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EXISTENCE OF PIECEWISE CONTINUOUS MILD SOLUTIONS
FOR IMPULSIVE FUNCTIONAL DIFFERENTIAL EQUATIONS
WITH ITERATED DEVIATING ARGUMENTS

PRADEEP KUMAR, DWIJENDRA N. PANDEY, DHIRENDRA BAHUGUNA

ABSTRACT. The objective of this article is to prove the existence of piecewise
continuous mild solutions to impulsive functional differential equation with
iterated deviating arguments in a Banach space. The results are obtained by
using the theory of analytic semigroups and fixed point theorems.

1. INTRODUCTION

In the theory of differential equations with deviating arguments, we study dif-
ferential equations involving variables (arguments) as well as unknown functions
and its derivative; generally speaking, under different values of the variables (ar-
guments). It is very important and significant branch of nonlinear analysis with
numerous applications to physics, mechanics, control theory, biology, ecology, eco-
nomics, theory of nuclear reactors, engineering, natural sciences, and many other
areas of science and technology. A comprehensive coverage can be found in the book
by El'sgol’ts and Norkin [7]. For more details on recent works in this direction, we
refer to [8, [0, 10, 1) M2] and the references cited therein.

Impulsive effects are common phenomena due to short-term perturbations whose
duration is negligible in comparison with the total duration of the original process.
The governing equations of such phenomena may be modelled as impulsive differ-
ential equations. In recent years, there has been a growing interest in the study
of impulsive differential equations as these equations approach the simulation pro-
cesses in the control theory, physics, chemistry, population dynamics, biotechnology,
economics and so on. The investigation of existence and uniqueness of mild solu-
tions for impulsive differential equations have been discussed by many authors (see
[4, 6], 19, B Bl 23] 17, [16] 24 26, [13], 14 25, [T, 2] and references cited therein).

However, due to theoretical and practical difficulties, the study of impulsive
differential equations with deviating arguments has been developed rather slowly.
Recently, the study of impulsive differential equations with deviating arguments
has studied by some authors. Guobing et al. [20] established the existence solution
of periodic boundary value problems for a class of impulsive neutral differential
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equations with multi-deviation arguments. Jankowski [14] discussed the existence of
solutions for second-order impulsive differential equations with deviating arguments
(see also [16] [24] [13] 25| [T 2] and the references cited therein).

Liu [I5] studied the existence of mild solutions of the following impulsive evolu-
tion equation by using semigroup theory

u'(t) = Au(t) + f(t,u(t)), 0<t<Ty, t#t,
Au(ty) = Lu(t)) =ut) —ut]), i=1,2,...,0<t; <tg<---<Tp, (L1
u(0) = uyg,
where A is the infinitesimal generator of a Cy-semigroup, u(t;"), u(t; ) represent the
right and left hand limits respectively at ¢ = t;, I;’s are some operators and f is a
suitable function.

Chang et al. [4] investigated the existence of mild solutions for the following
impulsive problem

d
) = Pt @) € Afut)+ [ (e uts)as]

(1.2)

+ Gt u(ha(t))), te€l0,a], t#tx,
Auli—y, = I(u(ty)), k=1,...,m, (1.3)
u(0) + g(u) = uo, (1.4)

where A is the infinitesimal generator of a compact analytic resolvent operator
R(t), t > 0 in a Banach space H, ug € H, 0 = tg < t1 < ...ty < tmy1 = @,
Auliy, = u(tl) — u(ty), u(t]), u(ty) represent the right and left hand limits
respectively at t = t. h; : [0,a] — [0,al], i = 1,2, f(¢), ¢t € [0,a] is a bounded linear
operator, and F, G, g are suitable functions.

