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EIGENVALUE PROBLEMS FOR p(z)-KIRCHHOFF TYPE
EQUATIONS

GHASEM A. AFROUZI, MARYAM MIRZAPOUR

ABSTRACT. In this article, we study the nonlocal p(z)-Laplacian problem

1
—M(/ —\Vu|p(z)dx) div(|Vu|P®) =2vu) = Au|9®) 24 in Q,
o p(z)
u=0 on 99,

By means of variational methods and the theory of the variable exponent
Sobolev spaces, we establish conditions for the existence of weak solutions.

1. INTRODUCTION

The purpose of this article is to show the existence of solutions of the p(z)-
Kirchhoff type eigenvalue problem

1
_M</ ﬁIVu\p(w)ng diV(|Vu|P(w)—2vu) _ )\|u‘q(w)_2u in 0,

o pz (1.1)

u=0 on 09,

where Q@ ¢ RN, N > 3, is a bounded domain with smooth boundary 99, M
Rt — R is a continuous function, p,q are continuous functions on € such that
1 < p(z) < N and ¢q(x) > 1 for any € Q and ) is a positive number. The study
of problems involving variable exponent growth conditions has a strong motivation
due to the fact that they can model various phenomena which arise in the study of
elastic mechanics [28], electrorheological fluids [I] or image restoration [6].

Equation is called a nonlocal problem because of the the term M, which
implies that the equation in is no longer a pointwise equation. This causes
some mathematical difficulties which make the study of such a problem particularly
interesting. Nonlocal differential equations are also called Kirchhoff-type equations
because Kirchhoff [23] investigated an equation of the form

0%u S S N T 0%u
vor ~ (htar | 15al @) gm =0 (12)

which extends the classical D’Alembert’s wave equation, by considering the effect
of the changing in the length of the string during the vibration. A distinct feature
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is that the contains a nonlocal coefficient £ 4 = fo | \2 dz which depends

on the average 2L fo ’a“’ da: and hence the equatlon is no longer a pointwise
equation. The parameters in ) have the following meanings: L is the length of
the string, h is the area of the cross-section, F is the Young modulus of the material,
p is the mass density and Py is the initial tension. Lions [25] has proposed an
abstract framework for the Kirchhoff-type equations. After the work by Lions [25],
various equations of Kirchhoff-type have been studied extensively, see e.g. [3,[5] and
[9]-[14]. The study of Kirchhoff type equations has already been extended to the
case involving the p-Laplacian (for details, see [I3| 14}, @, 10]) and p(z)-Laplacian
(see [4l B [IT), 12 22]). Motivated by the above papers and the results in [7, 26], we
consider to study the existence of weak solutions.

2. PRELIMINARIES

For the reader’s convenience, we recall some necessary background knowledge
and propositions concerning the generalized Lebesgue-Sobolev spaces. We refer the
reader to [I5l [T6], T8, [T9] for details.

Let © be a bounded domain of RY, denote

C+(Q) = {p(z) : p(x) € C(Q), p(x) > 1, for all z € Q};
pt =max{p(z):x € Q}, p =min{p(z);z € Q};

LP@(Q) = {u: u is a measurable real-valued function, / lu(z)|P®dz < oo},
Q

with the norm
. ulzx x
[ul Lo () = lp(z) = inf {A>0 1/ |¥\p( Jde <1}
Q

becomes a Banach space [24]. We also define the space

WP (Q) = {u € LP@(Q) : |Vu| € LP(Q)},
equipped with the norm

lullwre @) = [w(@)| e @) + [Vu(@)] L@ -

We denote by W ’p(x)(Q) the closure of C§°(Q) in WP()(Q). Of course the norm
[ull = [Vu|poe) () is an equivalent norm in Wy p(z)(Q). In this paper, we denote
by X = W™ ().
Proposition 2.1 ([I5,19]). (i) The conjugate space of LP™) (Q) is LP'(*)(2), where
ﬁ + ﬁ =1. For any u € Lp(’;)(Q) and v € LP W)(Q), we have

/ luv|dz < < — + —)|u|p(T)|U|p () < 2[ulpe) [V]p (2

(ii) If p1(z), p2(z) € C+(Q ) and p1(z) < pa(z) for all x € Q, then LP*(*)(Q) —
LPr(®)(Q) and the embedding is continuous.

