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SYMMETRIC POSITIVE SOLUTIONS FOR ¢-LAPLACIAN
BOUNDARY-VALUE PROBLEMS WITH INTEGRAL
BOUNDARY CONDITIONS

WENGUI YANG

ABSTRACT. In this article, we study the existence, multiplicity, and nonexis-
tence of symmetric positive solutions for a class of four-order integral boundary
value problems with ¢-Laplacian operator. The arguments mainly rely on the
Guo-Krasnosel’skii fixed point theorem of cone expansion and compression of
norm type and Leggett-Williams fixed point theorem. Finally, some examples
are presented to illustrate the main results.

1. INTRODUCTION

In this article, we consider the following ¢-Laplacian boundary-value problems
(BVP) with integral boundary conditions

[a®(pO' )] = wt)ftut), € ab],
au(a) — Bpla)u(a) = / g(s)u(s)ds,

b
au(b) + Bp(b)u' (b) = / g(s)u(s)ds, (1.1)
b
19((p(a)u’(a))") = dq(a)[d((p(a)u’(a)))] = / h(s)é((p(s)u'(s))")ds,
b
Yo((p(b)u'(9))") + 5q(D)[B((p(b)u (b)) :/ h(s)¢((p(s)u'(s))")ds.

We use the following assumptions throughout this article:

(HO) ¢ is an odd, increasing homeomorphism from R onto R and there exist
two increasing homeomorphisms 11 and s of (0, 00) onto (0, 00) such that
1 (u)p(v) < p(uv) < ha(u)g(v) for all u,v > 0. Moreover, ¢, ¢~ € CH(R),
where ¢~ denotes the inverse of ¢.

(H1) « >0,v>0,and 8 >0, > 0.

(H2) p(t),q(t) : [a,b] — (0,00) are continuous functions, and p(t),¢(t) are sym-
metric on [a, b].
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(H3) w € L'[a,b] is nonnegative, symmetric on [a, b] and w(t) # 0 on any subin-
terval of [a, b].

(H4) f:[a,b] x [0,00) — [0,00) is continuous and f(-,u) is symmetric on [a, b]
for all u € [0, 00).

(H5) g,h € C([a,b],[0,00)) are symmetric functions on [a,b], and p € [0, @),

v € [0,7), where
b b
,u:/ g(s)ds, 1/:/ h(s)ds.

Boundary-value problems with integral boundary conditions have gained con-
siderable popularity and importance due to their application in different areas of
applied mathematics and physics and so on. They include two, three, multi-point
and nonlocal boundary-value problems as special cases. There have been some pa-
pers dealing with the existence and multiplicity of solutions or positive solutions
for such problems by the use of some well-known fixed point theorems and upper
and lower solutions method. For some recent developments on the subject, see
[2, 13, [, 12, 13} 22] 23] 25, 27] and the references therein.

Recently, many researchers have extensively studied the existence, multiplicity
and nonexistence of symmetric positive solutions of boundary-value problems by
using fixed point theorem; i.e., fixed point theorem of cone expansion and compres-
sion of norm type, fixed point theory in cones and Leggett-Williams fixed point
theorem. To identify a few, we refer the reader to [, [6] [8, O] [IT], 17, 2], 20] and the
references therein. In particular, we would like to mention some results of Feng [5],
Ma [16], Xu [19], Luo and Luo [I5], and Zhang et al. [24], Zhang and Ge [26]. Feng
[5] considered the following second-order nonlinear ordinary differential equation
with integral boundary conditions

(g () +w(t)f(t,u) =0, 0<t<]l,

1
a®%me(FAMM®@

t—0+t

au(l) +b lim g(t)u'(t) :/0 h(s)u(s)ds,

t—1—

where a,b > 0, g € C*([0,1],(0,00)) is symmetric on [0,1], w € LP[0,1] for some
1 < p < +o0, and is symmetric on [0,1], f : [0,1] x [0, +00) is continuous, f(1 —
t,u) = f(t,u) for all (t,u) € [0,1] x [0,+00), and h € LP[0,1] is nonnegative and
symmetric on [0, 1]. The author investigated the existence of at least one symmetric
positive solution by applying the theory of fixed point index in cones.

Ma [I6] obtained the existence of at least one symmetric positive solution for
fourth-order boundary-value problem with integral boundary conditions by using
the fixed point index in cones.

() =w(t)f(u(t), 0<t<l,

u@zwmz/mwwm,wwzwmz/qu@w

0 0

(1.2)

where p,q € L1[0,1], w : (0,1) — [0, +00) is continuous, symmetric on [0, 1] and
may be singular at ¢ = 0 and ¢t = 1, f : [0,1] x [0,400) is continuous, f(1 —
t,u) = f(t,u) for all (t,u) € [0,1] x [0,400). Xu [I9] studied the existence of
three positive solutions for fourth-order singular nonlocal boundary-value problems
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u""(t) = w(t)f(t,u(t)), 0 <t < 1, with integral boundary conditions by using
Leggett-Williams fixed point theorem.

Luo and Luo [I5] investigated the existence, multiplicity and nonexistence of
symmetric positive solutions of the following fourth order boundary value problem
with integral boundary conditions

P(u” ()" = w(t)f(t,u(t),u'(t), 0<t<L,

1 1 1.3
u0) = (1) = [ plauts)ds. o'(0) = o(u' (1) = [ ats)otu(s))is "
where ¢ is defined as in (HO), p,q : [0,1] — (0,00) are continuous functions, and
p, q are symmetric on [0, 1], f : [0, 1] x [0, +00) is continuous, f(1—t,u) = f(t,u) for
all (¢,u) € [0,1] x [0,4+00). Zhang et al. [24] studied the existence and nonexistence
of symmetric positive solutions for a special case of fourth order boundary value
problem when ¢(t) = ¢,(t) = [t|P72t, p > 1, and f(t,u(t), v (t)) = f(t,u(t)).