With strong motivation from the above work, in this article, we consider the fol-
lowing impulsive functional differential equations with iterated deviating arguments
in a Banach space (H, || - ||):

u(t) + Au(t) = f(t,u(t), ulwit, u(t)]), tel=10,To], t#tx,
Auli—y, = Ir(u(ty)), k=1,2,...,m, (1.5)
u(0) = o,

dt

where
wi (t,u(t)) = hy (tu(ha(t, ... ulhm(tu(t)))...)))

and —A is the infinitesimal generator of an analytic semigroup of bounded linear
operators, {S(¢),t > 0} on H. Functions f and h; are suitably defined and satisfying
certain conditions to be stated later. 0 = tp < t; < -+ < t, < tpy1 = To,
I, € C(H,H)(k=1,2,...,m), are bounded functions and Auls—, = u(t])—u(t;),
u(t,,) and u(t]) represent the left and right limits of u(t) at t = ¢, respectively.

The paper is organized as follows. In Section 2, we provide some basic definitions,
notation, lemmas and proposition which are used throughout the paper. In Sections
3 and 4, we prove the existence and uniqueness results concerning the piecewise
continuous mild solutions. In the last section, we give an example to demonstrate
the application of the main results.
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2. PRELIMINARIES AND ASSUMPTIONS

In this section, we will introduce some basic definitions, notation, lemmas and
proposition which are used throughout this paper.

It is assumed that —A generates an analytic semigroup of bounded operators,
denoted by S(t), t > 0. It is known that there exist constants M>1land w>0
such that

S| < Me®t, t>0.
If necessary, we may assume without loss of generality that ||S(¢)| is uniformly
bounded by M; ie., ||S®#)|| < M for t > 0, and that 0 € p(—A); ie., —A is
invertible. In this case, it is possible to define the fractional power A¢ for 0 < o < 1

as closed linear operator with domain D(A%*) C H. Furthermore, D(A®) is dense
in H and the expression

[2]la = [[A%]],

defines a norm on D(A®). Henceforth, we denote the space D(A%) by H, endowed
with the norm || - ||o. Also, for each o > 0, we define H_,, = (H,)*, the dual space
of Hy, is a ||z]|—q = ||A~*x]||. For more details, we refer to the book by Pazy [18].

Lemma 2.1 ([I8, pp. 72,74,195-196]). Suppose that —A is the infinitesimal genera-
tor of an analytic semigroup S(t), t > 0 with ||S(t)|]| < M fort >0 and 0 € p(—A).
Then we have the following:

(i) Hy is a Banach space for 0 < a < 1;
(ii) For any 0 < § < « implies D(A®) C D(A%), the embedding H, — Hj is
continuous;
(iii) The operator A*S(t) is bounded for every t >0 and

[[A“S ()| < Cqt™ .
(iv) For a <0, A% is bounded.
We define the space
X = PC(H,) = {u [0, To] = Ha i w € C(th ths], Ha), k= 0,1,....m,
u(ty,),u(t) exist and u(t;) = u(tk)},
is a Banach space endowed with the supremum norm
[ullpe = sup [u()a-

We shall use the following conditions on f and h; in its arguments:
(H1) Let W C Dom(f) be an open subset of Ry x H, X H,_1, where 0 < o < 1.

For each (t,u,v) € W, there is a neighborhood V; C W of (¢, u,v), such
that the nonlinear map f: Ry x H, x H,_1 — H satisfies the condition

£t 0) = fs,un o)l < Lp{ft = s1™ + Ju = wnlla + [l = villa—r}

for all (t,u,v), (s,u1,v1) € V1, where Ly = L¢(t,u,v,Vi) >0and 0 < 6; <
1 are constants.

(H2) Let Up, C Dom(h;) be open subsets of Ry x Hy_1, where 0 < o < 1. For
each (t,u) € Up,, there is a neighborhood V},, C Uy, of (¢,u), such that
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hi(0,-) = 0 for each i = 1,2,...,m, h; : Ry x Ho—1 — Ry satisfies the

condition

|hi(t,u) — hi(s,0)] < Ly, {llu — v]la—1 + [t — 5|"} (2.1)
for all (t,u),(s,v) € Vi,, Lp, = Lp,(t,u,Vs,) > 0 and 0 < 6 < 1 are
constants.

