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MULTIPLICITY OF SOLUTIONS FOR QUASILINEAR
EQUATIONS INVOLVING CRITICAL ORLICZ-SOBOLEV
NONLINEAR TERMS

JEFFERSON A. SANTOS

ABSTRACT. In this work, we study the existence and multiplicity of solutions
for a class of problems involving the ¢-Laplacian operator in a bounded do-
main, where the nonlinearity has a critical growth. Our main tool is the
variational method combined with the genus theory for even functionals.

1. INTRODUCTION

In this article, we consider the existence and multiplicity of solutions for the
quasilinear problem

—div (¢(|Vu|)Vu) = As(Ju)u + f(z,u), inQ

1.1
u=0, on 02 (1.1)

where Q € RY is a bounded domain in R with smooth boundary, X is a positive
parameter and ¢ : (0,+00) — R is a continuous function satisfying

(p(t)t) >0 Vt>0. (1.2)
There exist I,m € (1, N) such that
¢(|t)t?
< ——< 1.
1 < (1) <m Vt#0, (1.3)
where
14 IN N
O(t) = ; (s)sds, 1 <m<I, Z*:ﬁ’ m*zh.

Moreover, ¢, (t)t is such that Sobolev conjugate function ®, of ® is its primitive;
that is, ®.(t) = O‘t‘ ¢ (8)sds.
Related to function f: Q x R — R, we assume the following:

(F1) f € C(Q x R,R) is odd with respect ¢ and
f(z,t) =o(o(|t])]t]), as [t| — 0 uniformly in z;
f(z,t) = o(o.([t])]t]), as |t] — 400 uniformly in x;
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(F2) There is 6 € (m,1*) such that F(z,t) < §f(z,t)t, for all t > 0 and a.e. in
Q, where F(z,t) = fot f(x,s)ds.
Problem associated with nonhomogenous nonlinear ® arises in various fields
of physics [16]:
(i) in nonlinear elasticity, ®(t) = (1 + [t[*)” — 1 for v € (1, 125).
(i) in plasticity, ®(¢) = [¢t[PIn(1 + |t]) for 1 < po < p < N — 1 with py =
—1+\ém.

(iii) in generalized Newtonian fluids, ®(t) = fot s1=(sinh ™' s)Pds, 0 < o < 1,
8> 0.

Our main result reads as follows.

Theorem 1.1. Assume that (1.2)), (L.3), (F1) and (F2) are satisfied. Then, there
exist a sequence {\p} C (0,400) with Ap11 < Ag, such that, for X € (Agt1, k),
problem (1.1)) has at least k pairs of nontrivial solutions.

The main difficulty to prove Theorem is related to the fact that the nonlin-
earity f has a critical growth. In this case, it is not clear that functional energy
associated with satisfies the well known (PS) condition, once that the em-
bedding WH®(Q) — Lg, () is not compact. To overcome this difficulty, we use
a version of the concentration compactness lemma due to Lions for Orlicz-Sobolev
space found in Fukagai, Ito and Narukawa [14]. We would like to mention that
Theorem [1.1] improves the main result found in [25].

We cite the papers of Alves and Barreiro [3], Alves, Gongalves and Santos
[], Bonano, Bisci and Radulescu [B], Cerny [7], Clément, Garcia-Huidobro and
Manésevich [9], Donaldson [10], Fuchs and Li [I2], Fuchs and Osmolovski [I3], Fuk-
agai, Ito and Narukawa [I4] [15], Gossez [I7], Mihailescu and Raduslescu [19] [20],
Mihailescu and Repovs [21], Pohozaev [22] and references therein, where quasilinear
problems like have been considered in bounded and unbounded domains of
RY. In some those papers, the authors have mentioned that this class of problem
arises in applications, such as, nonlinear elasticity, plasticity and non-Newtonian
fluids.

