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IMPULSIVE NEUTRAL FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS WITH STATE
DEPENDENT DELAYS AND INTEGRAL CONDITION

JAYDEV DABAS, GANGA RAM GAUTAM

ABSTRACT. In this article, we establish the existence of a solution for an im-
pulsive neutral fractional integro-differential state dependent delay equation
subject to an integral boundary condition. The existence results are proved
by applying the classical fixed point theorems. An example is presented to
demonstrate the application of the results established.

1. INTRODUCTION

Let X be a Banach space and PCy := PC([—d,t]; X),d > 0,0 <t < T < oo,
be a Banach space of all such functions ¢ : [—d,t] — X, which are continuous
everywhere except for a finite number of points t;, i = 1,2,...,m, at which ¢(¢;")
and ¢(t; ) exists and ¢(¢;) = ¢(t; ), endowed with the norm

K2

18l = sup [[¢(s)llx, ¢ € PC,
<s<t

where || - ||x is the norm in X.
In this article we study an impulsive neutral fractional integro-differential equa-
tion of the form

« ! (t _ S)a_l
Dy [:v(t)—f—/o Wg(s,xp(sws))ds} (1.1)
= f(t,a:p(t’zt),B(a:)(t)), teJ=1[0,T], T < oo, t#t,
Ax(ty) = Ig(z(ty,)), Az'(ty) = Qr(z(t)), k=1,2,....m, (1.2)
x(t) = ¢(t), te[-=d,0], (1.3)
T
ax’(0) + bx'(T) = /o q(z(s))ds, a+b#0,b#0, (1.4)

where 2’ denotes the derivative of « with respect to t and D, o € (1, 2) is Caputo’s
derivative. The functions f : J x PCy x X — X, g : J x PCy — X, and q :
X — X are given continuous functions where PCy = PC([—d, 0], X) and for any
x € PCr = PC(|-d,T],X), t € J, we denote by x; the element of PC defined by
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x2¢(0) = x(t + 6), 6 € [—d,0]. In the impulsive conditions for 0 = tg < t; < -+ <
bty <tmy1 =T, Qx, I € C(X,X), (k=1,2,...,m), are continuous and bounded
functions. We have Ax(ty) = x(t{) — z(t;,) and Az'(ty) = 2/(t}) — 2/(¢;,). The
term Bxz(t) is given by

Ba(t) = /O K(t, 5)2(s)ds, (1.5)

where K € C(D,R"), is the set of all positive functions which are continuous on
D={(ts)eR?:0<s<t<T}and B* = SUP;cio,¢] fg K(t,s)ds < oo.

The study of fractional differential equations has been gaining importance in
recent years due to the fact that fractional order derivatives provide a tool for
the description of memory and hereditary properties of various phenomena. Due to
this fact, the fractional order models are capable to describe more realistic situation
than the integer order models. Fractional differential equations have been used in
many field like fractals, chaos, electrical engineering, medical science, etc. In recent
years, we have seen considerable development on the topics of fractional differential
equations, for instance, we refer to the articles [8], [10, 26, 27].

The theory of impulsive differential equations of integer order is well developed
and has applications in mathematical modelling, especially in dynamics of popu-
lations subject to abrupt changes as well as other phenomena such as harvesting,
disease, and so forth. For general theory and applications of fractional order dif-
ferential equations with impulsive conditions, we refer the reader to the references
[, 17, [T, 07, 210, 221 28], 29] B0].

Integral boundary conditions have various applications in applied fields such as
blood flow problems, chemical engineering, thermoelasticity, underground water
flow, population dynamics, etc. For a detailed description of the integral boundary
conditions, we refer the reader to some recent papers [4, Bl [6 [13] 16l [I7] and the
references therein. On the other hand, we know that the delay arises naturally in
systems due to the transmission of signal or the mechanical transmission. More-
over, the study of fractional order problems involving various types of delay (finite,
infinite and state dependant) considered in Banach spaces has been receiving at-
tention, see [2, [3] [8] 12} 14} [15] 18| 19, 20} 23] 24] 25] and references cited in these
articles.

