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UNIQUE CONTINUATION PRINCIPLE FOR HIGH ORDER
EQUATIONS OF KORTEWEG-DE VRIES TYPE

PEDRO ISAZA

ABSTRACT. In this article we consider the problem of unique continuation
for high-order equations of Korteweg-de Vries type which include the kdV
hierarchy. It is proved that if the difference w of two solutions of an equation
of this form has certain exponential decay for z > 0 at two different times,
then w is identically zero.

1. INTRODUCTION

This article concerns a unique continuation principle for the equation
O+ (=1)FF10%y + P(u, 0pu, ..., 0Pu) =0, u=u(z,t), ,tcR, (1.1)

where n = 2k + 1, k = 1,2..., and P is a polynomial in w,0,u,...,0%u, with
p < n — 1. In particular, we will focus our attention to the case in which P has the
form
k+1 k+1
P(u,dpu,..., 00 Pu) = > > Qg O .. 07w =Y Ag(2), 12
d=2

d=2 |m|=2(k+1—d)+1 2)

-2

z = (u, Oz, ...,00 “u),
where, for d € N and for integers my,...,mq, m := (my,...,mq) is a multi-index
with 0 <mq <--- < mg, Im| :=my +--- + my, and aq,,, is a constant. We will

refer to equation (|1.1)) with P defined by (1.2) as equation ([L.1)-(1.2). We will also
(L1

consider equation (|1.1) when the nonlinearity P has order p < k.

The type of relation expressed in , between the degree and the order of each
monomial of P, is present in the nonlinearities of the collection of equations known
as the KAV (Korteweg-de Vries) hierarchy. This set of equations was introduced
by Lax [I5] in the process to determine the functions u = u(x,t) for which the
eigenvalues of the operator L := % — u(+,t) remain constant as ¢ evolves. This
property had been already discovered by Garduner et al. in [3] for the solutions of
the Korteweg-de Vries equation

Ou + ﬁgu + ud,u = 0.
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Lax [15] showed that this property holds for the solutions of the equations
Opu + [Bi(u), L] =0, (1.3)
where [B, L] := BL — LB denotes the commutator of B and L, and Bj(u) is the
skew-adjoint operator defined by
J2k+1 k-1 J2i+1 J2i+1

Bk(u) = ka + Z bk,J(’U,)
7=0

T b )

with the coefficients by ;(u) chosen in such a way that the operator [By(u), L] has
order zero. It was proved in [I6] that the equations in the KAV hierarchy
can be written in the form dyu + 0,Gp4+1(u) = 0, were the functions G (u) are the
gradients of the functionals Fj(u) which define the conservation laws of the KAV
equation. The gradients G}, satisfy the following recursion formula due to Lenard
(see [] and [20]):

" 2 1
0xGr41 = c¢JGy, where J = 8; + gu&c + g@xu.

This formula can be applied to obtain a derivation of the equations in the hierarchy.
Starting with Go(u) = 3, with &k = 0 we get the transport equation, with k = 1
the KdV equation, and, with & = 2, £k = 3, and k = 4, we respectively find the
equations

dru + O2u — 10ud3u — 200,ud?u + 30u?d,u = 0,
Opu + 0%u 4 14ud>u + 420, udru + 7002ud>u + T0u0>u
+ 280ud, ud?u + 70(9,u)* + 140u*d,u = 0,

Opu+Ou+ Y agm O udyu (1.4)

mi+mo=7
0<m;<ma

+ Z as,m Op udy ?udyu+ - - + a5,mu48zu =0,

mi+ma+mz=5
0<m;<mz<mgs

for certain constants aq,, with d =2,...,5 and |m| =2(5 —d) + 1.

In spite of computational difficulties, it is possible to obtain exact expressions for
all the equations in the hierarchy (see [1]). However, following a simple procedure,
and without obtaining the explicit values for the coefficients, it can be proved (see
[5]) that the equations in the KAV hierarchy have the form of (L.1I)-(L.2).
When k is even we have made the change of variable x — —z and thus the linear
term 97w has been transformed into (—1)*197w in (L.1).

The aspects of local and global well-posedness of the initial value problem (IVP)
associated with the general equation have been considered in [I0] and [II],
where Kenig, Ponce, and Vega proved that the (IVP) is locally well-posed in
weighted spaces H*(R) N L2(|z|™dx) if s > so(k), for some so(k) and some in-
teger m = m(k).

For the (IVP) associated to (L.I)-(L.2), in [2I], Saut proved the existence of
global solutions for initial data in Sobolev spaces H™(R) for m > k, integer. By
using a variant of Bourgain spaces, in [5], Griinrok proved the local well-posedness
for the (IVP) of equation (L.I)-(L.2)) in the context of the spaces

HR) = {f [ fllsr := 11+ E)2F©) < 00},
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with

2k 3 1 2k —1
v d k2 _ - 2=
S e R Rl TR
Here " denotes the Fourier transform and 1/r+1/r" = 1. We also refer to the articles
[9] 14} [17) [18], 19], which, among others, consider the problem of well-posedness for
high order equations of KdV-type and especially for the equations of order five
(k=2).

Our main goal is to prove continuation principles for (1.1)-(1.2) with n > 5,
which include the KdV hierarchy, and for the equations (1.1)) with n > 5 and
p < k. Roughly speaking, we will prove that if the difference w := u; — us of two

sufficiently smooth solutions of equation (1.1)-(1.2) decays as exp(fxi/ 3+) at two
different times, then w = 0. (Here 1 := 3(z + |z|), and 4/3% means 4/3 + € for
arbitrarily small e > 0). For (1.1)) with p < k we have a similar result if w decays

as exp(—axi/ (n_l)) for a > 0 sufficiently large at two different times. This last

re(l

result is coherent with the decay exp(fczi/ (=1 of the fundamental solution of
the linear problem associated with (see [23]). When the nonlineariy P has
higher order as in —7 it is then necessary to impose a stronger decay on w.

The aspect of unique continuation has been studied for a variety of non-linear
dispersive equations, and especially for the KdV and Schrodinger equations. Saut
and Sheurer [22] considered a class of nonlinear dispersive equations, which includes
the KdV equation, and proved that if a solution u of one of such equations van-
ishes in an open set € of the space-time space, then u vanishes in all horizontal
components of €, that is, in the set {(x,t) : Jy with (y,t) € Q}.

By using methods of complex analysis, Bourgain [2] proved that if a solution u of
the KAV equation is supported in a compact set {(z,t) : =B <z < B, tg <t < t1},
then u vanishes identically.

Kenig, Ponce and Vega [12], considered a solution of the KdV equation which
vanishes only in two half lines [B, +00) X {to} and [B, +00) X {t1 }, and proved that
this solution must be identically zero. A similar result was proved in [I3] for the
difference w = uy — uz of two solutions of the KAV equation. Escauriaza et al. [§]
refined this result by only imposing the condition that w(-,¢p) and w(-,t;) decay
as exp(—ax] ), for v = 3/2 and a > 0 sufficiently large, together with a additional
hypothesis of polynomial decay for u; and wuy. This result is obtained by applying
two types of estimates for the function w: Carleman type estimates, which express
a boundedness of the inverse of the linear operator d; + 93 in LP — L9-spaces with
exponential weight; and a so-called lower estimate which bounds the L2?-norm of
w in a small rectangle at the origin with the H2-norm of w in a distant rectangle
[R,R+ 1] x [0,1].