This paper is organized as follows: In Section 2] we collect some preliminaries on
Orlicz-Sobolev spaces that will be used throughout the paper, which can be found
in [1], [2], [1I] and [23]. In Section 3, we recall an abstract theorem involving genus
theory that will use in the proof of Theorem and prove some technical lemmas,
and then we prove Theorem

2. PRELIMINARIES ON ORLICZ-SOBOLEV SPACES

First of all, we recall that a continuous function A : R — [0, +00) is a N-function
if:

(Al) A is convex.

(A2) A(t) =0if and only if t = 0.

(A3) @ —0ast—0,and A(t)/t — co as t — +o0.
(A4) A is an even function.

In what follows, we say that a N-function A satisfies the As-condition if, there
exists tg > 0 and k£ > 0 such that

A(2t) < kA(t) V> to.
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This condition can be rewritten of the following way: For each s > 0, there exists
M, > 0 and tg > 0 such that

A(st) < MGA(t), Yt >tp. (2.1)

Fixed an open set Q C RY and a N-function A satisfying Ao-condition, the space
L 4(9) is the vectorial space of the measurable functions u : Q — R such that

/QA(U) < 00.

The space L4(€Q) endowed with Luxemburg norm,

\u|A:inf{a>0:/ﬂA(E) < 1},

(67

is a Banach space. The complement function of A, denoted by A(s), is given by
the Legendre transformation,

A(s) = I{l>aOX{St —A(t)} fors>0.
The functions A and A are complementary each other. Moreover, we have the
Young’s inequality
st < A(t)+ A(s), Vt,s>0. (2.2)
Using this inequality, it is possible to prove the Holder type inequality

‘/ uv‘g 2ulalv] s, Vu € La(Q) and v € L1(Q). (2.3)
Q

Another important function related to function A is the Sobolev’s conjugate func-
tion A, of A, defined by

t A
1 o
A* (t) = A st, for ¢ > 0.

When A(t) = [t|P for 1 < p < N, we have A,(t) = p*? |t|P", where p* = %~

Hereafter, we denote by WO1 “4(Q) the Orlicz-Sobolev space obtained by the com-
pletion of C5°(£2) with respect to norm

[ull = [Vula + |ula.

An important property is that: If A and A satisfy the As-condition, then the
spaces L4 (Q) and W14(Q) are reflexive and separable. Moreover, the As-condition
also implies that

Up — win L4 () @/A(\un—u|)—>0 (2.4)
Q
and
Uy — u in WHA(Q) = / A(|upn, —u|) — 0 and / A(|[Vu, — Vu|) — 0. (2.5)
Q Q

Another important inequality was proved by Donaldson and Trudinger [10],
which establishes that for all open Q C RY and there is a constant Sy = S(N) > 0
such that

lula, < Sn|Vula, ueWi(Q). (2.6)
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Moreover, exist Cy > 0 such that

/ A(u) < 00/ A(Vu)), u e WA (@Q). (2.7)
Q Q
This inequality shows the following embedding is continuous
WA (Q) — La, ().
If 2 is a bounded domain and the two limits hold

B(t) B(t)

limsup —= < 400, limsup =0, 2.8
-0 A(t) It —to0 Ax(t) (28)

then the embedding
Wy (Q) < Lp() (2.9)

is compact.

The next four lemmas involving the functions @, ® and @, and theirs proofs can
be found in [14]. Hereafter, ® is the N-function given in the introduction and P,
are the complement and conjugate functions of ® respectively.