Proposition 2.2 ([20]). Set p(u) = [, |Vu(z)[P@dz, then for u € X and (ui,) C
X, we have
(1) |lu|l <1 (respectively=1;> 1) if and only if p(u) < 1 (respectively=1;>1);
(2) foru#0, |lul| = X if and only if p(%) = 1;
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(3) of llull > 1, then ||ull” < p(u) < u?” ;
(4) if [lul| <1, then [lul[P" < p(u) < [[ulP;
(5) |lugll — 0 (respectively — oo) if and only if p(ur) — 0 (respectively — o).

For x € Q, let us define

Proposition 2.3 ([19]). If ¢ € C+(Q) and q(z) < p*(x) (q(x) < p*(z)) for x € Q,
then there is a continuous (compact) embedding X — L) (Q).

Lemma 2.4 ([21]). Denote
1
I(u) = / —|Vu|p(“")dx, for all we X,
o p(z)
then I(u) € CY(X, R) and the derivative operator I' of I is

(I'(u),v) = /Q |VulP @ =2YuVude, for allu, ve X,

and we have

(1) I is a convex functional;

(2) I' : X — X* is a bounded homeomorphism and strictly monotone operator;

(3) I'is a mapping of type (Sy), namely: u, — u andlimsup,, _, | o I'(un)(un—
u) <0, imply u, — u.

Definition 2.5. A function v € X is said to be a weak solution of (1.1} if
1
M(/ —|Vu|p(x)da:> / VulP ™) =2VuVo de — )\/ | 9@ =2y dz = 0,
o p(z) Q Q
for all v € X.

The Euler-Lagrange functional associated to (1.1]) is

— 1 1
_ p(z) _ q(z)
RO M(/Qp(x)\w dx) A/Qq(x)\m dz,

where M(t) = fot M(7)dr. Then
1

(Jy(u),v) = M(/ \Vu\p(x)dx)/ |Vul[P®=2uVo de — )\/ Ju| 1)~ 2y du,
o p(z) Q Q

for all u,v € X, then we know that the weak solution of (1.1) corresponds to
the critical point of the functional Jy. Hereafter M(t) is supposed to verify the
following assumptions:

(M1) There exists mg > my > 0 and 8 > a > 1 such that mt®~t < M(¢) <
mgtﬁ_l. .
(M2) For all t € RT, M(t) > M(t)t.
For simplicity, we use ¢;, to denote the general nonnegative or positive constant
(the exact value may change from line to line).
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3. MAIN RESULTS AND PROOFS

Theorem 3.1. Assume that M satisfies (M1) and (M2) and the function q € C(Q)
satisfies

Bpt < q <qt <p*(a). (3.1)
Then for any A > O problem possesses a nontrivial weak solution.

Lemma 3.2. There existn > 0 and o > 0 such that Jx(u) > a > 0 for anyu € X
with ||u|| = n.

Proof. First, we point out that
lu(2)|7®) < u(@)|? + |u(@)]?, for all z € Q.
Using the above inequality and (M1), we find that

Ja(u) = ]/\4\(/Q @) )|Vu|p(7" dm )\/ |u|q<r)dx
mi A +
> Y|P _ q avty
T oa </Qp(x)‘ ul dm) q- Ou“f - lu"ﬁ)

From the assumptions of Theorem X is continuously embedded in L? () and
Lq+(Q). Then, there exist two positive constants ¢; and ¢ such that

lu(z)]g- <ecrllul, |u(@)|+ < collul, forallue X.
Hence, for any u € X with |lu|| < 1, we obtain
mi + A - - + +
P 2 sl = (el e ).