For the fifth-order equation (k = 2), Dawson [6] proved a result similar to
that in [§] with v = 4/37 for the general case p < n — 1 =4, and with v = 5/4 for
the case p < 2.

In this article we consider equations and — with arbitrary order
n and prove the continuation principles stated in Theorem and below. For
that, we follow the method traced in [§]. The greatest difficulty in this process is
to manage the huge amount of terms arising in the computations of the operators
involved in the lower estimate. We consider that the main contribution of our work
is the presentation of a clear and organized procedure to obtain the lower estimate
(see Lemma and Theorem {4.3)).
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We now state our main results.

Theorem 1.1. For oddn>5 , k= (n—1)/2, and o > ”“, suppose that uy, us
are in C([0,1]; H"(R) N L2((1 + x4)?*dx)) are two solutions of the equation

O+ (=1)FF19™y + P(u, dpu, ..., 0" %u) =0 (1.5)
with P as in , and let w := uy — ug. If
w(0),w(1) € L*(e

for some € > 0, then w = 0.

4/3+€
2x+

dz) (1.6)

The proof of this theorem can be adapted to obtain a similar continuation prin-
ciple for equation when p < k. In this case we require a weaker decay for w(0)
and w(1) and consider some minor modifications in the polynomial decay hypoth-
esis for u; and ug. For the sake of simplicity we state this result without making
special emphasis in the optimal value of a.

Theorem 1.2. For odd n > 5, k = (n —1)/2, and ap > 0 sufficiently large,
suppose that uy, us € C([0,1]; H*TH(R) N L2((1 + |z])?*0 dz)) are two solutions of
the equation

o+ (=)0 + P(u, dpu, ..., 0Pu) = 0 (1.7)
with p < k. Define w := uy — ug. Then, there is a > 0, which depends only on n,

such that if

w(0), w(1) € L2V " ), (1.8)

then w = 0.

The article is organized as follows: In section 2] we prove that the exponential
decay for w in the semi-axis « > 0 is preserved in time. In section [3| we establish
the Carleman type estimates and in section [4] we prove the lower estimates. Finally
we give the proofs of Theorems [I.1] and [I.2] in section [

Throughout the paper the letters C' and ¢ will denote diverse positive constants
which may change from line to line, and whose dependence on certain parameters
is clearly established in all cases. Sometimes, for a parameter a, we will use the
notations C,, C(a), and ¢, to make emphasis in the fact that the constants depend
upon a. We frequently write f(-s) to denote a function s — f(s). For a set A, x4
will denote the characteristic function of A. The symbols ~ and ~ will denote the
Fourier and the inverse Fourier transform, respectively. The notations ~® and ~¢
will emphasize the facts that the Fourier transform and its inverse are taken with
respect to specific variables z and &, respectively. For 1 < p,q < 0o, A, B C R,
D =Ax B, and f = f(z,t) we will denote

A2 Lo oy :/A</B|f(z,t)|th)p/qu.

We will use similar definitions when p = 0o or ¢ = oo and also for ||f||L§L£(D).

2. EXPONENTIAL DECAY

In this section we prove that if the difference w of two solutions of decays
exponentially at ¢ = 0, then this decay is preserved at all positive times. This
property will be crucial for the application of the Carleman estimates in the proofs
of Theorem [L.1] and [[.2
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Theorem 2.1. For oddn >5, k= (n—1)/2, and a« > (n+1)/4, let uy,us are in

C([0,1); H"Y(R) N L2((1 + z4)%* dx))) be two solutions of (1L.1)-(1.2)), and define
w = uy —ug. Let B3>0 and suppose that w(0) € L*(eP® dx). Then

sup ||lw(t)|| p2(ese az) < oo (2.1)
t€[0,1]

Proof. Let us denote z; = (u;, Oz, ...0" 2u;), i = 1,2. Then w is a solution of
the differential equation

ow + (=119 + P(21) — P(z) = 0. (2.2)

We will first prove that the theorem is valid provided we can construct a se-
quence {¢n}nen of nondecreasing functions in C*°(R) satisfying for all x € R the
conditions

on(z) — € as N - 0o and 0<on(z) <CeP”, (2.3)

on(z) < On(1 + 2y )FHD/4 (2.4)

|Lp§\],)(ac)| < Cijply(x) for j=2,3...,n=2k+1and ¢y(z) < Con(z), (2.5)
pn(z) <C(L+ )¢ (), (2.6)

where the constants C' and C; are independent of V.
We multiply (2.2) by onyu and, for ¢ fixed, integrate in R. Thus, by applying
integration by parts we obtain

1d 2k +1 E B
f—/gonQ =— /(p?v(@fw)Q +ck,1/<p§3)(8f Lw)? + ...
2dt 2
_ 1
_|_cl/(p§\2]k 1)(8Iw)2—|— 5/@5\2{k+1)w2 (2.7)
- [(PGe1) = Plea)) owu.

The integration by parts is justified as follows: since there is a constant C' > 0 such
that [[(1 4+ z4)%u;(t)][z2 < C, and [Ju;(t)|| grr1r) < C for all t € [0,1] and i = 1,2,
by using integration by parts and truncation functions, it can be proved that the
following interpolation property holds:

(1 +2)* T )0 (1)|| 2 < €, forallt e [0,1];i=1,2; j=0,...,n+1.
(2.8)
Since a > (n + 1) /4, it follows that, for 0 < j < k, (14 x4 )*+2/407w(t) € L?(R,
and thus, from and oW dIw(t) € L*(R for all positive integers I. This
implies that all the terms which appear in the procedure to obtain are in a
right setting for the application of the integration by parts.
Let us estimate the last term on the rand-hand side of . From we have
that

k+1
P(z) = ZAd(Z) where Ay(z) = Z Adm Oy tu. .. 0w, (2.9)
d=2

|m|=n—2(d—1)
0<m;<--<mg
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and thus
k+1 k+1
|/(P(21) — P(z))on wdz| = | Z/(Ad(zl) — Ag(z2))on wdz| = ) I
d=2 d=2
(2.10)
It is easily seen that
Aa(z1) = Aa(z) = Y ad,m(aylwa;Mm QM
g2y (2.11)

mi M2 mMq m1 M2 mq
+ 07 ue0 w ... 0 g + O ue 0 Uy . .. O w).

We estimate Is, which, having the derivatives of the highest order, is the most

critical term in (2.10). From (2.11]),

I, = /(Ag(zl) — Ag(zg))gondx
2.12
— Z as,m /(8;"1108;"%1 + 07 00 w) oy w d. ( )

mi+mo=n—2
0<mi<mo

We estimate only the second term on the right-hand side of (2.12), the other term
being similar. We apply integration by parts to reduce the order of 972w and
obtain that

Jerwervee= X [@ruw e @

ri4+ro+2r3=mi+mo=n—2
r12>my

(2.13)
To analyze the terms in this sum we consider the cases ro = 0 and 75 > 1:
(i) If ro = 0 and 73 = 0, then 7y = n—2 and we bound the corresponding integral

in ([2.13) by
P N o
where C' is independent of t € [0, 1] by the Sobolev embedding of H!(R) in L*(R).

