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EXISTENCE OF SOLUTIONS FOR FRACTIONAL
HAMILTONIAN SYSTEMS

CESAR TORRES

ABSTRACT. In this work we prove the existence of solutions for the fractional
differential equation

D% (_ooD¥u(t)) + L(t)u(t) = VW (t, u(t)), ue H(R,RN).

where o € (1/2,1). Assuming L is coercive at infinity we show that this
equation has at least one nontrivial solution.

1. INTRODUCTION

Fractional differential equations both ordinary and partial ones are applied in
mathematical modeling of processes in physics, mechanics, control theory, biochem-
istry, bioengineering and economics. Therefore the theory of fractional differential
equations is an area intensively developed during last decades [I} [IT] [16] 22] 25].
The monographs [12] [I7, 19], enclose a review of methods of solving fractional dif-
ferential equations, which are an extension of processes from differential equations
theory.

Recently, also equations including both - left and right fractional derivatives,
are discussed. Let us point out that according to integration by parts formulas
in fractional calculus, we obtain equations mixing left and right operators. Apart
from their possible applications, equations with left and right derivatives are an
interesting and new field in fractional differential equations theory. Some works in
this topic can be founded in papers [3] [, [[3] and their references.

Recently Jiao and Zhou [I4], for the first time, showed that the critical point
theory is an effective approach for studying the existence for the following fractional
boundary-value problem

DG (0Dfu(t)) = VFE(t,u(t)), ae. tel0,7],
u(0) = u(T) =0,
and obtained the existence of at least one nontrivial solution.

Motivated by this work, in this paper we consider a fractional differential equa-
tion with left and right fractional derivatives on R, that is,

1D (oo D u(t)) + L(t)u(t) = VW (¢, u(t)) (1.2)

(1.1)
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2 C. TORRES EJDE-2013/259

where o € (1/2,1), t € R, w € R", L € C(R,R™*") is a symmetric matrix-valued
function and W : R x R™ — R; satisfies the following conditions:

(L1) L(¢t) is positive definite symmetric matrix for all ¢ € R and there exists an
1 € C(R,(0,00)) such that I(t) — 400 as t — oo and

(L(t)x,x) > 1(t)|z|?, forallt € RxcR™ (1.3)
(W1) W € CHR x R",R) and there exists a constant y > 2 such that
0<uW(t,z) < (x,VW(t,z)), forallteRazecR"\{0}.

(W2) |[VW(t,x)| = o(|z]) as & — 0 uniformly with respect to ¢t € R.
(W3) There exists W € C(R",R) such that

W (t,z)| + VW (t,z)| < |W(x)| for every z € R" t € R.

In particular, if & = 1, Equation (1.2]) reduces to the standard second-order
differential equation

' — L(t)u + VW (t,u) =0, (1.4)

where W : R x R" — R is a given function and VW (¢, u) is the gradient of W
at u. The existence of homoclinic solution is one of the most important prob-
lems in the history of that kind of equations, and has been studied intensively by
many mathematicians. Assuming that L(¢) and W (t,u) are independent of ¢, or
T-periodic in ¢, many authors have studied the existence of homoclinic solutions for
via critical point theory and variational methods. In this case, the existence
of homoclinic solution can be obtained by going to the limit of periodic solutions
of approximating problems.

If L(t) and W (t,u) are neither autonomous nor periodic in ¢, this problem is
quite different from the ones just described, because the lack of compacteness of
the Sobolev embedding. In [20] the authors considered without periodicity
assumptions on L and W and showed that possesses one homoclinic solution by
using a variant of the mountain pass theorem without the Palais-Smale contidion. In
[18], under the same assumptions of [20], the authors, by employing a new compact
embedding theorem, obtained the existence of homoclinic solution of .

