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POINTWISE ESTIMATES FOR SOLUTIONS TO A SYSTEM OF
NONLINEAR DAMPED WAVE EQUATIONS

WENJUN WANG

ABSTRACT. In this article, we consider the existence of global solutions and
pointwise estimates for the Cauchy problem of a nonlinear damped wave equa-
tion. We obtain the existence by using the approach introduced by Li and
Chen in [7] and some estimates of the solution. The proofs of the estimates
are based on a detailed analysis of the Green function of the linear damped
wave equations. Also, we show the LP convergence rate of the solution.

1. INTRODUCTION

In this paper, we consider the nonlinear damped wave equation
O*u— Au+ O = F(u), t>0,x€R", (L1)
u(O,x) = CL(J?), 815”(077:) = b(I)v T e Rna .

where u(t, z) = (u1(t, z),uz(t, ), ..., un(t,z)) : (0,T) x R® — R™ is the unknown
vector valued function and a(x) = (a1(z),...,am(x)) and b(z) = (b1(x),...,bm(x))
are given initial data. The nonlinear smooth vector function F : R™ — R™,
F(u) = (Fi(u),..., Fy(u)) such that

Fj(u) = O(kljluzﬁk)’ (1.2)

with pjr >1orp;r=0for j,k=1,...,m.

The first aim of this paper is to obtain the existence of classical global solutions
to system . We show the existence directly by using the Banach fixed point
theorem with a detailed analysis of the Green function. At the same time, we have
the following decay rates of the solutions

luj (D)= < CA+)T2 Juy (@)l <CL+)T j=1,...om.  (L3)

The second aim is to get the pointwise estimate of the solutions to system .
With the help of the pointwise estimates of the Green function and using the
method of the Green function, we show the pointwise estimates of the solutions to
system . This estimates represent a clear decaying structure of the solutions.
Furthermore, we get the optimal LP decay estimates of the solutions.

2000 Mathematics Subject Classification. 35L15.

Key words and phrases. Damped wave system; global solution; classical solution;
pointwise estimate; Green function.

(©2013 Texas State University - San Marcos.

Submitted June 24, 2013. Published November 20, 2013.

1



2 W. WANG EJDE-2013/256

There are many authors working in this field. For the single nonlinear damped
wave equation

0?u — Au+ Ou = f(u), t>0,zcR",

u(0,z) = a1(x), Owu(0,z) =b1(z), z€R", (14)

many results have been published. For the case f(u) = —|u|?u, Kawashima, Nakao
and Ono [0] studied the decay properties of solutions to by using the energy
method combined with LP-L? estimates. Ono [I9] derived sharp decay rates in
the subcritical case of solutions in unbounded domains in R™. Nakao and Ono in
[12] proved the existence and decay of global solutions weak solutions for by
using the potential well method. By employing the weighted L? energy method,
Nishihara and Zhao [I6] obtained that the behavior of solutions to ast — oo
is expected to be same as that for the corresponding heat equation. The global
asymptotic behaviors were studied by Nishihara [I4] [15] for n = 3,4 and Ikehata,
Nishihara and Zhao [4] for n > 1. In [, [I1], the pointwise estimates of classical
solutions to were obtained.

For the case of f(u) = |u|’u, Ikehata, Miyaoka and Nakatake [3] obtained the
global existence of weak solutions to . Furthermore, Hosono and Ogawa [I]
obtained the LP-L? type estimate of the difference between the solution to
and the solutions of corresponding heat and wave equations in the two-dimensional
space. Meanwhile, when 2 < n < 5, the same type estimate was studied by Narazaki
in [13].

For the general case f(u) = O(u?*!), Wang and Wang [25] proved the pointwise
estimates of classical solutions to . There also have been a lot of investigations
for those cases. For detail results, please refer to [2] (5] 8] 20] 2T, 24] 28].

For the system of the nonlinear damped wave equations

8t2u1—Au1—|—8tu1 = |up,|Pt, t>0, z € R,
8t2u2 — Aug + Opug = |ug|P?, t >0, z € R™,
(1.5)
DU — Ay + Ol = |tUp_1|P™, t> 0,2 € R™,
ui(0,z) = aj(x), Owu;(0,x) =0b;j(z), xeR" (1<j<m),

Sun and Wang [22] for m = 2 and Takeda [23] for m > 2 obtained global weak
solutions to system .