In [I7] authors have established the existence and uniqueness of a solution for
the following system

Dia(t) = f(t, 2, Bx(1))
Ax(ty) = Qr(x(ty
Az (t) = I(z(ty)), k=1,2,...,m,
z(t) = ¢(t), tE€ (—00,0]
T
ax’(0) + b’ (T) = / q(z(s))ds,

0

) tGJ:[OvT]at7étka
L)), k=1,2,....m,
)

the results are proved by using the contraction and Krasnoselkii’s fixed point the-
orems. This paper is motivated from some recent papers treating the boundary
value problems for impulsive fractional differential equations [4} [ 13, 17, [30].

To the best of our knowledge, there is no work available in literature on impul-
sive neutral fractional integro-differential equation with state dependent delay and
with an integral boundary condition. In this article, we first establish a general
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framework to find a solution to system (|1.1)—(1.4) and then by using classical fixed
point theorems we proved the existence and uniqueness results.

2. PRELIMINARIES

In this section, we shall introduce notations, definitions, preliminary results
which are required to establish our main results. We continue to use the func-
tion spaces introduced in the earlier section. For the following definitions we refer
to the reader to see the monograph of Podlunby [27].

Definition 2.1. Caputo’s derivative of order « for a function f : [0,00) — R is
defined as

t
DEF0) = oy | (=9 O s = 70, )
forn—1<a<nneN.If0<a<l,then
1 t
DF () = ey [, (=97 1V (s (2:2)

Definition 2.2. The Riemann-Liouville fractional integral operator for order o >
0, of a function f : RT — R and f € L}(R*, X) is defined by

1

0 = s = — t — )27 (s)ds, « .
IO = 100, 7210 = s [[= 9" s a>0is0 @)

where I'(+) is the Euler gamma function.

Lemma 2.3 ( [30]). For o > 0, the general solution of fractional differential equa-
tions D&x(t) = 0 is given by x(t) = co + c1t + cat? + c3t3 + -+ + ¢ _1t" L where
¢ €R,i=0,1,...,n—1,n=[a]+1 and [a] represent the integral part of the real
number a.

Lemma 2.4 (|21, Lemma 2.6)). Let o € (1,2),c € R and h: J — R be continuous
function. A function x € C(J,R) is a solution of the following fractional integral
equation

x(t) = /0 &h(s)ds - /Ow W;grh(s)ds + 9 — c(t —w), (2.4)

if and only if x is a solution of the following fractional Cauchy problem
Dyx(t) = h(t), teJ, z(w) =1z, w>0. (2.5)
As a consequence of Lemma and Lemma we have the following result.

Lemma 2.5. Let o € (1,2) and f : Ix PCyx X — X be continuously differentiable
function. A piecewise continuous differential function x(t) : (—=d,T] — X is a
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solution of system (L.1)—(L.4) if and only if x satisfied the integral equation

qb(t), [ d 0]
-1 T
fo F(a) (5, Zp s, xé))d5+ a+b{1 Jo a
T
Zz 1 Qi +f (Tr(a 1908 Z (s, mg))d
T (T—s) 2
o Tty f<s7xp<s,xs>,B< 7)(s))ds }
+ft (t— SL F(5: 200, B(x)(5))ds, € [0,t1],

z(t) = (2.6)
4(0 3(0) + iy Tia(t) + Yoy (t — ) Qi(a(t]))
iy e g(s xp sarads + 25 {4 [ aals))ds
Z’L 1Q fT (71:((5 i) g(s,wp(sxs))ds

T s
—Jo %f(svxp(s,zs)z (z)(s))ds
—l—fo %f(&mp(syzs),B(m)(s))ds, t € (ti, thr1]-
Proof. If t € [0,t1], then

D?[w(t) +/0 (t;x(i.):;g(&xp(s,ms))ds] = f(t, To(t,ae) B(:E)(t)),

Taking the Riemann-Liouville fractional integral of (2.7]) and using the Lemma
we have

(2.7)

