for 1 <p <2, 11 > 2,13 >f and ¢ = 88 it follows that

1613’
e/ onl? + |V pu 2 d dt < C, /\vpnrl Flpnl dzdt < C (3.46)
Q Q
[ 1000 )+ 18 oyt < C. (3.47)

where C' is a constant independent of n.

To obtain the weak solution of the approximation equations (3.1))-(3.6)), the first
step is necessary to pass to the limit, as n — o0, in the sequence of approximate
solutions (pn, up,2,, M,,, H,,) constructed Lemma We use the Lions-Aubin
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lemma (see [21), as done in [2, 9], and obtain some convergence results about p,,
u,, and €,:

pl —p', pP = pP, strongly in L™ (Q) for a certain r3 > 1, (3.48)
Vp, VU, — VpVu', weakly in L™ (Q) for a certain r3 > 1,
Vo VQ, — VpVQ, weakly in L™ (Q) for a certain r3 > 1,
pnl — pu', strongly in L*(S'; W—12(T?)),
Q2 — pQF, strongly in L2(SY; W—12(T?)),
pptul — pu'v?,  p,ul Q) — pu'Q?) in D'(Q),
where i, = 1,2, 3.

Now we pass to the limit, as n — 00, in the sequence of the approximate solutions

(M,,,H,,) of approximation equations (3.5)-(3.6)). By the energy inequality (3.23]),
it is easy to see that

M, — M  weakly* in L>=°(S*; L?(T?)) and in L*(S*; M) weak,
Y — ¢ weakly® in L2(SY; HY(T?)) and in L?(S'; H?(T?)) weak,
H, - H weakly* in L>°(S!; L?(T?)) and in L2(S'; M) weak.

Due to the Sobolev imbedding H!(T?) < L(T3), Q,, € L2(S'; H*(T?)) and M,, €
L>°(SY; 1L23(T3)), we deduce that

Q, x M,, € L2(SY; L32(T?)). (3.49)
Consider the orthogonal projections:
A, [LA(TH? - Z,, YT,=1Id—A,.
It follows from and that
0t(A,M,,) are bounded in [L*(S*; W~12(T?))]3. (3.50)
Then, by the Lions-Aubin lemma, for —1 < ¢ < 0, we know
A, (M,) are precompact in [L*(S'; W~92(T3)))3.

Again by the energy inequality and the fact that L%('Hﬁ) is compactly
embedded in W~%2(T?), we have
M, eX, VteS!,
where Y is a compact subset of W~%2(T3). This means that
[T (M) [lw-a2(rsy — 0 as n — oo. (3.51)

Combining (3.50) and , for —1 < ¢ < 0, implies that

M, — M, strongly in [L?(S'; W~22(T?))]>.
Furthermore, by and the above convergence of M,,, we obtain

H, — H, strongly in [L?(S*; W~%2(T%))?,

Yy — 1, strongly in [L2(S*; W2~ 12(T3)))3.

Summing up above convergence results of (p,, un, Q,, M, H,), we can pass to the
limit as m — oo in equations ([3.1)-(3.6) to obtain our main results in this section.
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4. PASSING TO THE LIMIT AS € — 0

This section is devoted to letting ¢ — 0 in the system —. The method
is inspired by [2, [8 [20]. We denote by (pe.s, Ue s, Qe.5, Mc s, He 5) the weak peri-
odic solution constructed in Proposition and A~! stands for the inverse of the
Laplacian on the space of spatially periodic functions with zero mean. Consider
the operators

Ai[u] = A7 Hopu], i=1,2,3.
We have )
0y, Ailu] = u — ] o udz,
with the standard elliptic regularity results:

([ A; [u] [ (p2y < C(s,T?)||u

L= (T3) 1 <s< oo,

[V
Wl =

1
[ A;[u]|[La(rsy < C(s,q, T?) ), g finite, provided — >

[ A [u][|lLoo 2y < C(s,T°)

This is the main results in this section.

3) if s > 3.

