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CUBIC SYSTEMS WITH INVARIANT AFFINE STRAIGHT
LINES OF TOTAL PARALLEL MULTIPLICITY SEVEN

ALEXANDRU SUBA, VADIM REPESCO, VITALIE PUTUNTICA

ABSTRACT. In this article, we study the planar cubic differential systems with
invariant affine straight lines of total parallel multiplicity seven. We classify
these system according to their geometric properties encoded in the configu-
rations of invariant straight lines. We show that there are only 18 different
topological phase portraits in the Poincaré disc associated to this family of
cubic systems up to a reversal of the sense of their orbits, and we provide rep-
resentatives of every class modulo an affine change of variables and rescaling
of the time variable.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We consider the real polynomial system of differential equations

% = P(l‘,y), % = (m,y), ng(PaQ) =1 (1.1)
and the vector field X = P(z, y)a% + Q(z, y)a% associated with system (L.1]).
Denote n = max{deg(P),deg(Q)}. If n = 3 then system is called cubic.
A differentiable function f : D C C? — C, f not constant is said to be an
elementary invariant (or a Darbouz invariant) for the vector field X if there exists
a polynomial Ky € C[z, y] with deg(Ky) < n — 1 such that the identity

X(f) Ef(x,y)Kf(x,y), (‘T7y) €D
holds. Denote by Ix the set of all elementary invariants of X; I, = {f € C[z,y] :
[ €Ix}, Io = {exp() : g, h € Clz,y],gcd(g, h) = 1,exp({) € Ix}.

If f € I, (respectively f € I.), then f(xz,y) = 0; i.e., the set {(z,y) € C :
f(z,y) = 0}, (respectively f) is called an invariant algebraic curve (respectively
an invariant exponential function) for polynomial system . In the case f € I,
deg(f) =1;ie., f =ax + by + ¢, a,b,c € C, (a,b) # (0,0), we say that f =0 (in
brief f) is an invariant straight line for . Moreover, if m is the greatest positive
integer such that f™ divides X(f), then we will say that the invariant straight line
f has the parallel multiplicity equal to m. If f € I, has the parallel multiplicity
equal to m > 2, then exp(1/f),...,exp(1/f™ 1) € I..

If the straight line ax+by+c = 0, a, b, c € C passes through at least two distinct
points with real coordinates, then the complex line {(z,y) € C? : ax + by + ¢ = 0}

2000 Mathematics Subject Classification. 34CO05.

Key words and phrases. Cubic differential system; invariant straight line; phase portrait.
(©2013 Texas State University - San Marcos.

Submitted May 15, 2013. Published December 17, 2013.

1



2 A. SUBA, V. REPESCO, V. PUTUNTICA EJDE-2013/274

contains a real line {(z,y) € R? : a’x + by + ¢ = 0} with o', ¥, € R, which is
the real line passing through these two real points. In this case the complex line
could be written as az + by + ¢ = AMa'z + by + ) = 0 with A € C\ R. We call
an essentially complex line, a line which could not be written in this way. In what
follows by complex line we shall mean essentially complex line.

System is called Darbouz integrable if there exists a non-constant function
of the form f = fl)‘1 .. f2, where f; € I, UI, and \; € C, j = 1,s, such that
either f is a first integral or f is an integrating factor for (about the theory
of Darboux, presented in the context of planar polynomial differential systems on
the affine plane, see [11]).

A great number of works are dedicated to the investigation of polynomial differ-
ential systems with invariant straight lines (see, for example [I]-[10], [I2]-[I8]). In
particular we point out the following facts:

(1) The maximum number of invariant affine straight lines of cubic differential
systems is 8 [1].

(2) The class of cubic systems possessing invariant straight lines of total multi-
plicity 9, including the line at infinity was completely investigated in [8].

In this article we proceed to the next step, namely to consider cubic systems with
invariant affine straight lines of total parallel multiplicity 7. This is a continuation
of the qualitative investigation started in [I8]. Our main result is as follows:

Theorem 1.1. Assume that a cubic system possesses invariant affine straight lines
of total parallel multiplicity seven. Then all such systems are integrable and we
give below their integrating factors as well as their first integrals. We give below
normal forms modulo the action of affine transformations and time rescaling of such
systems: normal forms (I.1) — (I.17). Moreover in Fig. 1.1 - Fig. 1.17. we give
the 18 topologically distinct phase portraits on the Poincaré disc of these systems.
In the table below for each one of the systems (1.1)-(1.17) the first arrow points
to the straight lines, the integrating factor and the first integral that corresponds to
each system.

t=z(z+1)(xr—a),a>0,

(I.1) { gy=yly+1)(y—a),a#1, — —  Fig. 1.1;
configuration (3r, 3r, 1r);
& =x*(z+ 1),

(1.2) g=y*(y+1), - (3 — Fig 1.%
configuration (3(2)r, 3(2)r, 1r);
b= 2((z — a)? +1),

(1.3) { y=y((y—a)*+1),a#0, — —  Fig. 1.3;
configuration (1r + 2c¢o, 1r + 2c¢q, 17);
& =x(—a+2(a+ 1)y + 2% — 3y?),
. 2 2 2 3
configuration (3c1, 3c1, 17);
&=zl + 2ay — z* + 3y%), a >0,

(1.5) g=a+y—azx?+ ay® — 3z%y + 1>, —  (1.6) — Fig. 1.5;
configuration (3c1, 3c1, 17);
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&= x(z? + 2y — 3y°),

(1.6) g = —x? +y? + 32%y — 1, - @ - Fig. 1.6;
configuration (3(2)c1, 3(2)c1, 17);
t=z(z+1)(xr—a),a>0,a#1,
(1.7) { y=yly+1)((1 —a)x+ay —a), — — Fig. 1.7;
configuration (3r, 2r, 1r, 1r);
z=z(z+1)(z—a),a>0,a#1,
(1.8) y=yly+1)(—a+2+a)z—1+a)y), — (19 — Fig. 1.8;
{ configuration (3r,2r, 1r, 17);
i =a?,
g =y’ (az +y — ay), : .
(1.9) a € R\ {0;1:3/2:2:3}, — —  Fig. 1.9a, 1.9b;
configuration (3(3)r, 2(2)r, 1r, 1r);
T =z,
(1.10) ¥ =v*(20z — ), a € (—1,0) U (0, 1), - — Fig. 1.10;
configuration (3(3)r, 2(2)r, 1e1, ley);
= (x—a)(z®+1), a>0,
(1.11) J=y(1+y)(2ax — (a®> +1)y—d®>+1), — ([@C1) — Fig. 1.11;
configuration (1r + 2co, 2, 1c1, 1e1);
t=z(1+z)(-14+az— (2+a)y),
L) § Y7 :g’(laJ;yl)’(fa ~(1+20)z+y), - —~  Fig. 1.12;
configuration (2r,2r, 2r, 1r);
&= 2%(az +1),
9 =y*((2+3a)z — (1 + 2a)y), , .
(I.13) a(a+1)(3a+ 2)(3a + 1)(2a +1) £ 0, - (1.14) — Fig. 1.13;
configuration (2(2)r, 2(2)r, 2(2)r, 1r);
i =z(z+ 1)1+ a® + 22z — 2ay),
5 2 2 2
Ly Y +§ijf3)x%;£3azy‘§ sz:” 2ay o, - —  Fig 114
configuration (2r,2c1,2c¢1, 17);
& =22z +ay), a>0,
(1.15) y = —az® + 32%y + axy® + >, — — Fig. 1.15;
configuration (2(2)r, 2(2)c1,2(2)c1, 17);
b= (% + 1)(0z — 29 + ay),
9=+ 1) (—z + 2az — y), .
(1.16) a(2a(— 1)(a)£ o 2) + 37 -~ {1 - Fig. 1.16;
configuration (2co, 2co, 2¢o, 17);
i =2(1 — (14 a®)2® + dazy — 3y?),
(1.17) ¥ =2(az—y)(1+y?), a>0, - ([C1g) — Fig. 1.17.
configuration (2co, 2¢1, 2¢1, 17).
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p—"
Figure 1.9b Figure 1.10 Figure 1.11
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Figure 1.15 Figure 1.16 Figure 1.17
The systems (I.1)-(I.17) have the following straight lines, Darboux integrating
factor u and elementary first integral F, respectively, (see [11])
l1:.’II, l2:$+1, 13:$_a/a l4:y7 l5:y+17 5629_%
x y+1l ,y—a (1.2)
lr=y—a; p=1/(liblslisls), F=(=)"t(=——)" ;
r=y—x; p=1/(lilalslalslg) (y) G 2.
hp=2z, ls=2+1, Ls=y, ls=y+1l, lL=y—m