(H3) The functions Iy : H, — H, are continuous and there exists T such that
HIk( )”Oé <Tp, k=1,2,...,m

(H4) There exist continuous nondecreasing dy : Ry — Ry such that ||Ix(u) —
(W) |le < di|lu— v, k=1,2,...,m

New concept of solutions. Here, we prove a new concept of solutions [23] [15]
for the problem

u'(t) + Au(t) = r(t), tel0,To], t#ty,
u(0) = uo (2.2)
ulte) = I(u(ty)), k=1,2....m,

where r € H. Let
V'(t) + Av(t) = r(t), te0,Tyl,
v(0) = v,
and
w'(t) + Aw(t) =0, te[0,Tp], t # tg,
w(0) =0, (2.4)
w(ty) = Ip(u(ty)), k=1,2,....m
be the decomposition of u(.) = v(.) + w(.), where v is the continuous mild solution
of (2.3) and w is the piecewise continuous mild solution of (2.4)).

By a mild solution for (2.3), we mean a continuous function v : [0,7y] — H
satisfying the integral equation

v(t) = S(t)vo +/O S(t —s)r(s)ds, te][0,Tp). (2.5)

and by a piecewise continuous mild solution for (2.4]), we mean a function w €
PC(]0,Tp], D(A)) satistying the integral equation equivalent to the system (2.4)
(23] see Eq. (3.4)])

~ Jo Aw(s)d te[0,t],
d t t1,t
wity — 4 () f w(s)ds, € (1], 6
Y Lu(t))) = Jo Aw(s)ds, ¢ € (b, trgl,
k=1,2,....m
The above equation can be expressed as
k t
w(t) =Y xi(t)L(w(t;)) —/ Aw(s)ds, (2.7)
i=1 0

for t € [0, Tp], where

0, fort e |0,t],
Yilt) = [0,t1] (2.8)
1, forte [tk,tk+1].
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Taking Laplace transform of (2.7)), we obtain
k

et Aw(p)
w(p) = I — ——,
n=2= .
this gives
k
p) =Y e "P(pl+ AL, (2.9)
=1

We also note that (pI + A)~' = [ e P S(t)dt. Thus we can obtain the mild
solution for (2.4)),

sz S(t — )L (w(t;). (2.10)
Hence, the mild solution for the problem (12.2) is
t
u(t) u0+2x7 S(t—t;)I;i(u (tl_))+/ S(t — s)r(s)ds. (2.11)
0
We can rewrite equation (2.11)) as
S(tyuo + [ S( t—s)()ds te[0,t],
u(t) = S(t)uog + S(t —t1) I1 +f0 (t — s)r(s)ds, t € (t1,t2],
S(tyuo + 35, S(t — +fo (t —s)r(s)ds, t€ (tr,tesl,
k=1,2,...,m

(2.12)

3. LOCAL EXISTENCE OF MILD SOLUTIONS

In this section, we prove the existence and uniqueness results concerning piece-
wise continuous-mild solutions for system (|1.5). For 0 < o < 1, we define

X1 ={uveX:|ult)—uls)|a-1 <Lt —s|,Vt,s € (tg, tk+1], k= 0,1,...,m},

which is needful for proving contraction principle (See [8,19]). Where L is a suitable
positive constant to be specified later.

Definition 3.1. A function u : [0, 7] — H solution of the problem (L.5)),

S(tyuo + fy S(t— s)f(s,u(s), u(wi(s, u(s)))ds, t € [0,1],
S(t)uo + S(t —t1) 1 (u(ty))
+ fy S(t = 8)f(s,u(s), u(wi (s, u(s))))ds, t € (t1,ta),

u(t) =3 (31)
S(t)ug + Zf 1 S(t—t)L;(u(t;))
+f0 (t —s)f(s,u(s),u(wi(s,u(s))))ds, t € (tr, thr],
k=1,2,....m

is said to be a piecewise continuous-mild solution.
For a fixed R > 0, we define
W= {ueXnNX;:u(0)=u,|uv—uolpc <R}
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Clearly, W is a closed and bounded subset of X; and is a Banach space. We define
amap G: W — W by