If ro =0 and r3 > 1, then the maximum value of 1 in (2.13)) is n — 4. Therefore,
using the fact that oy < C(1 4 z4+)¢y we bound the corresponding integral in

E13) by

C max

om0+ 200 e~ [ o @ w) (214)
From it can be seen that if ¥ € C°°(R) is a truncation function with ¥ =0
in (—0o0,1], and ¥ = 1 in [2, +00), then W(-)(1 + 2, )~ * 1)y, (t) € HY(R),
i=1,2,7=0,1,...,n, and

J+1

19 () (1 + ) O8] (1) | 1 )

(2.15)
<O +z)* @) e, [lui @) e r) <€ for all ¢ € [0,1].
In particular, for j =0,...,n—4, a(l — %) > (1 - Z—j) =1, and thus from
the Sobolev embedding of H' in L® we conclude that
max ||(1+ x+)8iui(t)HLoo(R) <C, (2.16)

0<j<n—4
with C independent of ¢ € [0,1]. Thus (2.14) is bounded by C [ ¢y (053 w)?.



EJDE-2013/246 UNIQUE CONTINUATION PRINCIPLE 7

(ii) If o > 1, then r; < n—3. From (2.5), ¢("2) < C,, ¢’ < Cy' for1 <ry < n—2.
Thus we bound the corresponding term in (2.13) by

€, max [0 us®lli- [ oy @w? <0 [ehorur. @)

0<r;<n—

Now, let us determine the maximum value of r3 appearing in . For that,
we observe that 1 + ro + 2r3 = n — 2 is odd, and thus the maximum value of r3
occurs when (r1,7r2) = (0,1) or (1,0), which then gives r3 < (n — 3)/2 =k — 1.

Gathering the estimates of the cases (i) and (ii) above, and taking into account
that r3 < k — 1, we conclude that

k-1
|| < C’Z/goﬁv(aiw)Q dx—|—C’/<pr2. (2.18)
=1

Proceeding in a similar way, we obtain the same bound for |I5], ... |Ix+1], and thus
for the left hand side of (2.10). Therefore, returning to (2.7) and using the fact
that, from condition ([2.5), [¢\)| < C ¢, j = 1,...2k + 1, we obtain

1d ,  2k+1
— < —
2dt | PNV =

k-1
/(p’N(ﬁf.w)Q—FCZ/@EV(@;w)Q dsc+C’/<pr2 (2.19)
j=1

To handle the terms in (2.19) having derivatives dJw with j = 1,...,k — 1, we
will show that given € > 0 there is a constant C; > 0 such that for j =1,... k-1

/go']\,(f)%w)2 < 5/@}(8’;w)2+C’5/¢Nw2. (2.20)
In fact, we first prove that
[ v <e [en@rw? . [, (2.21)

This can be seen by induction: by applying integration by parts, Young’s inequality
lzy| < 2—1€x2 + %yQ, and the properties of pn we can see that (2.21) is valid for j = 1.
If we assume that (2.21)) is valid for j —1, then, again integrating by parts and using
Young’s inequality,

[ev@ur =5 [ Q@ wr - [enor o ot
<c [entoitwp+ o [en@er + 5 [ @,

If we apply the induction hypothesis at level j — 1, with C++/2(2£) instead of e, then
we have

A 1 , .
[en@ur <5 [on@wr . [onet+ 5 [on@ito?,  @22)
which gives (2.21)). From a repeated application of (2.21)) we obtain (2.20).

Therefore, taking into account that the first term on the right-hand side of
(2.19)) is negative, we can apply (2.20)) with e sufficiently small, to absorb with this
negative term the integrals containing (87w)? in (2.19). Thus we conclude that

d
ﬁ/go]\zw2 < 6'5/4,0]\;11127 (2.23)
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which, from Gronwall’s inequality and (2.3)) implies that
/(,an(t)2 dx < C’/gon(O)2 dz < C/eﬂmw(O)de, for all t € [0,1],

where C' is independent of ¢ € [0,1] and N. Since py(z) — €% as N — oo, the
conclusion of the theorem will follow by applying Fatou’s Lemma on the left-hand
side of the former inequality.

In this way, the proof of theorem [2:I] will be complete if we construct a sequence
of functions ¢y, satisfying the conditions (2.3)) to (2.6). For that we proceed as
follows:

Let ¢ € C*(R) be a nonincreasing function such that ¢(x) = 1 for 2 € (—o0, 0],
and ¢(z) = 0 for & € [1,00). For each N € N let ¢ (z) = ¢(z) := ¢(x — N). Thus
¢ is supported in (—oo, N + 1], and (1 — ¢) in [N, +00). We define

On(z) = 0(z) := ¢pBeP® + (1 — ¢)Be N, (2.24)
on(x) = p(x) == [ O(z") dx’ . (2.25)

Let us show that ¢ satisfies the conditions f.

Taking into account the support of (1 — ), we see that 0 < 6(x) < ¢Be* + (1 —
$)pe’® = BePT. Thus, by integrating ¢’ we have that 0 < ¢(z) < €%, Besides,
from the definition of ¢ it is clear that oy (z) — €%* as N — oco. Thus ¢ satisfies

3.
To prove (2.4)) it suffices to observe that for z < N, ¢(z) < eV < On(1 +
x,)F+2/4 while for > N,

N+1 x

o(z) < / BeP* da’ + / BeNda' < PWNFYD 4 28PN < On(1 + 2y ) FFD/4)
—00 N

(2.26)

since k > 2. Thus we have (2.4).
We proceed now to prove (2.6). For 2 < N, p(z) = €% = %cp’(z) < C(1+

x4)¢' (z). If x > N, then, from (2.26)), and using the fact that = > 1, we see that
1
o(z) < PN 42PN < (B + 1)ePxpetN . (2.27)
On the other hand, for z > N,
z¢'(z) = 20(x) > NpBeN + (1 — ¢)BeN. (2.28)

Therefore, from (2.27) and (2.28)), taking into account the supports of ¢ and (1 — ¢)
we observe that for x > N + 1, z¢/(z) > Cy(z), while for N < z < N + 1, we
conclude that

2@ () > NgBe™N +N(1-¢)8e"N = NpeN >

from which (2.6]) follows.
Finally, we verify (2.5)). We observe that that for j =1,2..., and fixed 8 > 0,

(N+1)BeN > —zBePN > Co(z),

N |
N |

j
UV = |90 = |pp1Hi el + Zijlgﬁ(l)ﬂjilﬂeﬁw — ¢l el |
1=1

< F¢Be’” + C;(1+ B) (BN + BePN )y v )
< B0+ C;Be”N X v N1
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= 30+ C;(Bpe”™ + (1 - ¢)Be” N )x (. N1
<FO+C0 =0,

where C; depends on § and j but is independent of N. Thus, the first inequality
in (2.5) is proved. For the inequality ¢’ < C¢ in (2.5)) we proceed by integrating
the inequality ¢” < C¢’ already established. This completes the proof of Theorem

([l

Remark 2.2. For the case of equation (1.1)), with p < k, we can establish a result
similar to Theorem [2.I] by making minor modifications and some simplifications in
the former proof. In the simple case p < 1, for example for the equation

opu+ (—1)*H1o"y = —ud,u,

it is possible to follow the procedure of the proof of Theorem [2.1] to establish,
without the hypothesis of polynomial decay, that the exponential decay at ¢t = 0 is
preserved for ¢ € [0,1]. This can be done by taking oy (z) := [ On(a’) dz’ as in
([225)), with Ox(z) = 0(z) := ¢Be’® + (1 — ¢)BeP@=2N) instead of the functions
O defined in . This functions ¢y are bounded and satisfy and

which is enough for this case.