Lemma 2.1. Assume (1.2) and (L.3)). Then
[]
O(t) = / sp(s)ds,
0

is a N-function with ®, ® € Ay. Hence, Lg(Q), Wh2(Q) and Wy* () are reflexive
and separable spaces.
Lemma 2.2. The functions ®, @, ® and ®, satisfy the inequality

B(o([t))t) < D(2t), Bu(pu(ft])t) < Ba(2t), V> 0. (2.10)

Lemma 2.3. Assume that (1.2) and (1.3) hold and let &y(t) = min{t!,t™}, & (t) =
max{t!,t™}, for allt > 0. Then

So(p)@(t) < @(pt) < &i(p)2(t)  for p,t >0,
eolluls) < / B(u) < & (|ula) forue La(Q).
Q

Lemma 2.4. The function ®, satisfies the inequality
/
< D’ (1)t
— D.(t)
As an immediate consequence of the Lemma we have the following result
Lemma 2.5. Assume that (1.2) and (1.3) hold and let &(t) = min{t" ,t™ },
&3(t) = max{t!" ,t™"} for allt > 0. Then

£2(p) 0 (t) < Du(pt) < E3(p)Pu(t)  for p,t >0,

&(Jula.) < /Q B.(u)de < &(|ulo.) foru € La, ().

l*

<m* fort>0.

Lemma 2.6. Let ® be the complement of ® and put

&a(s) = min{sﬁ,sﬁ}, &5(s) = max{sﬁ,sm"ll }, s>0.

Then the following inequalities hold
§4(7‘)<i>(s) < 5(7“5) < 55(1“)&)(5), r,s > 0;
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ea(Julg) < /Q B(u)de < & (Julg), u € Ly(9).

3. AN ABSTRACT THEOREM AND TECHNICAL LEMMAS

In this section we recall an important abstract theorem involving genus theory,
which will use in the proof of Theorem [I.1] After, we prove some technical lemmas
that will use to show that the energy functional associated with problem
satisfies the hypotheses of the abstract theorem.

3.1. An abstract theorem. Let F be a real Banach space and ¥ the family of
sets Y C E\{0} such that Y is closed in E and symmetric with respect to 0; that
is,

Y ={Y Cc E\{0};Y isclosed in E and Y = -Y}.
Hereafter, let us denote by v(Y) the genus of Y € ¥ (see [24] pp. 45]). Moreover,
we set

K, ={u¢€ E;I(u) = cand I'(u) = 0},
A ={ue E;I(u) <c}.

Next, we recall a version of the Mountain Pass Theorem for even functionals,
whose proof can be found in [24].

Theorem 3.1. Let E be an infinite dimensional Banach space with

E =V ®X, where V is finite dimensional and let I € C*(E,R) be a even function

with I(0) = 0, and satisfying:

(I1) there are constants 3, p > 0 such that I(u) > 3 > 0, for eachu € 0B,NX;

(12) there is T > 0 such that I satisfies the (PS). condition, for 0 < c¢ < Y;

(13) for each finite dimensional subspace E C E, there is R = R(E) > 0 such
that I(u) <0 for all u € E\Bg(0).

Suppose V' is k dimensional and V = span{ey,...,ex}. For m > k, inductively

choose €11 € Ep, :=spanies,...,en}. Let R, = R(Ey,) and D, = Bg,, N E,.

Define

Gy = {h € C(Dm, E); h is odd and h(u) = u,Yu € OBg, N En}, (3.1)
L= {h(Dn\Y);h € Gp,m>jY €%, andy(Y) <m—j}. (3.2)
For each j € N, let
¢ = Klrellfy max I(u). (3.3)
Then, 0 < B < ¢cj <cjyr forj >k, and if j >k, ¢c; <Y and c; is critical value of
I. Moreover, if c; =cjy1 =---=cjry=c <Y forj>k, then v(K.) > 1+ 1.

3.2. Technical lemmas. Associated with problem (1.1]), we have the energy func-
tional J) : W(}’@(Q) — R defined by

J,\(u)z/Q<I>(|Vu|)—)\/Q‘I)*(u)—/QF(x,u).
By conditions (F1) and (F2), Jy € C* <W01"¢’(Q),R) with

R o= [ o(va)Vavo = [ o.(uhuo— [ fo.we,
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for any u,v € WO1 ’(P(Q). Thus, critical points of J, are weak solutions of prob-
lem (1.1).
Lemma 3.2. Under the conditions (F1) and (F2), the functional Jx satisfies (I1).