S(tyuo + [3 S(t— s)f(s,uls), ulwi (s, u(s))ds, te[0,t],

S(t)uo + S(t — mh(u(tl )
1

+f0 (t—8)f(s,u(s),u(wi(s,u(s))))ds, t € (t1,12],

(Gu)(t) = (3.2)
S(tuo + SF S — ) Lu(t)))
+ [ S(t— ) f(s,uls), u(wi (s, u(s))))ds, t € (thy trsr),
k=1,2,....m

Theorem 3.2. Let 0 < o < 1, ug € H, and the assumptions (H1)-(H4) hold.
Then problem (1.5) has a mild solution provided that

Ti=e k R
C,N=° M T, < —, 3.3
1—04+ ; - 2 (3.3)
Ty ® "
Coli(2+L L MY d; <1, 3.4
FQ+L L)+ ; < (34)

where N and Ly, are positive constants to be specified later.

Proof. Clearly, G : X — X. We begin with showing that Gu € X; for each u € X;.
Let u € Xy, then for each 71,72 € [0,t1], 71 < 72 and 0 < o < 1, we have

[(Gu)(72) = (Gu)(T1)[la—1
< |[[S(72) = S(1)]uolla-1

[T 1A 80— 9) = St = s ), ulwn (s ul))lds (39)
b [ = )] ). s s ) s

Since f(t,u(t),u(ws(u(t),t))) is continuous, by assumptions (H1), (H2), there
exists a constant NV, such that
1f (8 u(®), u(wi (8, u(®))| < N, we X, tel0,Tp. (3.6)
For the first term on the right-hand side of (3.5)), we have

T2

A7 [S(m2) — S(m1)]uol S/ [A*71S" (s)uo || ds

T1

_ / " 14%S()uo | ds (3.7)

1

< Mjuglla(r2 — 71)-
For the second term on the right-hand side of (3.5)), we have
T2—T1
1(S(r2 = 8) = S(1 = 8))[la—1 < / 1A' (1) S (1 — 5)||dI
0

-/ T iswacse —syja B8
0

< MCy(r2 —11) (11 —8)7¢
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Then using (3.8]), we obtain the following bound for the second term on the right-
hand side of (3.5)),

/Tl 1(S(r2 — ) = S(r1 — ) A*TH|[| f (s, uls), u(wi (s, u(s))))||ds
0 (3.9)

l—o

T,
< NMC,-Y
11—«

The third term on the right-hand side of (3.5) is estimated as

(1o — 71).

/T2 1S (72 = ) AT H[ f (s, u(s), u(wi (s, u(s))))llds < AT MN(r2 —1). (3.10)

T1

Thus from inequalities (3.7)), (3.9) and (3.10]), we see that
11—«
0

1(Gu)(72) = (Gu) (1) a1 < M{[[ug|la + N Ca f_ S

+ N[ A Y (o — 7). (3.11)

For 71,79 € (t1,t2], 1 < 72 and 0 < o < 1, we have
[(Gu)(72) — (Gu)(T1)lla-1
<[S(r2 = S(r)Juolla—1 + [A*7H[S(r2 — t1) = S(m1 — t2)[ L1 (u(ty))|

M /OTI 1A (S (2 = 5) = S(m1 = s)][| 1 f (5, u(s), u(wi(s,u(s))|ds - (3-12)

* /72 1A®=ES(ra = $)[[1£ (s, u(s), uwi (s, u(s)))) [ ds.