For the general case , Ogawa and Takeda in [I7] obtained the existence of
the global solution under some conditions, which include the results of [22] and [23].
Recently, Ogawa and Takeda in [I8] proved the asymptotic behavior of solutions to
the problem by using the LP-L? type decomposition of the fundamental solu-
tion of the linear damped wave equations into the dissipative part and hyperbolic
part.

However, there are few studies concerning the global existence and decay prop-
erty of classical solutions to the Cauchy problem of the nonlinear damped wave
system. In this paper, we investigate the global existence and pointwise estimates
of classical solution to system . First of all, we employ the Green function of
the linear damped wave equation to express the solution of system . Then, we
obtain the global solution directly by using the method introduced by Li and Chen
in [7]. Unlike the usual energy method, this method needn’t to prove the local
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existence and extend the local solution to the global one in time. In this process,
the decay properties of the Green function play an important role. We employ G4
and G to define the Green function of linear equation. By a detailed analysis of
the Green function, we obtain the pointwise estimates of the Green function. Com-
pared with the methods in [I1] [I3] [14], the method of dealing with the existence
theory in this paper is more useful to show a clear decaying structure of the solution.
Secondly, with the obtained pointwise estimates of the Green function, we give the
pointwise estimates of the solution to by the method of the Green function.
Finally, as a corollary of the pointwise estimates, the optimal LP (1 < p < o0)
convergence rate can be obtained easily.

Throughout this paper, we assume that the nonlinear term {Fj(u)}., satisfies
the following conditions, for p; € [0,+00) U{0}, (j =1,...,m; k=1,...,m),

OB W) < Caps D [l @0 g <60 < a5 <y,
aj 1+t m=a; k=1
(1.6)
0% Fj(u)| < Cay5,  lus| <6, 5 <d; <1, (1.7)

and for |u;| <4, |v;| <9, &; <1,
0% Fj(u) — 0% F; (v))|

m S— m

1
< Ca, s Z Z { 1 ‘uk|(pj,k_aj,k)+ H ‘Ukl(Pj,k—aj.kh (1.8)

aj,l—i----—i—aj,m:dj =1 k= k=s+1
X (|ul|(p]‘,s_aj,s_1)+ + ‘rul|(p.7',s_a.7}s_1)+) |us — ’US‘}7

where
m m
D = E Djik, 05 = E ke
k=1 k=1

with o, > 0 and (a);+ = max{a,0}.
Our main results are the following two theorems.

Theorem 1.1. Assume that p; > 2, p; > 1+ %, [ > n+1 and the initial data
{(aj, b)), € (HTH(R™) N WHH(R™)) x (H'(R™) N WHH(R™)) and
No =Y (lajllm+r@mynwia @) + 1551l @mynwe @e)), (1.9)
j=1

is sufficiently small and the nonlinear coupling F'(u) satisfies the assumptions (1.6)),
(L.7) and (1.8). Then there exists a unique global classical solution {u;(t)}jL; of

system (1.1)).

Moreover, for j =1,2,...,m, we have the decay estimates
sl ity < C(L+1)""2,  and |ujllm <CA+)~*.  (1.10)
For the solution in the above theorem, we have the following pointwise estimates.

Theorem 1.2. Under the assumptions of Theorem [I1], if for any multi-index
la| < I, there exist some constant r > n and a small positive constant eq, such that

|05 a;| +105b;] < eo(1 +|al*)™", (L.11)
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then for |a <l —mn the solution to (L.1) satisfies:
ntlal
D (0] < C(1+1)7"

B%(|x|>t)a (112)

where By (|z|,t) = (1+ lal® ) . And for p € [1,00], we have

1+t
DS w; (1) Loy < C(1+ 1)~ 20755 (1.13)

Notation. Various positive constants will be denoted by C. W™ P(R"™), with m €
Z4 and p € [1, 0], denotes the usual Sobolev space with the norm

m
k
£ lwmr@ny =D 0% fllon)-
k=0
In particular, we use W™2(R") = H™(R"), ||-|| = ||- l2@nys |-l = [~ [lwmop @m)
and || - [[m = || - [z (mn)-

The rest of this article is organized as follows. In the next section, we show the
pointwise estimates of the Green function. Then the existence of global solutions is
proved in Section 3. Furthermore, the pointwise estimates of solutions for nonlinear
equations are obtained in Section 4.

