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APPROXIMATE CONTROLLABILITY OF ABSTRACT
IMPULSIVE FRACTIONAL NEUTRAL EVOLUTION
EQUATIONS WITH INFINITE DELAY IN BANACH SPACES

DIMPLEKUMAR N. CHALISHAJAR, KANDASAMY MALAR,
KULANDHIVEL KARTHIKEYAN

ABSTRACT. In this article, we study the approximate controllability of impul-
sive abstract fractional neutral evolution equations in Banach spaces. The
main results are obtained by using Krasnoselkii’s fixed point theorem, frac-
tional calculus and methods of controllability theory. An application is pro-
vided to illustrate the theory. Here we have provided new definition of phase
space for the impulsive and infinite delay term. Owur result is new for the
approximate controllability with infinite delay in Hilbert space.

1. INTRODUCTION

Differential equations of fractional order have proved to be valuable tools in
the modelling of many phenomena in various fields of science and engineering. In-
deed, we can find numerous applications in viscoelasticity, electrochemistry, control,
porous media, electromagnetic, etc. (see [Bl [0 13, [l T4, 18| 22, 23] 25]). Now a
days, controllability theory for linear systems has already been well established, for
finite and infinite dimensional systems (see [1I]). Several authors have extended
these concepts to infinite dimensional systems represented by nonlinear evolution
equations in infinite-dimensional spaces, (see [12}, 211, 24, (29, [30} B33} 34]). On the
other hand, approximate controllability problems for fractional evolution equations
in Hilbert spaces is not yet sufficiently investigated and there are only few works
on it (see [29] 30, B34]). On the other hand, it has been observed that the existence
or the controllability results proved by different authors are through an axiomatic
definition of the phase space given by Hale and Kato [15]. However, as remarked
by Hino, Murakami, and Naito [I9], it has come to our attention that these axioms
for the phase space are not correct for the impulsive systems with infinite delay,
refer the work in [7, 8]. Benchohra et al. [2] discussed the controllability of first
and second order neutral functional differential and integro-differential inclusions
in a Banach space with non-local conditions, without impulse effect. Chang and
Li [9] obtained the controllability result for functional integro-differential inclusions
on an unbounded domain without impulse term. Benchohra et al. [3] studied the
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existence result for damped differential inclusion with impulse effect. Hernandez
et al. [16] proved the existence of solutions for impulsive partial neutral functional
differential equations for first and second order systems with infinite delay. In
last couple of years, JinRong Wang et al. [35] [36] 37, B8, 39] 40}, 411, [42] discussed
various development in the theory of boundary value problems, optimal feedback
control, and new concept of solutions for impulsive fractional evolution/differential
equations.

Impulsive differential equations have become important in recent years as math-
ematical models of phenomena in both the physical and social sciences. There has
been significant development in impulsive theory especially in the area of impul-
sive differential equations with fixed moments; see for instance the monographs by
Benchohra et al. [4], Lakshmikantham et al. [20], and Samoilenko and Perestyuk
[32], and the references therein. A neutral generalization of impulsive differential
equations is abstract impulsive differential equations in Banach spaces. For general
aspects of impulsive differential equations, see monographs given in [27] 28].

The purpose of this paper is to study the approximate controllability of impulsive
fractional neutral evolution differential system with infinite delay using the new
definition of the phase space for impulsive term and infinite delay term.

In this article, Section 2 provides the definitions and some preliminary results
to be used in the main theorems stated and proved. In Section 3, we focus on
existence of the solutions of . We study the main results in Section 4. Finally
an application is given in Section 5 to justify the theory.

2. PRELIMINARIES

Recently, in [I0] the existence of solutions for an impulsive neutral functional
differential equations of the form
d
%(u(t) + F(t,uy)) = A(t)u(t) + G(t,uy), tel, t#t;
Au(t;) = Ii(ut,),
Uy = @ € 87
was studied using Leray-Schauder’s alternative theorem. We consider the following
impulsive fractional neutral evolution differential system with infinite delay:
dCM
dt—a[m(t) — h(t,z)] = Ax(t) + Bu(t) + f(t,x¢), te€[0,T], t#t
2(t) = 4(t) € By, 21)
Al’(ti) = Il(mtl)
where the state x takes values in a Banach space X, the control function takes values
in a Hilbert space U. The functions h, f will be specified in the sequel and I is an
interval of the form [0,7); 0 < t; <ty <--- <t; <--- < T are prefixed numbers.
Let z;(-) denote () = z(t +0), 0 € (—o00,0]. Assume that [ : (—00,0] — (—00,0)
is a continuous function satisfying [ = fi)oo I(t)dt < 0.
We present the abstract phase space Bj. Assume that h : | — 00, 0] —]0, 0o be
a continuous function with [ = fi)oo h(s)ds < 4+o0. Define,