1

The second term on the right-hand side of (3.12)) is estimated as
1A S (r2 = 1) = S(71 = t) T (ulty)]

< /72 A8 (1= ) I (ulty )|l
" (3.13)
:/ JA*S(1 = t1) I (u(t])|dI

1

< M| (uty)a(r2 = 71).
Thus, from inequalities (3.7)), (3.9), (3.10) and (3.13]), we obtain
[(Gu)(72) = (Gu)(T1) la—1

Tl-a (3.14)
< 0 a—1 _ .
< M{JJuolla + T3 + NCagle + N[ A (2 = )
Similarly, for 7,70 € (tk,tkt1], 1 < 72, k=1,2,...,m and 0 < « < 1, we have
[(Gu)(72) — (Gu)(T1) la—1
k 11—«
T (3.15)
< 3 0 a—1 _ .
< M{Jluola + 2 Tek NCa] 4 N 12 =)
Thus, for each 71,7 € [0,Tp], 71 < 72 and 0 < a < 1, we have
[(Gu)(72) — (Gu)(T1)[la—1 < L(12 — 71), (3.16)
where
m Tl—a
L = max{M|lug|la, M > T,»,NMc%‘)_ia, NM| A=}

i=1
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Therefore, G is piecewise Lipschitz continuous on [0,Tp] and so G : X; — X.
Next we will show that G : W — W. Let v € X N X, then for each ¢ € [0, 1],

1(Gu)(t) = uolla < [(S(t) = I)A%uo|

+/ 1St = s)A%[[I[f (5, uls), u(wi(s, u(s))))||ds
0
Tl «

< (S(t) = DA%l + CaN T

Similarly, let uw € X N X7, then for each ¢ € (tg, tg11],k=1,...,m,
[(Gu)(t) — uolla

< [I(S(8) = D) A%uo| +/ 1S = ) A%/ f (s, uls), u(wi (s, u(s))))|ds

k
+ Z |AS(t = t:) T (u(t;))||

< 86) ~ DAl + CalV 2 +MZT

Part (iii) of Lemma 2.1, implies that
o R
165(t) = DA% (wo)ll < - (3.17)
Thus, from (3.3]) and (3.17)), it is clear that
1Gu — uollpc < R.

Therefore, G : W — W.
Finally, we will claim that G is a contraction map. If t € [0,¢1] and u,v € W,
then

[(Gu)(t) = (Gv) (1) o
S/O 1St = ) A% [1f (s, u(s), u(wi(s, u(s)))) = f(s,v(s), v(w(s, v(s))))l|ds.

(3.18)
Also, we note that
1 (&, u(t), u(wi (8, u(?)))) — f(Ev(t), v(wi(t, v(t))))]l
< Lpfllu(®) —v(®)]la + [lu(wi (£, (@) = v(wi (t,v(E)) a1}
< Lf[”“(t) v(t)la + [ AT [Ju(wi(t,0(t))) = v(wi(t,0(t))) o (3.19)

+ [Ju(wi(t,u(t))) — U(w1(t,v(t)))||a—1}
< L{2lu— vllpe + Ly (£ u(t)) — wi(t,v(8))]}.
Now, let
wi(t,u(t)) = hi(t,u(hip1 (&, . u(t, by (6u(t))) .. .)), e =1,...,m,

with w41 (¢, u(t)) = ¢. For more details, we refer to [2I] p. 2183].
Hence, we have

w1 (t, u(t)) —wit,0(t)] = |ha (, w(ws(t, u(t)))) = ha(t, v(wa(t, v(1))))
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< L lu(ws (£, u(t)) = ulws (£ u(t)) ]l
< L, {luwa (b, u(®))) = ulws(t v(t)|a

+ lfuwa(t v() = v(ws(t, () a1 |
< L, { Lkt ulws (£, u(t))) = ha(t, v(ws(t, v(1)))]

A e = vllpe }

<(L™'Lp, ... Ly, + L™ 2Ly, ... Ly, +...
+ LLp, Ly + L ) AI 7w = vl pe.
Thus, we have
1@, ult), u(wi(t,u(?)))) — f(t v(t), v(wi(t, v(1))))]l
< Ly (2+ LLAI A7) u = vllpe (3.20)
< Ly(2+ LLp)|lu — v]lpe.
where L, = (L™ 'Ly, ... Ly, +L™ 'Ly, ... Ly
in , we obtain