Zhang and Ge [26] considered the following second-order nonlinear ordinary dif-
ferential equation with integral boundary conditions

(q()u" (1)) = wt)f(t,ut), 0<t<1,

1
u(0) =u(l) = /0 g(s)u(s)ds

t—0+

au(0) — b Tim g(t)u” (1) = /0 h(s)u” (s)ds,

au” (1) —|—btlir1n g(t)u (t) :/ h(s)u”(s)ds,

—1= 0
where a,b > 0, ¢ € C1([0,1],(0,00)) is symmetric on [0,1], w € LP[0,1] for some
1 < p < 400, and is symmetric on [0,1], f : [0,1] x [0,400) is continuous, f(1 —
t,u) = f(t,u) for all (t,u) € [0,1] x [0,400), and g, h € LP[0, 1] is nonnegative and
symmetric on [0, 1]. The authors obtained the existence of at least one symmetric
positive solution based upon a specially constructed cone and the fixed point theory
in a cone.

Motivated greatly by the above mentioned works, we establish sufficient condi-
tions for the existence, multiplicity and nonexistence of symmetric positive solutions
of BVP by applying the Guo-Krasnosel’skii fixed point theorem of cone expan-
sion and compression of norm type and Leggett-Williams fixed point theorem. Our
paper improves and generalizes the results of mentioned results to some degree. At
the end of this paper, some examples are presented to illustrate the main results.

2. PRELIMINARIES

We recall that the function u is said to be concave on [a, b], if u(Ato+(1—N)t1) >
Au(tr) + (1 — Nu(ty), ti,t2 € [a,b], A € [0,1] and the function w is said to be
symmetric on [a,b], if w(b —t¢+ a) = u(t), t € [a,b]. A function u is called a
symmetric positive solution of provided w is symmetric and positive on [a, ],
and satisfies the differential equation and the boundary value conditions in .

To prove the main results in this article, we will use the following lemmas.
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Lemma 2.1. Assume (HO)—(H2) hold and p # «. Then for any v € Cla,b], the
BVP
(p(t)u'(t)) = ¢ (v(1), t € [a,0],
b
au(a) — Bp(a)u’(a) = / g(s)u(s)ds, (2.1)
5
aul®) + 500 ) = [ g(huls)ds,

has a unique solution u and u can be expressed in the form

—/b Hy(t,s)p  (v(s))ds, (2.2)
where
Hi(t,s) = Gi(t,s) + (2.3)
S dr b dr
it =L {(/Haft 5 )(6+afb ) asastsh
Btaf, ) B+af, ), a<t<s<b
Here

p‘f)) y= /abg<s>ds.

Proof. First suppose that u is a solution of problem (2.1). It is easy to see by
integration of both sides of (2.1)) on [a,t] that

p(t)ed(t) = play(a) + / o1

Letting A = p(a)u’(a), then we have

iy AL
““)‘pos)*p(t)/a‘ZS

Integrating again, we can get

a)+A/atp(18)d3—|—/ /(b ))drds.

By the boundary condition, we obtain

b
outa) = A= [ g(s)u(s)as.
au(a)—l—(oz/abpc(is)—i—ﬁ)/l /bg ds—ﬁ/ ))ds
/ / ot )) dr ds.
Then

A= —M a/ / ¢! drds—i—ﬁ/ v(s))ds),

A1:a<2ﬂ+a/

a




EJDE-2013/266 SYMMETRIC POSITIVE SOLUTIONS 5

o) = - /:1/¢ irass [

+$ / g(s)u(s)ds

u(t) = / g(s)u( ds+/t ! /gzﬁ ) dr ds
/ab ! /¢> des+6/ U(s))ds)
25{52(})1) 75 / / ¢t des+5/

-1 / o(syu(s)ds — / Gi(t, 5)6 (u(s))ds,

where G1(t,s) is defined by (2.4)). Multiplying the above equation with ¢(t) and
integrating it again, we obtain

b o b .
/ag(s)u(s)ds:—a_f:g(s)ck/a Gi(t,s)¢™ (v(s))ds.

It follows that
/ Gl t 3

- / Hy (1, 5)6 " (o(s))ds,

where H (t, s) is defined in (2.3). The proof is complete. O

and

(t,s)¢ (s))ds

Lemma 2.2. Assume (H1)-(H4) hold and v # ~. Then for any u € Cla,b], the
BVP

(Q(t)vl(t))/ = w(t)f(tv u(t))’ te [av b]a
b b
Yo(a) — bg(a)e/ (a) = / W(s)o(s)ds, u(B) + ()’ (b) = / h(s)o(s)ds,

has a unique solution v and v can be expressed in the form

b
__ / Hy(t, syw(s) f (s, u(s))ds,

where
1 b
Hz(t,s):Gz(t,sHj/ Ga(s, T)h(7)dr, (2.5)
S dr b dr
Golt,s) = — 6+ q<7))(5+7ftb Ay, a<s<t<b )
b) t - i )
= (5+7f q%T))(5+7f q?T)) a<t<s<hb.
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A2:7(25+7/abq(?;), V:/abh(s)ds.

The above lemma can be proved in a way similar to Lemma

Here

Lemma 2.3. Assume (H5) holds. Then for any t,s € [a,b], the following results
are true.