Physical models containing left and right fractional differential operators have
recently renewed attention from scientists which is mainly due to applications as
models for physical phenomena exhibiting anomalous diffusion. A strong motiva-
tion for investigating the fractional differential equation comes from symmetry
fractional advection-dispersion equation (SADE for short). A fractional advection-
dispersion equation (ADE for short) is a generalization of the classical ADE in
which the second-order derivative is replaced with a fractional-order derivative. In
contrast to the classical ADE, the fractional ADE has solutions that resemble the
highly skewed and heavy-tailed breakthrough curves observed in field and labora-
tory studies [5], [7], in particular in contaminant transport of ground-water flow [6].
In [6], the authors state that solutes moving through a highly heterogeneous aquifer
violations violates the basic assumptions of local second order theories because of
large deviations from the stochastic process of Brownian motion.

According to [5], the one-dimensional form of the fractional ADE can be written

as
ac oC .0"C L 0C

(1.5)
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where C is the expected concentration, t is time, v is a constant mean velocity, x is
the distance in the direction of mean velocity, D is a constant dispersion coefficient,
0 < j <1 describes the skewness of the transport process, and -y is the order of left
and right fractional differential operators. For discussions of this equation, see [6]

A special case of the fractional ADE describes symmetric transitions, where
j = 1/2. Defining the symmetric operator equivalent to the Riesz potential [23]

2V = D] + DY (1.6)

gives the mass balance equation for advection and symmetric fractional dispersion
oc

i —vVC +DVC. (1.7)

The fractional ADE has been studied in one dimension ([@]), over infinite domains
by using the Fourier transform of fractional differential operators to determine a
classical solution. Variational methods, especially the Galerkin approximation has
been investigated to find the solutions of fractional BVP [J] and fractional ADE [§]
on a finite domain by establishing some suitable fractional derivative spaces.

Our goal in this paper is to show how variational methods based on Mountain
pass theorem can be used to get existence results for . However, the direct
application of the mountain pass theorem is not enough since the Palais-Smale
sequences might lose compactness in the whole space R. To overcome this difficulty
we proof a version of compact embedding for fractional space following the ideas
of [18]. Before stating our results let us introduce the main ingredients involved in
our approach. We define

oo oo
e, = [ woPar+ [ |npuPa
oo

—00 —

and the space

I° (R) = Ce®,R™) 1

Now we say that u € I*__(R) is a weak solution of (L.2) if

o0

/ oo DR ult), s DE0(t)) + (L(yu(t), v(t))]dt = / (VW (¢, u(t)), o(t))dt,

— 00 — 00

for all v € I* (R). For u € I¢_(R) we may define the functional

1 oo o o0
I(u) = 5/ [|— oo DPu(t)|? + (L(t)u(t), u(t))]dt —/ W (t,u(t))dt. (1.8)
which is of class C'. We say that u € E“ is a weak solution of (1.2) if u is a critical
point of I.

Now we are in a position to state our main existence theorem.

Theorem 1.1. Suppose that (L1), (W1)-(W3) hold. Then (1.2) possesses at least

one nontrivial solution.

The rest of the paper is organized as follows: in section 2, subsection 2.1, we
describe the Liouville-Weyl fractional calculus; in subsection 2.2 we introduce the
fractional space that we use in our work and some proposition are proven which
will aid in our analysis. In section 3, we will prove Theorem
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2. PRELIMINARY RESULTS

2.1. Liouville-Weyl Fractional Calculus. The Liouville-Weyl fractional inte-
grals of order 0 < a < 1 are defined as

clfute) = o [ o= e, (2.1
() = s / (e ne e (2.2)

The Liouville-Weyl fractional derivative of order 0 < « < 1 are defined as the
left-inverse operators of the corresponding Liouville-Weyl fractional integrals

—ooDSu(z) = %,mfi_au(m), (2.3)
D3u(x) = —%II;O_QU(QL‘) . (2.4)
The definitions (2.3) and may be written in an alternative form:
a u(z) —ulx — &)

0o DY = dg, 2.

@) = e | e (25)
e u(z) —ulx + &)
D¢ = . 2.