Lt —s)o !
z(t)—|—/ Qg(s,xp(s,%))ds
0

o) (2.8)
t (t _ S)a—l :
— o+ bt + / a5 Tt B)(s)ds.
using the initial condition, we get ag = ¢(0), then becomes
; ¢ (t—s) ! d
bt —s)> ! .
— $(0) + bot + /0 (5.0 Bla)(s))ds.
Similarly, if ¢ € (¢1,t2], then
DEfett) + [ 0o )is] = F 0, B@E) (210
w(tf) = 2z(t7) + Li(z(ty)), (2.11)
o (t7) = 2/ (87) + Qu(x(t7)). (2.12)

Again apply the Riemann-Liouville fractional integral operator on (2.10]) and using
the lemma [2.4] we obtain

t t— a—1
z(t)Jr/O Qg(s,xp(syms))ds

bt —s)ot

(2.13)
=aq; +bit + /o Wf(s,xp(syms), B(z)(s))ds,
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rewrite (2.13)) as

t1 _ e)a—1
x(tf)+/0 mg(s,%(s,m)ds
by — gyl (2.14)
= a1 +bity +/0 Wf(s, Tp(s,a.), B(x)(s))ds,

due to impulsive condition (2.11)) and the fact that z(t;) = x(t] ), we may write

&) as

B t1 t; —g)a—1
)+ 1l )+ [T gt
o T (2.15)
=a; +bit1 + /tl Mf(s, Tp(s,xs) B(I)(S))ds
0 [(a) o
Now from (12.9), we have

(¢, — g)e—1
x(tl) +/ QQ(Saxp(sws))ds

o T (2.16)

_ S)a—l

R

)

From ([2.15)) and (2.16)), we get a1 = ¢(0) +bot1 — b1ty + I1(z(t])), hence (2.14) can

be written as

bt —s)ot

x(t)—i—/o Wg(s,xp(s’ms))ds

B B B bt —s)et

= 0(0) oty + ba(t = )+ (o) + [ G 5 B (9.
(2.17)

On differentiating (2.13)) with respect to ¢ at ¢ = ¢;, and incorporate second impul-
sive condition ([2.12]), we obtain

f(8,2p(s,2,), B(z)(8))ds.

. B t1 (t _ s)a72

T (tl ) + Ql(w(tl )) + Fig(saxp(s,xs))ds
o Tla—1) (2.18)

— b+ /tl =9 B(x)(s))ds

=0 0 F(Oé*].) yLp(s,zs)r )

Now differentiating (2.9), with respect to t at ¢t = t1, we get
t1 t — a—2
2/ (t1) —|—/ %g(s,xp(syws))ds

t1 — 3 a—2
=by+ /0 (tli(a—)l)f(s’xp(s’ms)’ B(z)(s))ds.

From (2.18) and (2.19), we obtain by = by + Q1 (z(t])). Thus, (2.17) become

x(t) —|—/0 (t;(ii(;_g(s,xp(sxs))ds
= ¢(0) +bot + I (x(ty)) + (t — t1)Q1(z(t1)) (2.20)

t (t _ S)a—l
[ R e B
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Similarly, for ¢ € (to,t3], we can write the solution of the problem as
t a—1
(t—s)
l‘(t) +/0 Wg(s,xp(s’ms))ds
= ¢(0) + bot + L (x(ty)) + La(x(ty) + (£ — t1)Qu(x(ty)) + (¢ — t2)Q2(x(ty))
s [ O o B 5
o I‘(a) s Lp(s,zs)s .
In general, if ¢ € (¢, tx+1], then we have the result

x(t)—|—/0 (lf]?‘(i.):;g(s,mp(s7ws))ds

k k
= ¢(0) + bot + Z Li(z(t)) + > (t—t)Qi(x(t;)) (2.21)

i=1

¢ -1
(t—s)"
+/0 Wf(s,acp(sny%B(m)(s))ds.
Finally, we use the integral boundary condition az’(0) + bz'(T) = fOT q(x(s))ds,
where z'(0) calculated from (2.9) and 2/(T) from (2.20). On simplifying, we get
the following value of the constant by,

T m T —s a—2
= 5{3 | atatas- > Qilaler) + | e ot s

T (T _ S)a—2
- | S Tt B@))ds .