(i) G:)l(t, $) >0, Hi(t,s) >0, Ga(t,s) > 9, Hy(t,s) > 0;
(i) 35 < Gi(t:s) < Gilsis) < 35 5T < Hi(ts) < Hi(ss) < 2
% < Galt,s) < Gas,s) < &2, %52 < Hy(t,s) < Ha(s,s) < %352 with

=
[\
I
—
&
4
2
ﬁ@\
U
\‘
~
u[\7
q
no
|
2

v
t,s), Hi(b—t+a,b—s+a) = Hi(t,s),
,8), Ha(b—t+a,b— s+ a) = Ha(t,s);
,8), p2Ga(s,s) < Ha(t,s) < 02Ga(s, s) with

Ay b A ’ :
pL = m/a G1(s,s)g(s)ds, pa = (’Y—V)A2/a G1(s, s)h(s)ds;

where Hy(t,s), Gi(t,s), Ha(t,s) and Ga(t,s) are defined by (2.3)—(2.6), respec-
tively.

(iii) Gi(b—t+a,b—s+a) =
Go(b—t+a,b—s+a)= Gg
( ) plGl(S S) <H1<t S) < 01G1(s

Proof. By simple computations, we have (i) and (ii). Firstly, we prove that (iii)
holds. If a <t < s < b, thenb—t+a >b—s+a. In view of (2.4) and the
assumption (H2), we get

Gilb—t+a,b—s+a)

1 bosta gr b dr
L G A Gy )
1<ﬂ+a/ ) (oo [ )

—;I(m[p?;)( o[ )

=Gi(t,s), a<t<s<hbh.

Similarly, we can prove that G1(b—t +a,b — s+ a) = G1(t,s), a < s <t <b. So,

we have G1(b—t+a,b— s+ a) = Gi(t,s), for any ¢, s € [a,b]. By (2.3) and (H5),
we have

Hi(b—t+a,b—s+a)

1 b
:Gl(b—t—i—a,b—s—&-a)—i-m/ Gi(b—s+a,7)g(T)dr

=Gy(t,s) +

a— U

/ Gi(b—s+a,b—7+4+a)glb—7+a)d(b—ar + a)

= G1(t, s) +7/ G1(s,m)g(T)dr = Hy(t, ).
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Similarly, we can prove that Go(b—t+a,b—s+a) = Ga(t, s), Ha(b—t+a,b—s+a) =
Hg(t, S).

Next, we prove that (iv). First, we prove that %Gl (t,t)G1(s,s) < G1(t,s) and
%Gg(t,t)Gg(s,s) < Ga(t,s). If a <t <s<b, then

G1(t, s) B Aq A1
Gi(t,)GL(s,8)  (B+a [l 45)(B+af 95) N
Similarly, we can prove that
G1(t, s) < Ay
G1(t,t)G1(s,8) = Ay’
for a < s <t <b. So, we have %Gl(t, t)G1(s,s) < Gi(t, s), for any t,s € [a,b].

From ([2.3)), then we obtain

b
Hi(ts) = Gi(ts) + L / i (s, 7)g(r)dr

< Gi(s +7/ $)dsG1(s, s)

= aprl(S ,8) = o01G1(s, ).

On the other hand, we have

b
Hi(t,s) = Gi(t,s) + a—iﬂ / Gi(s,7)g(T)dT

b
aiﬂ/a G1(s,m)g(r)dr

Al b
= m/ G1(1,7)g(1)dTG1(s,5) = p1Gi(s, ).

Hence we get p1G1(s,s) < Hi(t,s) < 01G1(s,s). Similarly, we can prove that
p2Ga(s,8) < Ha(t,s) < 02Ga(s, s). O

From Lemmas and we have the following result.
Lemma 2.4. Assume (HO)—(H5) hold. If u is a solution of (1.1)), then

ult) = / ' Hl(t,s)gzrl( / sz(s,T)w(T) f(T,u(T))dT)ds.

Now, we let C = C[a, ], then C is a Banach space with |Ju|| = max;c[qp) [u(t)],
and define a cone P by P = {z € C: u(t) > 0, v”(t) <0, u(t) is a symmetric and
concave function on [a,b] and u(t) > wllu||}, where w is defined as in Lemma
Also, define, for 0 < r < R two positive numbers, €2, and QT’R by Q. ={ueC:
llul| <7} and Q. g = {u € C:r <u < R}. Note that 9Q, = {u € C: |jul]| =r}.
Lemma 2.5 ([I8]). Assume (HO) holds. Then for any u,v € (0,00), we have
Yo M (u)v < ¢~ Hup(v)) < 7 (u)v, where ¢t and 1yt denote the inverse of Yy
and Vo, respectively.

Lemma 2.6. Assume (HO)—(H5) hold. Then the solution u(t) of (L.1) is positive
leg (Pz)
o1y H(o2)

v

and symmetric on [a,b] and minge(qp) u(t) > wlul|, where w =
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Proof. From (H0)—(H5) and Lemma it is easy to prove that the solution u(t)
of (1.1)) is positive on [a, b]. We need to prove only that u(t) is symmetric on [a, b].
Combining (H3) and (H4) and Lemma and we obtain

u(b—t+a)

/ Hi(b—t+a,s) 1(/abH2(S,T)’U}(T)f(T,’LL(T))dT)dS

:/b Hi(b—t+ab—s+a)

x ¢! ( /ab Hy(b— s+ a,7)w(r)f(r, U(T))dT) d(b—s+a)
:/baHl(b—t—i—a,b—s+a)¢—1(/baH2(b—s—|—a,b—7+a)
><w(bfT+a)f(b77+a,u(bfT+a))d(b77+a))d(b7s+a)

a . b
:/b Hi(b—t+a,b—s+a)d (/ Hy(s, 7)uw(r) f (r,u(r))dr ) d(b — 5 +a)
b b
:/a Hl(t,s)dfl(/a Ha(s, () (, u(r))dr ) ds = u(t).
Therefore, u(t) is symmetric on [a,b]. From (H0) and Lemma we obtain
t) :/bH1 t,s)p /bH2 (s, T)w(T) TU(T))dT)dS
< 01/ G1(s,8) 02/ Gao(1,7) (T))dT)ds
Sowi(on) [ Gats,o)iso™ / e, T)w(f)f(f,u(f))df)-
So we have
()] <01w11(02)/{1bG1(s,s)ds¢_1(/ab GQ(T,T)w(T)f(T,u(T))dT). (2.7)