We establish the Fourier transform properties of the fractional integral and frac-
tional differential operators. Recall that the Fourier transform u(w) of u(z) is
defined by

u(w) :/ e~ Wy (x)da.
Let u(x) be defined on (—o0, 00). Then the Fourier transform of the Liouville-Weyl
integral and differential operator satisfies

—el2u(z)(w) = (iw) ~*A(w), (2.7)
(@) (w) = (—iw) " a(w), (2.8)
e D2u(a) (w) = (iw)*a(w), (2.9)
D% ul2)(w) = (~iw)*a(w) (2.10)

2.2. Fractional derivative spaces. In this section we introduce some fractional
spaces for more detail see [§]. Let o > 0. Define the semi-norm

fule = ll-oe D0l 12
and the norm
9 9 1/2
e = (llullfe +ulf )" (2.11)
Let
17 () = CF(®) .

Now we define the fractional Sobolev space H*(R) in terms of the fourier transform.
Let 0 < a < 1, let the semi-norm

|ulo = [[[w]*ul 2 (2.12)
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and norm

1/2
[ulla = (lull7z + [ul2)

)

and let

a ool e
H*(R) = C5°(R)
We note a function u € L*(R) belongs to I®__(R) if and only if
lw|*u € L*(R). (2.13)

Especially,
lulre = [[lw|*@ll 2. (2.14)

Therefore I%__(R) and H*(R) are equivalent with equivalent semi-norm and norm.
Analogous to I*__(R) we introduce IS (R). Let the semi-norm

lulre, = [le Dooull L2
and the norm
) , \1/2
lullre, = (luliFe + ulf ) (2.15)
Let
o oo llrg
IL(R) =CE(R) .
Moreover I*_(R) and IS (R) are equivalent, with equivalent semi-norm and norm

[8].
Now we give the prove of the Sobolev lemma.

Theorem 2.1. If « > 1/2, then H*(R) C C(R) and there is a constant C = C,
such that
sup |u(z)| < Cljulla (2.16)
z€R
Proof. By the Fourier inversion theorem, if 7 € L'(R), then u is continuous and
sup [u(a)] < [l
zeR
Hence, to prove the theorem it is sufficient to prove that
[allpr < [lulla,

so by Schwarz inequality, we have

1

u(w)|dw = wl?)* 2 [i(w) | sy dw
[ 1a)du = [ (@ ) o) a7

i 19 \1/2 . 1/2
< ([ toPyaePde) ([ @+o?) )"
R R
The first integral on the right is ||u||?, so the theorem depends on the fact that
/(1 + |w|*)"*dw < oo
R

precisely when o > 1/2. O
Remark 2.2. If u € H*(R), then v € LY(R) for all ¢ € [2, xc], since

/R ()7 < a2 ful 22
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Now we introduce a new fractional space. Let
X*={ue H*(R,R"): / |—so D u(t)[* + L(t)u(t).u(t)dt < oo} .
The space X is a Hilbert space Vﬁth the inner product
(U, V) xe = /R(_wa‘u(t), —ooD{v(t)) + L(t)u(t).v(t)dt
and the corresponding norm

[ullXa = {u, u)xe

Lemma 2.3. Suppose L satisfies (L1). Then X is continuously embedded in
H*(R,R™).

Proof. Since | € C(R, (0,00)) and [ is coercive, then I, = mingeg l(t) exists, so
we have
(L(t)u(t), u(t) > Ut)|u(t)|® > lnm|u(t)?, VEER.

Then
R
<l / | Dou(t)2dt + / (L(t)u(t), u(t))dt
R R
So
l[ul?, < KlJul%a (2.17)
where K = max{lnin, 1}/lmin- O

Lemma 2.4. Suppose L satisfies (L1). Then the imbedding of X* in L*(R) is
compact.

Proof. We note first that by Lemma [2.3] and Remark [2:2] we have
X < L*(R) is continuous.