1.3
w=1/Bl312ls), F=az"te /(x4 1)ye/Y(y +1)"" = const; (1.3)
h=zlbzg=r—aFi, lu=y, bes=y—aFi, lr=y—u
1 laol3l3 l7 (1.4)
- - F= —2qarct :
H l1lal3lylsls’ 13516 exp(~2a arctan —1—a?+azx+ay — :cy)’

h=y—ix, lb=y—itx—1, ls=y—ir—a, lL=y+izr, lz=y+ix—1,
lg = y+ir —a, l; = x; n= 1/(l1l2l3l4l5l6),
F = arctan(az/(x? — ay + y*)) — aarctan(z/(z? — y + 4?));

(1.5)
h=y—ix+1i, lb=y+ix—1, I3=y—ix—1, ly=y+ix+1,
l5 =Yy — T+ a, l@ =Y + 1z + a, l7 =, M= 1/([1[2[3[4[5[6), (1 6)
I3ly .\, 2y )
= (@) exp(4 arctan Py 2arctan m),
lh=lb=y—iz, lIzg=y—ix—1, ly=I5=y+1iz,

21 .2
F = ((lls =7 —y)(lila + Iy — y) cos i + 2l7(l1ls — y) sin i)/(lllddﬁ);
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l1:x7 l2:$+17 l3:$_a; l4:y, l5:y+17 l6:y_337

1.8
lr=x+ay; p=1/(lalsllsly), F=1l§l5 g " (1.8)
lli.fC, 12:$+17 13:1170” l4:y7 l5:y+1a lﬁzyixv
1.9
l7 =T — (a—|—1)y—a; /J“:lQ/(lllSl5lﬁl7), f:lll;a_llgalgll?+l; ( )
lhpz=2, lLs=vy, ls=y—2, Ilr=x+y—ay; (1.10)
w=1/(lilulgl7), F = (l1l4)“_2161%”1; ’
hos=z, ls=y, lr=y—(ativ1l—a?)z; p=1/(lilssl7),
— Vi—a2
F = (zy)? 17&2(((1 —a®)z? + (y — ax)z)*‘/m) exp(—2a arctan #);
Yy —ax
(1.11)
ll:x—a7 l2,3:$:|:i, l4:y7 l5:y+1a
ler=x2—(ati)y —a; =11 /(l9l3l4l6l
67 =v—(axi)ly—a; p 1/ (lal3lalgly), (1.12)

B A R Y
QT rar—
h=z b=x+1, lIz=y, L=y+1l, ls=ar—y+a, lg=ar—y—1,

Lh=x+y+1; p=I7/(lilblsladsle), F = (I1/l)*(la/13)(I5/l6)*
(1.13)

1
2 exp(2a(arctan s arctan 1;,57,%));

o=z, ba=y, bLeg=x—-y, lr=ax—y— 2ay;
p=(llsls) /17, F = (llsls)/(13);
h=z, l=x+1, Is=yTFiz, Lg=yFilz+1)—a, lr=y+ax;

121515

(1.14)

T
=17/ (l1lal3l4ls51 F = 2 t — arctan —));
=17/ (lilalslalsls), Plils exp(2a(arc any_a arc any)),
(1.15)
o=, a=y—ix, lsg=y+iz, lr=y—az;
; , (1.16)
M:l1l3l5/l7, f:l11315/l7;
ho=xFi,l3a=yFi,lsg=y—alrti)*il;=y—uz;
l7 al?
=17 /(l1lal3l4l5lg); F = tan ————— tan —————;
1% 7/(123456) aarc anal1l2—1—$y+arc anl3l4—(l(1+$y)
(1.17)
he=yFi, la=y—(a+i)zFi, lse=y—(a—i)z+Li,
l l l7 = I; o= l7é(l1l2;3l4l5l6), 1 (118)
F = (25) exp(2 arctan y—2ax — 4arctan —).

I35 22 —1+4 (y —ax*x)? Yy
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2. PROPERTIES OF THE CUBIC SYSTEMS WITH INVARIANT STRAIGHT LINES

We consider the real cubic differential systems

dx i
E = Zpr(xay) = P(.Z',y),

r=0
3
dy (2.1)
E = Z QT(xay) = Q(xay)v
r=0
ged(P, Q) = 1,
where P.(z,y) and Q,(z,y) are homogeneous polynomials of degree r and | Ps(z, y)|+

‘QS(‘r’y)l 5—'5 0.

By a straight lines parallel configuration of invariant straight lines of a cubic
system we understand the set of all its invariant affine straight lines, each endowed
with its own parallel multiplicity.

The goal of this section is to enumerate such properties for invariant straight
lines which will allow the construction of configurations of straight lines realizable
for . Some of these properties are obvious or easy to prove and others were
proved in [18].

2.1. Points and straight lines.

(I1.1) In the finite part of the phase plane each system has at most nine
singular points.

(I1.2) In the finite part of the phase plane, on any straight line there are located
at most three singular points of the system .

(I1.3) The system has no more than eight invariant affine straight lines ([I]).
(I1.4) At infinity the system has at most four distinct singular points (in the
Poincaré compactification [12]) if yPs(x,y) —xQs(x,y) Z 0. In the case yP3(z,y) —
2Q3(z,y) = 0 the infinity is degenerate, i.e. consists only of singular points.
(I1.5) If yP3(z,y) — 2Q3(x,y) Z£ 0, then the infinity represents for a non-
singular invariant straight line, i.e. a line that is not filled up with singularities.
(I1.6) Through one point cannot pass more than four distinct invariant straight
lines of the system .

We say that the straight lines [; = ojz + 3y +; € Clz,yl, (o, 5;) # (0,0),5 =
1,2, are parallel if a1P82 — asf1 = 0. Otherwise the straight lines are called con-
current. If an invariant affine straight line [ has the parallel multiplicity equal to
m, then we will consider that we have m parallel invariant straight lines identical
with [.