Proposition 4.1. Assume that > 5. Then there exists a time-periodic solution
(p,u, Q, M, H) of the problem in D'(Q),

Op + div(pu) =0, (4.2)
Oy (pu?) + div(pu' ® u) — pAu’
= (A + )0z, (divu) — 05, P(p) (4.3)

+60,,0" = R+ pfi(t,x),

B (pY) + div(pQ' @ u) — W AQ" — (N + )V (div Q) = S+ pg'(t,z),  (4.4)
oM+ diviu®@ M) — cAM + — (M xoH) = Q x M + pl(¢, z), (4.5)
H = Vi, d1v(H +M) = (4.6)

where i = 1,2,3,
R = pioM - VH — ¢V x (V x u® —2Q),
S = oM x H + 2¢(V x u — 20%),
F.=(2u+ M) divu, + %‘MQF —ap) —6p?,
F. — F weakly in L% (Q).
Moreover, p, u and ) satisfy —, and
p € LX(SLLA(T?) NLAYHQ), u e L*(SHWH(T?)),
M € L>°(SY; L3(T3)) N L3(SH; M),
H=vVy, cL>®SHHY(T?)NLASYH?(T?)).

Equation (4.2) holds in the sense of renormalized solutions and for any continuous
sublinear function h on R, then it holds

/ h(p)divudzdt = 0. (4.7)
Q
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The energy Eslp,u,Q, M, H] satisfies

d
SEs(0) + CEag(t) < L+ [FOI? + |0FO)])
(4.8)
+(1+ [ ollllul + lgll2f-+ M),
in D'(SY), where

By (t) = / IVl 4+ 1 [VQP2 4 (ot A divaf + (F + V)| div Q) de
T3
20 + 1
N / (Lo 4 oD 2 4 ofw M)
T3

+ /3 2p00 | div M2 4 |V x u — 2Q*dz.
T
Lemma 4.2. Let p >0, u, 2, M and H satisfy
p € C(SHLY(T), ellceiwirsy) <m, e [L2(SHWH(T?))),
Q€ [L2(SH WH2(T3)]3,  u and Q satisfy and (2.4),
M € L>°(S'; L3(T?)) N L3(S M),
H=Vy, cL®SHHY(T?)NLASYH?(T?)).
Then there holds
IEsOllee < OO+ [ Pl de )

where C' is a constant depending on p, v, ||fllL=@), [|9llLe@) and ||l|L=q), P
denotes a convex function such that P(p(t)) = 545 p7(t) for v > g,

1
Bit) = [ (Goto® +92)+ P(o(t) + 52 (MP + JHP))do € L1 (8")
satisfying the energy inequality

S0+ OBy(1) < C(1+ IR + |0 FO)]?) o
9

+C(1+ /TS p(f[ul + |gl|€2f + [1][M])dz)
and

Boy() = [ (VP + o [VRP + (o )| dival + (o + X)] div O )ds
T3
2x0 +1

s [ o 2O ol oM P
T T T

+/ 2up0| div M|? + ¢V x u — 2Q*dx.
T3

Proof. Integrating ([4.9) over S', we have
/ Esg(t)dx dt < C/ L+ F(s)[1* + [[0:F (s)]*)dt
st Jrs st

+o(1+ /S /TS(\f||u| + Ll -+ M) pd dt )
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By the Poincaré inequality, the standard Sobolev embedding theorem and the def-
inition of Esy(t),

/Sl(HuHIzLﬁ(w) + ||Q||H%G(T3) + HMHHQﬂ(TS) + ||H|\i2(T3))dt
< O+ [plleesisrs sy /Sl(||u||L6(T3) + | lus (rs))dt

Hlpllerazn) [ (IMluoes) + [Bllae)d)

which implies

/ (allsrsy + [120[Espsy + IMI[E2(psy + [HIIE2(pa))dt
st ) (4.10)

< C(1+ oo sy )
It follows from the Hoélder inequality and (4.10]) that

[ o0 + 90 + S(MOP + [H(OF) dode
Q

<llplletiLsrz(rsy) /Sl(||u||ﬂ%6(T3) + ||QHJ%6(T3))dt

(4.11)

Ho
5 Sl(||1\/I||12L2(1r3) + | H172 ps )t

2
< C<1 + ||p||C(Sl;L6/5(T3))) (1 + ||p||C(Sl;L3/2(’1T3)))'
By (4.9), we have
IEsOllcn < C(1+ [ plluf +108) + [MP + [HP + P(p)dsdr).  (4.12)
Q
Then, by (4.11)-(4.12) and the interpolation
pllsracroys Iollorscasy < N0l lollE: oo
for v > g, we can complete the proof. (I