On summarizing, we obtain the desired integral equation (2.6). Conversely, assum-
ing that x satisfies (2.6)), by a direct computation, it follows that the solution given

in (2.6) satisfies system (L.1))—(L.4)). This completes the proof of the lemma. O

3. EXISTENCE RESULT

The function p : J x PCy — [—d,T] is continuous and ¢(0) € PCy. Let the
function t— ¢, be well defined and continuous from the set R(p~) = {p(s, ) :
(s,1) € [0,T] x PCy} into PCy. Further, we introduce the following assumptions
to establish our results.

ere exist positive constants Ly, Lo, an , such that
H1) Th i iti L¢i, Lo, Ly and Ly, h th
[t 2) = f(Ex:9)llx < Ll = xllpe, + Lyz2llz = yllx,
Hg(tvw) - g(ta)()HX S LgH’l/) - X”PCoat S JW’U%X S PCOa vxﬂJ S Xv
lg(z) —q()llx < Lol —yllx, Va,y € X.
(H2) There exist positive constants Lg, Ly, L,, such that
1Qr(2) = QeW)llx < Lollz —yllx, [ 1k(x) — Ie(y)lx < Lillz — yllx.

(H3) The functions Qy,Ix,q are bounded continuous and there exist positive
constants C4, Cy, C3, such that

1Qr(@)x <C1, |k(2)lx <C2 |lg(@)[x < C3, VreX.

Our first result is based on the Banach contraction theorem.
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Theorem 3.1. Let the assumptions (H1)—(H2) are satisfied with

TL vl /TL
A:{m(L1+TLQ)+ g ( d

Tat1) "asb\ D
7oLy | T NLpi + szB*)) T(Lys1 + Ly2B*) } 1
I'a) I'a) INa+1)

Then (1.1)—(1.4) has a unique solution.

Proof. We transform problem (|1.1)—(1.4) into a fixed point problem. Consider the
operator P : PCr — PCrp defined by

+ mLQ

¢(t)7 te [7d7 0]7
t (t—s)* 1t T
6(0) — Jy ¢ (L) g(s, x,,<m>>ds+a+b{zfo g(a(s))ds
T S -2
=2 Qi () + [y jlj‘((x i) 9(8, % p(s,.))ds

T
~Jo —(TH? 5 Forumny B ))ds}

t (t—s)
Px(t) o + f T(c) 5 xp(s,ws)a B(x)(s))ds, te [Ovtl]

<>+z L) + Y, (t— 1) Qs <->>

t s

—Jo (t p()a) g(s Zp(s, x;))ds—f— a+b{ fo d3_21 1Qz(x( ))
T s)* s

+Jo (Tr(a) 1 9(5: Zp(s.e,))ds — fo (Tr(a)q) f(svxp(s,zs%B(x)(S))ds}

oy SR £ (5, Tp(s.0,)y B(x)(5))ds, £ € (b, trsa].

Let z,2* € PCp and t € [0,t1]. Then
[P(z) — P(x")|lx

t a—1
(t—s)
< -_ — .
S /0 ]_"(a) ||g(571'p(5,a:5)) q(s, 'T/J (s,z* ))HXdS

T m
w255 [ttt e ODlxds + D2 1Q4fe(8)) ~ QU ()l

T(1 — s)>2 .
+/0 (m)ﬂg( Tp(s,0) = 95, Tp(aar) |l xds
T (T— S)a—2 )
+/0 m“f(87xp(5,ms),3(x)(8)) f(s,xp(S I;)7B(3; )(S))HXdS}

tt—g)a1 )
+/0 %||f(s,xp(s7xs),3(x)(s)) f(vap(m),B( )(s)) || xds

a—1

T bI (T
< L “L,+mLo+ =L
—{F(a+1) g+a+b(b et mbet Fyte

(L1 + LBz =2l oy

a—1 et
* Ty b+ EeB) +

In a similar way for ¢ € (¢x, tx+1], we have

1P(x) = P(z")| x
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k k
< D Mala(t) = L™ (8))lx + Y (= t) Qi (t) — Qila™ (5))llx
i=1 1=1

t —1
(t - s5)° .
S,x - ) * d
X~/O F(Oé) ||g($,l'p(” q)) g(S xp(s,xs))HX S

wLe / lao(s)) = ate” (Ml + 3 1Q(t7)) = Qe )

