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COEFFICIENTS OF SINGULARITIES FOR A SIMPLY
SUPPORTED PLATE PROBLEMS IN PLANE SECTORS

BOUBAKEUR MEROUANI, RAZIKA BOUFENOUCHE

ABSTRACT. This article represents the solution to a plate problem in a plane
sector that is simple supported, as a series. By using appropriate Green’s
functions, we establish a biorthogonality relation between the terms of the
series, which allows us to calculate the coefficients.

1. INTRODUCTION

Let S be the truncated plane sector of angle w < 27, and radius p (p is positive
and fixed) defined by:

S ={(rcosf,rsinf) cR* 0<r<p 0<6<w} (1.1)
and ¥ the circular boundary part
¥ = {(pcosh, psinf) € R?,0 < 0 < w}. (1.2)

We are interested in the study of a function wu, belonging to the Sobolev space
H?(S), and being the solution of

A’ =0, inS

1.3
u=Mu=0, forf=0,w, (13)

where the operator M represents the bending moment and is defined as
Mu = vAu+ (1 — v)(03un? + 20%uniny + Oaun3). (1.4)

Here v is a real number (0 < v < 1/2) called Poisson coefficient and n = (n1,n2) is
the unit outward normal vector to I'g and T'; (See Figure [1)).

The boundary conditions v = 0 and Mu = 0, for § = 0, § = w mean that the
plate is simply supported.

This type of boundary conditions arises in problems of linear or non linear vi-
brations of thin imperfect plates. See for example [2, pages 5,6] and the references
therein.
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Sector Plate Simply Supported

FIGURE 1.

We show that the solutions u of this problems can be written as a series of the
form
u(r,0) = Z caT“da(0). (1.5)
acE
Here E stands for the set of solutions of the equation in a complex variable «:
sin?(a — 1)w =sin?w, Rea >1 (1.6)
For further studies of the set FE, see for example Blum and Rannacher [I], and
Grisvard [4].

We will compute the coefficients ¢, in . This sort of calculations have already
been done by Tcha-Kondor [5] for the Dirichlet’s boundary conditions, and by
Chikouche-Aibeche [3] for the Neumann’s boundary conditions. These authors have
established, thanks to the Green’s formula, a relation of biorthorgonality between
any two functions ¢, which allows them to calculate the coeflicients ¢,. We follow
the same approach. Thus we need to write the appropriate Green formula for the
domain S. Using this formula, we establish a relation of biorthorgonality between
the functions ¢g,.

In the case of a crack domain (w = 27) this relation reduces to the simple one
obtained by Tcha-Kondor. This enables us, in this particular situation, to find an
explicit formula for the coefficients cg.

2. SEPARATION OF VARIABLES

Replacing u by r*¢4 () in problem (1.3]) leads us to the boundary value problem

D (0) + (202 — 4o+ )P (0) + (o — 2)2¢a (0) = 0, (2.1)
qﬁ((f)(ﬁ) + o + (1 —v)a]pa(0) =0, =0, O=w (2.2)

¢a(0) =0, 0=0, O0=w (2.3)
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A relation similar to the orthogonality obtained for the biharmonic operator is
given, in the following theorem.

Theorem 2.1. Let ¢ and ¢g be solutions of (2.1) with a and § solutions of (1.6]).
Then, for a # 3, one has

(a+0) + (3: v) — 204(/),;]%
a—f3

viae+B)+ (3 —-v)—28
a—0

[Qbou(b,@] = Aw [(a2 - 2a)¢a e
(2.4)

+[(B° - 2B)8s — )60 d = 0.

Proof. We use the Green formula

/(vAzu —ulA%v)dr = / [(uNv + @Mv) — (vNu+ @Mu)] do, (2.5)
g r on on
where

0Au

Nu = ~on +(1- l/)((?funlng — 8122u(n% - n%) + 3§un1n2),
n

and T is the boundary of S. For two functions u,v which are solutions of (1.3)),
using the Green’s formula we obtain

ou Ov
/2 [(uNv+ %MU) — (vNu + %Mu)do] =0 (2.6)
On %, for the function uy, = 7*¢,, we have
Oug  Oug o
Tn T oor O e
Mu, = rO‘_Q{[aQ — (1 —v)a]ga + u¢g}7 (2.7)

Nug =r*7*{ = a*(a = 2)¢a + [(v — 2)a+ (3 = )]0 }.