On the other hand, by Lemma we have

= /bH1 t,s)p /b Hy(s,m)w(r)f(r u(T))dT)dS (2.8)
> o / G (s, 9) p2 / Ga(7,7) (T))dT)ds (2.9)
> p1v3 (p2) / Gl(s,s)ds¢— / Go(r, T)w(r) f(T,u(T))dT) (2.10)
S Py '(p2)
%nun = wllul. (2.11)

Combined (2.7) with (2.8), we deduce inequality minse(q 4 u(t) > w|ul. O
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We define the integral operator T': C — C by

_ /ab Hi(t,s) / Hy (s, 7)u(r) (7, u(r))dr ) ds. (2.12)

Lemma 2.7. Assume (HO)-(H5) hold. Then u € C is a solution of (L.1) if and
only if u is a fixed point of the operator T.

Lemma 2.8. Assume (HO0)-(H5) hold. Then T : P — P is a completely continuous
operator.

The next lemma is the Fixed point theorem of cone expansion and compression
of norm type, see [].

Lemma 2.9. Let P be a cone of real Bananch space E, Q1 and Qs be two bounded
open sets in E such that 0 € Q1 C Q1 C Qo. Let operator T : PN (Q2\ Q1) — P
be completely continuous. Suppose that one of the two conditions is satisfied.

(i) |1 Tu] < ||lu|l, Yu € PN O, and ||Tul| > ||u||, Yu € PN INs.

(ii) || Tul| > lull, Vu € PN OQ, and ||Tu| < ||lul|, Yu € PN ONs.

Then T has at least one fized point in PN (Q2\ Q7).

Let @ be a cone in a real Banach space E, a functional ¥ : Q — @ is said to
be increasing on @ provided ¥(u) < 9(v), for all u,v € Q with u < v. Let x be
a nonnegative continuous functional on ) in a real Banach space E, we define for
each d > 0 the following set Q(x,d) = {u € Q|x(u) < d}. Let @ be a cone in a
real Banach space F, k is said to be nonnegative continuous concave on () provided
(Qu+ (1= X)v) > As(u) + (1 — N)k(v), u,v € [a,b] with X € [0,1].

Let a,b,r > 0 be constants with @) and k as defined above, we note

Qr={ueQ:|lul <r}, Qkab)={ueqQ: k() =a, |ul| <b}.
Next, we have the Leggett-Williams fixed-point theorem, see [10], [14].

Lemma 2.10. Assume E be a real Banach space and @Q C E be a cone. Let
T:Q,— Q. be completely continuous and k be a nonnegative continuous concave
functional on Q such that k(u) < |ul|, for u € Q,. Suppose that there exist 0 <
a < b<d<c such that

(i) {ue Q(k,b,d) | k(u) > b} #0 and k(Tu) > b, for all u € Q(k,b,d).
(ii) |[Tu| < a, for all ||u|| < a.
(iii) kK(Tw) > b, for all u € Q(k,b,c) with ||Tu| > d.

Then T has at least three fixed points uy,us and uz satisfying
luil| < a, b<r(uz), a<|usll, r(u3z)<b.
3. MAIN RESULTS

To state the following results, we need to introduce the symbols.

P = e ey = e s o
t

0 ft,u
fo I o T LA ot

k1 :pl/a Gl(s,s)dszb;l(pg/a GQ(T,T)U)(T)dT)7

~
\_/\_/

)’

~
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ks = o /abGl(s,s)dsdJl_l(crg /b Ga(r, T)w(T)dT).

a

Theorem 3.1. Assume (HO)-(H5) hold. Furthermore, suppose one of the following
conditions are satisfied.

(A1) There exist two constants r and R with 0 < r < hR such that f(t,u) >
6( =) for (t,u) € a,b]x [0,7], and f(t,u) < & () for (t.u) € [a,b][0, A]
(A2) fo > w2 ((p1 [} Gi(s.9)ds) ) (p2 [ Galr, ryw(r)ar) " and

b b -1
1 < ((o1 [} Gals.)ds) ™) (2 f) Galr. myw(r)dr )
(particularly, fo = oo and f>*° =0).
-1

(A3) fO <y ((01 ff G (s, S)dS)*l) (02 f; GQ(T,T)IU(T)dT) and

b 1 b -1
foo > w2<(p1 [, G1(s, s)ds) ) (pg J, Ga(7, T)w(T)dT)
(particularly, f© =0 and foo = 00).

Then the BVP has at least one symmetric positive solution.

Proof. Let the operator T be defined by (2.12]).
(A1) For u € PN I, we have u € [0, 7], which implies f(¢,u) > ¢(kil) Hence
for ¢ € [a,b], by Lemma we obtain

u(t) > p1 /abGl(s,s)gbl(pQ LbGQ(T,T)w(T)dT¢(];))ds

b b r
> [ Gils.s)dsi (o [ Galmryulr)dr) £ == Jul.

which implies that for u € PN 09,
[Tl = Jluf.- (3.1)

Next, for u € PN 0Nk, we have u € [0, R], which implies f(t,u) < ¢(k%)~ Hence
for t € [a,b], by Lemma [2.3] we obtain

<0’1/ G1(s,8)d 02/ Gao(r,T)w dT¢(k))
Sal/ Gl(s,s)dswfl 02/ Gao(r, T)w dT)

which implies that for u € PN 0Qg
[Tul] < u]l- (3.2)
(A2) At first, in view of

—1
f0>1/)2 p1/G188d8 pQ/GQTT ) s

there exists r > 0 such that f(¢t,u) > (fo —e1)o(||u|), for t € [a,b], ||u]| € [0,r],
where ¢ > 0 satisfies

p1 /ab G1(s, s)dswz’l (p2 /ab Go(r, T)w(T)dT(fo — 81)> > 1.
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Then, for ¢ € [a,b], u € PN 9IQ,., which implies ||u|| < r, we have