3. ESTIMATES OF CARLEMAN TYPE

In this section we obtain boundedness properties of the linear operator (9; +
(=1)k*+19m)~1 and its spatial derivatives up to order n — 1, in spaces of the type
LP — L9 with exponential weight e**. We keep our exposition simple since we only
use values of p and ¢ in the set {1,2, +o0}.

Let D :=R x [0,1] and, for R € R, let Dg := {(z,t) |z > R, t € [0,1]}. We will
denote

[ - HL’;L‘IT = ||L§L;?(D)a [ - ||L§ZRL§- = HLZL?(DR)a
[l - HL"TL?; = || : ||L§L?;(D)a || ’ ||L4TL52R = || ’ HLgLZ(DR)'

Theorem 3.1. Forn =2k+1 with k € N, let v be a function in C([0, 1]; H*(R))N
C1([0,1]; L*(R) such that suppv(t) C [-M, M] for all t € [0,1], for some M > 0.
Then, for A\ > 2 we have

le** 0]l gz < Clle* ([o(0)] + [o(MDIIL (R + ClleX (@ + (=1)* 107 )vl| 1 12

(3.1)
D 1M 0 poe s < CAM (I (€M 0(1))] + [T (X 0(0))] |17 (R
=1 (3.2)

+ €M (0 + (=)ol g2
where C is independent of A > 2 and M, and (Jf) := (1 + |€|2)1/2f

Reasoning formally, suppose that e** (9;+(—1)**19")g = h, and denote f = e*?g
and Ty = [e*(0; + (—=1)**197)e=?*]71. Then, f = Tyh. Since e 9, *f =
(0z — \) f, we have that e’ 9%e~** f = (9, — A\)"f, and thus the multipier operator
representing Ty via the Fourier transform is given by

~

h ~
P (—1)k+1(i€ — /\)n = moh. (33)

(Toh) (&, 7) =
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We will write mg as
—1q

= 3.4

S Y (34)
Since for a positive integer j, e**9g = (9, — )’ f, we have that
A dlg = (0, — N\ Toh = Tjh = [(i€ — \)?moh]

_ (3.5)

—ITHE+ N~ .
- [t D B = sl
Lemma 3.2. Let h € L*(R?). Then there is C' > 0 independent of h and X\ > 0

such that
[Tohllreerz < CllhllLig2. (3.6)

Proof. Let a(§) and b(€) be the real and imaginary parts of —(&+41i\)™, respectively.
Then

T4 a(€) +ib(€)’

mo =

We recall that for a € R and b # 0
1
— )Tt
(7' +a+ ib) ®)
= e[ X(0,00) (1) X(0,00) (D) F € X[ 00,0) ()X (~00,0) (B)] =2 G (1)
Since |Gy < ¢, by taking inverse Fourier transform in the variable 7 and using
convolutions, it follows that for t € R

(3.7)

o0

mher©=1 [ " Guerae t — HEE)E) ds| < © |Gl

for those values of & such that b(§) # 0 (a finite set). In this way, applying
Plancherel’s identity and Minkowski’s integral inequality we obtain (3.6)). |

Lemma 3.3. Let h € LY(R?). Then there is C > 0, independent of h and X\ > 2,
such that

[Tl zeorz < Cllbllpipz  forj=1,...,n—1. (3.8)
Proof. From (3.4)) and (3.5)), it follows that
o~ —ilT(E4iA)h ~
T;h) = (i — A\)?moh = ———=———— = m;h. 3.9
(T;h) (i€ ) mo T (Erin m; (3.9)
Let us denote 6 := (& +i\)/7'/™. Then
C 67 C &K g
M= ST = T ; T (3.10)
where 7, := a;+ib;, l = 1,...,n, are the n'"-roots of 1, and the ¢; can be computed
by L’Hopital’s rule to obtain that
. (9 — T‘l>9j 1
=1 = — —,
“ QLI?L 1-—-06n nr?_]_l
Therefore,

- C ~ Cy - C ~ Cy
mj = 71=-(G+1)/n ; E4iN— Tl/nrl T 1=G+D)/n ; £— 7—l/nal + i()\ _ Tl/”bl)'
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Taking the inverse Fourier transform with respect to the variable &, observing that
for fixed X\, A\ — 71/™b; # 0 for all I, except for a finite number of values of 7, and
applying (with ¢ and z instead of 7 and ¢, respectively) we obtain a collection
of bounded functions G1,...,G; of z and 7 such that

. c -
[m (e, 7)] "¢ (2) = TGO/ > aGilx,7).
=1

If |7] > 1, then it is clear that
()¢ ()] < . (3.11)

with C independent of A, z and || > 1. We can use (3.9) to prove that this function
is bounded also for || < 1. To do this we will consider only the case j = n—1 = 2k,
the other cases being similar. Let us observe from (3.5) that

e i TIE T i T Exin
T 2

e —eromery S Erare

which belongs to L¢, since A > 2 and |7] < 1. From the Fourier inversion formula
it can be seen that |[|¢ + i\|"71]"(x)| < C, with C independent of A\ > 2. Thus,
by taking inverse Fourier transform with respect to the variable £ and taking into
account that from [(€ +iX\)71] "¢ (2) is a bounded function of z, with bound
independent of A\, we see, together with the estimate already obtained for |7| < 1,
that is valid for all  and all but a finite number of values of 7.

Hence, we can apply basic properties of convolution and Plancherel’s identity to
conclude that

[Torhl[Lee 2 < ClIR| L1 L2,

which concludes the proof of Lemma [3.3] O

Proof of Theorem[3.1. We extend v to all ¢t € R with value zero in R — [0, 1], and
call this extension again v. For ¢ > 0, we consider a function 7 := 7. € C®(Ry)
such that . =0inR—[0,1], n. =1in[g,1—¢], 7 > 0in [0,¢], 7’ <0in [1—¢,1],
and ne <. if ¢’ < e. Define g := n.(-;)v. Then
(0 + (~D)MO0)g = e nlo + 0 (0 + (=)0 )0 = hyc + ho o = hy + ha.
Then, from (3.5)),
e?MPlg=Tijhy +Tjhy for j=0,...,n— 1. (3.12)
From Lemma [3.3]
| Tjhallpeepz < Cllhzllpsrz = Clinee™ (9 + (=1) 107 )vll 1 1. (3.13)

For Tjhy, we see from (3.5)) that (Tjh1) = C(£+iA)? (Toh1 ), and apply the Sobolev
embedding from H!(R) to L>°(R), Plancherel’s identity, and Lemmato conclude



12 P. ISAZA EJDE-2013/246
that
I Tihallpes 2. < CllITjhal| L2 12
< CA+ D + M) (Toha) [l 1312
<O+ A @+ €D (Toha ) [l 2 pe
< C(A+ N[ To S hy | pee 2 (3.14)
SOV hall e
= ON [l J7 1 (M) | L
< A"l (X7 0)l| -
Hence, from , 7 and we have that
e 0l ey, < CX™H LT (o) stz + Cllnee™ (@, + (<1000l 2.

We now make € — 0 in this inequality and apply Fatou’s Lemma on the left-hand
side and the monotone convergence theorem in the second term of the right-hand
side. For the first term on the right-hand side we use the fact that |n.| acts as an
approximation of the identity on each one of the time intervals (0,¢) and (1 —¢,1).
Thus, we obtain (3.2)) after adding up in j.