(I1.7) The intersection point (xg,yo) of two concurrent invariant straight lines [
and [ of system is a singular point for this system. If Iy, 1y € Rz, y] or I = Iy,
i.e. the straight lines I; and [, are complex conjugate, then xg,yo € R.

(I1.8) A complex straight line [ which passes through a point My with real coordi-
nates, could be described by an equation of the form: y = ax + 8, Ima # 0, and
M, is the intersection point of the straight lines [ and 1.

Definition 2.1. A complex straight line whose equation is verified by a point with
real coordinates will be called relatively complex straight line.

Unlike the complex straight lines, a straight line ax + by + ¢ = 0, a,b,c € R,
a® + b?> # 0, passes through an infinite number of real points and through an
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infinite number of points with at least one complex coordinate. Indeed, if zq,yg €
R and axzg + byp + ¢ = 0, then this straight line passes through complex points
(xo + ab,yo — aa), a € C\ R.

(I1.9) To a straight line L : ax+by+c =0, a,b,c € C such that L passes through
two distinct real points or through two complex conjugate points we can associate
a straight line L : a’x + by + ¢ =0 with o/, b, ¢’ € R such that

{(z,y) eR*:d'z + by +c =0} C {(x,y) € C*:ax+ by +c=0}.

(I1.10) The complex conjugate straight lines [ and I can be invariant lines for
system only together.

(I1.11) The complex conjugate invariant straight lines [ and [ have the same parallel
multiplicity.

(I1.12) The number of complex singular points of a system on an invariant
straight line {(z,y) € C? : ax + by + ¢ = 0} where a,b,c € R is even and is at most
two. In the last case the singular points are complex conjugate.

(I1.13) An invariant straight line with real coefficients either intersects none of
the complex invariant straight lines of the system in complex points, or it
intersects exactly two complex conjugate invariant straight lines in complex points.
(I1.14) A cubic system with at least seven invariant affine straight lines counted
with parallel multiplicity has non-degenerate infinity and, therefore, there exist at
most four directions (slopes) for these lines.

2.2. Parallel invariant straight lines.

Definition 2.2. An affine straight line not passing through any real finite point
will be called absolutely complex straight line.

(I1.15) A complex invariant straight line (I € Clz,y] \ Rlz, y]) of the system
is absolutely complex if and only if it is parallel with its conjugate line.
(I1.16) Through a complex point of any complex straight line can pass at most
one straight line with real coefficients.
(I1.17) Via a non-degenerate linear transformation of the phase plane any abso-
lutely complex straight line can be made parallel to one of the axes of the coordinate
system, i.e. it is described by one of the equations ¢ = yory =7, v € C\R.
Moreover, if we have two such straight lines I; and lo, Iy }f lo, [ || I1, l2 || I2, then
by a suitable transformation we can at the same time make the straight line I to
be parallel to the coordinate axis Oz, and the straight line I3 to be parallel to Oy
axis.
(I1.18) Let I be a relatively complex line. Then neither an absolutely complex line
nor a straight line with real coefficients could be parallel to [.
(I1.19) If [; and Iy are two distinct parallel invariant affine straight lines of the
system , then either

(a) ll,l2 € R[x,y], or

(b) 1 € Rlz,y] and I3 is absolutely complex, or

(¢) 1y and Iy are absolutely complex and I, = [y, or

(d) Iy and Iy are relatively complex straight lines and Iy # I;.

(I1.20) The system (2.1)) cannot have invariant affine parallel straight lines of total
parallel multiplicity greater than 3.
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2.3. Multiple invariant straight lines.

Definition 2.3. By a triplet of parallel invariant affine straight lines we shall mean
a set of parallel invariant affine straight lines of total parallel multiplicity 3.

(I1.21) If the cubic system has a triplet of parallel invariant affine straight
lines, then all its finite singular points lie on these straight lines.
(I1.22) The cubic system cannot have more than two triplets of parallel
invariant affine straight lines.
(I1.23) If Iy,19,13 form a triplet of parallel invariant affine straight lines of a cubic
system , then either

(a) 11,12,13 € R[z,y], or

(b) l1,1s,15 are relatively complex, or

(c) 11 € Rlz,y] and Iy 3 are absolutely complex.
(I1.24) The parallel multiplicity of an invariant affine straight line of the cubic
System is at most three.
(I1.25) The parallel multiplicity of any absolutely complex invariant straight line
of the cubic system is equal to one.
(I1.26) If the cubic system has two concurrent invariant affine straight lines
l1, ls and /1 has the parallel multiplicity equal to m, 1 < m < 3, then this system
cannot have more than 3 — m singular points on I \ I1.

We say that three affine straight lines are in generic position if no pair of the
lines could be parallel and no more that two lines could pass through the same
point.

(I1.27) For the cubic system the total parallel multiplicity of three invariant
affine straight lines in generic position is at most four.

3. PROOF OF THEOREM [I.1]

The classes of cubic systems with invariant affine straight lines of total
multiplicity seven, where six of them form two triplets of parallel straight lines,
i.e. the systems (I.1)-(1.6) of Theorem were studied in [I§]. In the present
paper we will investigate the cubic system with invariant affine straight lines of
total multiplicity seven when the system: (A) has exactly one triplet of parallel
straight lines and (B) has not triplets of parallel straight lines.

3.1. A. Cases of one triplet of parallel invariant affine straight lines. We
write down the type of a configuration in italic (respectively, bold face; normal
form) if this configuration is a subconfiguration (a part) of a configuration with
eight invariant straight lines (respectively, unrealizable; realizable). We denote by
co (respectively ¢q) an absolutely (respectively relatively) complex invariant straight
line.

We denote by (3r,2r,2r) (see (Al) below) the configuration which consists of
seven distinct straight lines with real coefficients y,...l; € R[z;y], among which
l1,15,13 form a triplet of parallel straight lines, i.e. Iy || la || 3. Moreover the
lines Iy 5 and lg7 form two pairs of parallel straight lines and {; ) i, (j, k) =
(1,4),(1,6), (4,6).

In the case of configuration (3(2)r,2¢1,2¢1) (see (A20) below) we have I} =I5 ||
ls, li,l3 € Rlz,y], l1 # I3, the straight lines Iy and I5 are relatively complex,
Iy || s, lg = lg, Iz = I5 and the slopes of the straight lines Iy, l4, lg are distinct.
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The configuration (17 + 2¢g, 2¢g, 1c1, 1e1) (see below (A54)) consists of a straight
line I; with real coefficients and distinct complex straight lines Iy, ..., 17, l1 || l2 ||
Is, || U5, 07 = I, 1j f L, (4, K) = (1,4),(1,6),(1,7),(4,6),(4,7), the straight lines
la, 13, 14,15 are absolutely complex and lg, 7 are relatively complex.

In (3(2)r, 21, 2r) (see below (A2)) the straight line /; with real coefficients has the
parallel multiplicity equal to two (I3 =l || I3,11 # I3). In (3(3)7,2(2)c1,2(2)c1) (see
below (A24)) the straight line [; with real coefficients has the parallel multiplicity
equal to three (I = Iy = 3), the relatively complex straight line I4 has the parallel
multiplicity equal to two (4 =I5, = l7, 14 # lg, lg = I4) and so on.

