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MULTIPLE SOLUTIONS FOR PERTURBED NON-LOCAL
FRACTIONAL LAPLACIAN EQUATIONS

MASSIMILIANO FERRARA, LUCA GUERRINI, BINLIN ZHANG

ABSTRACT. In article we consider problems modeled by the non-local frac-
tional Laplacian equation
(—A)Su:)\f(at,u)—i-ug(x,u) in Q
u=0 inR"\Q,

where s € (0,1) is fixed, (—A)® is the fractional Laplace operator, A, u are
real parameters, 2 is an open bounded subset of R™ (n > 2s) with Lipschitz
boundary 92 and f,g: 2 X R — R are two suitable Carathéodory functions.
By using variational methods in an appropriate abstract framework developed
by Servadei and Valdinoci [I7] we prove the existence of at least three weak
solutions for certain values of the parameters.

1. INTRODUCTION

There are a lot interesting problems in the standard framework of the Laplacian
(and, more generally, of uniformly elliptic operators), widely studied in the litera-
ture. A natural question is whether or not the existence results got in this classical
context can be extended to the non-local framework of the fractional Laplacian
type operators.

In this spirit, we study the existence of weak solutions for the following general
non-local equation depending on two real parameters A and p given by

—Lgu=A(z,u)+ pg(r,u) in

1.1
u=0 inR"\Q. (1.1)

More precisely, in our setting 2 is an open bounded subset of R™ n > 2s, (where
s € (0,1)) with smooth boundary 0S2, while Lk is the integrodifferential operator
defined as

Lrxu(x) = / (u(m +y)+ulzr—y) — 2u(x))K(y) dy, z=eR", (1.2)
with the kernel K : R™ \ {0} — (0, 4+00) such that
mK € L*(R™), where m(x) = min{|z|?, 1}; (1.3)
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there exists # > 0 such that K (z) > 0|z|~"*2%) for all z € R™ \ {0}; (1.4)
K(z) = K(—z) for all z € R™\ {0}. (1.5)

A model for K is given by the singular kernel K (z) := |x|~("*2%) which gives
rise to the fractional Laplace operator —(—A)*®, which, up to normalization factors,
may be defined as

— (—A)u(x) = / uz+y) +|Z|(f+23y) = 2u@) b eRn (1.6)

The homogeneous Dirichlet datum in is given in R™ \ © and not simply on
the boundary 952, as it happens in the classical case of the Laplacian, consistently
with the non-local nature of the operator Lx. Moreover, we will assume that
f,9: QxR — R are two suitable Carathéodory functions with subcritical growth.

Recently, a great attention has been focused on the study of fractional and nonlo-
cal operators of elliptic type, both for the pure mathematical research and in view of
concrete real-world applications. This type of operators arises in a quite natural way
in many different contexts, such as, among the others, the thin obstacle problem,
optimization, finance, phase transitions, stratified materials, anomalous diffusion,
crystal dislocation, soft thin films, semipermeable membranes, flame propagation,
conservation laws, ultra-relativistic limits of quantum mechanics, quasi-geostrophic
flows, multiple scattering, minimal surfaces, materials science and water waves.

In this work, motivated by this large interest, we prove the existence of non-
trivial weak solutions of problem using variational and topological methods.

Our variational approach is realizable checking that the associated energy func-
tional verifies the assumptions requested by a general critical point theorem ob-
tained by Ricceri in [I3, Theorem 1.1] (see Theorem below) and thanks to a
suitable variational setting developed by Servadei and Valdinoci in [I7]. Indeed, the
nonlocal analysis that we perform here in order to use Theorem is quite general and
successfully exploited for other goals in several recent contributions; see [I8],[19] and
[5] for an elementary introduction to this topic and for a list of related references.