[(Gu)(t) — (Gv)(D)]la < CaLy(2+ LLh)lTO |u—vllpc. (3.21)

vyt -+ Lp,) > 0. We use (3.20)

For t € (t1,t2], we have

[(Gu)(t) — (Gv)(t)[la < [Cosz(Z + LLy) 1T° + Mdl} lu — v|pe. (3.22)

For t € (tk,tkt1], k=1,2,...,m, we have

Gu)() ~ @)W < [Cay(2+ LL T +MZd}Hu—vac (3.23)

i=1
Thus, for each ¢ € [0, Tp], we have

Gu)1) — @)Olla < [Cals2+ LL) T +M2d} = vllpe.

Therefore, the map G is a contraction map, hence G has a unique fixed point u € W.
That is, problem (|1.5)) has a unique mild solution. |

4. FURTHER EXISTENCE RESULTS

Theorem can be proved if we omit the hypothesis (H1). In that case the
proof is based on the idea of Wang et al. [23].

Theorem 4.1. Assume the conditions (H3)-(H4) hold, the semigroup {S(t),t > 0}
is compact, and f : I x H x H — H is continuous. For ug € H, there exists a
constant r > 0 such that

M{Juolla + 300} + Caly 1o <1 (4.1

i=1
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where

Ny= sup [[f(s,u(s), u(wi(s, u(s))))l
s€[0,Tp],ueR

and u € Q = {v € PC(H,) : ||v|lpc < r}. Then there exists a mild solution

u € PC(H,) of problem (L.F).

Proof. Let us define a map Y : PC(H,) — PC(H,), by

S(tyuo + fy S(t— )£ (s,u(s), u(wi (s, u(s))))ds, € [0,t],
S(t)uo + S(t - tl)Il(u(tl_))

+f0 (t —s)f(s,u(s),u(w(s,u(s))))ds, t € (t1,1t2],
(Tu)(t) =

5( )UO_'_Zz 15(t—t) i(u(t;))

+ fo St = 5)f(s,uls), u(wi (s, u(s))))ds, t € (tr, tht1l,

k=1,2,...,m

Step 1. First we show that T is continuous. It follows from the continuity of f
that

1£ (s, un(s), un(wi(s, un(s)))) = £ (s, uls), u(wi(s, u(s)|| <€, asn — oo,

for s € [0,¢], t € [0, To].
Now, for each ¢ € [0,¢1], we have

[0Cn)(®) — (Ol < Co e 0, a5 — . (42)
For, t € (t1,12], we have
1(Cn)(t) = (Cu)(E)
< MR () = B o+ Co e 0, asn—oa
Similarly, for each t € (t, tpsa], k= 1,2, ...,m,
ITen)() - (0l
T (4.4)

<MZHI un(t;)) = Li(u(t; o+ Cag®—e =0, asn — oo,
We have that T is continuous.

Step 2. Next we show that T maps bounded sets into bounded sets in PC(H,).
Let u € §, then for ¢ € [0,;], we have

11—«

T
1)) la < Mlluolla + NyCa>—, (4.5)
For, t € (t1,t2], we have
Tl
1T () lla < M{Jluolla + Y1} + NyCagt—. (4.6)
Similarly, for each t € (tx,tx+1], k = 1,2,...,m, we have

l—o

k
T
1w ®lla < M{lluolla + D Fi} + NypCar-
=1
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Thus, from inequality (4.1), we see that T : Q — Q.
Step 3. In this step, we show that T maps bounded sets into equicontinuous sets
in PC(H,). Let 71,72 € [0,t1], 71 < T2, we have

1(Yu)(r2) = (Yu)(71)]la
N (4.8)
SJ\/‘[{HUOHC‘“+NfC o +||Aa 1||Nf}(72—71).