According to property (II.14), if the cubic system has seven invariant affine
straight lines, then there exist at most four direction (slopes) for these lines.

By properties (I1.19), (I1.23), (I1.24) and (II.25), if the system has one
triplet of parallel invariant affine straight lines, one of the following 54 configurations
is possible:

(A1) (3r, 2r, 2r); (A28) (1r+ 2¢q, 2¢co, 2¢p);

(A2) (3(2)r, 2r, 2r); (A29) (Ir+ 2¢p, 2¢1, 2¢1);
(A3) (3(3)r,2r,2r); (A30) (1r + 2cp, 2(2)c1,2(2)cq);
(A4) (3r,2(2)r,2r); (A31) (3r,2r, 1r, 1r);

(A5) (3(2)r,2(2)r,2r); (A32) (3(2)r, 2r,1r, 1r);

(A6) (3(3)r,2(2)r, 2r); (A33) (3(3)r,2r, 1r, 1r);

(A7) (3r,2(2)r,2(2)r); (A34) (3r,2(2)r,1r, 1r);

(A8) (3(2)r,2(2)r, 2(2)r); (A35) (3(2)r, 2(2)r, 1r, 1r);
(A9) (3(3)r,2(2)r, 2(2)r); (A36) (3(3)r. 22, Ir, Ir);
(A10) (3r, 2r, 2(:0); (A37) (3r,2cp, 1r, 1r);

(A11) (3(2)r, 2r, 2¢p); (A38) (3(2)r, 2cg, 1r,1r);
(A12) (3(3)r,2r,2co); (A39) (3(3)r,2cq, 1r,1r);
(A13) (3r,2(2)r,2co); (A40) (3r,2r,1cq,1cq);

(A14) (3(2)r,2(2)r,2co); (A41) (3(2)r,2r,1cqy,1cq);
(A15) (3(3)r,2(2)r,2co); (A42) (3(3)r,2r,1cq,1cy);
(A16) (31‘, 2C0,2C0); (A43) (3 ( )I‘ ].Cl, 1C1)
(A17) (3(2)r,2co, 2¢o); (A44) (3(2)r,2(2)r,1cq,1cq);
(A18) (3(3)r, 2¢o, 2¢o); (A45) (3(3)r,2(2)r, 1eg, 1ey);
(A19) (3r, 2¢y, 2¢1) (A46) (3r,2co, 1c1, 1eq);

(A20) (3(2)r,2c1,2c1); (A47) (3(2)r,2cg, 1cq, 1cy);
(A21) (3(3)r,2cy,2cy); (A48) (3(3)r,2cg, 1cq, 1cy);
(A22) (3r,2(2)c1,2(2)cq); (A49) (1r + 2co, 2r, 1r,1r);
(A23) (3(2)r,2(2)c1,2(2)cr); (A50) (1r + 2cg, 2(2)r, 1r, 1r);
(A24) (3(3)r 2(2)c1,2(2)cy); (A51) (17 + 2co, 2r, 101,101)
(A25) (1r + 2co, 2r, 2r); (A52) (1r + 2cp, 2(2)r,1cq,1cq);
(A26) (1r + 2co, 2(2)r, 2r); (A53) (Ir+ 2¢q, 2¢p, 11, 1r);
(A27) (1r + 2co, 2(2)r,2(2)r) (A54) (1r + 2co, 2¢q, 1c1,1cq).

Next, we will examine the configurations (A1)-(A54) and their realization in the
class of cubic systems.

3.1.1. Unrealizable configurations. Property (I1.27) does not allow the real-
ization of configurations (A6), (A7), (A8), (A22), (A23), (A27), (A30) and (A44);
Properties (I1.7), (I1.26) do not allow the realization of configurations (A17), (A18),
(A32), (A34), (A50), (A52); (IL.7),(IL.21) — (A1ll), (A12), (A15), (A20), (A21),



EJDE-2013/274 CUBIC SYSTEMS WITH INVARIANT AFFINE STRAIGHT LINES 11

(A39), (Adl), (A42), (A47), (A48); (IL7), (IL12), (IL21) — (A16); (IL2),
(IL7), (IL8), (IL.16) — (A26), (A40), (A49); (IL.2), (IL7), (IL.21) — (A2), (A3),
(A33); (IL2), (IL7), (IL.26) — (Ad); (IL7), (IL16), (IL21) — (A10), (A13),
(A14), (A37), (A38); (IL2), (IL.7), (IL.8), (IL.26), (IL.27) — (A5);  (I1.2), (IL7),
(IL16), (IL21) — (A25); (IL7), (IL26), (IL27) — (A35); (IL7), (IL21), (IL.26)
— (A43); (IL2), (IL7), (IL9), (IL21) — (A54).

3.1.2. Subconfigurations of configurations with eight straight lines. We
denote by Oj , the point of intersection of concurrent straight lines [; and [j.
Configuration (Al): (3r,2r,2r). Via affine transformations of coordinates we
can make that [y =z, b =x+1,l3=x—a,a >0,y =y, 5 =y+ 1. Properties
(I1.2), (IL.7) and (I1.21) impose the straight lines lg and I; to pass, respectively,
through the points: (a) Oz 5(—1,—1), O14(0,0) and O1,5(0,—1), O3 4(a,0) or (b)
01,5(0,—-1), O24(—1,0) and O; 4(0,0), O3 5(a, —1) (Fig. 3.1). Taking into account
that lg || I7, in the case (a) we have lg = y — 2, I; = y — 2 + 1, and in the
case (b): lg = y+x—1,1; = y+ x In both cases a = 1. We observe that
the configuration of the straight lines l1,...l7 in the case (a) is symmetrical with
respect to the coordinate axis Oy to the configuration of the same lines in the case
(b). Therefore, it is enough to consider the case when iy =z, Iy =x+1,l3 =z —1,
ly=y,ls=y+1,lg =y—x,lr =y —x+ 1. The cubic system for which
these straight lines are invariant look as:

t=x(*-1), y=yly+1)Bz—2y—1). (3.1)

It is easy to show that (3.1), besides the invariant straight lines l1,...,l7, has
one more invariant affine straight line lg = = — 2y — 1.

Figure 3.1a Figure 3.1b Figure 3.2 Figure 3.3
Configuration (A9): (3(3)r,2(2)r,2(2)r). Assume that I; = Iy = I3, Iy = I5,
le =1z, U ¥t lg, (4, k) # (1,4),(1,6),(4,6). We can consider l123 = x, l45 = ¥,
le;7 = x —y (see Fig. 3.2). There is only one cubic system for which these straight
lines are invariant ({; with parallel multiplicity equal to three, I4 and g both with
parallel multiplicity equal to two):

&=a° §=y*(3x—2y).

It is easy to verify that this system, together with the straight lines [1,...,l7, has
also the invariant affine straight line Ig = x — 2y.