/ Hi(t,s) / Hy(s, T)w(r)(fo —€1)¢ (||U||)d7'>d5
>p1/ Gi(s,5)0 p2/ G, m)u(r)dr (fo — )6 (ul) ) ds

> / G (s, 5)ds; (s / @(w)wwdr(fo—a))nunznun,

which implies that for v € PN 09,,
[Tul] = [[u]- (3.3)

Next, turning to

=< ((01 /ab Gl(s7s)ds)_1) (02 /b Ga(T, T)w(T)dT>_1,

a

there exists R > 0 large enough such that f(t,u) < (> + e2)é(||ul|), for t € [a, b],
|lull € (R, o0), where e5 > 0 satisfies

1
Py 01/ Gi(s,s)ds)” 02/ Go(r, 7)w ) — [ —e3>0.

Set M = max <z sefap /(t:w)- Then f(t,u) < M+ (f>° + e2)é(||ul]). Choose

R >max {r,R ot (M [%((01 /ab Gl(s>3)d5)_1)

X (02 /ab Go(r, T)U)(T)dT)il — [ = 52])}.

Hence for u € PN 0k, we have

(Tu)(t) < 01/ G1(s,8) 02/ Go(r, T)w(T)(M + (f° +e2)d (||u||))d7')ds

< 01/ Gl(s,s)ds¢_1 02/ GQ(T,T)w(T)dT(¢( R) +f°°+52>¢( ))
b b
< 01/ G1(s,s)dsyyt (O'Q/ Ga(T, T)w(T)dT(¢( + f 4+ 62))R
<R = |lul,
which implies that for u € PN OQRg,
| Tul] < fluf. (3.4)

(A3) Considering

1
f0<’l/11 al/Glssds O'Q/GQTT ) ,

there exists r > 0 such that f(¢,u) < n¢é(u), for any u € [0,7], t € [a, b], where

1
77<1/J1 Ul/Glsst JQ/GQTT ) .
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Then if €2, is the ball in C centered at the origin with radius r and if v € P N 0%Q,,
then we have

ol = s | #0967 ([ Hatosmwtrns o atmyar) s
<o /ab Gi(s,8)p~ ! (O’Q /ab GQ(T,T)w(T)ngb(u(T))dT) ds
<o / ’ G1(s,5)dso ™ (o2 / b Ga(r, T)w(r)ns(r)dr)

b b
< 7"01/ Gi(s,8)dsyy! (7702/ Go(T, T)w(T)dT) <r=u,
which implies that for v € P N 09,

[Tull < [lull (3.5)

On the other hand, we use the assumption

o> (o1 | G0 (o / Galr i)

Then there exists R > 0 large enough such that f(¢,u) > o¢(u) for any u € [R, 00),
t € [a,b], where

1
0> 1o pl/Glssds pg/GQTT ) .

If we define Qp = {u € C: |ju|| < R}, for t € [a,b] and u € PN ONg, we get
b b
T =1 [ Gl s)qu(pz | catrmete >g¢<u<r)>d7)ds
>p1/ G1(s,s) pg/ Gao(7, T)w(T)0d(R )dT)dS

> A [ Gt )i (o0 [ G T)wmch) > = Jul,
which implies that for u € PN 0Qg
[Tul| > ||U||~ (3.6)

Applying Lemma and ., and (| or and . 3.6]) yields

that 7" has a fixed pomt u € ]P’ﬂ Q, g with 0 § r S ||u|| S R It follows from Lemma
that problem ([1.1)) has at least one symmetric positive solution wu. O

Theorem 3.2. Assume (HO)-(H5) hold. Furthermore, suppose one of the following
conditions is satisfied.

(A ©) fo > va((pr J! Cr(s9)5) ™) (o2 ijQ(T,T)w(T)dT)_l and fo >

U2 (o1 [ Gals,5)ds) ™) (2 J7 Galr, m)w(r)ar ) -
(particularly, fo = foo = 00).
(ii) There exists ¢ > 0 satisfying f(t,u) < qﬁ(k—‘;), (t,b) € [a,b] x [0,(].
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(A5) (i) fO < ¢1((gl X Gl(s,s)ds)*l)(ag X GQ(T,T)w(T)dT)_l and f> <

-1
1 ((01 f: G1(s, s)ds)_1> (0’2 f: Gs(T, T)w(T)dT)
(particularly, f° = f> =0).
(ii) There exists ¢ > 0 satisfying f(t,u) > qb(k—cl), (t,b) € [a,b] x [0,].
Then has at least two symmetric positive solutions uy(t) and us(t), which
satisfy 0 < |lui|| < ¢ < |luzll.

Proof. (A4) Consider (i). If

fo> 1Z12((p1 /:Gl(s,s)ds)1> (pQ/

a

it follows from the proof of (3.3) that we can choose r with 0 < r < ¢ such that
|Tu|l > |lu|l, foruePnoQ,. (3.7)

’ Go(r, T)U)(T)d’/") _1,

If , , B
fuo> a1 [ Grls.5)ds) 1) (o2 [ Galrmputriar)
then as in the proof of (3.6), we can choose R with ¢ < R such that
|Tu| > ||u|l, foruePnNoQxg. .8)

Next, for u € PN IQ,., we have u € [0, ], then from (ii), we obtain f(¢,u) < (b(k%)
Thus for ¢ € [a, b], like in the proof of (3.2]), we get

| Tul| < ||ull, for uePn o (3.9)

Applying LemmEto (13.7) and (3.9)), or (3.2)) and (3.9) yields that T" has a fixed
point u; € PN, ., and a fixed point uy € PN Q. g. It follows from Lemma

that problem has at least two symmetric positive solutions uq(t) and us(t),
which satisfy 0 < |luy|| < ¢ < |luz]l.