2. GREEN FUNCTION

To obtain the global existence and pointwise estimates of the solutions, we should
first derive representation formulas of the solutions through the Green function.
The single linearized equation of (|1.1) is

Ofuj — Auj + dpuj = 0, (2.1)
ujli=o = aj,  ujili=o = b;.
Then, the Green function of can be defined as follows:
032Gy — AG + 0,Gy =0,
Gili=o = 6(z), Gitli=0 =0,
and
D2Gy — AGy + 0,Go = 0,
Gali=0 =0,  Gayli=0 = 0().

Now, we show the formulas of the solutions in the following theorem. The proof
of the theorem is similar to that of [27, Theorem 2.5]. We show the proof here for
the convenience of the readers.

Theorem 2.1. The solution of (2.1) is
t
uj(z,t) = Gy *aj + G2 *bj + / Ga(t — s) * Fj(u)(s)ds. (2.2)
0

Proof. Tt is obvious that
uj(z,0) = Gi(x,0) * a; + Go(x,0) xb; = 6(z) * a; = a;. (2.3)
uj(z,t) = Ge(z,0) * aj + Gar(x,0) * bj + Ga(t —t) * Fj(u)(t)

/tht—s ) * Fj(u)(s)ds.
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Then, we have

th(a?,O) = 6($) * bj = bj, (25)

t
Auj = AG1 *aj + AGy b + / AGs(t — s) * Fj(u)(s)ds, (2.6)
0

t
0tuj = BtGl * a; + 8tG2 * bj + Gz(t — t) * Fj(u)(t) +/ BtGQ(t — 8) * FJ(U)(S)dS,
0

(2.7)
Ofu; = OFGy * aj + O} G * b + Goy(t — t) * Fj(u)(t)
t

+/ 02Gy(t — s) x Fj(u)(s)ds

[ 0pGa(t — 5)+ Fy )0 28)
t
= 0}G1 % aj + 0fGo % bj + Fj(u)(t) +/ OFGo(t — 5) * Fj(u)(s)ds.
0
Then, by the definition of the Green function, we obtain
8t2uj — Auj + 8tuj
= (6,2G1 — AGq + 8tG1) *a; + (BEG’Q — AGy + ath) * bj
¢ (2.9)
+ Fj(u)(t) + / (02Gy — AGy + 0,Go)(t — 5) * F;(u)(s)ds
0
— Fy(u)(t).
The proof is complete. O
By the Fourier transform and a direct calculation, we have
CA;fl (§7t) = - eT+t + = eT_t7 (210)
T4 — T— Ty —T—
N 1 1

t) = T+ Tt 2.11
Caler) = e = e, (211)

where G;(£,t) (i = 1,2) are the Fourier transform corresponding to G;(x,t) and

14 /14
- ; ,

In what follows, we show the asymptotic behavior of u by using the pointwise
estimates of G, Gs. First, we divide |¢] into three cases: || is small, bounded and
big enough. Here, we set

(2.12)

T+

)L, ifé < )1, ifE> R,
Xl(g)_{o, ifes2, XB(@_{O, ite < R—1, (213)

where € is small enough, R is large enough, and X1, x3 are smooth functions. We

denote x2(£) = 1 — x1(§) — x3(§). Then, we set G;;({,t) = x;(§)Gi(&,t) where
i=1,2j=123.

To deal with the coupling of Green function, we need the following two lemmas.
The following lemma corresponds to [26, Lemma 3.2]. We omit its proof here.

Lemma 2.2. Assume that supp f C {€ : €| > R} with R large enough, |8§’8f| <
Cl&|7181=1 then there exist distributions fi(z), fa(x), such that f(z) = fi(z) +
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fa(z). And |02 f1(z)| < C(1+ |2|?)~N for positive number 2N > n+|al, || f2|lz: <

C, supp fo(x) C {x, |z| < 2e} with € being sufficiently small.

The proof of the following lemma can be founded in [I0]. We omit it here.

Lemma 2.3. If the functions H(z,t) and S(z,t) satisfy
03 H (1) < C(L+ )~ D2 By (Ja ¢),
1095 (z,t)] < C(14t)~@nHeD2B, (1z|,1),
then

02 [ (-7 S(r)0r] < 407D, (o] ),
0

Next we estimate G; j(z,t), (¢ = 1,2;j = 1,2,3) which are the inverse Fourier
transform corresponding to G; ;(€,t). First of all, for G ;, (i = 1,2;j = 1,2), we

can use the following results from [IT].