Configuration (A19): (3r,2c¢1,2¢1). Properties (I1.7), (I1.12) and (I1.21) allow
only the configuration given in Fig. 3.3. By an affine transformation we can make
h=zlb=x—-aa€(0,1),ls=2x—-1,g=yFiz, 57 =yFilr—1) —q,
a € R. The cubic systems for which the straight lines l1,...,l4 and lg are invariant
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look as:
z=2xz(zx—1)(z — a),
j = by — (a+1 baoy® + bsox® + by z”
Y = ay + baor” — (a + )2y + baoy” + bzox” + barz7y (3.2)
2 3
+b3oxy” + (b2 — 1)y°.
3 L ] 1 &
. 2 . l [ e ~ £
LY ’ | 1 L ‘ | #
\‘ '1 | Jf’,r \\ \:\ ,,JI // \\ P
‘* " : f,:; [ | | ~ .
B e ¥ I g b »
P P | i Y Y - %
o" ‘s‘ _____ ;-’i:__: _______ JOE L ok T
Y b 3 1 N ~ PR SRR S S
Pid . sl i N LS / g
r L] il A ’ | 1" o e
& . | ' 2 | 7 N
| | E | | L
I ] I

Figure 3.4 Figure 3.5 Figure 3.6 Figure 3.7

If the straight lines l5 7 = y F i(x — 1) — o are invariant for system (3.2)) then it
has the form

i=x(x—-1)2x—-1), y=y(l-3z+32%+1?). (3.3)

Totally the system (3.3) has the following invariant affine straight lines: I; = =z,
b=z-1/2lz=2—1lsg=yFiz, br=yFilx—1),ls=y.
Configuration (A24): (3(3)r,2(2)c1,2(2)c1) (Fig. 3.4). Without loss of general-

ity, we consider I; = ly = I3 = x and 5.7 = ls6 = y £ ix. There is only one cubic
system for which these straight lines are invariant and this is the system

=223 y=yBz>+ ). (3.4)

Clearly, for cubic system and the straight line Ig = y is also invariant.
Configuration (A28): (Ir+2c,2¢c,2¢o) (Fig. 3.5). We can take l; = = — q,
a€R lo=x—1,l3=x+1, 14 =y—1i, 5 =y+i. Therefore, we have the following
cubic system possessing these lines:

b= (r—a)(@®+1), §=>+1)(bx+cy+d). (3.5)

We may assume that the straight line lg passes through the singular points
Os.5(—1i,—1), O1,4(a, 1), otherwise we could apply the substitution x — —z or/and
y — —y which preserves the form of the system (3.5). Then the line lg is described
by the equation 2z — (1 4+ ia)y —a+i = 0. Hence, Iy =22 — (1 +ia)y—a—1i=0.
The fact that the straight lines lg and I; are parallel implies a = 0, and therefore,
lg;7 = 2o — y £ 4. If the straight lines lg 7 are invariant for system it becomes

t=ax(@*+1), y=0Bx—y)y*+1)/2

It is easy to see that besides the invariant straight lines [y, ...[; defined above, the
obtained system has also the invariant affine straight line Ig = = — y.

Configuration (A29): (1r+2cy,2¢1,2¢1) (Fig. 3.6). We can consider I, = «z,
ly=y—izx,ls=y—1ix—2,lg =y + iz, l; =y + ix — 2. The absolutely complex
straight line ly (respectively l3) pass through the point O47(—i,1) (respectively
Os5,6(1,1)), i.e. it is described by the equation x + ¢ = 0 (respectively x — i = 0).
The cubic system for which these straight lines are invariant look as:

i =22(2® +1), §=(y—1)(-2y+32> +1°).



EJDE-2013/274 CUBIC SYSTEMS WITH INVARIANT AFFINE STRAIGHT LINES 13

Evidently, the straight line ls = y — 1 is also invariant for the obtained system.
Therefore, it has eight invariant affine straight line.
Configuration (A46): (3r,2¢o,1¢1,1c1) (Fig. 3.7). We start with the system

t=x(z+1)(z—a),a>0, §=(y*+1)(bx+cy+d) (3.6)

for which the straight lines Iy = z, lo = z+ 1,3 =z —a, 4 =y —1, l5 =
y + ¢ are invariant. The straight line /g passes through the points Og 5(—1, —1),
Os3.4(a,4) and therefore it is described by the equation y = 2.z + 1225, We put

_ a+1 a+1
lg =y — ai_zlx — i;ﬁi, l7 = lg. The straight lines [ 7 are invariant for system (3.6)
if and only if this system has the form
d=x@+1)(@—-1), §=—y@y*+1). (3.7)

It is easy to check that the straight lines l; = z, lo 3 = 2£1, ly 5 = yF4, lg 7 = yFiz,
ls = y are invariant for .

Configuration (A53): (1r+2cy,2co,1r,1r) (Fig. 3.8). We consider the system
(3.5) which has the following invariant straight lines: Iy =z —a, a € R, lo = x — 1,
Il3=x+1,l4y =y—1i, ls =y+i The straight lines lg and I; with real coefficients
pass through the complex conjugate points O3 5(—i, —i), O24(4,%) and Oz 5(7, —i),
Os,4(—1,1), respectively. Therefore, I = y — x and Iz = y + x. The straight lines
l1,...,l7 are invariant for system if and only if the system looks as:

i=z(2?+1), y=y*+1). (3.8)
Evidently, and the straight line Ig = y is also invariant for (3.8)).

Figure 3.8 Figure 3.9a Figure 3.9b Figure 3.10

3.1.3. Realizable configurations. Configuration (A31): (3r,2r, 1r,1r). Via
affine transformations of the phase plane we can make the straight lines [y, ..., ls to
be described by equations: £ =0,z4+1=0,z—a=0,a>0,y=0,y+1=0and
x —y = 0. Properties (I1.7) and (I1.21) allow only configurations from Fig. 3.9. In
the case of Fig. 3.9a) (Fig.3.9b)) we can write Iz =z +ay (I =z — (a+ 1)y — a).
System (1.7) (respectively (I1.8)) from Theorem 1.1 is the unique cubic system
possessing the invariant affine straight lines: Iy =z, lo =z +1,l3 =z —a, 4 = vy,
Is =y+1,ls =y—x and l; = v+ ay (respectively l; = z — (a+ 1)y — a). Moreover
this system could not have other invariant affine straight line if @ # 1. If @ = 1 then
(I.7) (respectively (I.8)) has an additional invariant affine straight line lg = y — 1
(respectively lg = x —y — 1).
Configuration (A36): (3(3)r,2(2)r,1r,1r). Using properties (I1.7) and (11.21),
we obtain the configuration Fig. 3.10. We can consider l; =ly =l3=x,ly =15 =y
and lg = y — x. The cubic system with these invariant straight lines coincides with

the system (1.9) from Theorem|1.1|and this system possess also the invariant straight
line I = . +y — ay (see (L.10). If @ = 0 (respectively a = 3/2; a = 3), then the
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straight line I, (respectively l7; lg) has parallel multiplicity equal to three (two). In
the case a = 1, we have gcd(P, Q) = x, and in the case a = 2 the straight lines lg
and l7 (see (L.10])) coincide, have parallel multiplicity equal to one, and the system
(1.9) does not have other invariant affine straight lines, except l1,...,l5. Therefore
if a = 2 the system (I.9) has exactly six invariant affine straight lines (counting also
their parallel multiplicity).