Bp := {¢:] — 00,0] — X such that, for any r > 0, ¢(6) is bounded and
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measurable function on [—r, 0] and / h(s) sup |¢(8)|ds < +o0}.
. 5<0<0

Here, By, is endowed with the norm

0
I6lls, = / W(s) sup [6(0)|ds, V€ By

s<6<0

Then it is easy to show that (B, ||.||s,) is a Banach space.
Lemma 2.1. Suppose y € By,; then, for each t € J, y, € B,. Moreover,
Ny < llyells, <1 sup (ly(s)[ + llyolls, ),
5<6<0
where | := fi)oc h(s)ds < +o0.

Proof. For any t € [0,a], it is easy to see that y; is bounded and measurable on
[—a,0] for a > 0, and

0
lvells, = / h(s) sup |y:(6)|ds

—0 0€(s,0]
—t 0
:/ h(s) sup |y(t+9)|ds+/ h(s) sup |y(t+ 0)|ds
—oc0 0€(s,0] —t 0€<[s,0]
—t 0
= [ ) sw fuelds+ [ () sup [ul6n)ds
—o0 01€[t+s,t] —t 01 €[t+s,t]
—t 0
<[ o] sw @)+ s p@)l|ds+ [ hs) sup fy(on)lds
%) 01 €[t+s,0] 016[0 t] —t 01€[0,t]
t
z/ h(s) sup |y(61) |ds—|— h )ds. sup |y(s)]
%) 016 [t+s, O] s€[0,t]
t
< [ hs) swp Jy(6u)lds L sup Ju(s)
00 ele [5,0] s€[0,t]
0
g/ h(s) sup [y(01)lds+1 sup [y(s)
%) 01€(s,0] s€[0,t]

- / h(s) sup |yo(6)|ds +1 sup [y(s)]
—oo 01€([s,0] s€0,t]

=1 sup [y(s)| + [lyolls,
s€0,t]

Since ¢ € By, then y; € Bj,. Moreover,

0
luells, = / h(s) sup |ye(0)|ds > [y:(6)| / 5)ds = ly(1)|

—o0 0€(s,0]

The proof is complete. U

The phase space By, defined above also satisfies the following properties:

(Bl) If x : (—o0,0+a] — X, a >0, 0 € R such that z, € By, and z[o,0 + a] €
PC([o,0+al, X), then for every t € [0,0+a) the following conditions hold:
(i) @4 isin Bp;
(i) [lz(t)llx < Hlze||s,;
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(iil) ||zells, < K(t—o)sup{||z(s)||x : 0 < s <t}+M(t—o0)|z,|Br, where
H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is
locally bounded and H, K, M are independent of x.
(B2) The space By, is complete.

Example 2.2. The PC, x L?(g,X) be the phase space. Let r > 0 and g :
(=00, —r] — R be a non- negative, locally Lebesgue integrable function. Assume
that there is a non-negative measurable, locally bounded function 7(-) on (—o0, 0]
such that g(§ +0) < n(&)g(0) for all £ € (—o0,0] and 6 € (—oo, —r]\N¢, where
N¢ C (—o0, —1] is a set with Lebesgue measure zero. We denote by PCr x L?(g, X)
the set of all functions ¢ : (—o0,0] — X such that ¢|[—r,0] € PC([—r,0], X) and
=2 90)]le(0)]%d6 < +o00. In PC, x L*(g, X), we consider the seminorm defined
by
—r 1/2
lolls, = sup le@lx+ ([ o@le@)ias)
0e[—r,0] —o0

From the proceeding conditions, the space PC,. x L?(g, X) satisfies (B1) and (B2).
Moreover, when r = 0, we can take H = 1, K(t) = (1 + fi)tg(H)) and M(t) =
n(—t) for t > 0.