By a weak solutions of we mean a solution of the problem

/ (u(z) — u(y))(p(z) — o(y) K(z — y)dz dy
R7 xR

(1.7)
= )\/ fz,u(x))e(x)de + ,u/ g(z,u(x))p(z)de, Ve e Xy, Yu € X.
Q Q

Hence, Problem represents the weak formulation of (|1.1)). Note that, to write
such a weak formulation, we need to assume condition (1.5).

The space Xy in which we set problem is a functional space, inspired by,
but not equivalent to, the usual fractional Sobolev space. This new space was
introduced in [I6]; see also [I7]. The choice of this space is motivated by the fact
that it allows us to correctly encode the Dirichlet boundary datum in the weak
formulation. We will recall its definition in Section [2] to make the present paper
self-contained.

In the current literature [2, B, 4, [6 10, 11} A5, 07, 08 19 20, 21] the authors
studied non-local fractional Laplacian equations with superlinear and subcritical or
critical nonlinearities, while in [7, [8] the asymptotically linear case was exploited.

In this paper we are interested in equations depending on two real parameters.
In many mathematical problems deriving from applications the presence of one (or
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more) parameter is a relevant feature, and the study of how solutions depend on
parameters is an important topic.

Here, exploiting an abstract critical point theorem recalled in Theorem[3.1]and by
using Proposition we prove in the main result (see Theorem the existence
of an open interval A C (0,400) and a positive real number p with the following
property: for each A € A and each subcritical Carathéodory function g there exists
0 > 0 such that, for each p € [0, §], problem has at least three weak solutions
whose norms in X are less than p. We would like to stress that we do not assume
any condition (only the natural subcritical growth condition) on the perturbation
term g.

As an application of Theorem we consider the model problem

(—A)'u = Afw) + (1 +|ul?) in 0
u=0 inR"\Q,

where § € (0,2* —1). Here the exponent 2* := 2n/(n — 2s) is the fractional critical
Sobolev exponent. Notice that when s = 1 the above exponent reduces to the
classical critical Sobolev exponent 2, := 2n/(n — 2). In this framework, the cited
Theorem reduces to the following result.

Theorem 1.1. Let s € (0,1), n > 2s and Q be an open bounded set of R™ with
Lipschitz boundary. Further, let f: R — R be a continuous function such that
1f(s)
sup ————— < +00,
vk 1+ ]s|7—1
for some 1 < o < 2*. Assume that there exist three positive real constants c¢,d and
1 <y <2, such that

(I1) F(s) == [, f(t)dt >0, for every s €]0,c;
(I2’) There exists 2 < a < 2*, such that
F(s)

limsup —— < +4o0;
s—0 |s|®

(I3) |F(s)] < d(1+|s|7) for every s € R.

Then, there exist an open interval A C (0,4+00) and a positive real number p with
the following property: For each A € A there exists 6 > 0 such that, for each
u € [0,0], the problem

(—A)'u=Af(u) + p(L+[u?) inQ

1.8
u=0 nR"\Q, (18)

where B € (0,2*—1), has at least three weak solutions u; € H*(R™) (withi=1,2,3)
such that u; =0 a.e. in R™\ Q and whose norms are less than p.

The article is organized as follows. In Section [2] we recall the definition of the
functional space we work in and we give some notations. In Section [3| we prove
our main result (Theorem [3.3) and its consequence (Theorem for fractional
Laplacian equations; see Remark A direct application of our result, studying
a non-local equation driven by the fractional Laplacian, is then presented; see
Example [3.6
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2. PRELIMINARIES

This section we introduce the notation used, and give some preliminary results
which will be useful in the sequel.

2.1. The functional space X,. We briefly recall the definition of the functional
space Xy, firstly introduced in [I6]. The reader familiar with this topic may skip
this section and go directly to the next one.

The functional space X denotes the linear space of Lebesgue measurable func-
tions from R”™ to R such that the restriction to € of any function g in X belongs to
L?(Q) and the map (z,y) — (g9(z) — g(y))/K(z — y) is in L2((R™ x R") \ (CQ x
CQ),dzdy) (here CQ :=R™\ Q). Also, we denote by Xy the linear subspace of X,

XO::{geX:g:Oa.e. inR”\Q}.