The proof of is similar but we use Lemma instead of Lemma This
completes the proof. O

4. LOWER ESTIMATES

In this section we prove that the L?-norm of w in a small rectangle Q = [0, 1] x
[r,1— 7], with r € (0,1) can be bounded by a multiple of the H"~! norm of w in a
distant rectangle [R, R + 1] x [0,1].

Lemma 4.1. Let ¢ € C*([0,1]) be a function with ¢(0) ¢(1) = 0, and for
R > 1 and o > 0 define o (x,t) := (x,t) = a(F + ¢(t)* = € R, t € [0,1].
For n = 2k + 1, suppose that g € C([0,1]; H"(R)) N Cl([ 1]; L3(R)) is such that

g(0) = g(1) = 0 and the support of g is contained in the se
Apg = {(z,t): t€[0,1], 1< % +6(t) < 5}

Then, there are constants C = C(n) > 0 and C = C(n, ||¢/|| L=, |¢"||L=) > 1 such
that

n, R

Z T He"’“aﬁggll < Clle? @+ (=11 ap)gll - for all > CRY "D, (4.1)

where || - || := [ - [l2(p).-
Proof. Let f := e%g and observe that e¥dlg = e¥dle Vf = (0, — ¥,)? f, and
e¥0rg = (0; — 1) f. Therefore, if we denote
T = e’ (0 + (~1)"100)e™ = (0 — vo) + (1)1 (00 — )",
then, to prove the inequality in we must prove that

n—1 n_]_,

S 1@ ) ] < CITS. (12)

Jj=0
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Let B := —¢, = —2%¢p, where ¢(z,t) := % + ¢(t). We will study the operator
(0z — ¥3)™ = (0r + B)™ in the following manner.

Each one of the terms in the expansion of this operator is of the form 77 ...T,,
where each T; is either 0, or B. For m and [ with m+1 = n we will denote by [m, ]
the sum of the terms T3 ... T,, in this expansion with T; = 9, for m values of i, and
T; = B for [ values of i. The number of terms of [m,[] in the binomial expansion of
(0z + B)™ is then given by (7) = (7’;) :=n!/m!ll. Applying integration by parts in
D, for the class of functions satisfying the hypotheses given for g, we observe that
[m, 1] is a symmetric operator if m is even and is an antisymmetric operator if m is
odd.

In this way, we write

(DT = (DM@ — )+ D [m,l] =5+ A, (4.3)

0<m<n
l+m=n

where
S = [n7171] + [n73a3]++[2an72] + [Ovn]+(71)k¢f ES1+(71)kwt’
A=[n0+[n—-22 4+ [3n=3+[1,n—1] - (=1)*9, = A, — (-1)*8,
(4.4)
Let us denote by (-,-) the inner product in the (real) space L?(D). Then
ITI? = (S + A)f. (S + A)f) = ISFI” + IAFIP + 2(Sf, Af) = 2(Sf, Af). (4.5)

Now,

(SFAf) = (S1f, Af) = (FDMS1E,0uf) + (D) (Wef, Arf) = (e f 00f). (4.6)
We will now estimate each one of the four terms on the right hand side of (4.6).
To estimate (S1f, A1 f) we observe that this product is a sum of terms of the
form ([m,n —m]f,[r,n — r]f), with m even and r odd, say m = 2k, r = 2k + 1,
k1,ko € {0,...,k}. Using the fact that B,y = ¥zz. = 0, we can apply integration
by parts to obtain
k1+ko

(o —m)f, [ryn — rlf) = g /D Piy oy (B Bo) (.12 (4.7)

where Py, 1,.; (B, By) = ciy gy ;BT "V BY with v 4+ 2§ = m + 7. Since
B=—1¢, = —%30, By = =g, = —%, we have that

2n—m—r—v

Py kg i (B, Bp) = —Chy ja i (20)°" 77 d

RQn—m—r-{-u
- B _ 2n—4k, —4kao+25—2 4.8
= —(2a)? el b R2n—2j 9
= azn_2k1_2k2_le1’k2$j
Therefore,
k
(Sif, Auf) = Z ([2k1,m = 2k1]f, [2k2 + 1,n — 2k — 1]f)

’C17k2:0

k k1+ka

= Z Ol2n_2k1_2k2_1 Z /Qk1,k2,j(8if)2

k1,k2=0 §=0
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2k
:Z Z a2n72k172k271/leka)j(ai’f)Q. (4.9)

J=0 ki+k2>j
0<k1,k2<k

For each j in the former expression we will separate the term having the highest
power of a. Thus we write

2k
Sif i)=Y S Q0
j=0

ki+ko=j
0<k1,k2<k

2k
F3N et [ @i (a0)

J=0 ki+k2>j
0<ky,k2<k

2k 2k
=> "L+ 11,
j=0 j=0
We will concentrate upon the terms /; and will refer to the terms I7; as lower order
terms (Lo.t.).
For each j we will now compute the term I;. If m < n and [ = n—m, then [m, ]
is a sum of operators of the form T = T\T5...T, where T; = 9, for m indices 1,
and T; = B for the remaining [ indices i. We apply the product rule for derivatives

to expand 7" and consider the terms in its expansion containing the derivatives of
highest order: 97 and 9™ ~!. This leads to (see the illustration below)

T=T..T,=B3"+[B"(0,B"~"™) + B=(8,B"") +...
+ B"™ (9, B o™t 4 1.d.t.,

where 1,73, .. .7, depend upon the position of the m operators 9, in the expression
of T, and the notation l.d.t. stands for “lower derivative terms”.

To illustrate this, let us take for example the case with n =9, m = 3, =6, and
consider the operator T'= B0, B0,BBJ,BB. Then,

T = B%9? 4+ B*(9,B%)02 + B*(0,B*)9? + B(9,B°)0? + 1.d.t.
But, the operator T*) := T, ... TyT}, is also present in the expansion of [m, 1], and
T® =T,...T
= B'o™ + [B'""(9,B™) + B""2(9,B™) + ... (4.12)
+ B (9, B™)]0m ! 4 1.d.t.
Therefore, if T # T* we have from and that
T+ T =2B'9™ + m(9, B! +1.d.t. (4.13)

It can be seen that if 7' = T*), then the same expression is valid. Since there are
(™) terms in the expansion of [m,!] we conclude from (4.13) that

(4.11)

[m, 1] = (“) [B'O™ + %lBl-lea;n-l] + Ld.t. (4.14)
m

In this way, for m = 2ky, r = 2ko + 1, j = k1 + ko = %(m+r—1), l=n-—m,
s =n —r, we apply integration by parts to observe that

([m, 1], [r, s]f)
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<;><r></3l+samfarf+ /Bl+s LB, oM f or— 1f+ ml

x / BB, gmlfor f) +lo.t.

— % (;1) (:f) (—1)3m+1-1) ((m —7r)(l+3s)+7rs— ml)

x /Bl+s—1Bw(a§(m+’"‘”f)2 T lot.

= ;(;) <:f) (—1)kr=k2p(m — r)/B”S’le(@J{f)Q + Lo.t.