(A5) It can be proved in a way similar to (A2) and (A3) of Theorem and
(A4) of Theorem The proof is complete. O

—
w

Now we define the nonnegative, continuous concave functional ¢ : P — [0, 00)
by ¢(u) = minge(q,5) u(t). Obviously, for every u € P, we have ¢(u) < [[ul|.
Theorem 3.3. Assume (HO)-(H5) hold. In addition, there exist three positive
constants x,y and z with 0 < z <y < wz such that

(A6) f(t,u) < qb(é), for allt € [a,b], and 0 < u < z.

(AT) f(t,u) > ¢>(k%), for allt € [a,b], and y <u < Z.

(A8) f(t,u) < qS(,f—z), for allt € [a,b], and 0 < u < z.

Then (L.1) has at least three symmetric positive solutions uq(t),u2(t) and us(t)
such that
lusll <z, y <epluz), = <llusl, ¢(us) <y.
Proof. We show that all the conditions of Lemma are satisfied. We first assert
that there exists a positive number z such that T(Q,) C Q.. By (A6), we obtain
ITull = max (Tu)(®
t€la,b]

= max /:Hl(t,s)(b_l(/ab Hg(s,T)w(T)f(T,u(T))dT)ds

t€la,b]
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b b
< 01/ G1(s, S)¢71(0'2/ Go(T, T)w(T)gb(k )dT)ds

zUl/Glssdswl Uz/GzTT ):z.

Therefore, we have T(Q.) C Q.. Especially, if u € Q,, then assumption (A8) yields
T:Q,— Q.
We now show that condition (i) of Lemma is satisfied. Clearly, {u €

Qe,y, %) = plu) > y} # 0. Moreover, if u € Q(p,y,%), then o(u) = y, so
y < |lul| < £. By the definition of ¢ and (A7), we obtain

ITull = min (Tu)(?)

— min / Hi(t,s)o 1(/abHg(s,f)w(f)f(f,u(T))dT)ds

te(a,b]

Zpl/a G1(s,8)¢~ (pg /ng(T,T)w(T)qﬁ(lgl)dT)ds

a

> q”zl/ab Gl(S,S)dﬂ/fz_l(Pz /ab Gz(T»T)w(T)dT) =y

Therefore, condition (i) of Lemma is satisfied.
Finally, we address condition (iii) of Lemma For this we choose u €
Q(p,y, z) with ||[Tu|| > Z. Then from Lemma we deduce

¢(Tu) = min (Tu)(t) > w|[Tu] > y.
€la,b

Hence, (iii) of Lemma holds. By Lemma then we obtain that (L.1)) has
at least three symmetric positive solutions uq(t), ua(t) and us(t) such that

Jurll <z, y <@uz), = <lusll, ¢(us) <y.
The proof is complete. O

Theorem 3.4. Assume (HO)—(H5) hold. Furthermore, suppose one of the following
conditions are satisfied:

(A9) f(t,u) > (;5(%) for all t € [a,b],
(A20) f(t,u) < ¢(LL) for all t € [a,0],
Then has no positive solution.

[0, 00).
[0, 00).

(RS
u e
Proof. Assume u(t) is a positive solution of (L.I]), we have
[ull = |Tu]l > (Tu)(t)
>p1/ G1(s,8) pg/ Ga(r, T)w ¢(H:”)d7')ds
1
U _
> %Lm/ Gl(s,s)ds¢21 pg/ GQ(T,T)’LU(T)dT) = [Ju]l.

which is a contradiction. So, due to (A9), equation (1.1) has no positive solution.
Similarly, due to (A9), we obtain that (1.1)) has no positive solution. ([l
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4. FURTHER REMARKS

Consider the fourth-order integral BVP with with ¢-Laplacian operator

"

[ae(pt)a" ()] = w(t)f(t,u(t), tE la,b],
b b
au(a) — pu'(a) = / g(s)u(s)ds, au(b) + Bu'(b) = / g(s)u(s)ds,

b (4.1)
vq(a)qb(p(a)w'(a))—5[Q(a)¢(p(a)u”(a))]’=/ h(s)a(s)p(p(s)u”(s))ds,

b
w(b)aﬁ(p(b)U”(b))+5[Q(b)¢(p(b)u”(b))]’=/ h(s)q(s)p(p(s)u”(s))ds.

By methods analogous to the ones abov, we have the following results.

Lemma 4.1. Assume (HO)-(H2) hold and u # «. Then for any v € Cla,b], the
BVP

q()p(p(t)u” (t)) = v(t), t€ [a,b],
b
g(

b (4.2)
aula) = pi'(a) = [ g(s)uls)ds, au(b) + 5u'(b) = [ g(s)u(s)ds,
has a unique solution u and u can be expressed in the form
b
e g (1)
= /a Hi(t, s)p(s)gb (q(s))ds’ (4.3)
where
Hi(t,s) = Gi(t,s) (s,7) (4.4)
. _ 1 [B—l—a(s—a)][ﬁ—i—a( —t)], a<s<t<b,
Gilts) = 7 {[ﬁ+a(t —a)|[B+alb—s), a<t<s<hb. (4.5)
Here

b
A =as+ab-al u= [ gls)ds

Lemma 4.2. Assume (H1)-(H4) hold and v # . Then for any u € Cla,b], the
BVP

V() = w®) f(t,u(t), tEa

a) — ov'( /h s, b) + 50’ (b /h

has a unique solution v that can be expressed as

b
—/’Haaﬁw@v@44$Ma

where

b
H3(1,5) = Gi(t.5) + /Gmﬁwmh

Y—VJa

Gits) = L JOTs—ald+y(b-1], a<s<i<b,
20T R+t +v(b—5), a<t<s<b
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Here ,
A =720 +~v(b—a)], v= / h(s)ds

Lemma 4.3. Assume (H5) holds. Then for any t,s € [a,b], the following results
are true.