Lemma 4.3. Assume that 3 > 4. Then

[ Mot [ Tamacendts [ 190 scont,
st St St

LMt [ Byt 10128 o
[ Eslpe, ue, e, Me, Helc(s1)
are bounded independently of € > 0.
Proof. Integrating the energy inequality over S', we deduce

/Sl [allfyre oy + Q0.2 (rs) + MGy oy + B[, oy di

< 0(1 + /Q(|u| + 19| + M| + [H|)p dx dt).
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It follows from the Sobolev embedding theorem that
/sl Hu||§v1=2(w) + ||QH%2>VL2(T3) + HMH\S%VL?(T?) + HHHWZVLZ(Ts)dt

< C(1+llpllerworscry )

which implies

/ T C—" / TN ER—"
st st

/ Y AER—" / VL 200l
St St

are bounded independently of € > 0.

21

(4.13)

Multiplying the continuity equation (3.8)) by p and integrating by parts, we

obtain
E/Sl ||pHQ2fVl,2(T3)dt § C(l + \/Sl ||u||W12(’H‘3)“P||i4(11-3)dt)

The estimate of || p||€;+11((@) is similar with [8]. Let b be an convex function. For

convenience, we take b(x) = xlogx. Multiplying the continuity equation (3.8)) by

b (pe) and integrating by parts, we have

2em,
000 = bp0)) div -+ 2608 () = S (o) e < 0,
Q

which leads to

/ pe(divu,) dz dt < eC,
Q

where C' depends on |Q| and m.
Denote R; ; = (%MA_lawj. Note that

/ ap?t £ 5pPt 4 %pE|ME|2dx dt
Q

= /Q %(apz +6p2) + N+ 2u)pe(divuy) dedt + I, + I + I + Iy,

where A;[p] are a test functions of (3.9) and

I = /@ peui Ail2ep. — eAp] du db,
I - /@ w (p R lpewd] — pwi R [pd]) do dt,
I = /Q (VpeTu, + 2epe, — fip ) Ailpd] der di,
L= /@ soM, - VH, - Ailp] de dt,

Is = / —CV x (V x ue — 2Q.) A;[pe] dz dt.
Q

By the Hélder inequality, (4.1]) and (3.7]), we obtain the following estimates:

1/2 1/2
2] < eClplle s /S ulogrydt) ( /S Ml amdt)

(4.14)

(4.15)

(4.16)
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121 < Cloler ooy ( [ IlBocrydt). (417)

1/2 1/2
11 < Clpllerascen ([ Wallacedt) ([ Nl et

(4.18)
+C [ Npllsconyt
Sl
|I4| = / /L()].\/.[6 . VHE . Al[pg]dl'
Q
< piol[Me - VHe|[L1 51,0372 (13)) | Ai[pe] [l (51,13 (13)) (4.19)

< pol|pellos stiLs (12)) [MellL2 (1,00 [ He L2 s1,m)
< Ol pellree (115 (13)),

|I5| = C/(V X ue) - (V x Ai[pe])dz — 2{/(V x Q) - A;[pe]dx
Q Q
< (|IV x Ue||L2(Sl;L2(T3))HV X Ai[pe]||L2(S1;L2(’JI‘3))
+ 2CIV X Qelluz(sr2 () [ AilpellLz st 2 (19)) (4.20)
< Clluelluz(srm (roy) [ Ai[pel [lm s1i2 (13))
+ C[|Qell2(s1m (12)) [|Ai [pe] L2 (8112 (1))
< Ol pelluos(stiLecrsy) (e lluzsme (rsy) + 19QellL2 (51501 (13)))-
Thus, by (4.13)-(4.20) and the estimate about [, ||u||§v1,2(T3), Jst ”M”%MJ(W) and
Jor IE[[31.2(gsy, we have
4
/ ap 4 5pP %pemeﬁ dz dt < 0(1 + ||p||Lx(SI;M(T3))) .
Q
This combining with Lemma implies
/Sl prugg_jl((@)dt < 07 HE(S[peaueaQGaMeaHe]HC(Sl) < Oa
where C' is independent of e. ([