The results follow from the application of formula (2.6 to the biharmonic functions
Ug = 7% and ug = rﬁ%, and by using relations ([2.7]). (]

Remark 2.2. The relation between the functions ¢, and ¢z is similar to the
relation of biorthorgonality obtained when the functions ¢, and ¢g satisfying
with the Dirichlet boundary conditions ¢, = ¢, = ¢g = ¢} = 0 for § = 0 and
0 = w. In this latter case, the relation is given by

| bustsin = [ otiosa0 (2.8)
0 0
which is obtained by a double integration by parts:

| ondtiae = [ 626500+ [0 03l5 ~ 6k 051 (29)

and using the Dirichlet’s boundary conditions.
The following corollary is an immediate consequence of remark

Corollary 2.3. Let ¢ and ¢g be solutions of (2.1) with o and § solutions of
(2.6). Suppose in addition that

b, 516 — [0, 9816 =0, (2.10)
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and o # 3, then
(60, B3] = / ([0 — 20)00 + 61155 + (B — 25)85 + F)da} dO =0 (2.11)

Remark 2.4. For u, = r%¢p, we have

_ E% — a2 2 _ "
Aug 5 =7 [(a® —2a) s + orn]. (2.12)

Let P be the operator P = A — %% From the corollary and Remark
we deduce the following result.

Corollary 2.5. Under the hypotheses of corollary[2.3, if a # B, we have

/(Pua Uz + uq - Pug)do = 0. (2.13)
)

3. FORMULA FOR THE COEFFICIENTS IN THE CRACK CASE

The crack case (w = 27) is an important one, among singular domains, in the
applications. Moreover in this case the solutions of (2.6]) are explicitly known and
we have

k
E:{E,keN,k>2}

and these roots are of multiplicity 2.
In this framework we assume that the solution u admits the representation

u= Z(caua +dovy), E= {E, keN, k> 2},
ack 2 (3.1)

o =1¢a(0),  va =rPa(0)
the solutions ¢, and %, in terms of €, are the odd functions:
b (6) = sin(o — 2)6), (3.2)
Yo (0) = sinad.

and since a = k/2, we obtain

$a(0) = da(w) = Ya(0) = tha(w) =0 (3.4)
and thus

[Gas 9516 = [0 #6160 =0, [tha,¥ple = [¥0 ¥sl5 =0,
(G0, Up]6 = [P, Ysl5 =0

From here comes the idea of decomposing the solution u of (1.3) into two parts
as follows:
U = wi + wa,

w; = Z (Caltq + davy), i=1,2, (3.5)
acE;

E,={2m,m>1}, E;={2m+1, 2m > 1}.
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Calculation of cg and dg. From the expressions of ¢, 1, one easily sees that:

if a € Ey, then ¢,(0) = ¢}, (w) and ¥, (0) = ¢, (w),
if v € By, then ¢/,(0) = —¢!,(w) and ¢/, (0) = —¢/,(w).

Equations (3.4) and (3.6) allow us to apply corollary to functions u, and ug
(resp. uq,vs and vq,vg3) and get the relations:

/(Pw,; ug +w; - Pug)do = 2cp /(uB - Pug)do + dﬂ/(P’U[;.Ug + vg - Pug)do,

/(Pwi -vg + w; - Pug)do = cﬁ/

(3.6)

(PUg -vg +ug - Pl}g)d(f + Qdﬁ/(P’Ug . ’Uﬂ)dd.

7 7 (3.7)
By direct calculations we obtain
/(PU5 -vg +ug - PUg)dO’ =0,
/(uﬁ - Pug)do = (8 — 2)wp® ™! (3.8)
/(Pvg.vg)do = —fuwp?~1
and from this we get our main the result.
Theorem 3.1. Let u be a the solution of (1.3|) written in the form
u = wi + ws (3.9)
where
wi =Y (Calla + dava),i = 1,2 (3.10)

ackE;
Suppose that the series that gives w; is uniformly convergent in S. Then for any
a € FE;, 1=1,2 we have

p1—2a
Co = m /J(Pwl “Ug + w; - Pug)do
e (3.11)
dy, = p / (Pu; - vo + w; - Pvy)do
20w Jsy

Remark 3.2. Let ¢ € H3/2(X) N H}(X) be the trace of u on ¥ and x € H~/2(%)
the trace of Pu on X.