a+b

T -2
(T — s)° )
—l—/o m\\g(s,xp(s,ms)) - g(s7xp(s’zz))||xd5

T (T* )afZ « *
+ / ooy Moot B@E) = (5s25 0 Ba) o) xds |

bt —s)e ! X )
+/O (p(a))||f<87xp<s,zs>73(x)(s)) — (8,5 o gy, B(a™)(5)) | x s

< {mL] +mTLg +

T« bT (Z Tt

L Ly+mLo+~—L
Tlat+1) @ T agp\pratme® gyt

Ta—l
+ ey (B LB + Lyt + L2B*) Mz = @l pey

< Allz — 2| pcy.-

[e3%

T
F(a—i—l)(

Since A < 1, implies that the map P is a contraction map and therefore has a
unique fixed point z € PCp, hence system (1.1)—(1.4) has a unique solution on the
interval [—d, T]. This completes the proof of the theorem. O

Our second result is based on Krasnoselkii’s fixed point theorem.

Theorem 3.2. Let B be a closed convex and nonempty subset of a Banach space
X. Let P and QQ be two operators such that

(i) Pz + Qy € B, whenever x,y € B. (i) P is compact and continuous.
(iii) @ is a contraction mapping. Then there exists z € B such that z = Pz+Qz.

Theorem 3.3. Let the function f,g be continuous for every t € [0,T], and satisfy
the assumptions (H1)-(H3) with
T« br (T Tt T 1

A= L —L —L — (L L:B*
{I‘(a+1) ot o\l Ty Lo gy (Bt L )

83

T
L (Lp+L B*} 1.
T ey Lo LeBp <

Then system (1.1))-(1.4) has at least one solution on [—d,T).
Proof. Choose

T or T
—F L —— (=L L
MNa+1) gr+a+b(b artmbQr

Ta—l a—1 e
L L Ly B* —_—

Ty Lty L H LeB) + 5
Define PCY. = {z € PCr : ||z| pc, < r}, then PCE is a bounded, closed convex
subset in PCr. Consider the operators N : PC}. — PCY. and P : PC} — PCY. for

r = |6(0)| + mLr +mTLor +

(Lyrr + L2 B'7)]
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t € Jp = (tg, tx+1], defined by

k m
0+ 3 HG) + Yo~ Qi) — —2 Y Qule( ) (1)

T T — 3 a—2
P = 5 {5 | atwtends + [ ot e s

T (T —s)>2
N /0 mf(s,xp(s’xs),B(x)(s))ds}

B tw 8, X S tw S, & x)(s))ds
A F(Oé) g( ’ P(S,ID))d +/O F(Oé) f( ) p(57$5),B( )( ))d .

We complete the proof in the following steps:
Step 1. Let z,2* € PCY then,

k
IN(z) + P(z7)[lx < [lo(0)]lx +Z () x +Z(t — 1:)|Qi(x(t7)) | x

ZIIQZ Dlix + {2/ la(*(5)) 1 xds

a+b
+ /OT(?(;S))M 02
*[M'f (5, p(arys B@*)(s) ]l xds }
i /ot W||g(s’x:(8,x;))||xd8
+/0 (t_F(S))”f( Tp(ean) B(@¥)(s))l xds
< [||¢<o>||+moQ+mTcl+%Lgr+ % e,
+mCy + (_)1 o+ ‘Z_;(LflrJrLﬁB*r))
+ ﬁ@m + Lng*r)} <r

Which shows that PC7 is closed with respect to both the maps.
Step 2. N is continuous. Let x,, — x be sequence in PC7, then for each ¢t € Ji

IN(zn) = N(2)l| x

k k
< Z 1T (n(87)) = L(@(t)|lx + Y (= t) | Qilwa(t)) — Qila(t,))llx

LS @)~ QuGat

Since the functions Qi and I, k¥ = 1,...,m, are continuous, hence ||N(z,) —
N(z)|| — 0, as n — oo. Which implies that the mapping N is continuous on PCY..
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Step 3. The fact that the mapping NV is uniformly bounded is a consequence of
the following inequality. For each t € J, k = 0,1,...,m and for each x € PCY., we
have

k
IN(2)llx < l¢(0)lx + Z i (7)) x + Z(t — )l Qi(2(t7))l1x

i_n: Nix

bT
< [|¢(0)|| + mCs +mTC + —5mCr

Step 4. Now, to show that NN is equi-continuous, let l1,ls € Ji, tx <11 <lo < tpy1,
k=1,...,m, x € PCY}, we have