In fact, from Lemma using the standard Sobolev compact embedding and
the Arzela-Ascoli theorem, we can obtain the following convergence results about
(pes e, Qe, M, H,) as € — 0.

pe— p in C(Sl§Lgeak(T3))v (4.21)

ul —»u, Q- Q) weakly in L*(S'; WH(T?)), i = 1,2,3, (4.22)
M, — M, weakly* in L>°(S'; L?(T*)) N L*(S*; M), (4.23)

Ve — b weakly* in L°(SY; HY(T?)) N L2(S'; H?(T?)), (4.24)

H. — H, weakly* in L>=(S%L*(T?)) nL*(S'; M), (4.25)

peul — pu',  p QL — pQ' weakly in LQ(Sl;L% (T?)), (4.26)

peul — pu’,  pQL — pQ*',  weakly in C(Sl;]LfV;r;k(T‘g)), i=1,2,3, (4.27)
peuin! — pu'n?,  weakly in Lz(Sl;L%(T?’)) i,7=1,2,3, (4.28)
pui ¥ — puiQd,  weakly in LA(S; L% (T%)) 4,5 =1,2,3. (4.29)
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Letting € — 0, we obtain the time periodic solution (ps,us, s, My, Hs) of these
equations in D’(Q),

Op + div(pu) = 0, (4.30)
O (pu') + div(pu’ @ u) — pAu’ + pd,, (diva) — 9,,F = R+ f'p, (4.31)
Or(pQY) + div(pQ’ @ u) — W AQ — (N 4+ p)V(divQ) = S + pg'(t,z),  (4.32)
oM + div(u®@ M) — cAM + l(M —xoH) = Q x M + pl(t, z), (4.33)

T
H=vVy, div(H+M)=F,inD(Q), (4.34)

where i = 1,2, 3,
R = oM - VH — ¢V x (V x u’ — 2Q),
S = oM x H + 2¢(V x u — 20%),
F. = (24N diva. + 52 Mof? — ap? — dp?,

= B41
F.— F weakly in L7 (Q).

Now, our attention turns to proving the strong convergence of p by means of
the classical Minty trick. This follows the idea of Lions[22] , Feireisl et al.[8] and
Amirat et al.[2]. Define the bilinear operator

Q@j [’LL, U] = URZ‘J [1}] — URi,j [U] (435)

According to the work of Coifman et al [3], the bilinear operator Q; ; is weakly
continuous. Applying the discrete Fourier transform to (4.35), for k # 0 and
ag = 0, we have

(ki —ni)(kj —n;) — nin;

ax[Qi j[u, v]] = Z ( — )ak_n[u]an[v}.

lk —nf? n|?
nezs/{o}

Moreover, if we take u,v € L?(T3) such that u, — u and v, — v weakly in L(T?),
the operator Q; ; has the property

Q; jluc,ve] — Qi j[u,v], in D'(T?). (4.36)
Following the idea of Lions[22], letting € — 0, using (4.14)-(4.20), we obtain

e—0

lim sup/ ap’ + %|M|2 + 6pP 1 da dt
Q

| (4.37)
< /Q %(am +0p8) + (0 Q; j[p, pu’]) + pf* Ailp] + RA;[p] d dt.

Moreover, by (3.13)), we have

lim me = lim pedxr = lim pdx = m.
e—0 e—0 T3 e—0 T3

Lemma 4.4. Assume that p. and poul satisfy (4.21)-(4.28). Then
Qi jlpe, peul] — Qijlp, pu’],  weakly in LP(T%), vt eS',

where 1 < p < % and i,j7 = 1,2,3. Moreover, if we take 8 > 5, then

Qi ilpe, peul] — Q, jlp, pul],  strongly in W—12(T?), vt e S
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Proof. Denote the cut-off function

Ti[x] = min{|z|, k}sign(z)
Then

(4.38)

1\7

13
| Talpew?] — pewtd [ < kP51 sup [|peul || ”*;

1Tk lpeui] —

7/
LA+ (T3)
26

| B+

petd e < KPR bupllpeujl 25
s

T’
where p1 = 8/(6 — 1) and Tz [pcul] denotes a weak limit of 7;[p.uf]. Note that
Qi jlpe: peul] = Qi jlp, pew’] = Qi jlpe, Tilpenl]] — Qi jlp, T¢ [peul]]

+ Qijlpe, peu! = Tilpeul]] + Qijlpe, T [pw’] — pu’]
Hence, for a sufficiently large k, by virtue of (4.36]), we can obtain the result. This
completes the proof.