[

Let 0 < t] < to < --- <ty < T be pre-fixed numbers. We introduce the space
PC = PC([0,a]; X) formed by functions u : [0,7] — X such that are continuous
at t # t;, u(t;) = u(t;) and u(t]) exists, for i = 1,...n. In this paper, we assume
that PC is endowed with the norm ||lul|pc = sup,cp o [[u(s)||x. It is clear that
(PC,| - ||lpc) is a Banach space; see[I7] for more details.

In what follows, we put t9 = 0, t,41 = T, and for v € PC, we denote by
w; € C([ti,tiv1], X), 1 =10,1,2,...,n, the functions

alt) = {u(ti), for t € (t,ti11],

u(tl), fort=t,.

Moreover, for B, C PC, we employ the notation Bp,, i = 1,2,...,n, for the sets
Br, = {dl Tu € Bh}.

Lemma 2.3 ([2]). A set B C PC is relatively compact in PC' if and only if the set
By, , is relatively compact in the space C([t;, tiv1]; X), for every i =0,1,...,n.

We introduced symbols which will be useful throughout this article. Let (X, || -
) be a separable reflexive Banach space and let (X*,|| - ||«) stands for its dual
space with respect to the continuous pairing (-, -). We may assume, without loss of
generality, that X and X* are smooth and strictly convex, by virtue of renorming
theorem (for example, see [21]). In particular, this implies that the duality mapping
J of X into X* given by the following relations

T = l12ll,  (J(2),2) =]|z|?, forall ze X

is bijective, homogeneous, demicontinuous, i.e., continuous from X with a strong
topology into X* with weak topology and strictly monotonic. Moreover, J~! :
X* — X is also duality mapping. Note that our results are new even for the
approximate controllbility of impulsive fractional neutral differential equations with
infinite delay in Hilbert spaces.

In this article, we also assume that —A : D(A) C X — X is the infinitesimal
generator of a compact analytic semigroup S(t),t > 0, of uniformly bounded linear
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operator in X, that is, there exists M > 1 such that ||S(t)||1(x) < M for all ¢t > 0.
Without loss of generality, let 0 € p(—A), where p(—A) is the resolvent set of —A.
Then for any 8 > 0, we can define A=% by A=F .= % fooo t8=1S(t)dt.

It follows that each A=7 is an injective continuous and homorphism of X. Hence
we can define A% := (A7#)~1, which is a closed bijective linear operator in X. It can
be shown that each A% has dense domain and that D(AY) C D(A?) for 0 < 3 < .
Moreover APty = APAYx = AVAPx for every 3,7 € R and x € D(A*) with
w :=max(f,7, 3+ ), where A% = I, T is the identity in X.

We denote by Xz the Banach space of D(A”) equipped with norm |z|/g :=
|ABz|| for € D(AP), which is equivalent to the graph norm of A®. Then we
have X, — Xz, for 0 < § < v (with Xy = X), and the embedding is continuous.
Moreover, A? has the following basic properties.

Lemma 2.4 ([26]). A® has the following properties
(i) S(t): X — Xg for eacht >0 and 3 > 0.
(ii) APS(t)x = S(t)APx for each x € D(AP) and t > 0.
(iil) for everyt, APS(t) is bounded in X and there exists Mz > 0 such that
1AZS (1)) < Mt

(iv) A=P is a bounded linear operator for 0 < 3 < 1 in X, there exists a constant

Cp such that ||[A=P|| < Cg for 0 < B < 1.

We recall the following known definitions from fractional calculus. For more
details, see [5 [31].

Definition 2.5. The fractional integral of order a > 0 with the lower limit 0 for a
function f is defined as

o L1 S .
If(t)r<a)/0 (t—s)l—ad’ t>0, a>0,

provided the right-hand side is pointwise defined on [0, c0), where I" is the gamma
function.