Proof. On the one hand, from (F1) and (F2), for a given € > 0, there exists C, > 0
such that

|F(z,t)| < e®(t) + C®u(t), V(z,t) € QxR (3.4)
Combining (2.7)) with (3.4)),
IO eC’O)/ (V) — (1+ ce)/ B, ().
Q Q
For e is small enough and |[u| = p ~ 0, from (2.6) and Lemma[2.4] it follows that
Ja(u) > C1|Vulg — 025§§|Vu|£§

for some positive constants Cy and Cy. For m < ¥, if p is small enough, there is
£ > 0 such that
Ja(u) >8>0 Vue dB,(0),

which completes the proof. O
Lemma 3.3. Under conditions (F1) and (F2), the functional Jy satisfies (13).

Proof. Suppose (I3) does not hold. Then, there is a finite dimensional subspace
EC Wol’(b(Q) and a sequence (uy,) C E\B,(0) satisfying

Ia(un) >0, VneN. (3.5)
A direct computation shows that given € > 0, there is a constant M > 0 such that
— M —ed,(t) < F(z,t) < M +eD,(t), V(z,t) € QxR. (3.6)

Consequently,

() < /Q<I>(|Vun|)dx—)\/ﬂ <I>*(un)—|—€/ﬂ B, (u) + M|Q.

Fixing e = A\/2, and using Lemma we obtain

In(up) < /Q<I)(|Vun|) - %53(|un

o)+ M|Q|. (3.7)

Using that dim E < 0o, we know that any two norms are equivalent in E. Then,
using that ||u,| — oo, we can assume that |u,|e, > 1. Thereby, from Lemmas

and

Taluwn) < [Vl = Jlualsy, + M9,
Using again the equivalence of the norms in E, there is C' > 0 such that
Talotn) < Junll™ = 2Cuall” + MO
Recalling that m < I*, the above inequality implies that there is ny € N such that
In(un) <0, Vn > mng,
which contradicts (3.5]). [l

Lemma 3.4. Under conditions (F1)—~(F2), any (PS) sequence for Jy is bounded in
Wy ().
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Proof. Let {u,} be a (PS)q sequence of Jy. Then,
Ia(up) — d,  Jy(up) — 0 asn— +oo.

We claim that {u,} is bounded. Indeed, note that

Tn(n) = () = [ @V = 5 [ 01V, )|Viun

—A/ch*(un)Jrg/Q@(lunl)Ui
—/QF(ac,un)—i-%/Qf(x,un)un.

A G = @) = () = 5 )i = [ @(1F ]

Consequently,

1 2
+5 [ oV DIVu|

1
+/ (F(sc,un) — ff(m,un)un).
Q %
Then, by (1.3), (F2) and Lemma for n sufficiently large,
l*
MG =) [ ®w) <CH 14 Junll+ (G = 1) [ 91w,
¢ Q ¢ Q
which implies that
l*
A =) [ @) <€+l
Q

where C is a positive constant, and so
/Qé*(un)dx < C(1+ [[un])). (3.8)
By and (3.8),
/ (|Vun|) < Jx(un) +)\/ D, (up) —I—/ F(z,u,)dx
Q Q Q

< C(1+ [Junl)) + 0n(1).

Therefore, for n sufficiently large,
[ @9l < 00+ ).
If |luy,|| > 1, from Lemma [2.5] it follows that
lun]l' < CL+ [lunl]).
Using that I > 1, the above inequality gives that {u, } is bounded in VVO1 "P(Q). O

As a consequence of the above result, if {u,} is a (PS) sequence for Jy, we can
extract a subsequence of {u,}, still denoted by {u,} and u € W)'*(Q), such that
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Up — U in Wol’(b(Q);

Up — u in Lg, (92);

Up — u in Lg(2);
up(x) — u(z) a.e. in

From the concentration compactness lemma of Lions in Orlicz-Sobolev space
found in [I4], there exist two nonnegative measures i, € M(R™M), a countable set
J, points {z;}jes in Q and sequences {u;}jes, {v;j}jes C [0,+00), such that

B(Vusl) = = (V) + 3 pds, v MEY) (59)
j€eT

D, (up) »v= )+ Z vje, in M(RY) (3.10)
jGJ

<max{SNuj , S ,u] SNM LS ,u] O (3.11)

where Sy satisfies .