Multiplying both sides of by

O
A;[p], we obtain
[ i dear = [ a5+ 0+ 2o
¢ T (4.39)
+u'Q; o, pu’] + pfi Ailp] + RA;[p] da dt
where we use

/(uiQi,j[pvpuj])dmdtZ/uin‘j[ﬂ pu’] da dt
Q Q
By (4.37) and (4.39)), we have

lim sup

h /QapZH + 0pP  da dt < /@p(ap'* +8pP) — (A + 2u)p(div u) dz dt

which implies the strong convergence of p by means of the classical Minty trick
Next, we will follow [7] and [8] to prove that p and u are a renormalized time-
periodic solution of ([4.30). Let 0 = k®0(kx) be the regularizing kernels with
6 € C(T?) and Jps 0da =1, for k > 0. Then pj, = 0},  p is a regular solution of
Orpr + div(pru) = div(pgu) — 0y * (div(pu)) on Q.
Note that p,divu € L?(Q). Using [4, Lemma 2.3], we obtain that

div(pgu) — O * (div(pu)) — 0, as k — oo.
Multiplying (4.40]) by ' (px) and passing to the limit, we obtain

9b(p)

S div(b(p)u) + (0 (p)p

(4.40)

—b(p))divu=0.
Furthermore, taking b'(px) = pi log pr and integrating above equation over Q, we
obtain

/ p(divu) dz dt = 0.
Q

This shows that p and u are a renormalized time-periodic solution of -
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5. PASSING TO THE LIMIT AS ¢ — 0

In this section, our target is to pass to the limit as 6 — 0 in (4.2)-(4.6). This
process of proof is similar to the proof of passing to the limit as € — 0. Firstly, we
need to show that

| Es(ps, us, Qs, Ms, Hs]l|csty,  [usllLzsywreersyy, 119D llezstwrz sy

IMs ey, [Hs oz, / a4 6pP du de
Q

are bounded independently of §, for some 9 > 0.
Multiplying both side of (£.2)) by ¥p?~1, for some ¥ > 0, we obtain

dp” + div(p”u) 4+ (0 — 1)p? divu = 0, in D'(Q). (5.1)

As in [§], we take ¥ = 1/5 and a test function A;[p”] of (£.3). Then by (£.1)), (£.7)
and ., we obtain

/ ap TV 4+ 5P 4 %p|M|2 dz dt
Q

—/Sl(/wap”+5p5)/Txpﬁdxdt—k/QRAi[pﬁ]dxdt (5.2)
+(1-9) /Q p’ (divu)A;[pa’] — f'Ai[p"]p + 0’ Q; j[p, po’] da dt.
The following estimates are taken from [§]. For v > 9/5,
A [pw]llas /7 sy < Cllpllo o [allw 2 zs), (5-3)
=) [ ") g} o] < OO+ [l L5t (5:0)

| / FAl"pdedi| < C, (5.5)

| / W' Qo] dad] < O+ [ ulnaen it (59)

The rest is to estimate f@ RA;[p%] dz dt. Integrating the energy inequality (4.8)
over S! and by (2.2)), we obtain

/SI(HUHWL?(T:’) + Qw2 sy + [[Mllwr2(rs) + [[Hlwr2(1s)) dx dt
<C(1+ /Sl IvPllLe ey (ullueers) + 192]lLe ) + [IM[Ls(rs)) da di),
which implies

/Sl(”u”le?(W) + 1w 2er2) + (M2 (rey + [Hlw2(rs)) dadt

<O+ llpllesLarzsy)-
By Holder’s inequality, the above inequality and (4.1]), for s > 3/4, we have

(5.7)

| /@ RA") dwdt] < C(1+ [pllo@ er)- (5.8)
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By Holder’s inequality and the standard Sobolev theorem, for 7 > 2, it follows from

(p-2)-(p.8) that
/ ap™™*? + 67 dedt < C(1+ |Ipllesprrey)
Q

Furthermore, using the method of estimating , the boundness independent of §
of the values ||E5[p5, s, 95, M57 H5] ||]Loo(§1), Hu5||]L2(S1;W1’2(T3))7 HQ&HLZ(SI;WIJ(TS)),
[M]|L2(st;a(13)) and ||Hs ||z (st aq(r3)) can be obtained.