_ (20[)2%23;1% (n) <n> (=1 n(m —r) /(2)% 22 (8Jf)2 +Lo.t.

m r

According to the definition of I; in (4.10)), and from the first equality in (4.9),
to obtain I; we add the high order terms terms in the former expression with

k1 + ko =7 and 0 < kq, ks < k. In this way, we obtain that

2¢)2n—27—1 o )
R e N (415)
Where
no._ (_1\] n
A7 = (1) ) '(2k2+1 2k1)(2k1) (2k2+1>. (4.16)
ki1+ko=j
0<ky k2 <k

We will prove in Lemma [.2] below that
-1
Al = n(n ) ) >mn, for all integers n > 3 odd and all j <n — 1, (4.17)
J
and in particular all the coefficients A7 are positive
Regarding the lower terms I1;, we see from (4.10]) and (4.§] . ) that

(2a)2n,—2(k1+k2)—1 T o )
M= Y s s 22 (] )2 (418)
E1+ko>j
0<11:,/§2><Jk
Thus, from , using and (| we have
<51f7A1f>
2a)2n 27—1 o )
_ZAJ 9 R2n—2j /902“ 2 arr)?
(4.19)
200 2n—2(k1+k2)—1 . .
B SID PP iy PSS SR
J=0 ki+tko>j
0<ki1,k2<k
We now turn our attention to the product (¢;f, A;f) in (4.6). For r = 2k; + 1,
k1 =0,...,k and s = n —r, taking into account that v;,,—¢, and using integration

by parts we see that

k1
(sl vnf) =3 [ Puas(BoBay v i) 011 (4.20)
j=0
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where
Pkl,j(Ba Bxaqpta ¢tr) = C;ﬁ’jB87VBZ’(/)t + Ck st (V I)BV 1'¢)t£ (421)
with v +2j = r. Since ¢y = 2a(% + ¢)¢' = 2ag0¢’ and 1y, = 2a§, we have that
s—v s—v+1 /
s ¢ @ 1 ¢
Pklaj(B7Bﬂ’)7wt7Bt) = (QO‘) ! (Ckh] Rs—v R2V ¢ t+c /flJ Rs—v+1 Rav—2 R)
B 4,03 v+1 ok, 4,0" 4k1425—1
=Cpyj O‘SHW(/)/ =a"? Ckl,jwfﬁ'

=" % leyj'
In this way, from (4.20) and proceeding as we did to obtain (4.9)),
(uf, ALS)

k
= S {2k + Ln — (2K + D] % f)

k1=0
k k k
— ™ 2k1 Z/Q a f Z Z Oén_2k1/Q (8]f)2
kh] k1,5 \Yz
k1=0 Jj=0ki1=j
k k k
) 4.22
=> o [y Y o faue O
Jj=0 Jj=0k1=5+1
k .
_ a2 n—2j—1 41 (8 £)2
—ch,jw ® ¢'(0%f)
j:O
n 2]{71 . .
+Z Z Ck1.d pn—25 Rn—2j /¢”*4k1+2371¢,(aif)2'
J=0k1=j5+1

To estimate the term (Sif,0:f) in we notice that, since S; is the sum of
operators of the form T, ... T, as described above, from the product rule for differ-
entiation we see that 0;[(S1f)] = Sitf + S10:f, where Si; is a sum of compositions
of the form Q1Qz2 ... Q, where one of the Q}s is B; and the others are either B or
0,.. In this way, by applying integration by parts we conclude that

(S1f,0u0f) = =(Suf + 510, ) = =(Suef, ) = (Ouf, 1)

Therefore, (S1f,0cf) = f%<51tf, f). Proceeding as we did to obtain (4.20)) to
we see that (Si.f, f) has the same form as the right hand side of (4.22

To conclude the computation of (4.6 . we see that
witauy =5 [vaf?==a [(@7 +e0"), (423)

We return to (4.6) and compare the terms of the form oV /RM (for diverse integer
powers N and M) in (4.19), (4.22), and (4.23)), especially, we compare the highest
order terms

a2n-2-1 an-2
gz (0 @19) and  —o—pr (in (4.22)).

Since by the hypotheses in this lemma, 1 < ¢ <5 in the support of f, there is a
constant C' = C(n, ||¢/|| o +[/¢"||L=) > 1 such that if we take o > CR™ (=) then
the leading terms in (4.19) with coefficient %nA?(Qa)zn*zj*l/RQ"’Qj absorb the
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other terms appearing in (4.19), as well as all terms in (4.22)), and (4.23). Therefore,
from and . we have

nol 2n—2j-1 ]
177 2 255,41 = €3 a3 [@ir (424

7=0

where C' depends only upon n.

To prove we must obtain an expression similar to with the integrals
J (82 f)?* replaced by [((d; + B)? f)?. To do that, using integration by parts, we
observe that form=1,...,n—1,

[+ By

farri

T, s>0

Cm S,j/BT (09 f
r+25+2] 2m

m—1 r+s
@Y S e [0l
Cm,s,j Rr+23 ¥ T
r+2§—i2>jo 2m

(4.25)

m—1m— m— s
/ amf i Z Z ‘ 20{ 2 2= / 2m—2s—2j(8jf)2
m,s,j RQm 25 ¥ T .

=0 s=0

Since o > CR™ (=1 > 1, and in the support of f, 1 < ¢ < 5, from (4.25)) it follows
that

[ (@B < [y +0'le§Z: . JICTCEY

where €’ > 0 depends only on n. Now, from (4.24) we see that, if K,,_; is a
constant with 0 < K,,_1 < Ay_| = Af = n, then

2 n—1 n2na2n231 J £\2
177> 2 CKr g [@27 )2+ C Y A e [ (0D,

7=0

Thus, applying (4.26]) with m = n — 1, we conclude that

I
« T K i )2
> Clrg| [0+ By 07 -0y S [07?]

7=0
2n 2j—1 -
+CZAJ R2n 27 /(aif)

o n—2 o2n—2j—1 )
:CKn_lﬁ/((aﬁB)”*lf)?+cZ(A K, 10’)W/(6if)2-

=0
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Therefore, by choosing K,—1 = min{A?_,,$A" ,/C' ... 2 Az /C'}, we obtain
that
n—2 1 2n—2j—1

1762 2 Comr gy [(@ v By 0P+ O s [@ir2, ()
§=0

and in this way we obtain an expression similar to (4.24)) with the first integral
term [ (97! f)? replaced by [((0,+B)" 1) f)?. Notice that from [{.17)), K,,—1 > 0.
Proceeding in a similar manner, using (4.27)), successively applying (4.26]) with m =

n—2,n—3,...,1, and taking adequate values of K,,_5,..., K3 > 0, we can perform
the replacement of the remaining integrals. Since the min{K7,...,K,_1} > 0, (4.2)
follows and the proof is complete. O

We now prove that all the coefficients A} defined in (4.16) are positive.
Lemma 4.2. For integer k> 1, let n =2k + 1. Then, for j=0,...,n—1,

A=y Y @kt 2k1)(221) <2k2”+ 1) - n(n; 1). (4.28)

k1+ka=j
0<ky ko <k
Proof. Using the formula (1 +2)" =Y""_, (Z) x” we see that for z, 0 € R, x # 0,

o) = (L4 o) + (1 = o)) (L4 B/a)" — (1 /)"

k
_ n n 2k1+2ko+1, 2k —2ky—1
2 (2k1> (2k:2 + 1)5 v

k1,k2=0

2k
_ n n 25+1, 2k, —2ko—1
> X <2k1> (2k2 + 1>ﬁ v '

J=0 ki+ko=j

0<k1 ko <k
Therefore,
% . "
=0 Ky Hha=j ! 2
0<k1,ka <k (4.29)
2k
- Z(_l)jJrlA?ﬁ%H.
§=0
But
4
o) = (U )= = (1= 02 ) (L4 /)" = (0= /)"

(B + (= o) (W B2+ 0= g2 ) (—25).