We remark that X and X are non-empty, since C3(Q2) C X, by [16, Lemma 11].
Moreover, the space X is endowed with the norm defined as

ol = lalleco + ([ lote) — g G - mpazay) ™ 2)

where @ = (R" x R")\ O and O = (CQ) x (CN) C R™ x R™. It is easily seen that
Il - |x is a norm on X (see, for instance, [17] for a proof).
By [I7, Lemmas 6 and 7] in the sequel we can take the function

X020 o, = ( [ @) ~oPK@-pasty) " @2

as norm on Xo. Also (Xo,| - ||x,) is a Hilbert space (for this see [I7, Lemmas 7]),
with scalar product

(0, 0) xy = /Q (u(@) — u(®)) (v(z) — v(»)) K(z — y) da dy. (2.3)

Note that in (and in the related scalar product) the integral can be extended
to all R™ x R”, since v € Xy (and so v = 0 a.e. in R™\ ). While for a general
kernel K satisfying conditions (1.3)—(1.5) we have that X, C H*(R"), in the model
case K(x) := |z|~("*2%) the space X consists of all the functions of the usual
fractional Sobolev space H?(R™) which vanish almost everywhere outside {2 (see
[19, Lemma 7]).

Here H*(R™) denotes the usual fractional Sobolev space endowed with the norm
(the so-called Gagliardo norm)

) — 2 1/2
gl zr+ ny = llgll L2 rmy + (/ Mdmdy) : (2.4)
Roxge T — Y[R

Before concluding this subsection, we recall the embedding properties of X into
the usual Lebesgue spaces (see [I7, Lemma 8]). The embedding j : Xo <— L”(R"™)
is continuous for any v € [1,2*], while it is compact whenever v € [1,2*). Hence,
for any v € [1,2*] there exists a positive constant ¢, such that

HU”L“(R”) < e ||v]lx0s (2.5)

for any v € Xj.
For further details on the fractional Sobolev spaces we refer the reader to [5] and
to the references therein, while for other details on X and X, we refer to [16], where
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these functional spaces were introduced and various properties of these spaces were
proved.

3. MAIN RESULTS

3.1. Multiple critical points. For the reader’s convenience, we recall the revised
form of Ricceri’s three critical points theorem (see [I3, Theorem 1]) and [I2] Propo-
sition 3.1].

Theorem 3.1 ([I3| Theorem 1]). Let E be a reflexive real Banach space, ®: E — R
be a continuously Gateaux differentiable and sequentially weakly lower semicontin-
wous functional whose Gateaux derivative admits a continuous inverse on E* and
® is bounded on each bounded subset of E; ¥: E — R is a continuously Gateaux
differentiable functional whose Gateaur derivative is compact; I C R an interval.
Assume that

lim  (®(u) + A¥(u)) = +oo (3.1)

llullz—-+o0

for all A € I, and that there exists h € R such that

sup inf (®(u) + AP (u) + h)) < inf sup(P(u) + A(T(u) + h)). (3.2)
eI uEE uwEE ye1
Then, there exists an open interval A C I and a positive real number p with the
following property:

For every A € A and every C functional J: E — R with compact derivative,
there exists 6 > 0 such that, for each p € [0, 9] the equation

&' (u) + AV’ (u) + pJ' (u) =0,
has at least three solutions in E whose norms are less than p.
Proposition 3.2 ([I2] Proposition 3.1]). Let E be a non-empty set and @, ¥ two

real functions on E. Assume that there are v > 0 and ug,u; € E such that

= —U(ug) = U T su —¥\u r_\II(U1)
(I)('UJO)* \I]( 0) 0, (I)( 1) > u€¢71(]5)00_’7~])( \I/( )) < (b(ul) .

Then, for each h satisfying

—U(w)
sup (—%(u)) <h<r )
wed—1(]—o0,r]) ®(u1)

one has

iglt)) 1}22(¢(“) + A+ T(w)) < 1}161% ig%((I)(U) + AR+ ¥(u))).