IN(2)(l2) = N(z)(l)llx < (l2—1h) ZIIQ ||x+ +b ZIIQ Dlx-

As Iy — Iy, then ||[N(2)(l2) — N(z)(l1)|| — 0 implies that N is an equi-continuous
map. Combining the Steps 2 to 4, together with the Arzela Ascoli’s theorem, we
conclude that the operator N is compact.

Step 5. Now, we show that P is a contraction mapping. Let z,2* € PC} and
teJg, k=1,...,m, we have

[1P(x) = P(a")|[x

bt —s)ot
< —_— - « d
< [ Rl ) = 005, ) s

T
il / la((s)) = a(a* ()]l xds

T -2
(T —9)~
+A mng(swxp(s,xs)) g(s,xp(s %) )Hde

T (T— S)a72 " *
'+/o T =1 M@t B@)(s) = fls, 050y, Bl@ JDllxds

t—s)o ! *
+/o (r«-)o||f<s,xp@,m,B(x)(s)) F(5: s,y B (5) 1 xds

< { T " T (ZL n 7ot
“ e+ a+b\b ? T(a)
a—1

+ i(—a)(Lfl +LpaB")) +

< Allx — 2| pory,

Lg
[}

—  (La+L B*} — 2| por
F(a+1)( f1+ LpaBY) tlle — 2% pcy.

As A < 1, it implies that P is a contraction map. Thus all the assumptions of the
Krasnoselkii’s theorem are satisfied. Hence we have that the set PC7. has a fixed
point which is the solution of system f on (—d,T]. This completes the
proof of the theorem. O
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4., EXAMPLE

Consider the following example to demonstrate the application of the results
established.

N b1 _elx(t—o(x(t))) K xe®
D le(t) +/0 ot o @ds] = e G () +/0 cos(t = 8) 37545
t€[0,T), t+#t,
[Tt — s)a(s) oy [Tt = s)a(s)
Az(t;) = [d Tds, Az'(t;) = [d fds,
T
z(t) = ¢(t),t € (—=d,0], 2'(0)+2'(T) = /0 sin(ix(s))ds,

where 7; € C([0,00),X), 0 € C(X,[0,00)), 0 <t <ty < -+ <t, <T. Sety >0,
and choose PC” as

PCY" ={¢ € PC((0,00], X) : tlimd eV p(t) exist}
with the norm [|¢]|, = sup,¢(g,0) €”*[0(t)], ¢ € PC7. We set

p(t,p) =t —0o(p(0)), (t,p)eJxPC,

e' ()
to)= — 7 t PCY
ft0) = gobss. (tp) € T x PCT,
g(t,p) = —Z}ds, p e PC7,

B(z)(t) = /0 cos(t — s)ﬁds7 (t,x) € I x PC7,

Qulat) = [ 2Ty,

i 2
I (x(ty)) = ~/7d 2ills = )z(s) 795)96(5) ds.

We can see that all the assumptions of Theorem are satisfied with

Fe) sl <X v e gy e pon,

B - Bl < vie s 2y e pon

1
lg(t, ) —g(t,x)| < Ellw —xll, VteJ, ¢,x € PC,

Qi) ~ Q)] <" oelle — ol wye X,
k(e(te) ~ Tyt <7 gl —9ll, .y € X

1
la(@) —a(y)l < 7z —yl, zyeX.
Further, we observe that

Te v /T To-1
7 —(—L Lo+ — 1L
MNa+1) g+a—|—b 1t mbe+ g

{mLI +mTLg+ ; 7o)
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Toe—l
Y (Lyjy+LpB* )
+ (o) ( f1+ Lo )) +

~ 0.5137* + 0.534 < 1.

[e%

W(Lfl +Lf2B*)}

We fix v* = fid’yi(ti—s)ds <0,0<t; <tg<ts<l,a=3/2,T=1. This
implies that there exists a unique solution of the considered problem in this section.
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