Now, let (ug) € X* be a sequence such that ur — w in X®. We will show that
ur — u in L?*(R). Suppose, without loss of generality, that u; — 0 in X®. The
Banach-Steinhaus theorem implies that

A = sup ||ug||xe < +00
k

Let € > 0; there is Ty < 0 such that ﬁ < e for all t such that ¢t < Ty. Similarly,

there is 77 > 0, such that ﬁ < e for all t > Ty. Sobolev’s theorem (see e.g. [24])

implies that u, — 0 uniformly on Q = [Ty, T}], so there is a ko such that
/ lup (t)[2dt <€, for all k > ko. (2.18)
Q
Since 1/1(t) < € on (—o0,Tp] we have
To To
/ lug (t)[2dt < e/ 1(t)|ug (t)2dt < eA?. (2.19)
Similarly, since 1/1(t) < € on [T}, +00), we have

+oo
/ lug (t)]2dt < eA?. (2.20)

T
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Combining (2.18)), (2.19) and (2.20) we obtain us, — 0 in L?(R,R"™). O
Lemma 2.5. There are constants ¢ > 0 and co > 0 such that
W(t,u) > crlul, |ul >1, (2.21)
W(t,u) < colult, |u] <1. (2.22)

Proof. By (W1) we note that
uW(t, ou) < (ou, VW (t,o0u)).

Let f(o) = W(t,ou), then
d _
%(f(a)a #)>0. (2.23)
Now we consider two cases
Case 1. |u| < 1. In this case we integrate (2.23]), from 1 to 1/|u| and we obtain
u

W(t,u) < W(t, —)|ul”. (2.24)

|ul
Case 2. |u| > 1. In this case we integrate (2.23]), from 1/|u| to 1 and we obtain
u

|ul
Now, since u € R", % € B(0,1). So, since W is continuous and B(0, 1) is compact,

Jul

there are ¢; > 0 and ¢o > 0 such that
1 < W(t,u) < cg, forevery u € B(0,1).

Wt u) > [ul W (¢, ). (2.25)

Therefore, we get the statement of the lemma. O

Remark 2.6. By lemma we have
W(t,u) = o(|u|*) as u — 0 uniformly in t € R (2.26)

In addition, by (W2), for any u € R™ such that |u| < M, there exists some constant
d > 0 (dependent on M;) such that

VW (t, u(t))] < dlu(t)]. (2:27)
As in [I8, lemma 2], we obtain the following result.

Lemma 2.7. Suppose that (L1), (W1)-(W2) are satisfied. If up, — u in X<, then
VW (t,ur) — VW (t,u) in L*(R,R").

Proof. Assume that up — u in X%, Then there exists a constant d; > 0 such that,
by Banach-Steinhaus theorem and (2.16]),

sup ||uk||oo < dy, Hu”oo <d.
keEN

By (W2), for any € > 0 there is § > 0 such that
|lug| < d implies |VW (¢, ur)| < €|ug].
By (W3) there is M > 0 such that
VW (t,u)| < M, forall 6 < uy <dj.
Therefore, there exists a constant dz > 0 (dependening on d;) such that

VW (#, ur(8))] < dofur(t)], [VW (¢ u(t))] < dafu(t)]
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for all £k € N and t € R. Hence,
VW (t, ur(t) = VW (¢, u(t))| < da(fur(t)] + [u(t)]) < da(lue(t) — u(t)] + 2[u(t)]) -

Since, by lemma up — u in L?(R,R™), passing to a subsequence if necessary,
it can be assumed that

(o]
ZHuk — g2 < 0.
k=1

But this implies ug(t) — u(t) almost everywhere ¢t € R and

3 lur(t) — ut)] = v(t) € LA(R,R).
k=1

Therefore,
VW (t,ur(t)) — VIV (t,u(t))] < da(v(t) + 2|u(t)]) .

Then, using the Lebesgue’s convergence theorem, the lemma is proved. O

Now we introduce more symbols and some definitions. Let B be a real Banach
space, I € C'(%B,R), which means that I is a continuously Fréchet-differentiable
functional defined on %B. Recall that I € C'(B,R) is said to satisfy the (PS)
condition if any sequence {uj}treny € B, for which {I(ux)}ren is bounded and
I'(ug) — 0 as k — 400, possesses a convergent subsequence in 9.

Moreover, let B, be the open ball in 8 with the radius r and centered at 0 and
0B, denote its boundary. We obtain the existence of solutions to by use of
the following well-known Mountain Pass Theorems, see [21].