Therefore, with x = 1,
L= (a+ - a-pr ) (@t - a-8))

np
—(a+p+a-pr)(a+p T+ -p")
= =2(14 A" (1= B =21+ B)"(1 - B = a1 - §)"
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In this way,
n—1 ) n—1 )
ZOED I G
i=0 J
which, with together with (4.29)), gives (4.28)). O

In the following theorem we apply Lemmal[4.1] to the difference w of two solutions
of equation ((1.1)) to obtain a bound of the L?-norm of w in a small rectangle with
the H"~! norm of w in a distant rectangle [R — 1, R] x [0, 1].

Theorem 4.3. Let ¢ > 0. Forr € (0,1), R > 2 and ui,us € C([0,1]; H*(R))
solutions of equation (1.1)) define w = u; —ug, @ =[0,1] x [r,1 — 1], and

1 pR+1n—1
= JU} 2 X . .
An(w) = /0 /R ;(ax 2 da dt (4.30)

Suppose that ||w||z2(q) > 6 > 0. Then there exist constants C > 0, Cy, = Ci(n,7) >
0, and Ry > 1 such that

lwl|z20) < Ce“ ™ Ap(w) for all R> Ry, (4.31)
where
e ifp=0,.... k=251,
V= Ynp = 2(n—p) (4.32)

Snp-1t€ ¥p=k+l...,n-1

Notice that for the KdV Hierarchy, p = n — 2, and thus we have an exponential
eC* RY/3+ in "

Proof. From (|1.1)), by a process similar to that used to obtain (2.11)), it can be seen
that w is a solution of the equation

dw + (=1)*19rw = —[P(21) — P(22)] = — Zp:Fjagw, (4.33)
j=0

where each F} is a polynomial in 82'u; and 8%2us with j1,j2 < p < n — 1. From
the embedding of H'(R) in L*(R), the functions F; = Fj(z,t) are bounded in
D =Rx[0,1]. Let ¢ € C*°([0,1]) be a function such that ¢ = 0in [0, 5]U[1— 5, 1],
¢ = 4 in [r,1 —r], ¢ increasing in [§,7], and decreasing in [1 —r,1 — Z]. Let
us choose functions fi, § € C*(R), such that i = 0 in (—o0,1], i = 1 in [2, 00),
f=1in (=00, 0], 6=0in [1,00), and define pr(z,t) = p(x,t) := p(E + (1)) and
Or(z) = 0(z) := O(z — R). Let g := pubw. Then, it can be seen that in the support
of uf, 1 < £ 4 ¢(t) < 5. Besides g(0) = g(1) = 0. Thus g satisfies the hypotheses
of Lemma With ¢ = a(% + ¢(t))?, @ > 0, as in the statement of Lemma
we compute

e’ (Ohg + (-1)**1079)

— ¥ (uté)w + 0w + pf(~1)F 1w + 3 cn,ra;(uo)ag#w)

r=1

p n
— et (— S Fubdiw + pbw + Y e o pndi007 " w

7=0 r=1
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n T
30D e s O 00 w)

r=1s=1

p D J
=¥ (— N F 0 (pow) + S F Y ¢, 00 (uf) 3w
j=0 j=1 =1

+ ,U/tew +u Z Cnyrageag_rw -+ Z Z Cn,rcr,sa;/la;_sgag_Tw)
r=1 r=1s=1
J

p p
= (=D Folg+ nY Fy Y 0000w
§=0 j=1 1

p j r
YN Fiejpcr05ud; 005w

j=1lr=1s=1
n n o r
3 0 OO0 w0 3 e D002 ).
r=1 r=1s=1

To obtain a bound for the L2-norm of the right-hand side of the former expression
we take into account the following facts: The derivatives 92p (s > 1) are supported
in C {(z,t) | 1 < %+ ¢(t) < 2} and thus e¥ < e** in this set whose area is of
order R. Also, 970 (r > 1) is supported in [R, R+ 1] x [0,1], and e¥ < e*? in this
rectangle. Besides, w, the functions F}, and all the derivatives of u, 6, and w, are
bounded by a constant independent of R. From this considerations, and applying
Lemma [£.] we obtain

n

1 i
an—J 1/2

TR le¥ a2 ]|

VAN
=)

Clle? (@ + (1)o7l
n—1

P
< CZ le? a7 gl| + Ce*>* Z 107wl L2 (R, R+1)x[0,1]) + CRY?ete,
i=0 i=0

Let C be the constant in Lemma Then C = C(n,r). If we take a = (1+C)R**,
with s > ﬁ, then « > CR71, and for j =1,...,p

Qn—i—1/2 -

T = (1+ C)nfjf%Rf%JrS(n*j*%) > Rps(n—p—3)—3
n—j -

and therefore, after discarding the terms with j > p on the left-hand side of (4.34)),
and bearing in mind the definition of Agr(w) given in (4.30)), we have that

D p
SR eV dlgl| < O [le¥dgl| + Ce? Ag(w) + CRY M. (4.34)
§=0

Jj=0

We will choose s > —L; in such a way that s(n —p — 1/2) — 1/2 > 0; that is,
s > 1/(2n — 2p — 1). Then, by making R sufficiently large we can make the left-
hand side of (4.34) more than twice the first term on the right-hand side, allowing
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the absorsion of this last term to obtain that

p
Y RTPTITE eYalgl| < CeP Ap(w) + CRY et (4.35)
j=0

To choose the appropriate value of s we see that if p < (n —1)/2 =k, then

1 <1< 1
@Cn—2p—1) " n n-1

and we choose s = 1/(n — 1). Then with a = (1 + C)R'** = (1 + C)R"1/" we
have for large R.

If(n—1)/2<p<n-1,thatisif (n+1)/2 < p <n—1, then, with ¢ > 0 and
s=1/(2n—2p —1) + ¢; that is, with o = (1 +6)R%+6, we obtain for
large R.

Since £ + ¢(t) > 4in Q := [0,1] x [r,1 —7] and p =1, and 0 = 1 in Q, we
can replace the left-hand side of by a smaller amount to conclude that for R
sufficiently large

e'%wl|p2(q) < Ce®* Ap(w) + CRY/2ete (4.36)
Hence, with 7 as in (4.32)), and a = (1 + O)R?,
616(1+6)R7HU}HL2(Q) < Cez5(1+5)RVAR(w) _’_CR1/264(1+5)R7’

Since ||wl|z2(g) > § > 0, by making R sufficiently large we can absorb the last term
on the right-hand side of the former inequality with the left-hand side to obtain
(4.31)) with C, = 9(1 + C), which completes the proof of Theorem O

5. PROOFS OF THEOREMS [I.1] AND

For Theorem we present a proof which can be adapted with minor changes
to prove Theorem [1.2

4/34

Proof of Theorem [T, From hypothesis (L.G), e**  w(0) € L%(R), then it follows
4/3+4¢/2

that ||e®*+ w(0)|| 2w < Cq < oo for all @ > 0. The same property holds for
w(1). Also, by an interpolation argument similar to that in (2.8]),

e D w(i)l| 2w < Ca <00 foralla>0, j=1,...,n, i=0,1. (5.1)

Suppose that w does not vanish identically in D := R x [0,1]. Then, there is a
rectangle Q := [zg, 2o + 1] X [r,1 — r], for some zy € R and r € (0, 1), such that
lw]|2(g) > 0. If we consider translations ; of u;, defined by @;(x,t) := u;(z+x0,t),
i = 1,2, then, it can be seen that w1, s, and W := @ — Usg, satisfy the hypotheses
of Theorem In this way, making a translation if necessary, we can suppose
without loss of generality that @ = [0,1] x [r,1 —r].