Since the function g : [0,1] — R defined by

o) = " Act jam—apt Acd pat—ant
a(pt)* g q-
is positive in a neighborhood of the origin, the proof is complete. (I

Lemma 3.3. There exists e € X with ||| > n (where n is given in Lemma [3.9)
such that Jy(e) < 0.

Proof. Let ¢ € C5°(2), ¥ > 0 and ¢ # 0 and ¢t > 1. By (M1) we have

In(e) = FE( [ Vi) - / sl

mo 1
2 S | v AT x)d — /\ a(z) g

ﬁ(’;f)ﬁtﬁp*(/gwwp(x)dx) _AqT/QW’W(Z)dx'

Since BpT < ¢, we obtain limy_, Jy () = —oo. Then for ¢ > 1 large enough, we
can take e =t such that |le|| > n and Jy(e) < 0. O

Proof of Theorem[3.1 By Lemmas and the mountain pass theorem of Am-
brosetti and Rabinowitz [2], we deduce the existence of a sequence (u,) C X such
that

IN

Ia(un) — 3 >0, Ji(up) — 0 asn— oco. (3.2)
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We prove that (u,) is bounded in X. Arguing by contradiction. We assume that,
passing eventually to a subsequence, still denote by (uy,), ||un| — oo and |ju,| > 1
for all n. By (3.2) and (M1)-(M2), for n large enough, we have

L4 e+ [lunl

> Ja(un) = *(JA(W Un)

1
\Vun|p(m dx /—|Vun|p z)dx—/\/ —— |un |7 da
(/ ) (z) q(z)
1
— M(/ —|Vu |p<x)dx /|Vu \p(”)dx—i— /|u 19(®) dge
q a p(z)
my 1 1 - 1 /
> —————(— — — ) [lun||?? —&-)\——— U |1 da
a(pt)et (zﬁ q*)” | (q* (@) Jo

my ( 1 1 ) ap— 1 1 - +
> ———(— — — ) |lua||*® —&—)\(———)(c un||? +c unq).
Oé(p+)a_1 p+ q || ” q q(x) 1” || 2” ”

Dividing the above inequality by ||u,||*? , taking into account holds true and
passing to the limit as n — oo, we obtain a contradiction. It follows that (u,) is
bounded in X. This information, combined with the fact that X is reflexive, implies
that there exists a subsequence, still denote by (u,) and u; € X such that (u,)
converges weakly to u; in X. Note that Proposition yields that X is compactly
embedded in L*)(Q), it follows that (u,) converges strongly to u; in Li(®)(Q).
Then by Holder inequality we deduce

lim [ | |9~ 20, (u, — uy)dz = 0. (3.3)
n—oo Q
Using (3.2), we infer that
lim (J§ (up), un —u1) = 0. (3.4)

Since (u,,) is bounded in X, passing to a subsequence, if necessary, we may assume
that

1

/ —— |V, |P@dz =ty >0 asn — oo.
o p(z)

If tg = 0 then (u,) converges strongly to u; = 0 in X and the proof is complete. If

to > 0 then since the function M is continuous, we obtain

1
M N p(z) M S |

Thus, by (M1), for sufficiently large n, we have

1
<M( | — P@dg) < es. :
0<ey < (/Qp(m)\Vun| dx) <cs (3.5)
From ([3.3)-(3.5), we deduce that
lim |Vu P@ =2V, (Vu, — Vuy)dz = 0. (3.6)

Using Lemma n we deduce that actually (u,) converges strongly to u; in X.
Then by relation (3.2)) we have

In(ur) =e3 >0, Jy(ur)=0;
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that is, uy ia a nontrivial weak solution of (1.1)). a
Theorem 3.4. If we assume that (M1)—(M2) hold and q € C(Q) satisfies
1<q <qt<ap, (3.7)

then there exists \* > 0 such that for any A > X\*, problem (1.1 possesses a
nontrivial weak solution.

Under the theorem’s conditions, we want to construct a global minimizer of the
functional. We start with the following auxiliary result.

Lemma 3.5. The functional Jy is coercive on X.