Proposition 2.4. For any positive number N, we have

|09Giq| < C(1+1t)~

(lz|,t), i=1,2.
Proposition 2.5. There exists a positive number co, such that

|8§,‘Gi,2\ < Ce_cotBN(|.%'|,t>, 1= 1,2.

For G;3, (i = 1,2), we show a subtle analysis as follows. When [£| is large

enough, using the Taylor expansion, we have

VIR = eVIE7 =4 = 2v=Tle - Y h e+ ol ).
1 1 1 1
e K ey = e+ g o)

By using the Taylor expansion, we have

k-1
eTit:e_%i\mlgl)t( Z (Faj)[E[ )t + ...

=1

<.

1,3 _
+ (D)) + REE ),
Jj=1

where R*(£,t) < (1 +t)k+1(1 + \§|)1 2k,

Then, by using and ( , We have

2k—2
1 _
et = el VLN (ST (@)l + pif_ (DO(E[ ),
Jj=1

Ty — T—

2k—2

Py (DI + P31 (DO ),

T —T—

TH gt o~V Tl

(
LU BV THIY (
T4 —T- (

2
2§:2

a7 (DI + az, (O )),

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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2k—2
T em:e<f%+ﬁw>t(Zqj+<t>|£|*j+q2*k_1<t)0(|5|1*2’“>)~ (2:20)
j=0

T+ — T—

Here, p;-t, qji are polynomials in ¢ with degree no more then j.
Since |£| > R, it is observed that

|Gra(6t)] + |Gaa(€,1)] < Ce/4, (2.21)

Now, we take
|| +n+1
. e »
Fro = —xs(&)emzHYTIDE N " gk (1))¢)
j=0
|a|+n+1 ‘
+x3(&)e T2V N g ()],
j=0

(2.22)

and
|a|+n+1

Fao = x3(&)el 2TV N prr g~
j=1
|| +n+1
1 .
—x3(§)eTETVIIENE N T pr (1)l .
j=1
Then, for the high frequency part, we have the following result.

(2.23)

Proposition 2.6. There exists a positive number ¢1, such that
109(Giz — Fia)| < Ce™ "By (|z|,t), i=1,2. (2.24)
Proof. Tt is obvious that

0705 (Gra — Fua))| < [ 10(6 (Gia — Fra) o

< Ce—01t/‘5|IaI—IBI—(Ia\+n+1)—1d§ (2.25)
< Ce 4t
Take |B] =0 or || = 2N, we obtain the the statement of Proposition O

3. GLOBAL CLASSICAL SOLUTIONS
The solution can be constructed in the complete metric space
X = {u(t) = (ur(t), uz(t), ..., um(®))|llullx < E}, (3.1)
where F is a positive constant and
|ul|x = sup Z(l +1) % [y (-, )|l wi-n-1.00 (mn) + sup Z(l 1) % (-, O 1wy -
20 =4 20 51
Then (X, || - ||x) is a Banach space. Let
Tlul(t) := (T [u](t), To[u] (2), . . ., Tin[u] (1)), (3.2)

where

T;u](t) = G1 xa; + G2 x b; —|—/O Ga(t — s) * Fj(u(s))(z)ds, (1 <j<m). (3.3)
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In the following lemma, we show that 7" is a map from X to itself.

Lemma 3.1. If E and Ny are sufficiently small with Noy < E, then T is a map
from X to X.

Proof. Firstly, we note that
1T [u] ) lli-n—1.00 < [(Gr = F1a)(t) * ajlli-n—1,00 + (G2 = F2a)(t) * bjlli—n—1,00
+ HFla(t) * CLJ‘”lfnfl,oo + ||F2a(t) * ijlfnfl,oo

+ / (G — Foa)(t = 7) % Fy(u)(7) 1-n 1,007

n / | Foalt = 7)  Fy(u)(1) l1n1,00d7
6

= Zli'

i=1
For I, it follows from the Young inequality and Propositions [2:442.6] that
I < (G = Fra) (@)l o llaglli—n—1.10 < CA+8)"""*|lajlli—p—11- (3.4)
Similarly to the estimates of I;, we obtain
I < O(L+t) 7" 2|bjll1—n—1.1- (3.5)