Next, we will show an important estimate for {v;}, from below. Firs, we prove
a technical lemma.

Lemma 3.5. Under the conditions of Lemmal[3.] If {u,} is a (PS) sequence for
Jx and {v;} as above, then for each j € J,

vi > ( )%S;,ﬁ or v =0,

l
— m*
£

for some o € {I*,m*} and § € {ZT, Nl &

Proof. Let ¢ € C§°(RY) such that
Y(z) =11in By2(0), suppy C B1(0), 0<¢(z) <1VreRY.

For each j € I" and € > 0, let us define

Ye(w) = (2—22), vz eRV,

€

Then {t.uy,} is bounded in Wol’(D(Q). Since J4 (un,) — 0, we have
Jg\(un)('(/)eun) = on(1),

or equivalently,

L/WWMWMVWWJ=%m+{/@Wmﬁw+/ﬂ%wwwe
@ @ - (3.12)

s%m+mw4¢mmm+4ﬂa%mwp

Using that
1)t . . a5
lim M =0, uniformly in z € Q
t—too D (1)
and that lim,, _, ;o f(2, U, )u,e = 0 a.e. on Q, we have by compactness Lemma of
Strauss [§] (note that this result is still true when we replace RY by )

lim fz,up)upthe = / f(z,u)utb,. (3.13)

n—oo
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On the other hand, by (1.3

/ (1t VitV att) = / (Vi ) [Vt o + / OV ttn]) (Vi1 Vi)
Q Q Q

zz/ﬂq>(|w|)we+/Q¢(|wn|)(wnwe)un.

(3.14)
By Lemmas and the sequence {|¢(|Vun|)Vuy|z} is bounded. Thus, there
is a subsequence {uy} such that

¢(|Vun|)Vu, — @1 weakly in Lg(Q,RY),
for some w; € Lg(Q,RY). Since u, — u in Le(Q),
/Q (V) (Vitn Vb, Yy — /Q (@ Vb ).

Thus, combining (3.12)), (3.13)), (3.14]), and letting n — oo, we have

! /Q Gedp + /Q (@1 Vb )u < Am* /Q bedv + /Q Fz,w)utb. (3.15)

Now we show that the second term of the left-hand side converges 0 as € — 0.
Claim 1: {f(x,u,)} is bounded in Lz (£2). In fact, by (F1) and Lemma we
have

[t <a [ S dubu) e [ B

[|un|>1]

+es /[ oy Bl

<o / B, (1) + 2 / B, (6([tn)utm) + 319
Q [Jun|>1]
Hence, by (L.3), Lemma [2.3|and m < I*,

~ T, Uy 1 N* « (| Un|)Un 5 ~* unmfl
/Qcp*m, ))gc/ﬂcbw ) >+C/ B (Jun ") + Cal9

Hun‘>1]
SC&/ (I)*(un)+02/ 5*(|un\l*71)+03|§2|.
Q [Jun|>1]
Now, by Lemmas [2.4] and
/ D, (f(x,u,)) < Kl/ D, (up) + K2|Q] < +00.
Q Q

From Claim 1, there is a subsequence {uy} such that
Ou(|tnun + f(x,uy) = we  weakly in Ly, (Q),

for some wy € Ly (©2). Since

T} ()0 = / |V tn]) Vit Vo — / (G (]t + F (1)) v — O,
Q Q
as n — oo for any v € W&’@(Q),

/ (w1 Vv — wav) = 0,
Q
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for any v € WO1 “®((2). Substituting v = ut, we have

[ @)~ ) o
Namely,
/Q(’wlv'(/)e)u = — /Q(@1Vu — IEQU)Q/JE.