For several related topics and a careful analysis of the abstract framework we
refer the reader to the recent monograph [9].

3.2. Three weak solutions. Let us denote
F(z,s) = / f(z, t)dt,
0

for a.e. z € Q and every s € R. For the rest of this article, the nonlinearity f in
(1.1) is a Carathéodory function f : Q x R — R satisfying the following growth
conditions: There exist aj,as > 0 and o € (1,2*) such that

(@, t)] < a1 +aslt|”r ae zeQ teR. (3.3)
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This assumption says that the function f has a subcritical growth. Our main result
is the following multiplicity theorem.

Theorem 3.3. Let s € (0,1), n > 2s, Q be an open bounded set of R™ with Lipschitz
boundary and let K : R™\ {0} — (0, +00) be a function satisfying conditions (1.3)—-
(1.5). Further, let f : QxR — R be a Carathéodory such that condition (3.3)) holds.
In addition, assume that there exist three positive real constants c,d and 1 < v < 2,
such that
(I1) F(z,s) >0 for a.e. x € Q and every s €]0,¢c|;
(I2) There exists 2 < o < 2%, such that
F
lim sup SUPseo F(2, 5) < 00
5—0 Elis
(13) |F(z,s)] < d(1+|s]?) for a.e. x € Q and every s € R.

Then, there exist an open interval A C (0,400) and a positive real number p with
the following property:
For each A € A and each Carathéodory function g : Q x R — R satisfying

t
sup lg(x,t)| < +oo,

(@ )eaxr 1+ [t[F1
for some 1 < B < 2*, there exists § > 0 such that, for each p € [0,0], problem (1.1
has at least three weak solutions whose norms in X are less than p.

Proof. The idea of the proof consists in applying Theorem [3.1] and Proposition [3.2
The energy functional corresponding to problem (1.1]) is defined on E := X as

H(u) = ®(u) + AV (u) + pJ(u), (3.4)
where
v = 5 [ ) ~u() K e —y) drdy, (35)
W) = — /Q Fla, u(z))dz, (3.6)
J(u) = —/QG(J:,u(z))dx, (3.7)
where

G(z,s) = /OS g(z, t)dt,

for a.e. x € Q2 and every s € R.

Of course, ¢ is a continuously Gateaux differentiable and sequentially weakly
lower semicontinuous functional whose Gateaux derivative admits a continuous in-
verse on E* moreover, ¥ and J are continuously Gateaux differentiable functionals
whose Géateaux derivative is compact. Obviously, ® is bounded on each bounded
subset of E¥ under our assumptions.

Taking into account (3.5)), (3.6) and (3.7), for each w and v € E, one has
(@' (u),v) = /Q(u(z) —u(y))(v(z) —v(y)) K(z —y) dx dy,

@ﬁmwz—Aﬂawmmwm,
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(7 (), v) = /Q o, u(@))o(z) d.

Now, from (I3) and (2.5)) it follows that

AU (u) = —)\/ F(z,u(z))dx

Q
> —)\d/(l—i— ()" dee
Q
> d(meas(@) + ] )
> —COn(1+ [Jull%,)-

for a suitable positive constant C. Thus, we obtain
1
®(u) + AV (u) > Slullx, = a1 + [lul,),

Since v < 2, it follows that
lim  (®(u) + AV (u)) =400 VYue E, A€ (0,+00).

llwllxg—+o0

Then, assumption (3.1)) of Theorem is satisfied.
Next, we prove that

sup ianE(q)(u) + AT (u) +h)) < ianE sup(®(u) + A(¥(u) + h)),
\ET UE uck g1

for some h € R. This means that assumption (3.2)) is also satisfied. For our goal it
suffices to verify the conditions of Proposition Hence, let us take up = 0 and
observe that

®(up) = —W(ug) = 0.