By noticing || <1—mn — 1 and the definition of F},, for some positive number c,
we have

|07 F1o * aj| < / €% Frady|de

< Cllaglliie=" / xs(€) €]l 1de (3.6)
< Cllajlie™ .
Similarly, we have
105 Faa * bj| < Clbjlli—1,17%". (3.7)
Then, we obtain
I <CO+)""2ajlin and I < O 4t)7"2||bs]l1-1.1. (3.8)

To estimate I5 and I, we give the estimates of Fj(u)(t) as follows:
103 Fj (u)(t)] < 104 F(w) (D] Y 105 i)
i=1

+ 05 F (u) (1)] > |07k, O gy | + -

1<k ke <mjar+as=a

+ |05 Fy (u)(t)] > |07 uk, - - Op ™ uy,, |,
1<ky,..,km<m, a1+ +am=a
(3.9)
where 0 < o, < oy (k=1,...,m).

Then, by using (1.6)), (1.7), (3.9)), the Holder inequality (||fgllzr < ||fllz2llgllz2)

and the assumption |ul|x < E, we have

1F () () li—n-11 < C(L+ 1)~ 2 Ps=D P, (3.10)
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1Ej (w)(®)]l < C(1+ 1)~ 2P -D=5 B, (3.11)

Using the Young inequality, (3.10) and Proposition and noticing p; > 1+ %,
for I5, we have

zss/“MGlfﬁnxthmuwwxuxﬂmﬂhme
0
<c / (14t = )2 (u)(7) |11 17
0

t

<CEP / (L+t—7)""2(1+7)" 50~ Ddr
0

< O(1L+t)"/2EP,

For Ig, it follows from Lemma (3.11)) and the Sobolev inequality that
t
o <C [ eI+ ) (@) haoradr
0
t
< C/ e DA fll o + 12l L) 1 () (7) - 1,000 7
0

t
<c / e~ =74\ (u)(7) -1 00T
0

(3.12)
t
<C [ IR )7 g
< CEP /t oA 4 ) BB DR g
<C(+ t(;_"/QEﬁj.
Thus, the combination of - gives
175 [u] () ll1-n—1,00 (3.13)

<O +t)7"2(||ay

1+ 105 ll-1.0 + lagllin—1.0 + b lli—n—r.1 + EP).
To estimate H' norm of T}[u](t), we consider

175wl < [[(G1 — G13)(t) * ajlli + [|0:(G2 — Ga,3)(t) * bj Iy
+ |G 13(t) * ajlli + [|G2,3(t) * bjll:

T / (G — Gag)(t — 7) % Fy (u)(r) udr
n / |Gt — ) # Fy () (7) udr
6

By using Propositions 2.4}2.5] and the Young inequality, for J;, we obtain

J1 < (G = Gra)@®)llaglly < CL+ )" lagllia (3.14)



10 W. WANG EJDE-2013/256

For J3, it follows from the Plancherel theorem and (2.21]) that

l l
J3< ) IGis(t) * %all = Y 1G1a(t)2ay] < Ce™a]l;. (3.15)

|a]=0 || =0
Similar to the estimates of J; and J3, we obtain
Jo < CA+8)4bjlli1, and Jy < Ce”4by|1. (3.16)

Using Propositions |2.4 the Young inequality and noticing p; > 1+ %, we have

J<C / 1(Ga — Gag)(t — )| (u)(7) Judlr

t
< CEI%-/ (14t —7) 41 + 1)~ #B-D-%dr (8.17)
0
< CQ+t)"VAEP
For Jg, by using the Plancherel theorem and (2.21)), we get
t ~
Js < c/ e~ /4 Fy(u) ()| dr < C(1 + )"/ EPs. (3.18)
0

Thus, we obtain
1Tl (@)l < CL+ )" (laglle + 11051l + llaglley + 105000+ EP7) . (3.19)

By using (3.13), (3.19), p; > 1+ % and the small assumptions of F and Ny with
No < E, we get | T[u](t)||x < E. Thus, the proof of Lemma [3.1] is complete. [

Next, we proof that this map 7T is a contraction mapping.