(i) Git,s) >0, Hi(t,s) >0, G3(t,s) > 0, Hi(t,s) > 0;
2 * 2 *
() & < Gi(ts) < Gilos) < A B2 < Hi(Ls) < Hils9) < %20,
2 < G3(ts) < Gils.s) < A2, 52‘;2 < Hj(t,s) < Hj(s,5) < 2% with

Al =[B+ab-a)l’, o=

(i) Gsb—t+a,b—s+a) = GT(t,s) Hi(b—-t+ab—s+a) = Hf(t,s),
Gi(b—t+a,b—s+a)=Gi(t,s), Hiy(b—t+a,b—s+a) = Hj(t,s);
(iv) ;1G5 (s s) < Hi(t,s) <o1Gi(s,s), ngQ(s s) < Hi(t,s) < 02G5(s, s) with
* * * A3 *
P = A*/ Gi(s,s)g(s)ds, PQZﬁ/ Gi(s, s)h(s)ds;
where HY (t 5) Gi(t,s), H;(t,s) and G5(t,s) are defined by ([L.4)-([@2), respec-
tively.

Lemma 4.4. Assume (HO)—(H5) hold. If u is a solution of (4.1), then

/H1 (t, )6 —1(/a 5 (5, 7)u() (7, () dr ) .

Lemma 4.5. Assume (HO0)-(H5) hold. the solution u(t) of (4.1) is positive and

symmetric on [a,b] and mingeqp) u(t) > w*||ull, where w* = %'
197 2

Let P* = {z € C: u(t) > 0, v”(t) <0, u(t) is a symmetric and concave function
on [a,b] and u(t) > w*||ul|}. We introduce the integral operator T* : C — C by

b b
0= [ #ieso ([ By ey (@)
Lemma 4.6. Assume (HO)—(H5) hold. Then u € C is a solution of if and
only if u is a fized point of the operator T*.

Lemma 4.7. Assume (HO)-(H5) hold. Then T* : P — P is a completely continuous
operator.

Now we need to introduce new notation.

b b
b =i [ Gitsosidsus (o3 | Gytrrulr)ar)

b b
k= o / G;(s,s)dw;l(az / G;(Tm)w(T)dT).
a a
Theorem 4.8. Assume (HO)—(H5) hold. Furthermore, suppose one of the following
conditions are satisfied.
(A1*) There exist two constants r and R with 0 < r < R such that f(t,u) >
qi)(é) for (t,u) € [a,b] x[0,r], and f(t,u) < d)(é) for (t,u) € [a,b] %[0, R].



EJDE-2013/266 SYMMETRIC POSITIVE SOLUTIONS 17

* x (b —1 x b -t
(A2%) fo > va (01 f; Gi(s,5)ds) ™) (03 [ G3(r.ryw(r)dr)  and
£ < n (o1 J2 G, 5)ds) ) (o2 J2 G3r mu(ryar)
(particularly, fo = o0 and f>* =0).
-1
(A3*) f9 <y ((01 f; Gi (s, s)ds)_1> (02 f; G (T, T)IU(T)CZT) and
—1
Joo > 2 (01 f; Gi(s, 8)ds) ™) (5 [, G5 (7, yw(r)dr )
(particularly, f° =0 and foo = 0).
Then has at least one symmetric positive solution.

Theorem 4.9. Assume (HO0)—(H5) hold. Furthermore, suppose one of the following
conditions are satisfied.

(A2%) Q) fo > va((01 [ Gi(s5)ds) ™) (5 J) G3(r. ru(r)dr)  and

Joo > U2 ((p1 [ Gils, 5)ds) ™) (5 J7 Ga(r, T)w(r)dr
(particularly, fo = foo = 00).
(ii) There exists ¢ > 0 satisfying f(t,u) < Qﬁ(é), (t,b) € [a,b] x [0,(].
—1
(A5%) (i) ° < v ((o1 [} Gils,)ds) ™) (o2 [, Gs(r.myw(r)dr)  and

—1
e < ((01 f; Gi (s, S)ds)fl) ((72 fab G3(r, T)w(T)dT)
(particularly, f© = f>* =0).
(ii) There exists ¢ > 0 satisfying f(t,u) > (b(ﬁ), (t,b) € [a,b] x [0,c].
Then has at least two symmetric positive solutions uy(t) and us(t), which
satisfy 0 < |lur|| < ¢ < |luz].
Theorem 4.10. Assume (HO)—(H5) hold. In addition, there exist three positive
constants x,y and z with 0 < z <y < w*z such that
(A6*) f(t,u) < qﬁ(é), for allt € [a,b], and 0 < u < z.
(AT*) f(t,u) > qb(%), for allt € [a,b], and y < u < 2

w**

(A8%) f(t,u) < ¢(%), for allt € [a,b], and 0 < u < w.
2
Then (4.1) has at least three symmetric positive solutions ui(t),uz(t) and us(t)
such that
lurll <z, y <epluz), = <lusl, ¢(us) <y.
Theorem 4.11. Assume (HO0)-(H5) hold. Furthermore, suppose one of the follow-
ing conditions are satisfied.
(A9*) f(t,u) > ¢>(%) for allt € [a,b],u € [0, 00).
(A10%) f(t,u) < gb(”kLH) for all t € [a,b],u € [0, 0).
2
Then (4.1) has no positive solution.
Remark 4.12. ¢ defined as in (HO) generalizes the projection ¢ : R — R which
is an increasing homeomorphism and homomorphism with ¢(0) = 0. A projection
¢ : R — R, which generates the p-Laplacian operator ¢,(u) = |u[P~2u for p > 1, is

called an increasing homeomorphism and homomorphism if the following conditions
are satisfied:
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(i) If z <y, then p(x) < p(y), for all z,y € R;
(ii) ¢ is a continuous bijection and its inverse mapping is also continuous;

(iil) p(zy) = p(z)p(y), for all x,y € R. If ¢ is replaced by ¢, so all of our
results also hold.