Configuration (A45): (3(3)r,2(2)r, ey, 1c1) (Fig. 3.10). We take I} = lp =13 =
x, Iy =I5 = y and the system

&= a®, y:yQ(b—l—caz—i—dy), (3.9)

for which these straight lines are invariant.

By property (I1.27), the conjugate and relative complex straight lines lg 7 pass
through origin of coordinates, so they can be described by the equations y — (o &
Bi)x = 0, where o, 3 € R, 8 # 0. Rescaling the coordinate axes, we can make
£ = 1. The conditions imposed to systems (3.9) to have the invariant straight lines
le7 =y — (£ i)z lead to the system

i=14+a®z?, §=9y*Q2ax—y), a#0. (3.10)

Applying the substitutions © — z/v1+ a2, y — y, a = a/v/1 + a2, we obtain the
system (I.10) from Theorem
Configuration (A51): (1r 4+ 2c¢o, 27, 1c1, 1ey) (Fig. 3.11). We consider [; = z —a,
a € [0,400), lo =x+i,l3 =2 —14, Iy =y, l5 =y+ 1. In the case given by
Fig. 3.11a (respectively Fig. 3.11b) the straight line I passes through the points
O2,5(—1,—1) and O1 4(a,0) (respectively Og 5(—i, —1) and O3 4(¢,0)). Therefore, it
is described by the equation z — (a+4)y —a = 0 (2y + iz + 1 = 0). In the first case
(given by Fig. 3.11a) assuming that I; = lg, we obtain the straight lines from
and the system (I.11), for which these straight lines are invariant (see Theorem
1.1). If a = 0, then the system (I.11) has the invariant affine straight lines i = z,
lbs=zxi,lu=y, ls=y+1,lsgr=cFyi,ls=y—1

In the case Fig. 3.11b we have I 7 = 2y+iz+1. The intersection point O(0, —1/2)
of the straight lines lg and [7 lies on the straight line I; =  — a, so a = 0. There
exists only one cubic system: @ = z(z2+1), y = —2y(1 +y)(1 + 2y), with invariant
affine straight lines [y =z, las =ax+i, lu =y, s =y + 1, lg7 = 2y iz + 1. This
system has an additional invariant affine straight line lg = 1 + 2y.

"
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Figure 3.11a Figure 3.11b

3.1.4. Qualitative study of systems (I.7)—(1.11)

In this section, the qualitative study of the systems (1.7)~(I.11) from Theorem|[L.1]
will be done. For this purpose, to determine the topological behavior of trajectories,
the finite and the infinite singular points will be examined. This information and
the information provided by the existence of invariant straight lines, will be taken
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into account when the phase portraits of systems (1.7)—(I.11) on the Poincaré disk
will be constructed.

We set the abbreviations: SP for a singular point and T'SP for type of SP.
We use here the following symbols: A; and As for eigenvalues of SP; S for a saddle
(M2 < 0); TS for a topological saddle; N* for a stable node (A1, Ay < 0); N*
for a unstable node (A1, A2 > 0); DN*®) for a “decritic” stable (unstable) node
(A1 = X2 # 0); TN*" for a stable (unstable) topological node; S — N**) for a
saddle-node with a stable (unstable) parabolic sector; P*(*) for a stable (unstable)
parabolic sector; H for a hyperbolic sector, F*() for a stable (instable) focus.
Systems (I.7), (I.8), (I.11). In the first column of Tables 3.1, 3.2 and 3.3 we
indicate the real singular points (finite and infinite) of the systems (1.7), (1.8), (I.11),
respectively; in the second column the eigenvalues corresponding to these singular
points and in the third column the types of the singularities. All these points
are simple and together with the invariant straight lines, complectly determine the
phase portrait of each of the systems (1.7), (I.8) and (I.11).

Table 3.1
System (1.7) (Fig. 1.7)

SP )\1; )\2 TSP SP Al; )\2 TSP
O1(-1,-1)| 1+a;1+a | DN" Os(—1,1) 1+4a; H2 N
02(—1,0) —1;1+4+a S Og(a,a) a(l+a); a®>(1+a) | N¥
05(0, 1) —a; 2a S | X._(1,0,0) —1; -1 DN®

04(0,0) —a; —a DN* || Xa_(1,1,0) —1;1+a S
Os(a,—1) [a+a%a+a® | DN" [ X5 _(1,-10) —1; Ha S
Og(a,0) —a?; S Y (0,1,0) —a; —a DN*
0+(0,1) —a; 2a S
Table 3.2
System (1.8) (Fig. 1.8)
SP /\1; )\2 TSP SP )\1; )\2 TSP
01(-1,-1) 1+a;14+a DN* Os(a,a) a+a?% S
—a(l1+a)?
02(—1,0) —2(1+a);1+a S O9(0, —12) —a; 11, S
05(0,—1) —1; —a N* X1_(1,0,0) -1; -1 DN?
04(0,0) —a; —a DN® || Xo_(1,1,0) -1; —a Ns
Os(a,—1) [ -(1+a)%a(l+a)| S X3 (1, 1-|l—a’0) -1 S
Og(a,0) a(l+ a); DN* Yo (0,1,0) 1+a;14a| DN"
07:(-1,-2) | —2(14+a);1+a S
Table 3.3
System (I1.11) (Fig. 1.11)
SP A1 A2 TSP SP A1 A2 TSP

01(0,0) a’+1;a%>+1 DN" || X(1,0,0) [ a®> +1;a>+1 | DN*

O2(=1,0) [ a2 +1; —2(a? +1) | S | Y(0,1,0) —1; -1 DN*

05(1,0) a®+1;a%>+1 DN®

System (I.9) (Table 3.4). The origin of coordinates is a non-hyperbolic singular
point for (I.9). We will study the behavior of the trajectories in a neighborhood of
this point using blow-up method. In the polar coordinates © = pcosf, y = psinf
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the system (1.9) takes the form

dp _ p(cos? 8+ (1 — a) sin® 6 4 a cos O sin® 6),

dr
20 (3.11)
e sin 0 cos O(sin @ — cos 0)(cos @ + (1 — a) sin6),
where 7 = p?t. Taking into account that the system (1.9) is symmetric with respect
to the origin, it is sufficient to consider 6 € [0, 7). The singular points of the system
(3.11)) with first coordinate p = 0 and the second 6 € [0, 7), and their eigenvalues
respectively are: {M(0,0): A\j» = +1 — saddle }; {M2(0,5): Mo ==+(1—a) —
saddle}; {M3(0,7%): A2 = %, Ay = 25 — unstable node, if a < 2, and saddle,

2
a—1)(a— a—1)2
if a > 2}; {My4(0, arctg a—il) A= (a—1)(a—2) Ao = a§_2}1)+2

T2t — unstable node, if
a < 1ora>3;and saddle, if 1 < a < 3}. We obtain Fig. 1.9a if a < 1 and Fig.
1.9b if @ > 1. In Fig. 3.12a, 3.12b, it is illustrated the case a < 1, i.e. the singular
point (0,0) is TN*, and in Fig. 3.12c, 3.12d we have the case a > 1 with following

partition in sectors of the neighborhood of the origin: P*HHP“*HH.