Let n € C*(R) be a function supported in (0,1) and such that [ = 1. For
R>1and N > 4R+ 1, define ¢ n(z) = ¢(z) := [*_n(z' — R) —n(2’ — N)) da'.
Then ¢py = 1 in [R+1,N], suppéry C [R,N + 1] and |¢3)y| < ¢; with ¢

independent of R and N. We will apply Theorem to the function vp y = v :=
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¢r Ny w. From (4.33) with p =n — 2, v satisfies
oo + (1) 1ony

$(Ow + (1)1 0rw) + > en 007w

j=1

- : - ) an—i (5.2)
= GF0lw+ Y cn 0P T w '
j=0 j=1

P p J n
Y Fdi(ow) + > F; Y e o0l Tw 4> en ¢ or T w.
j=0 j=1 =1 j=1

For A > 2 we now apply together (3.1)) and (3.2) in Theorem [3.1] to v. We use
(p.2), Hélder’s inequality, and the fact that || - [[r2 72 < || [zgez2 and || |11 22 <
-1l 2.2, and take into account that ¢ is supported in [R, N +1] and its derivatives
#) are supported in [R, R+ 1] U [N, N + 1], to obtain

n—1
He/\wﬁsw”LzTLg + Z ||e’\””8§£(¢w)||L;cLzT
j=1
< AT (M gw(D))] + [T (€ gw(0)]]I7 (R

+ Ol (0, + (_1)k+lag)v||LlTLiﬂLiL%

1
< ONTES X (lw()] + 108w D |2 (r.00))
=0

+ C||F0HL2TL;°ZR||€/\x(/)w”L2TL§ +ClFollzz o5 X pwl| 2 2

(5.3)
p
+CY NPl pe €0 (dw)| Lo 2,

z>R
Jj=1

p
+CZ ||Fj||L;ZRL;°||€/\wai(¢w)||Lch2T
j=1
n—1 ) n—1 .
+CeN Y Z 07wl rserz +C Z N ||3iw|\L§9L§ZN
j=0 j=0
= I+II+III+1V.

where C' does not depend on A, N, and R.

Taking into account the specific form of the polynomial P in (1.2), and since
Z;:OI F;0iw = P(z1) — P(22), we see from and that each F} is a
polynomial in #71u; and §72uy with j1, jo < n — 3, except for Fy which has a term
97 ?uy coming from the quadratic term wd?2uy in Az(z1) — A2(22) (see (2.12)).
From it follows that

(14 2) 0w 0wy (1) || e @y < €, forallt € [0,1], 1=0,...,n.  (5.4)

Forl <n-3, a(l—%) > 2L (1-222) = 1. Therefore, ||(1—|—x+)1+Fj||L;cL;c < 00

for j = 1,...,p. In a similar way, with [ = n — 2 in (5.4)), we see that ||(1 +
£E+)2/3F0||L%0Lgo < o0o. From this decay of the functions F; we conclude that, by
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taking R sufficiently large, the norms involving these functions in IT and IIT of (5.3))
can be made small in such a way that II and IIT can be absorbed by the left-hand

side of (5.3).

After we perform this absorbtion, and taking into account that ¢ = 1in [4R, 4R+
1], we replace the left-hand side of (5.3) by a smaller amount to obtain
n—1

e wl| 2 (farar 1< o)) + Y 1€ Owl| 2 fam,ar+1)x (0,11
j=1

1
< ONY e (Jw()] + 107w () 22 (7200
Jj=0
n—1 ‘ )
+ CHAPD N o wl| e 12 + CAV V|00 e 2
j=0 -

(5.5)

= 1+1V.

From the decay hypothesis of w and the exponential decay preservation
proved in Theorem it follows that ||e’w(t)]|2 (R < Oy < oo, for all A > 0 and
all t € [0,1]. From an interpolation argument similar to that in , we also have
that [|e’* 02w (t)||2 (R < Cy, for j = 1,...,n. Therefore,

n—1
IV < CeMfth Z 10%w]| e 12 + C’e/\(NH)e_Z/\N||€2AE5§;W||L;°L§
7=0
< CHMBH) 4 oy e XV-1)
Then, as N — oo, from (5.5 we conclude that

n—1

etfir Z ||6iw\\L2([4R,4R+1]x[o,l])
= (5.6)
< ORI Y ()] + 105w ()2 r, ey + COFHD.

§=0

For a > 0 to be determined later, we take A = aR'/3t¢/2, Since Az = aR'/3+¢/2x <
az?/3t¢/2 for x > R, from (5.6) we have

n—1
4/3+4¢/2 .
etelt Z 105w L2 (4 R,4R+1]x[0,1])

=0

1
< Ca®IREDEHSD N o ()] 100w () 22wy
j=0

aRY3te/2(R+1
+Ce (B+1)

and thus, from the definition of Agr(w) given in (4.30) and from (5.1)),
e4aR4/3+5/2AR(w) S CaR(2n_1)(1/3+6/2) + CezaR4/3+e/2 S Cae2aR4/3+6/2. (5.7)
We now apply Theorem [£.3] with p = n — 2 to obtain

4/34¢/2
" Ag(w)

w2y < Ce®
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4/3+€/2 _ 4/3+€/2 _ 4/34¢€/2
S CGC*R Cae 2aR _ Cae(C* 2a)R ,

Where C* = C*(r). If we fix a > C./2, then by taking R — oo we conclude that
lwl|z2(q) = 0, which contradicts the original assumption [|w||z2(gy # 0. Then we
conclude that w = 0, and Theorem is proved. O

Proof of Theorem[1.Z From Remark w satisfies (2.23). With 8 = 1, after

applying Gronwall’s inequality and taking N — oo, we can conclude that for ¢y €
[0,1],

/efw(t)‘l < c/efw(to)“‘ for all € [to, 1]. (5.8)

By making the change of variables x — —z and t — 1 — ¢, and taking into account
that w € C([0,1]; H"™(R) N L2((1 + z_)?* dx) we can also see that

/ eu(t) < O / e w(t)® for all t € [0,to]. (5:9)

Thus we can conclude that if w(tg) = 0, then w = 0.

We will find a constant a > 0 such that if w(0), w(1) € LQ(e"IH/(%l)), then w = 0.
We reason by contradiction. Suppose that w does not vanish identically in D := R x
[0,1]. Then, by the uniqueness argument just given, w does not vanish identically
in Dy := R x [1/3,2/3]. Therefore, there is a rectangle Q := [zo,zo + 1] x [1/3,2/3]
such that [|w|z2(g) > 0. By making a translation if necessary, we can suppose
without loss of generality that @ = [0,1] x [1/3,2/3]. We now continue applying
the same arguments used to prove Theorem [1.1) using A = aRY (=1 instead of
aRY/3%¢/2_ In this case we apply Theorem with p < k, and C, = C,(1/3) and

choose a = 02 +1> 02*, which gives a value of a which depends only on n. O
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