5. EXAMPLES

Example 5.1. Consider the following fourth-order integral BVP with ¢-Laplacian
operator

{1 + Siln(Trt) [¢((1 +us/i(£z¢rt) )I>H/ =w(t)f(t,u(t)), te[01],

1t 1t
w(0) — ' (0) == [ w(s)ds, w(l)+u'(1)== [ wu(s)ds,
2 /O 1/t u’(i)/0 (5.1)
o0 0)) = O] = 5 [ o((55mt) )

)
¢mﬂm0+wmﬁ»ﬁ=lﬁ%auw))3w

1 + sin(7s)
where ¢(u) = |ulu, w(t) = 1/100 and f(t,u) = (1 + sin(7t))(1 + u) for (t,u) €
[0,1] x [0, c0).

Let 1 (u) = wo(u) = u?, u > 0. Then, by calculations we obtain that y = v =
1/2, A=Ay =0y =3+ 2,

G1(t,s) = Ga(t, s)

1 (1+2+s—2Lcos(ms))(2+ 2 —t+Lcos(nt)), 0<s<t<1
CA (1Lt - Leos(mt))(2+ L — s+ Leos(ms)), 0<t<s<1

(24 3m)(—24 + 37 + 1872 + 1373)
2472 (1 + m)?
(24 3m)2 (—24 + 37 + 1872 4 137°)3
1728072 (1 4 )3

p1 = p2 = ~ 1.59199, 01 =09 = 2,

w~ 0.710176, ki =

~ 1.06639,

1 413 8 1 6\ [1
foy = —— (7—7 = )\/ —94 + 37 + 1872 + 1373) & 1.50159.
2= 10,7 \3 7T3+7r2+7r 3( + 37w + 1872 + 1373)

Clearly, the conditions (HO)—-(H5) hold. Next, we prove that the condition (A1) of
Theorem is satisfied. In fact, choosing r = 1 and R = 6, we have r < %R,
¢(kLl) ~ 0.879356, ¢>(k%) ~ 15.9661. For (t,u) € [0,1] x [0,1], then f(t,u) =
(1 +sin(rt)) (1 +u) > 1 > 0.879356 ~ ¢(7).

For (t,u) € [0,1] x [0,10], then f(¢,u) = (1 + sin(wt))(1 + u) < 14 < 15.9661 =
qﬁ(%). Hence, by (A1) of Theorem then BVP has at least one symmetric
positive solution.
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Example 5.2. Consider the following fourth-order integral BVP with ¢-Laplacian
operator

1 NN NGl
[1 Ft1-1) [¢((1 (1 — t)) )} ] = w®f#u(®), te0l,
u(0) —u'(0) = / su(s)ds, w(l)+u'(1)= [ su(s)ds,
0 ) | )0 (5.2)
o' 0)) = O] = [ so((r55mt) )

o))+ W) = [ so(r55mt) s

where ¢(u) = u, w(t) = t*(1 — ¢)? and f(t,u) = ((¢t — %)2 +1) (3 +u) (5 + u?) for
(t,u) €[0,1] x [0, 00).
Let ¢ (u) = ¥a(u) = u, u > 0. Then, by calculations we obtain that y = v =
1/2, A=Ay = Ay =19/6,
Gl(t,s) = Gg(t,S)
_ (1 —g(zs —3s—6)) (L +L(2>-3t—6)), 0<s<t<I1,
(1—L(22-3t-6))(2+:(2s*-3s-6)), 0<t<s<lI,

1745663 3047339309569

=y = 29005 49053 oy =2, = o OIRIDT ) 555419
PL=P2= 171170 P OLT TS Y R6556675600 ’
263200328806935685377871 86370535759
- ~ 0.369961, hy = —ot 290197 ) 666004
L= 711426606363060588000000 w2 199667230000

Clearly, the conditions (HO0)-(H5) hold. Next, we prove that the condition (A4) of
Theorem [3.2] is satisfied.

1
fo = foo = 00 > 2.70299 = 1y pl/Glsst p2/ Ga(r, T)w ) .

On the other hand, choosing ¢ = 3, for (t,u) € [0,1] x [0,¢], we have f(t,u) <
£(0,¢) = 0.625 < 0.750645 ~ ¢ (1 ). Hence, by (A4) of Theorem@ BVP (5.2) has
at least two symmetric positive solutions u; and ug satisfying 0 < |luy || < 3 < [Juz].

Example 5.3. Consider the BVP with

1 3
ft,u) = {t(lt)+79u +8u”, Ostsl usl,

) (5.3)
m+u+7, 0<t<1, 1 <u,

and other conditions also hold. Choosing x = 1/8, y = 2 and z = 20, then
0 < z <y < wz. Now, we can verify the validity of conditions (A6)-(A8) in
Theorem Indeed, by direct computations, we have

1
J(t,u) < =5+ 20+ 7~ 27.0127 < 30.0258 ~ ¢(ki),
2

forallt €[0,1], and 0 < u < z.

1
F(tu) > o5 +247=9.0125 > 5.40508 = ¢(k£),
1
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forall t € [0,1], and y < u < £.

1
f(tu) < 79

for all t € [0,1], and 0 < u < z. Thus, according to Theorem BVP (5.2)) with
(5.3) has at least three positive solutions u1, us, and ug satisfying

8
+ — ~ 0.0282832 < 0.187661 ~ ¢(—),
83 k2

1 1
luall < 0 2 <pluz), 5 <lusll, lus) <2
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