Theorem 2.8. Let B be a real Banach space and I € C'(B,R) satisfying the (PS)
condition. Suppose that I1(0) =0 and

(i) There are constants p, 3 > 0 such that I|ap, > 3, and
(ii) There is and e € B\ B, such that I(e) < 0.

Then I possesses a critical value ¢ > 3. Moreover ¢ can be characterized as

= inf I
¢ = Inf max (v(s)),

where

I'={yeC([0,1],8) : 7(0) = 0, (1) = e}

3. PROOF OoF THEOREM [I.1]

Now we establish the corresponding variational framework to obtain the existence
of solutions for (|1.2). Define the functional I : X* — R by
1 1
1) = [ [Fl-aDEu) + G u(®) = Wt u(e))]
(3.1)

1
— sllulfe — [ Wituo)
2 R
Lemma 3.1. Under the conditions of Theorem|1.1, we have

I’(U)v=/R[(fooD?U(t),foo Div(t)) + (L(t)u(t), v(t)) — (VW (¢, u(t)), v(t))ldt
(3.2)
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for all u,v € X%, which yields

I'(u)u = Jul % - / (VW (¢, u(t)), u(t))dt. (3.3)

Moreover, I is a continuously Fréchet-differentiable functional defined on X%; i.e.,
IeCHX*R).
Proof. We firstly show that I : X¢ — R. By ([2.26)), there is a 6 > 0 such that
|u| < 6 implies

W(t,u) <eul* foralltecR (3.4)
Let u € X%, then u € C(R,R"™), the space of continuous function v € R such that

u(t) — 0 as |t| — +oo. Therefore there is a constant R > 0 such that [¢| > R
implies |u(t)| < §. Hence, by (3.4)), we have

R
/RW(t,u(t)) < /_R W(t,u(t))dt+e/|t|>R|u(t)th <400, (35)

Combining (3.1]) and (3.5]), we show that I : X* — R.
Now we prove that I € C'(X,R). Rewrite I as follows

I:II_IQ7

where

I = % /R (oo DZu(t)|? + (L(t)u(t), u(t))]dt, I = /]R W (t, u(t))dt

It is easy to check that I; € C1(X* R) and

I (u)o = /R[(_OOD?u(t),_oo Dio(t)) + (L(t)u(t), v(t))] dt. (3.6)
Thus it is sufficient to show this is the case for I5. In the process we will see that
I(u)v = /(VW(t, u(t)),v(t))dt, (3.7)

R

which is defined for all u,v € X*. For any given u € X, let us define J(u) : X* —
R as follows

J(u)v = /R(VW(t,u(t)),v(t))dt, Yv e X

It is obvious that J(u) is linear. Now we show that J(u) is bounded. Indeed, for
any given u € X, by (2.27)), there is a constant d3 > 0 such that

VW (t, u(t))] < dslu(t)],
which yields that, by Holder’s inequality and lemma |2.3]

el = | [ (FWtute). o)
R J (3.8)
< da [ ool < 72l ool

Moreover, for v and v € X%, by mean value theorem, we have

/ W (¢, u(t) + v(t))dt — / W (¢, u(t))dt = / (VW (¢, u(t) + h(t)v(t)))dt,
R R R
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where h(t) € (0,1). Therefore, by lemma [2.4] and Hélder’s inequality, we have

/ (VIV (£, u(t) + h(t)o(t)), v(t))dt — / (VI (£, u(t)), v(t))dt
R R (3.9)

- /R (VW (t,u(t)) + h(t)o(t) — VW (£, u(t)), v(t))dt — 0

as v — 0 in X®. Combining (3.8) and (3.9)), we see that (3.7)) holds. It remains to
prove that I} is continuous. Suppose that u — ug in X and note that

sup [T (u)o — I(uo)v| =  sup |/ (VW (1, ult)) — VW (¢, uo(t)), o(t))d|

lollxe=1 lvllxe=1

< sup [VW(,u(.) = VW uo()l 2ol 2

Hvllxa 1

IVW (., u(.)) = VW (., uo()) |2

- V mln
By lemmal[2.4] we obtain that I}(u)v — I} (ug)v — 0 as |lul|xe — [|uo||xe uniformly
with respect to v, which implies the continuity of I} and I € C'(X®,R). O

Lemma 3.2. Under conditions (L1), (W1), (W2), I satisfies the (PS) condition.