Similarly, for each 71,72 € (tg, tkt1], 71 < 72, k =1,2,...,m, we have

[(Tu)(72) = (Tu)(11)]la

k 1—
T, (4.9)
< M{ oo+ 301+ NyCa Tl 4 AN (2~ ).
=1

As 79 — 71 the right-hand side of the above inequality tends to zero. So, T(Q) is
equicontinuous.

Step 4. YT maps 2 into a compact set in H,. For this purpose, we decompose T
as T =71 + Yy, where

(Tru)(t) = S + (Tu)(8), € I\{tr,... b},

where (T7u)(t fo (t—s)f(s,u(s),u(wi(s,u(s))))ds. and

0 t e [O,tl],

T
(z)e) = {zz LS L)), 1 e (ot k=12, m
T is a constant map and hence compact.

Finally, we need to prove that for 0 <t < Tp, (T1u)(t) is relatively compact in
Q. For each t € [0,Tp], the set {S(t)ug} is precompact in H,, since {S(¢t),t > 0} is
compact.

For ¢ € (0,Tp], and € > 0 sufficiently small, we define

(T1°u)(t) = S(e) ; h S(t—e—9)f(s,u(s),u(wi(s,u(s))))ds, ue.

The set {(7:°u)(t) : u € Q} is precompact in H,, since S(e) is compact. Moreover,
for any u € €2, we have

(T1u)(t) = (T u) (@) la < /t_ [A“S(t = s)[[[1f (s, u(s), u(wi(s, u(s))))lds
< (OaNf)elia

Therefore, {(7fu)(t) : u € Q} is arbitrarily close to the set {(71u)(t) : u € Q},t > 0.
Hence the set {(T1u)(t) : u € Q} is precompact in H,.

Thus, T; is a compact operator by Arzela-Ascoli theorem, and hence T is a
compact operator. Then Schauder fixed point theorem ensures that T has a fixed
point, which gives rise to a piecewise continuous-mild solution. ([
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5. APPLICATIONS

We consider the following semi-linear heat equation with a deviating argument
(See also [§]).

ou  0%u -
E = @ H(x,u(x,t)) + G(t,x,u(x,t)),
1 1
z€(0,1), te(0, 5) U (5’ 1),
Auly_y = %

where

(e, ute,) = [ " K (e, y)uly, P(1)dy,

P(t) = g1(0)|u(2, 02 (O)luz, ... g (D, 1))

and the function G : Ry x [0,1] x R — R is measurable in z, locally Holder
continuous in ¢, locally Lipschitz continuous in w, uniformly in z. Assume that g; :
Ry — Ry are locally Holder continuous in ¢ with g;(0) = 0 for each ¢ = 1,2,...,m,
and K € C'([0,1] x [0,1];R). Let

)

o
dz?’

X1/2 = D((A)l/z) = H(%(Ov 1)3 X—1/2 = (H(}(Ov 1))* = Hil(ov 1) = Hl(oa 1)
For z € (0,1), we define the function f: Ry x X5 x X_1/5 — X by

X:LZ((O, 1);R), Au= D(A) :Hz(ovl)ﬁH(}(()?l)a

f(tu,9)(x) = H(z,¥) + G(t,z,u), (5.2)
where H : [0,1] x X_1/2 — X is given by
ie.0) = [ Ky, (53)
and G : Ry x [0,1] x X/ — X satisfies
Gt @, u)|| < Q(x, t)(1 + [lulli/2), (5.4)

with Q(.,t) € X and @ continuous in its second arguments.
For uw € D(A) and A € R with —Au = Au, we have

(—Au,u) = M, u),  u||z2 = Mlul|2;
so we have A > 0. The solution v of —Au = \u is
u(x) = Dy cos(VAx) + Dy sin(vVAz).