Lemma 3.2. Assume u,v € X and E > 0 is sufficiently small, then there exists a
constant v with 0 < v < 1, such that

IT[u] = T[v]lx <vllu—vlx.
Proof. By the Duhamel principle and the triangle inequality, we have
1T [u] = To]lli-n—1,00

< [ 162 = Faa)(t = ) (F0) = B0y 07
o (3.20)
T / | Faalt = 7)  (Fy(u) — Fy@)(P)ll,__y o d7

= Hl + HQ.
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By a directly calculation, we have
|03 F(u) — 0 F(v)]

<’Z% 8°‘uk—281 v) v,

+ ‘ Z 8Zk1Uk2F<u)a§kl uk18§k2 Uk
1<k, ko <mjag, tag,=a
— > 02, o, F(0)0 03,052 vg, | + ...
1<s1,82<mas; tas, =a
n \ S 02, e, PO w05y,
1<k; <m,i=1,..., ajag, +tag, =a (321)
(e s
_ ) 05 o PO vy, .. 050, ]
1<si<m,i=1,...,a5aq; +Fos, =
m
< D10 F ()0 — O, F (0)95vi|
i=1
+ > 162 F (1) 0%  up 0 ug — 82 F ()00 v, 0% v| + . ..
1<k, s<mjar+as=a
+ Z |09 F (1) uy, - .. 05 > uy,,
1<k;<m,i=1,...,050p, ++ak, =
— O%F ()05 wg,y - .. 05 vy, |.
Using (3.21)) and the assumption (L.8)), we have
1 (u) = Fj(v) 1
m l
sex X (% T butzze =
s=1la aj 1+t m=a; k=1
m
S e (7 e [N )
k=s+1
m
% (lls = vsll2 D (lwslle + lloill)))
i=1
m l
X (Y T
s=1a;=1 aji1++a;m=a; k=1
m
s =y s—1
% H o ||(ka aj, k)+(||vs”(lb aj, )+||Us||L2>)
k=s+1
m l s—1 m
<3 Y TToudes TT 10 ol lus = vl
s=la;=1 oaji1++ajm=a; k=1 k=s+1

(3.22)
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For Hy, by using the Young inequality and Propositions [2.4H2.6] and noticing the
definition of || - ||x and p; > 1+ 2, we have

H, S/O [(Ge = Faa)(t — 7)[l Lo | (Fy(u) — F(0))(T) li=n—1,1d7

' — )2\ (Fi(w) — Fi (o) () |- 1 1dT
<C [+ =0 E W - BE)Olhoaid 2

t
< CEﬁj—l/ (14t —7)""2(1 4 1) /2@ =2D=1/4 |y — g|| xdr
0
< CEP Y (14 6) 72 ||ju — vl x.
Similarly, by using (3.21)), we have
15 (uw) = Fj(0)|:
m l s—1
<SR (% e

a;=1 oaji1++ajm=a; k=1

X H ||’U ” (Pj,e—ay, k)+(||usH(Lp£s—aJ s—1)++HUS”(p] a-73—1)+)

k=s+1
m

x (lls = vl 3l + uill)) )

i=1

m 1
PO IIEEDS TT oz

s=laj=1a;1++aj;m=a; k=1

m

m l —
DI MDY Moz udom TT 105t oulimlins ).

(1':1 ()Ljy1+“~+(ljym:5¢j k=1 k=s+1
(3.24)

For H,, similar to the estimate of Ig, it follows from Lemma[2.2]and the Sobolev
inequality that

Hy < C / oI (Fy(u) — Fy(0)) () l1-n—1,00dT

<c/ ~E=DMAY (Fy () = Fy(0)) (7)1 2107

< CEPi / /A )T DAy — || xdT
0
< CEPi(14+t)""?|u—vlx,
where we used p; > 1+ % Then, we obtain
IT[u) = To]li-n-1,00 < CEP (1 +6)7"2|Ju — v x. (3.25)

On the other hand, by using the Young inequality, the Plancherel theorem, (2.21))
and Propositions [2.4] we have

|7 Tu] = T'[0][l; S/O [(G2 — Ga3)(t — 1) x (Fj(u) — Fj(v)(7)id7
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+ / 1G23(t = 7)(t = 7) % (Fj(u) = F(0))(T)], d7
0

< C/O (L4t =) (1Fj () = Ej (o)l + 1 (w) = Fj(0) ) dr

< CEPI(1+1) "4 u — v x.
Then i
IT[u) = T]lle < CEP (14 )74 |lu— o] x. (3.26)
Combining (3.25) with (3.26), we obtain ||Tu — Tv|x < CEPi|u — v||x. Since

the smallness assumption of F and p; > 1+ %, we complete the proof of Lemma
3.2 d

Proof of Theorem[I1.1 Lemmas [3.1] and [3.2] show that for sufficiently small initial
data