Proof. Assume that (ug)reny € X is a sequence such that {I(ux)}ren is bounded
and I'(u) — 0 as k — +00. Then there exists a constant Cy > 0 such that

[ (uk)| < C1, 1T (ur) |l (xey- < C1 (3.10)

for every k € N. We firstly prove that {u}ren is bounded in X. By (3.1)), (3.3)
and (W7), we have

1
Cy + |lugl|xo > I(ug) — ;I/(Uk)uk

= (5= 1) el = [ Wt 6) = % (VW (2 n(0), (1)t

> (£ -1) Junlke.
(3.11)

Since p > 2, the inequality (3.11]) shows that {u }ren is bounded in X*. So passing
to a subsequence if necessary, it can be assumed that uxy — u in X® and hence, by

lemma ur — u in L?(R,R™). Tt follows from the definition of I that
(7' (ur) = I'(u)) (ur — w)
) (3.12)
— g — ) — /[VW(t,uk) S W )] (e — ).
R

Since u, — u in L?(R,R™), we have (see lemma VW (t,ur(t) — VW (t,u(t))
in L?(R,R"). Hence
/(VW(t,uk(t)) — VW (t,u(t)), ug(t) — u(t))dt — 0
R
as k — +o00. So (3.12)) implies |Jur — u||xo — 0 as k — +o0. O

Now we are in the position to give the proof of Theorem [[.I} We divide the
proof into several steps.



EJDE-2013/259 EXISTENCE OF SOLUTIONS 11

Proof of theorem[I.1} Step 1. It is clear that I(0) = 0 and I € C'(X*, R) satisfies

the (PS) condition by lemma and
Step 2. Now We show that there exist constant p > 0 and S > 0 such that I

satisfies the condition (i) of theorem 2.8 By lemma[2.4] there is a Cy > 0 such that

Jullz < Collulxe.
On the other hand by theorem 2.1} there is C\, > 0 such that

[ulloe < Callu]| e
By (2.26)), for all € > 0, there exists § > 0 such that

W(t,u(t)) < elu(t)|* wherever |u(t)| < 6.
Let p = Cia and [Jul|x« < p; we have |lul|o < Cia.Ca = 4. Hence
W (t,u(t))] < elu(t)]* for all t € R.

Integrating on R, we obtain
[ W utendr < elulfs < ke
R

So, if ||u||x« = p, then

I0) = glulfee = [ Wtu©)it > (5= Cllulfe = (5 —
And it suffices to choose € = ﬁ to obtain
02
102 4oz =00, (3.13)

Step 3. It remains to prove that there exists an e € X¢ such that ||e||xo > p and
I(e) <0, where p is defined in Step 2. Consider

1) = % Julfe. - / W (t, ou(t))dt

for all o € R. By (2.21)), there is ¢; > 0 such that
W (t,u(t)) > cqlu(t)|*  for all |u(t)] > 1. (3.14)
Take some u € X such that ||u||xe = 1. Then there exists a subset Q of positive

measure of R such that u(t) # 0 for ¢ € . Take ¢ > 0 such that o|u(t)| > 1 for

t € Q. Then by (3.14), we obtain

0.2

Iou) < % —cio® /Q lu(t)|dt. (3.15)

Since ¢; > 0 and p > 2, (3.15) implies that I(ou) < 0 for some o > 0 with
olu(t)] > 1 for t € Q and ||ou|xo > p, where p is defined in Step 2. By theorem
I possesses a critical value ¢ > 3 > 0 given by

= inf I
¢ = Inf max (v(s)),

where
I'= {7 e C([0,1], X%) : 7(0) = 0, v(1) = e}.
Hence there is u € X* such that I(u) = ¢, I'(u) = 0. O
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