Table 3.4
System (1.9) (Fig. 1.9a) System (1.9) (Fig. 1.9b)
SP )\1; )\2 TSP SP )\1; )\2 TSP
0(0,0) 0,0 |IN" 0(0,0) P'HHP"HH | PP"HHP"HH
X:..(1,0,0) | -1, -1 | DN*|[ X1.(1,0,0) DN* DN*
X, _(1,1,00) |-L2-a| S X, (1,1,0) S N°
X3voo(17 ai170) _1a 37:? S X3voo(17m70) N*® S
Yo (0, 1,0) a—1; | DN® Yo (0, 1,0) DN* DN*
a—1
IAI'
v A |
e LS 3
.r N N ‘ * » A
S R — \ —
=S Ser— 3 V. N
Figure 3.12a Figure 3.12b
Y :
et .| H 27
| , Nu “ u L. V{* '1...’_'_ e
—«t S Sy ) _.(" ‘__:f-j_. r}
Figure 3.12¢c Figure 3.12d
System (1.10) Table 3.5.
Table 3.5

System (1.10) (Fig. 1.10)
01(0,0) 0;0 | HHHH

X(1,0,0) | =1; =1 | DN*

Y (0,1,0) 1;1 DN
We will study the behavior of the trajectories in a neighborhood of the origin of
coordinates. We note that all trajectories are symmetric with respect to the point
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(0,0). Using polar coordinate, we write:
p = p(cos* O + 2a cos fsin® f — sin? ),

) (3.12)
0 =sinfcosf(asin20 — 1).

The coordinates of the singular points M;(0,6;) of the system (3.12) are given by
the equation
sinf cosf(asin20 — 1) = 0.

Since |a| < 1 (see (1.10)) we get asin20 —1 < 0 and therefore we obtain the singular
points M;(0,0), M(0,7/2), M3(0,7) and M4(0,37r/2), which are saddles with the
same eigenvalues: A1 2 = £1 (see Fig. 3.13a). Therefore after blow-up we arrive at
the topological structure of the vicinity of the origin of coordinates given by Fig.
3.13b.

Figure 3.13a Figure 3.13b

3.2. B. Cases of cubic systems without triplets of parallel invariant straight
lines. We have the following 15 configurations of 7 straight lines that do not contain
a triplet of parallel invariant straight lines:

(B1) (2r,2r,2r, 1r); (B9) (2r, 2¢o, 2¢o, 1r);

(B2) (2(2)r, 2r, 2r, 1r); (B10) (2(2)r,2c1,2¢q, 1r);
(B3) (2(2)r, (2)r,2r, 1r); (B11) (2(2)r, 2co, 2¢o, 11);
(B4) (2(2)r,2(2)r,2(2)r, 1r); - (B12) (2(2)7,2(2) e, 2(2)en, 17);
(B5) (2r,2r,2co, 1r); (B13) (2c0,200,2c0, 1r);

(BG) (2( )I‘ 2r 200, ]_I‘) (B14) (260,261,261, 17"),

(B7) (2(2)r, (2)r,200,1r); (B15) (2co,2(2)cq,2(2)cy, 1r).
(B8) (2r,2c¢1, 2¢1, 17);

3.2.1. The classification of the cubic systems.

Remark 3.1. The properties (I1.2), (I1.7), (I1.16), (I1.26) and (I1.27) do not allow
realization of the configurations (B2), (B3), (B5)—-(B7), (B9)—-(B11) and (B15).

Further we will study the configurations (B1), (B4), (B8), (B12), (B13) and
(B14).
Configuration (B1): (2r,2r,2r, 1r). For this configuration the properties (I1.2)
and (II.7) allow only the cases (a) and (b) from Fig. 3.14. We consider I = z,
lo=x+1,l3=y,ly =y+1. Inthe case (a) we have [s =z +y+1, ls = x —y and
l; =2 —y+ 1. The cubic system with these invariant affine straight lines has the
form:
t=az(z+1)(1—-2+3y), 9=yly+1)(1+3z—y). (3.13)
It is easy to check that for the straight line s = x — y — 1 is also invariant.
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In the case of Fig. 3.14b we have the straight lines and the system (I.12)

from Theorem If a = 1, then after the time rescaling ¢ — —t this system
coincide with the system .
Configuration (B4): (2(2)r,2(2)r,2(2)r, 1r). We can consider I 2 = z and I3 4 =
y. The property (I1.27) impose to other straight lines of this configuration to pass
through the origin of coordinate (see Fig. 3.16). Rescaling Ox axis we can write
5,6 = x—y. The conditions imposed to a cubic system to have the invariant straight
lines Iy, . .. lg leads to the system (I.13) from Theorem 1.1, and we observe that this
system has the seventh invariant affine straight line: I; = ax — y — 2ay.

If a(a + 1)(2a + 1) = 0, then ged(P, Q) # const, and if 3a +2 =10 (3a + 1 = 0),
then the invariant straight line y = 0 (z — y = 0) has parallel multiplicity equal to
three.

p’\'- -
Figure 3.14a Figure 3.14b Figure 3.15a Figure 3.15b
Configuration (B8): (2r,2¢1,2¢1,1r). Let ly,...,l7 be the straight lines of this
configuration, where [y 5 7 are real, I3, .. ., s are relative complex and {y || Iz, I3 || l4,

I || le, Is = E; le = Ev lj H U, (]7 k) € {(173)7 (1’5), (177)7 (377)’ (5a 7)} According
to properties (I1.2), (IL.7) and (IL.16), the only cases illustrated in Fig. 3.15 can
occur. Let Oz 5 = I3 N5 € ;. Via an affine transformation of the phase plane we
can make the straight line I3 to be written into form y—ixz = 0 and then l5 = y+iz.
We rotate the phase plane such that the straight line /; coincides with the Oy axis,
and apply rescaling x — kx, y — ky, k # 0. We choose k such that [y passes
through the point (—1,0). Finally, we obtain: Iy =z, ls = x + 1, I35 = y F iz,
lag =y Fiz—aFbi, a,b € R, b # 0. In the case Fig. 3.15a we have b = 1,
laNlg = (—1,a), Iy = y+az, and the system (I.14) from the Theorem 1.1 We note
that if @ = 0, then the system (I.14) has an additionally invariant affine straight
line Ig = 2x + 1.

In the case Fig. 3.15b we have the straight lines [y =z, o =2 +1, I35 = y F iz,
lag =y Fi(r+2), l7 =y, and the cubic system with these invariant affine straight
lines looks:

i=2x(x+1)(x+2), 9=y(d+6x+32%+y?).
The obtained system has also the eighth invariant affine straight line: Ig = x+2.

Figure 3.16 Figure 3.17 Figure 3.18 Figure 3.19
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Configuration (B12): (2(2)r,2(2)c1,2(2)cy,1r). Let Iy = lo, I3 = Uy, 15 = s,
s = I3, I7 |} I1, 7 || I5. Properties (I1.7) and (IL.27) allow these straight lines to
have only reciprocal position illustrated in Fig. 3.17.

Via affine transformations similar to those applied to the configuration (B8), we
can write ly o =, I3a =y — iz, Is g = y +ix. Then, l; = y —ax, a > 0. These
straight lines are invariant for the cubic system (I.15) from the Theorem If
a = 0, then the straight line /; has parallel multiplicity equal to three, which is not
allowed in this configuration.