Definition 2.6. The Riemann- Liouville derivative of order o with the lower limit
0 for a function f : [0,00) — R is written as

1 ar [t ()
LDaf(f) = — / M) . |
f®) I(n—a)dt® J, (t—s)atl-n ds, t>0,n <a<n

Definition 2.7. The Caputo derivative of order « for a function f : [0,00) — R is
written as

n—1
c (e (03 t
DYf(t) =L D (f(t) - ng(k)@))» t>0,n—1<a<n.
k=0
For z € X, we define two families T, (¢) : ¢t > 0 and 2, (¢) : t > 0 of operators by

T () = /O 0 (0)S(t°0)d6, )= a / 0w, (6)S(10)d6,

where
n—1 F(TLCV + 1)

' sin(nra), 6 € (0,00)
n!
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is the function defined on (0, c0) which satisfies

7, (6) > 0, /OO W, (0)d0 =1,
0

¢ _d+9 100
/9@ Tt al)’ ¢ € (—1,00).

The following lemma follows from the results in [43].

Lemma 2.8. The operators T, and 2, have the following properties:

(i) For any fized t > 0, any x € Xg, the operators T,(t) and A (t) are linear
and bounded, i.e. for any x € Xg,

1Ta@® < Mllzlls, [Aa@)] < o )H | g;

(ii) The operators Sa(t) and A4 (t) are strongly continuous for all t > 0;

(i) Sa(t) and A, (t) are norm-continuous in X fort > 0;

(iv) So(t) and A, (t) are compact operators in X fort > 0;

(v) For any t > 0, the restriction of Sa(t) to Xz and the restriction of Aqa ()

to X are norm-continuous;

(vi) For everyt > 0 the restriction of S, (t) to Xz and the restriction of U (t)
to Xg are compact operators in Xg;

(vil) For allz € X and t € 10,7,

Mﬁal"(Q - ﬁ)
I(1+a(-0)
In the following definition, we introduce the concept of a mild solution for (2.1]).

1A%ha (t)al| < Cat™*P|all,  Cp:=

Definition 2.9. A function z(.",u) € PC([0,77], X) is said to be mild solution of
(2.1)) if for any w € Lo([0,T],U), and t € I the integral equation

z(t) = Ta(t)[9(0) + 9(0, 9)] — g(t, 1) — /0 (t— )" AAa(t — 5)g(s,25)ds

+ /0 (t —8)* A (t — 5)[Bu(s) + f(s,x,)]ds + Z Ta(t —ti)Ii(xy,) (2.2)

t; <t
+ > lglt,we) — glt, )y, ],
t; <t

is satisfied.

Let z(T,u) be the state value of (2.1) at terminal time T corresponding to the
control u. Introduce the set R(T) = {z(T,u) : u € L2([0,T],U}, which is called
the reachable set of system (2.2]) at terminal time 7', its closure in X is denoted by
R(T).

Definition 2.10. System ([2.1)) is said to be approximately controllable on [0, T if
R(T) = X; that is, given an arbitrary € > 0 it is possible to steer the system from
the initial point zy to within a distance e from all points in the space X at time T.

To investigate the approximate controllability of system (2.1)), we assume the
following conditions:
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(H1)

(H4)

(H5)

(H6)

(H7)

— A is the infinitesimal generator of an analytic semigroup of bounded linear
operators S(t) in X, 0 € p(—A), S(t) is compact for ¢ > 0, and there exists
a positive constant M such that [|S(t)]| < M;

The function ¢ : [0,7] x B, — X is continuous and there exists some
constant M, > 0, 0 < 8 < 1, such that g is Xg-valued and

1A% g(t,2) = APg(t. )|l < Mgllw —ylls,, @,y € Bn, t€[0,T],
1A%, 2)|l < My(1 + ||z]5,)-

The function f : [0, 7] x B, — X satisfies following properties:

(a) f(t1,.) : B — X is continuous for each ¢ € [0,T] and for each z €
By, f(.,,x):[0,T] — X is strongly measurable;

(b) There is a positive integrable function n € L*([0,T], [0, +0c0)) and a
continuous nondecreasing function Ay : [0,00) — (0, 00) such that for
every (t,z) € [0,T] x By, we have