Letting § — 0 in —, we obtain the time periodic solution (p, u, 2, M, H)
of the equations in D'(Q),

Op + div(pu) = 0, (5.9)
0y (pu®) + div(pu' @ u) — pAu’ + pd,, (divu) — 9, F = R+ pf(t, ), (5.10)
Ot (P +div(pQ @ u) — W AQ  — (N + 1 )V(divQ) = S + pg'(t,x),  (5.11)
oM +diviu® M) - cAM + l(1\/[ —xoH) = Q x M + pl(t, z), (5.12)

T
H=vVy, div(H+M)=F, (5.13)

where 1 = 1,2, 3,

R = pioM - VH — ¢V x (V x u’ — 2Q),
S = oM x H + 2¢(V x u — 20%),
F.=(2u+ M) diva, + %|M6|2 —ap) —6p7?,

F = (2u+\)diva+ %MF — 20,

F.—F weaklyin L5 (Q).

Furthermore, using the same process of deducing that p is a renormalized solution
of the continuous equation (5.9)), for sublinear continuous function h, it holds

/ h(p)divudzdt = 0.
Q

To prove our main result, Theorem [2.1] it remains to show the density ps — p
strongly on Q. We introduce a uniformly bounded smooth function h(x) € C(R)
with h(0) = 0 and uniformly bounded h'(x) and a sequence of functions Hy =
h(z) — Zr,(z — h(x)), where Zy(x) € C®(R") is bounded nondecreasing function
with 0 < Zj(z) <z, Zp(z) =z on [0, k] and Zy41(z) > Zi(z).

According to the definition of Hy, it is easy to check that

/|Hk(p5)—p5|2dmdt§k*</ lps|" T dxdt, C=~y+19—-2>0.  (5.14)
Q Q
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Multiplying both side (4.3) by h(ps) and using (2.5) and (4.7]), we obtain

‘[;apgh<p5>4—6p?h<p5>dzcﬁ

:/Sl(/w apgmpf)/w h(p(;)dxdtJr/QRAi[h(pa)]dxdt

(5.15)
+ / (h(ps) — psh'(ps))(div us) A [psus] — f* As[h(ps)]ps dz dt
Q
+/ ' Qi j[h(ps), psu)| du dt.
Q
Note that h(ps) is bounded and satisfies (2.5)). Letting § — 0 implies that
h(ps) — h(p) in C(SHLY(T?)), Vg e (1,00), (5.16)
9¢(h(p)) + div(h(p)u) + (h'(p)p — h(p)) divu = 0. (5.17)
Combining (|4.21] -7 Lemma and ( , we pass to the limit in (5.15) to

obtain

/Qa(mh(p))dxdt—/Sl(/Tgadex)</T3h(p)dx>dt+/RA[ (p)] dxdt

+/ (h(p) — ph'(p)) div uA;[pu'] — f* A;[h(p)]p
Q
+u‘Q, j[h(p), pu’] dx dt.

Multiplying both sides of (| - 5.10) by A;(h(p)) and using (5.17), we have

/Qa/ﬂh(M)dxdt—/l /Tsa;ﬂdx </]1‘3 dtJr/RA[()]d:cdt

+ [ FG— EaA ] Ao

+ [ w0, ). pul et
Q
From the two equalities above, it follows that
/ pYh(p)) dxdt = / P7h(p) dx dt —
Q Q

Note that h is nondecreasing and Hy, is increasing about k. So, by (5.18)) and (5.14]),
it follows that

2u+)\/(wfp)divudxdt. (5.18)
a Jo

osﬂgmh@»—ﬁWWMMﬁ

s/mm@—ﬁm@ma

<_ 2’” /H p) div udz dt

< Ck~ <.
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Hence, for increasing k, we obtain

/p’Yh(p) dmdt:/ﬁh(p) dzx dt,
Q Q

which implies that the density ps — p strongly on Q.
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