If u is regular in order that ¢ € H(]0,2x[) and x € H?(]0, 27[), then we have a
uniform convergence of the series in S, for all py < p, see [5].

3.1. Independence of the coefficients.
Proposition 3.3. The coefficients cg (resp dg) are independent of p.

Proof. Let us prove that the derivative of cg with respect to p is zero. Observing
the expression of cg in Theorem we just have to prove that the derivative, with
respect to p, of
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vanishes. By derivation with respect to r we have

/ “ o _ 0%w; 10w+ o
B = /0 {E(Awi)ﬂ Pop+ [(2 - B)Aw; —2 5 + (8% - 2);W]rl iy
Ot s - "
+ Sl — BT (87 25+ 6} an
(3.13)
On X, we have

1 82wi 1 83wi
g (Awe) = =Nwit (1= 0)[550" = 5 5,52 )
and

82wi
(2 - ﬁ)A’U)l -2 87"2

. 2,
—BMw; + [2 — (1—11)5][18“’1 1 07w,

r or | r2 062 ) (3.14)
Using these formulas in the expression of 723 we obtain

!

s

- / (BMw;ir' =P + Nwir* P ¢g)do
0

w 1O OBu; B (3.15)
+ [ = =By + G — (1= )0} a0
v 82wi 2 1" —-1-8
[ iz = 0008 - 1) 55000 — Buil(9* — 2005 + ]},
0
By a double integration by parts, we verify that

w 82 : w
ng%de: /0 wigsdo (3.16)
« 83wz « 8wi ’

Using ([3.15)—(3.17)) in the expression of 'yg and putting the p' =24, we obtain

/

Vs = —pl_Qﬁ/w(ﬁMwirﬁ_l(bg + Nwirﬁqbg)pd@
0

“ ",.8— dw;
#0720 [T = (1= 000+ et 2 G o (318)

4017 [ =525 - 2o+ (-2 - 005 + (3 - )b Swipdd.
0
Taking into account of ([2.7), whose expressions appear explicitly in 72,, we obtain

’yé; = plfzﬁ/ 7[(u5Nwi + aﬂMwl) — (Ul'NUg + %MUQ)} do=0. (3.19)
5 on on

We follow the same analysis to prove the independence of dg with respect to p. O
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3.2. Convergence of the series. We first write ¢, and d, in the form

ca =Lip™®, do=Jip™ @ (3.20)
with
P —27/,.2 1
I = o——— | (Pwiga +w; —20)¢q do,
s | (Pusda + wip?l(0? ~ 20060 + )
B (3.21)
1= g [ (Pt + w210 = 20000 + 0o
The solution u of (|1.3) is then written as
U = Wi + Wy (322)
r r ,
wi= S [(5) i + (D) Jitba], i=1,2 (3.23)
ack; P P
and we have the following result.
Theorem 3.4. The series (3.23) converges uniformly in S,, for all py < p.
Proof. Set
w
Hio = [ (Puga +uip ?((0? ~ 20)0 + 6]}
0 (3.24)

:/ Pui¢ad9+(a2—2a)p_2/ ui¢ad9+p_2/ u;i g df
0 0 0

We show that H; o is 1/a times by bounded term, for « large enough. According

to (3.17)), we have

w w
/ w;dldf = / u) ¢ dl (3.25)
0 0
Replacing ¢, by its expression and integrating by parts we obtain
w 1 — w
) podfd = — [7 / u)” cos(a — Q)Bdﬁ} (3.26)
/o al(a=2)Jo
On the other hand, by a triple integration by parts, we have
@ 1 a? @
2 "
—2 ibadd = — | o | ~ 2)6df| 3.27
(a a)/o U d ooy /0 uy’ cos(a — 2) (3.27)
Also, integrating by parts, we obtain
@ 2 Ju, 17 —a 0 2 0%u;
Ay, — 224 d@:—[i't“’—A»ff i 720d0]
/0 (Au; r or )a al(a—2) m 0(89( i) r@r@H)COS(a )
(3.28)
Then, we deduce the existence of a constant Cy such that:
C
|Hial < = (3.29)
@

Using this last inequality and the fact that ¢, is bounded as well as the term
1/(2w(a — 2)) for large o we deduce the existence of a constant C' such that

c
1Y car®al < S E(f)“ (3.30)
acFE; a€FE; p

which converges uniformly in S,, for pg < p. Convergence of > wen,; daTa 18
proved by the same way. (I
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