Configuration (B13): (2c, 2cg, 2¢o, 1r) (Fig. 3.18). We can consider {1 = z — i,
lo=xz+i,l3=y—i,luy=y+i Thenls =y —alzx —1i)—i,ls =y —alz+1i) + 1,
a €R,ala—1) #0, l; =y — x. Forcing a generic cubic system to possess these
invariant straight lines, we arrive at the system (I.16) from the Theorem 1.1. If
a =1/2 (a = 2), then (I.16) has one more invariant affine straight line: lg = y
(lg = l‘)

Configuration (B14): (2co,2c1,2¢1,1r) (Fig. 3.19). We can take I = y — 4,
lo =y +1iand Iy = . The cubic system with invariant straight lines I, lo
and [; has the form

& = x(a10 + az0x + @11y + azor? + a21xy + a12y2)7
7= (1+y®)(boo + broz + bo1y).

We denote by I3, ...,ls the relatively complex straight lines and assume I3 || 4,
Is || lg, Is = I3, lg = 4. Two of these straight lines pass through the point 01.7(0,14),
and other two - through the point O3 7(0, —i). Let I3 pass through the point O4 7,
i.e. it is described by an equation of the form y = (a+bi)x+i. Then the straight line
14 passes through the point Oz 7 and it is described by the equation y = (a+bi)x —1,
a, b € R, b+#0. Via the rescaling x — z/b we can make b = 1. Therefore we obtain
the straight lines I3 4 =y — (a+ i)z Fiand ls 6 = y — (a — i)x L. If these straight
lines are invariant for (3.14)), then we get the system (1.17) from Theorem [I.1

3.2.2. Qualitative study of systems (1.12)-(1.17).

Systems (1.12), (I.14), (I.16) and (I.17). The behavior of trajectories in sys-
tems (1.12), (I1.14), (1.16) and (I.17) from Theorem [L.1]it is completely determined
by information from (1.13)), (1.15)), (1.17]), (1.18]) and Tables 3.6 - 3.9.

(3.14)

Table 3.6
System (1.12) (Fig. 1.12)
01(0,0), —1; —a DNs || X;_(1,0,0) —a; —a | DN*
O2(—1,-1)
0s(—1,0), atla+1 | DN || X5_(1,-1,0) | —2(a+1);| S
04(07_1) a+1
Os(—3.—3) | G5 -9 [ 5 || %.(1a0) [ ala+1); [ DN"
ala+1)
0g(L,0), |et; @7 g Yo(0,1,0) | —1;-1 | DN®
O7<_a:1,_1)
Og(—1,—a—1), a’+a; S
O9(0,a) —(a+1)?
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Table 3.7
System (I.14) (Fig. 1.14)

SP )\1; )\2 TSP SP )\1; )\2 TSP
01(0,0), a4+ 1; a2+ 1 DN" [ Xoo(1,—a,0) | —2(a®>+1); | S
O2(—1,a) a?+1
O3(—3,9) | —3(@®+1); 1>+ | S Y (0,1,0) —1; -1 [ DN®

Table 3.8
System (1.16) (Fig. 1.16)
SP )\1; )\2 TSP
01(0,0) 1—a; —2(1—a) S
X1..(1,0,0) —a; —a DN*" if a < 0;
DN?ifa>0
Xo (1,1,0) | =2(1 —a); —(1 —a) S
X5 (1,a,0) | a(l—a);a(l—a) | DN*ifa<O0ora>1;
DN* if a € (0,1)
Y (0,1,0) L1 DN
Table 3.9
System (1.17) (Fig. 1.17)
SP )\1; )\2 TSP
01(0,0) 2.1 S
Os2(—1,—a), O3(1,a) | —=2(1 +ia); —2(1 — ia) | F*
X (1,0,0) 1+ a2 1+ a? DN*
Y (0,1,0) 1,2 S
System (I.13) For this system we have Table 3.10.
Table 3.10
System (I.13) (Fig. 1.13)
SP )\1; )\2 TSP
01(0,0) 0;0 P*OHHPOWHH —
ifa(a+1)(2a+1) <0(>0)
X1.(1,0,0) —a; —a DNv if a < 0;
DN?ifa>0
X, (L1,0) | —a—1; —a—1 DN"ifa < —1;
DN? ifa > —1
Xs.. (L 57, 0) | — 2505 oy S
Yo (0, 1,0) 20+ 1 2a+1 DN®ifa< —1/2;
DN®ifa > —1/2

As we can see from Table 3.10, system (I.13) has a nilpotent singular point in
the finite part of the phase plane and four hyperbolic singular points at the infinity.
We can find the type of the nilpotent singular point by using blow-up method.
Therefore, applying to system (I1.13) the transformation = pcosf, y = psiné, we
obtain

dp _ placos* @ — (14 2a)sin* 6 + sin 0 cos® O + (2 + 3a) sin® 0 cos 0),
dr (3.15)

do
i sin 0 cos (sin @ — cos 0)(acosf — (1 + 2a) sin0)),
.
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where 7 = p?t. The vector field associated to the system (I.13) is symmetric with
respect to the origin of the coordinates. This allows us to consider the angle 6
from to be between 0 and 7. The singular points M} of the system
with the first coordinate p = 0 and the second coordinate 6 € [0, ), their eigen-
values A1, A2 and their types are, respectively: {M7(0,0) : A; 2 = ta — saddle};
{M3(0,%) : A2 = (1 4 2a) — saddle}; {M3(0,F) : A2 = £14% — saddle};
{M4(0,arctan %52) + A1 = %,)\2 = % — stable node, if
a(a + 1)(ab + 1) < 0 and unstable node, if a(a + 1)(2a + 1) > 0}. Depending
on the values of the parameter a, the neighborhood of the singular point (0,0)
consists from sectors of the type PPHHP*HH or of the type P*HHP"HH (see
Fig. 3.12¢, 3.12d). From the topological point of view, the cubic system (I1.13) has
the same phase portrait as the system (1.9) in the case a > 1, a # 3/2,2, 3 (see Fig.
1.9Db).

System (I.15). This system has only one non-hyperbolic finite singular point
and two hyperbolic singular points at the infinity (Table 3.11). Using blow-up
method we investigate the neighborhood of the origin of the coordinates. In polar
coordinates we can write (I.15) as:

p = p(2cos? @ + acosfsinf + sin? 6), (3.16)

0 = cosO(sinf — acos ). '

The singular points M}, of the system (3.16)) with first coordinate p = 0 and the

second coordinate 6 € [0, ), their characteristic values A1, Ay and their type are:

{M1(0, 5), M2(0, —5): A1 = —1; Ao = 1 — saddle;{ M3(0, arctan a), M3(0, arctan a-+

m) : A1 = 1; A2 = 2 — unstable node. The behavior of the trajectories near (0,0) is
illustrated in Fig. 3.20.

F
Y

Figure 3.20a Figure 3.20b

Table 3.11
System (1.15) (Fig. 1.15)
SP )\1; )\2 TSP
01(0,0) 0; 0 PP
Xoo(1,0,0) | —2(a* +1);a*+1] S
Y (0,1,0) —-1; —1 DN~
As all of the cases mentioned above are considered, therefore Theorem [I.] is
proved.
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