At this point, we claim that there exist » > 0 and u; € X such that ®(uy) > r and
(3.2)) is satisfied. By (I2) there exist n € [0,1] and C; > 0, such that

F(z,s) < Ci|s]*, Vse[-nmn], ae x €
Then, by using (I3), we can find a constant M such that
F(z,s) < M|s|%,

for every s € R and a.e. = € Q.
Consequently, fixing a constant r > 0, by the Sobolev embedding theorem, for a
suitable positive constant C; we have

—U(u) = /QF(:E,u(ac))dx < M/Q lu(z)|*de < M|ul

%(Y(Q) S 027,,01/2,

for every u € ®~1(] — oo, r]). Hence, being o > 2, it follows that

o suppyz <o (—¥(w)
lim v =0. (3.8)

r—0+ r

Let u; € C3(2) be a function positive in Q, with u|sq = 0 and

max u(z) < c.
e
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Note that C3(2) € Xo; see [16, Lemma 11]. Then, of course, u; € E and in
addition ®(u1) > 0. In view of (I1) we also have

—U(uy) = / F(z,u1(z))dz > 0.
Q
Therefore, from (3.8)), we can find r € (0, ®(uq)) such that

-
sup (—T(w) = sup (—T(w)<r (w),
wed—1(]—o0,r]) llul%, <2r D(uy)
The proof is complete. O

The following is special case of Theorem

Corollary 3.4. Let s € (0,1), n > 2s, Q be an open bounded set of R™ with Lips-
chitz boundary and let K : R™ \ {0} — (0,400) be a function satisfying conditions

) 3.

Further, let f: R — R be a continuous function such that

1f(s)l
sup ————— < +00,
ser 14 [s|77!

for some 1 < o < 2*. In addition, assume that there exist three positive real
constants ¢,d and 1 < v < 2, such that conditions (I11’)—(13’) hold. Then, there
are an open interval A C (0,+00) and a positive real number p such that, for each
A € A the problem

—Lru=Af(u) inQ
u=0 1 R"\Q,
has at least three weak solutions whose norms in X are less than p.

Remark 3.5. In the model case in which K (z) := |z|~("*2%) the space Xj can be
characterized as follows
Xo={ve H*(R"):v=0ae. in R"\ Q};

for details see [19, Lemma 7-b]. Then, is immediate to observe that Theorem [1.1
in the Introduction is a direct consequence of Theorem [3.3

Example 3.6. Let Q) be an open bounded set of R?® with Lipschitz boundary. A
simple example of application of Theorem [I.1] can be produced considering the real
function

0 ift<0
ft)=<tt ifo<t<1
1l ife> 1,

where 2 < a@ < 3 and 1 < 7 < 2. In such a case there exist an open interval
A C (0,400) and a positive real number p with the following property:

For each A € A there exists § > 0 such that, for each p € [0,¢], the Dirichlet
problem

(=2)%u = Af(u) + p(1+ [ul’) in Q
u=0 inR"\Q,

where /3 € (0,2), has at least three non-trivial weak solutions u; € H'/?(R3) (with
i =1,2,3) such that u; = 0 a.e. in R™ \  and whose norms are less than p.
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Remark 3.7. We point out that, recently, Teng in [22], by using a non-smooth
critical point theorem due to Arcoya and Carmona [I], studied the existence of two
non-trivial weak solutions for a parametric non-local hemivariational inequalities
with the Dirichlet boundary condition. More precisely, they proved, for suitable
value of the real parameters A and pu, the existence of two non-trivial weak solutions
for the Dirichlet problem

—Lgu € A0j(z,u) + pok(z,u)) in Q
u=0 inR"\Q,

where j, k : 2 xR — R are suitable measurable functions such that, for almost every
x € Q, one has that j(z,-) and k(z,-) are locally Lipschitz continuous functions.
Here, the expressions dj(x,-) and 9k(zx,-) denote the generalized subdifferential in
the sense of Clarke. We just observe that Theorem and the smooth version of
the above mentioned result are independent.
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