.. A
72 < nOA el tim int MO — g oo

The following inequality holds

T2a—1 T8
=) (M, 1A+ K (@, )My —1

1
14+ -M3ZM32—
( +5 B af

200 —
M T

N
+ ———0 supns)—i—M o; <1,
Tla) o 7/ S00n0) + 213

M,_gI'(1
where Mp := || B, My := |2, and K (a, §) = “232200,

The maps I; : B, — X are completely continuous and uniformly bounded,
i€ F={1,2,...,N}. In what follows, we denote N; = sup{||;(¢)| : ¢ €
Bh} and
N;
liminf — = 0; < 00}
r—oo T

There are positive constants L; such that

| i (Y1) — Li(p2) || < Lillor — ¥2llB,, 1,92 € By, i € F;

For every h € X, zo(h) = (el + TEJ)~1(h) converges to zero as ¢ — 0F
in strong topology, where

T
Iy .= / (T — 8)2 VYT — s) BB*UAL(T — s)ds,
0

and z.(h) is a solution of the equation ez. + I'f J(z.) = eh.

Let PCr ={z:2 € PC((—00,T]|,X), o= ¢ € By}. Let ||-|| be the seminorm

|zl = llzolls, + sup [[z(s)ll, =« € PCr.
0<s<T

3. EXISTENCE THEOREM

To formulate the controllability problem in a form suitable for applying a fixed
point theorem, it is assumed that the corresponding linear system is approximately
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controllable. Then it will be shown that the system (2.1 is approximately control-
lable if for all € > 0 there exists a continuous function z(-) € PC([0,T],X) such
that

ua(t,s) = (T — )2~ B (T — ) J (e + T3 J) " p(a)),
2(t) = Ta()]6(0) + 9(0, 8)] — glt, ) / (t— )2 AU, (t — $)g(s,x,)ds

+/ (t— )72 (t — 5)[Bue(5,2) + f(5,22)]ds + 3 Tult — t:)Li(z2,)

t; <t

0
+ D ot )+ —g(t, ), -], tel
t; <t ) )
(3.1)
where

p(x) = h = %Za(T)[¢(0) + 9(0,9)] + g(T' x7) + /0 (T = 8)* 7 AU (T — 8)g(s, 5)ds

T
- / (T — 8)* AT — 8) + f(s,25)ds, he€X.
0

The control in (3.1)) steers the system (2.1]) from ¢(0) to h —eJ (eI + T J) " p(z))
provided that the system (3.1)) has a solution.

Theorem 3.1. Assume that Assumptions (H1)-(H6) hold and 1 < o < 1. Then
there exists a solution to the equation (3.1)).

The proof of the above theorem follows from Lemmas |3.2 and infinite di-
mensional analogue of Arzela- Ascoli theorem.
For & > 0 consider the operator @, : PCr — PCrp defined by

o(t), te (—00,0];

Ta(D)[$(0) + 9(0,0)] — g(t, 1) = [ (¢ — )T AU (t = 8)g(s, ) ds
(Poz)(t) :== < + fot(t —8)* 1A, (t — 8)[Buc(s,z) + f(s,74)]ds

+ 2 <t Falt — i) Li(we,)

+Zti<t[9(t7$t)\tzr - g(tvxt)\t;]a te€[0,7].
where

ue(t, s) = (T = )* ' B*UL(T — 1) J (eI + T J) " 'p(x))

= (T — t)* o (t, ).

It will be shown that for all € > 0 the operator &.: PCr — PCr has a fixed point.

Suppose that z(t) = ¢(t) + 2(t), t € (—o0,T], where

- ) e(t), for t € (—o0, 0],
o) = {sa(t)qs(()), fort € [0, 7).

Set PCY = {2 € Cr: 20 =0 € By}. For any z € PCY, we have
Izl = llzollB, + sup [lz(s)[[ = sup [z(s)]|.
0<s<T 0<s<T

Thus (PC2, | - ||7) is a Banach space. For each positive number r > 0, set
B, :={z€ PCY :||z||r <r}.
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It is clear that B, is bounded closed convex set in PCY.. For any z € B, we have
162 + =il < 16ells, + Nzl
<1 swp 16(s)1I + | ol 5, 1 sup 1=(5)] + 11 Zolls,
< UMg(O) | +7) + lI¢]ls, := R(r).
Consider the maps []_, 0., 7% : PCY. — PC?Y. defined by