Noting w,Vu — wau € LY(Q), we see that right-hand side tends to 0 as € — 0.
Hence we have

/ (@1V1pe)u — 07
Q
as e — 0.
Letting e — 0 in (3.15), we obtain lu; < Am*v;. Hence,
—a A\
Sy <y < (5)"),

* *

for some o € {I*,m*}, B € {lT, T

O

Lemma 3.6. Assume that (F1)-(F2). Then, Jy satisfies (PS)q for d € (0,dy)
where

dy = min{

*—0 l m* *

v l:m}}
08T T AR M Lim’m )

Proof. Using that Jx(u,) = d+ 0,(1) and J} (u,) = 0,(1), we have

3 I*
JTa e (I mY, B e {7,

*

d= lim I(uy) = Jim (Ix(un) — %Jﬁ\(un)un)
>t [1- ) [ @(9ul) 425 =1) [ @)

1
_ / (F(x,un) — 5f(a:,un)un)}
Q
Recalling that

we derive that

for some a € {I*,m*}, B € {IT, T, ZE, -}, which is an absurd. From this, we

must have v; = 0 for any j € J, leading to

/Qqs*(un)H/Q@*(u). (3.16)
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Combining the last limit with Brézis and Lieb [6], we obtain

/<I>*(un—u)—>0as n — 00,
)

from where it follows by Lemma
Up, — u in Le, ().

Now, as J3 (un)un = 0,(1), the last limit gives

[ oVunDlunl? = [ oulualyad + [ fasuun + ou(0)
Q Q Q
In what follows, let us denote by {P,} the sequence

Po(@) = (0| Vun (2)) Vun (z) = ¢(|Vu()) Vu(z), Vun () = Vu(z)).

Since @ is convex in R and ®(|.|) is C! class in RY, has P, (z) > 0. From definition
of {P,},

/ P, = / (| Vun|) |V, |* 7/ o(|Vun|)Vu, Vu 7/ o(|Vu|)VuV (u, —u).
Q Q Q Q
Recalling that w, — u in WO1 “®(2), we have
/ o(|Vu])VuV(up, —u) = 0 asn — oo, (3.17)
Q
which implies that
/ P, = / S|V ttn]) [Vt | —/ (Vi) Viun Vit + 0 (1),

On the other hand, from J{ (up)u, = 0,(1) and J§ (un)u = 0,(1), we derive

0</P _A/¢* )12 — A/@ )ttt

f(xvun)un - f(x’un)u'i'on(l)
Q Q

Combining (3.16)) with the compactness Lemma of Strauss [§], we deduce that
/ P, —0 asn— oo.
Q

Using that @ is convex, from a result due to Dal Maso and Murat [I8], it follows
that

Vuy(x) — Vu(x) a.e. Q.

Now, using Lebesgue’s Theorem,
/ &(|Vu, — Vul|)dz — 0,
Q
which shows that

u, — u in Wy (Q). (3.18)

The next lemma is similar to [25] Lemma 5] and its proof will be omitted.
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Lemma 3.7. Under conditions (F1)—(F2), there is sequence {M,,} C (0,+00)
independent of X with M, < My, 11, such that for any A > 0,

A .
= inf . 1
“m = Ker,, uer Iaw) < Mon (3.19)

Proof of Theorem[I1. For each k € N, choose i, such that My < d,. Thus, for
A€ ()‘k+17)‘k)a

0<ct <cp <---<cp< My <d.
By Theorem the levels c{‘ < c%‘ <... < cﬁ are critical values of Jy. Thus, if

ci\<c§\<~~<c,>€‘,

the functional Jy has at least k critical points. Now, if ¢} = ¢}, for some j =
1,2,...,k, it follows from Theorem that K_» is an infinite set [24, Cap. 7).
J

Then, in this case, problem (|1.1)) has infinitely many solutions. O
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