Proof. By Theorem [3.1] and Proposition we deduce that for all u € X,

mq A _ +
>_ 1 p(x) a_ 2 q ay
() > a(p+)a</Q|V“| dz)) = (eallull® + eallul”)

Now we set |lul| > 1, then

my - A _ +
Ia(u) > ul||*P ——(quq —l—cQuq).
(u) a(pﬂaH | = [l [l
Since by relation (3.7) we have ap™ > ¢* > ¢~, we infer that Jy(u) — oo as
|lu]] = oco. In other words, Jy is coercive in X. O

Proof of Theorem[3]. Jx(u) is a coercive functional and weakly lower semi-con-
tinuous on X. These two facts enable us to apply [27, Theorem 1.2] in order to
find that there exists u) € X a global minimizer of .JJ) and thus a weak solution of

problem (1.1).

We show wy is not trivial for A large enough. Letting ¢p > 1 be a constant and
Q1 be an open subset of {2 with [(21] > 0, we assume that vy € C§°(€2) is such that
vo(x) = to for any z € Q; and 0 < vg(x) < tp in Q\Q;. We have

—~ 1 1
p(z) — |ygle=)
JIx(vo) M(/Qp(x)|Vv0| da:) )\/Qq(x)|v0| dx

A A
- = (2) _ q
< cg q+/ﬂ|v0\q dz < cg q+t0 |2 ].
So there exists A* > 0 such that Jy(vg) < 0 for any A € [A\*,+00). It follows

that for any A > A*, uy is a nontrivial weak solution of problem (1.1} for A large
enough. (Il

Theorem 3.6. If ¢ € C(Q) with

1 < g(z) <p(x) <p*(x), (3-8)

then there exists \** > 0 such that for any A € (0, \**), problem (1.1) possesses a
nontrivial weak solution.

We plan to apply Ekeland variational principle [I7] to get a nontrivial solution
to problem (|1.1)). We start with two auxiliary results.

Lemma 3.7. There exists \** > 0 such that for any A € (0, \**) there are p,a >0
such that Jy(u) > a > 0 for any u € X with |ju| = p.
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Proof. Under the assumption of Theorem [3.6] X is continuously embedded in
L®)(Q). Thus, there exists a positive constant ¢; such that

|ulgz) < crllul| for all u € X. (3.9)

Now, Let us assume that ||u|| < min{1, é}, where c7 is the positive constant from
above. Then we have |uly;) < 1. Using Proposition [2.2] we obtain

/ u|*@dx < |ufl ) for all u € X with [[ul| = p € (0,1). (3.10)
Q
Relations (3.9) and (3.10)) imply

/Q [u|1@dz < @ ||lul|? for all u € X with [|u] = p. (3.11)

Using the hypotheses (M1) and (3.11]), we deduce that for any v € X with |lu]| = p,
the following hold

Ja(u) = M\(/ﬂ $|Vu|p(m)dz> - A/Q $|u|q(z)dx

mq ap+ )\ q- q
> m — % Ju
o) [Ju —c7 |ul
— M1 apt—qT _ AC‘I—)
P <a(p+)“p qa

By (3.8) we have ¢~ < qT < p~ <pT < ap*. So, if we take

miq- +_g—
A= ———pP 74 3.12
20l )" : (3.12)
ap+
then for any A € (0, A**) and u € X with ||u|| = p, there exists a = W such

that Jx(u) > a > 0.

Lemma 3.8. For any A € (0,\**) given by (3.12), there exists ¢ € X such that
© >0, p#£0 and Jx(tp) <0 for allt > 0 small enough.

Proof. Assumption implies that ¢(z) < Bp(x). Let €9 > 0 such that ¢~ +¢p <
Bp~. Since ¢ € C(Q), there exists an open set Qg C € such that |¢(z) — ¢~ | < €
for all z € Q. It follows that q(z) < ¢~ + € < Op~ for all z € Q.