Using the boundary condition, we get D; = 0 and A = A\, = n?7? for n € N.
Thus, for n € N, we have

Up () = Dy sin(y/ A, x).
Also (up,um) = 0, m # n and (up,u,) = 1. So, for u € D(A) there exists a
sequence «,, of real numbers such that u(z) = Y anun(x) with > _(an)? < 0o
and Z:n@\](an)Q()\n)2 < 0.

neN neN
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The semigroup is given by

S(t)u =" exp(—n’t)(u, )ty

neN

Let ' > 0 be fixed. Now we will show that assumptions (H1) and (H2) are
satisfied. For (H1), we will show that H :[0,1] x X_;/, — X, where

(e, 0(e.0) = [ Kool iy
with ¢(z,t) = u(z, w1 (¢, u(z,t))). For x € [0, 1], we have

(o, ) ~ e vnlo ) < " 1K )| (01 — ) (9, )y
< 1K / " (61— o), Iy

Thus for 1,12 € H'(0,1) and by applying the Minkowski’s integral inequality we
obtain

1 ry
VB (2,12, )) — B (o, ol NP < K / / (1 — ) (9, )Py

1

<K / Yl (%1 — o)y, ) 2dy
0

< NE I N1 — ol o

Since,
((%f[(x,w(m, ) = K(z,2)(x, ) +/0 %(%y)w(% )

we obtain, in similar way, that

0 0
5 H (@, Y1 (2, ) = o H(@, o, ) < ([Klloo + H ||oo)||¢1 Pall-1/2-
Thus
1A (2,1 (2, ) = H(z, o, )] < (2] Klloo + || ||oo)||¢1 Pall-1/2
< (21Kl + || ||oo)||¢1 Pall-1/2
= Cillyr — 1#2\\71/2,
where C; = (2[|K || + |25 ||s). Again the assumption on G implies that there

exist constants Cy > 0 and () < v < 1 such that
|G(t,z,u) — G(s,2,0)[| g1 0,1) < Co(|t = s|” + [[u—vll1/2),

fort,s € [0,T],z € (0,1) and u,v € H}(0,1). Thus f : [0, T]x H}(0,1)x H(0,1) —
L2(0,1) defined by f = H + G satisfies the assumption (H1).

Our next aim is to prove that the functions h; : [0,7] x X_; /5 — [0,T] defined
by h;i(t,¢) = gi(t)|o(z,-)| for each i = 1,2,...,m, satisfies (H2). For ¢ € [0,T], we
obtain

it @) = lgi ()] |o(z, )| < NlgilloollPlloe 0,1y < Cligll-1/2,
where we used the embedding H{(0,1) C C[0,1] in the last inequity, and C is a
constant depending on the bounds of g;’s. Since g;’s are locally Hélder continuous,
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for some constant Ly, > 0 and 0 < 6 < 1 we have |g;(t) — gi(s)| < Ly, [t — s|? for
t,s € [0,T]. Moreover t,s € [0,T] and ¢1,¢2 € X_1/9, we have

|hi(t, @1) — hi(t, @2)| = [gi () ([P (2, )| = [P2(z, -)]) + (g:(t) — gi(s))P2(, )]
< Nlglloolldr = b2ll Lo (0,1) + Lg. |t — 51° b2l o 0,1)
< Olgllooller — d2ll-1/2 + Ly, |t — 5|l ¢2]| -1/2
< max{C|\glcos Lg; || p2lloc }([If1 — dall—1/2 + [t — 5]°).
If u,v € D((—A)*/?), then

2[|u —vll1/2
24+ u)(2+v)[l1)2
Next for Theorem (4.1]) we define

e~ t(cos(u(x,t)) + sin(yp(z, 1)) s

1
115 (u) — Ik (v) |12 < i < Sllu =l

f(t’u(t)aw(t)))(x) = (2 T tg)(et i eft) +e
fort € [0,1/2) U (1/2,1], w € X, and = € (0,1). Clearly,
1) € o et =m),

(2+1t2)(et +e7t)
with m(t) € L>=([0,1];R4+). Thus, we can apply all the results of this section to
obtain the main results.
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