(aj,b;) € (WHHR™) N HFHR™) x (WHH(R™) N H'(R™))
for j =1,2,...,m, T : X — X is a contraction mapping. By the Banach fixed
point theorem, there exists a fixed point u € X. Here, we obtain the solution
{u; ()}, to system (1.1)) satisfies [|u[|x < E. Then, the proof is complete. O

4. POINTWISE ESTIMATES

In this section, we show the pointwise estimates of the solutions to system (|1.1)).
First of all, we recall

a:?uj(xﬂt)
t
=07Gy xa; + 095G bj + 8;)‘/ Ga(t — s) x Fj(u)(s)ds
0
= (07 (G1 — F1a) (1)) * aj + (95 (G2 — F2a)(t)) * bj + 07 F1a(t) * aj + 05 Faa(t) * b;

t t
+ / (09(Ga — Fou)(t — 7)) * Fj(u)(r)dr + / 0F Foo(t — 1) * Fj(u)(7)dr.
0 0
(4.1)
From Propositions [2.4 and the assumption , by using Lemma we
have
(02 (G = Fia)(t)) * a; + (07 (G2 — F2a)(t)) * by

n [e% 4.2
< Ceo(1+ 1)~ "2 B, (2|, 1). (4.2)

For some positive number b, by noticing the definition of Fi,, |a| < ! and assump-

tion (L.11)) with r > n, we have

\xﬁafc‘Fm * aj| S /|8§3§O‘F10&J|d§ S CEOeibt. (43)
Take |B| = 0 or || = n, we obtain
|02 Frq + a;] < Cege™ ¥ Bu (|2, 1). (4.4)
Similarly, we have
|02 Faq * bj| < Cege /2B, (|2|,1). (4.5)

To estimate the other parts in (4.1]), we set

ntlal

palz,t) = (1+1)"2 (By(lz],£))7", (4.6)
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and

M(t) = sup Z |0Su;(z, 7)|palz, s). (4.7)

0<s,7<t, |a|<l

When |a| <1 -1, from the assumptions ({1.6| 7 (1.7) and the definition of M, we
have

02 Fy (w)(z, 1)] < M2(£)(1+1)™"~F By(Ja], 1), (4.8)

When |a] =1, from the definition of M, by using Theorem and Lemma we
have

[

102 Fy(u)(z, )| < M2(£)(1+ )75 By(jal, £) + EM(H)(1+1)""'% By (ja],1).

(4.9)
Set

¢
- y/ Faa(t — 5) % 02 Fy(u)(s)ds|.
0
From Lemmaﬂ and and (4.9), we obtain
R < | [N ) 50 E )

}/ t Sfl*aaF d8|+’/ t Sf2*aa ( )(S)d8| (410)

= Ry + RY.
The right-hand side of the above inequality can be estimated as follows.
Ry
t
<| [ [ ale = )0 )09l
O n

) )\y—m|<sdyds

te_b(t—s) T — Cnlal
g/o /]R ol — y)|(M3(t) + EM(£))(1 +t) Ba(

< / eI foll (M2 (2) + EM()(1 + 1)~ % By (|2, £)ds

< C(1+1)""2" (M*(t) + EM(1))Bx (ja ).

Since
7L+\ |+1

02 (™" fi(x))| < C(L+1)” By (|z],1),

we have

= (M2(t) + M(1)E)Ba (

t

R = |/ eUt=9) £ Fy () (s)ds| < O(1+8)~* 2|, 4).
0

From the definition of M, we have

|02 F;(u)(z, s)| < OM?(t)(1+ 8)7"’%Bn(\x|,s). (4.11)

From Proposition 2.6 and Lemma [2:3] we obtain

| / (02(Galt — ) — Fia) *Fj<u><s>ds\ o

r+\

< C(M*(t) + M(£)E)(1 + )" Ba (ja], ).
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From the above inequalities and the definition of M, we obtain
M(t) < C(M?(t) + EM(t) + ). (4.13)
Since E and ¢ are small enough, we have M(t) < C. Tt yields that

n+t|ol

102 u; (1)) < C(1+1t)"2" By (|2, t). (4.14)

Thus, we can easily obtain the optimal L?, 1 < p < 0o, convergence rate as follows.

Corollary 4.1. Under the assumptions of Theorem[1.1], for p € [1,00], |a <1, we
have

10%u; (- )| pr < C(A4+6)"20-9)=5 =1, m. (4.15)
Thus, we have complete the proof of Theorem [T.2]
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