Let ¢ € C5°(2) be such that supp(p) D Qo, ¢(z) = 1 for all x € Q and
0 < ¢ <1in Q. Then for any t € (0,1), we have

o p(x
m 1 - B 1 .
= 52 </Qp(ff)wt¢|p( )dl“) - Q @tq( )Mq( da
M2 p- / p@) g\ A q’+eo/ q(z)
< t v de) — —t dx <0,
Blp~)P ( Q| 4 ) q* o8 i

1
for all t < §8»~—a~—<0 with

M) o, ol @de }

0 <0 <minq1,
mln{ m2q+ (fQ |vg0|p(I)d$)ﬁ
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Proof of Theorem[3.6. Let \** be defined as in (3.12)) and A € (0, A\**). By Lemma
it follows that on the boundary of the ball centered at the origin and of radius
p in X, we have

inf Jy(u) > 0.
9B,(0)

On the other hand, by Lemma [3.8] there exists ¢ € X such that
Ix(tp) <0 for t > 0 small enough.

Moreover, for u € B,(0),

hw =

A - -
ful| P — Zed
q* 7

It follows that

—00 < cg = inf Jy(u) <O0.
B, (0)

We let now 0 < e < infpp, (0) Jx —infp, (o) Jx. Applying Ekeland variational prin-
ciple [I7] to the functional Jy : B,(0) — R, we find u. € B,(0) such that

J,\(ua) < inf Jy +e¢
B, (0)

In(ue) < Ia(u) +ellu —uell, u # ue.

Since
In(ue) < inf Jy+e < inf Jy+e < inf Jy,
BP(O) B/J(O) 6Bp(0)

we deduce that u. € B,(0). Now, we define K : B,(0) — R by Ky (u) = Jx(u) +
ellu — ugl|. It is clear that u. is a minimum point of K and thus

Ky (ue + tvt) — K (ue) >0,

for small t > 0 and v € B,(0). The above relation yields

Ia(ue + tv) — Ja(ue)
t

+eljof = 0.

Letting t — 0 it follows that (J}(uc),v) +¢||v|| > 0 and we infer that ||J} (uc)|| < e.
We deduce that there exists a sequence (vy,) C By(0) such that

Ia(vp) — s, J3(vn) — 0. (3.13)

It is clear that (v,,) is bounded in X. Thus, there exists us € X such that, up to a
subsequence, (v,) converges weakly to ug in X. Actually, with similar arguments
as those used in the proof Theorem we can show that v, — up in X. Thus, by

relation (3.13)),
J)\('U/Q) =cg <0, JS\(U/Q) = 0;

i.e., ug is a nontrivial weak solution for problem (|1.1)). O
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4. CORRIGENDUM POSTED IN AUGUST 27, 2014

A reader pointed out that no function M (t) can satisfy both hypotheses (M1)
and (M2). In response, we present a proof of our results by adding the following
assumption

miq~ (p7)* > maap™ (pT)*. (4.1)
and without assumption (M2).
Modified assumptions. We delete the assumption (M2) and re-state the follow-
ing:
(M1) There exist mg > my > 0 and « > 1 such that
mit®t < M(t) < mot® !, VteRT
(The original (M1) implies « = (3, so we rename constant «.);

In the proof of Theorem By (3.2)) and (M1), for n large enough, we can write
L4 e3 + [lunl

> T (un) — qi,<J;<un>7un>

1
V AP d f)\/ | d

1

—M(/ —|Vun|p(z da: _|_7/ |1 |7®) dz
4 o ()

mi

— —— |Vu, [P®) dz c_m / Vu, [P®) dr - / Vu, [P®) dr
Of(/]?()' | ) q <QP()‘ | ) sz' |
—|-/\/ >|un|q(m) dx

> (o0 q,(;” bt Yl 4 Al + eafun 7).

Dividing the above inequality by ||u,||*? , taking into account and hold
true and passing to the limit as n — co, we obtain a contradiction. It follows that
(up) is bounded in X.

Theorem remains unchanged. However, Theorems and need to be
stated without assumption (M2). Relation need to be changed by apt <
q~ < gt < p*(x). The proofs of Theorems and Lemmas are similar to the original
proofs, but replacing § by «.
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