0, t € (—o0,0];
(IT2)(®) = Ta() ~ 9(0,0)] — glt, 6+ z)
: — [yt = )2 AU (t — 8)g(s, bs + 2:)ds, t € [0,T]
. _J0 t € (—00,0]; ] )
(0:)(0): {fot(t—s)"‘l%(t—s)[Bua(s,¢+z>+f<s,¢>s+zs)]ds, te0,T]
0 t € (—o0,0];

(TEZ) (t) = {2’:0<ti<t ‘Ia(t — ti)Ii((gti + Zti), te [O,T]

Obviously, the operator ¢. has a fixed point if and only if operator [, +©. + 7%
has a fixed point. In order to prove that [][_ +©. 4+ 7. has a fixed point. We will
employ the Krasnoselkii fixed point theorem.

Lemma 3.2. Under Assumptions (H1)-(H6), for any e > 0 there exists a positive
number r := r(e) such that ([[. +O: +1:)(B,) C B,.

Proof. Let € > 0 be fixed. If the statement were not true, then for each r > 0, there
exists a function 2z, € B,., but ([[. +©0.47%)(2,) ¢ B,. So for some t = t(r) € [0, T
one can show that

r<[[([[+6- + 1)z) )]
< 1%a @900, 0 + e, 3+ 20|+ 1 [ (¢ = 9°7 A%t = 5)g(s. 6 + 2|
+||/0 (t_s)a_lﬂa(t_s)f(&és"‘zs)d‘g”

¢
+ || | (t—=8)*" A (t — 8)Buc(s, ¢ + 2)ds||

0
DD Talt =)L, + 20,
o<t <t
=h+L+I3+ 1+ 15+ I;.
(3.2)
Let us estimate I;, i = 1,...,6. By Assumption (H2), we have
I < MI|ATP|[|APg(0,¢) || < MMy A1+ [|4]ls,), (3.3)

I < AP A%g(t, 6y + 21)
< M| AP (1 + 161 + 218, (3.4)
< My[|A™7)|(1 + R(r)).
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Using Lemma [2.4] and Holder inequality, one can deduce that
Is < H/ )2 ATU L (t — 5) AP g(s, bs + 25)ds|
< Ml_ﬁaf(l + ﬂ)
- TI'(l+ap)
t
K(@p) [ (6= 5" 10y (14 6. + 20 s, ) ds
0
T8
of
Using Assumption (H3), we have

/ (t— )20 Ag(s, s + 22)]| ds
0 (3.5)

< K(a, B)Mg——(1 + R(r)).

L < / 10t — 8% Aot — ) (5, b + 2| ds

gmfa—sa £ (s, be + 7)1 ds

M ' a—1 ~
< F(a)/o (t—s) n(s)Af(||¢s + Zs)”)ds

M T¢
< @?Af (R(r)) 21615)71(5)

Combining the estimates . yields
L+I+ 13+ 14
< MMg||AP| (1 + [[6lls,) + Mg A™7|I(1 + R(r))
T8 M T

w7 AT RO+ 7)o A g (R(r)) supn(s) = A.

(3.7)
+ K (o, B) M,

On the other hand,
I5; < / II(t )T Lo, (t — s)Buc(s, ¢ + z)||ds

= / It —8)* " HT — 5)* *An(t — s)BB*AL(T — 1)
x J((el +TT )" 1p(¢ + 2))||ds

/ Il (t —8)* A (t — s)BB*UL(T — t)||ds
< [T (eI +T50) " p(e + 2))l
T2a 1
SMBM2 LIT((eT+Tg.7) " p(¢ + 2))l|
T2a71 T 1
< MEME o— |1 +T50) (o + )|
1 T2a—1
< MEMZo—lp(6 + )|
S EMQ 9 T2a 1

P |
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and

Is<| > Talt—t)Li(ds, + 22,

0<t; <t

Thus
r < (] +6e + 1)z @)l

T2a 1
<A+ MBMQLQ

A+MZN

i=1
1 T2a71
=(1+ —MEME o — )A+MZN
Dividing both sides by r and taking r — oo, we obtain that

1 T2a 1
1 M M2
( ToMEMag T

0
) (M1 471+ M, K (o, My

N

M T

+ ————0 supns)+M o; > 1,
F(a) a fse.] () lz:; T

which is a contradiction to Assumption (H4). Thus ([, +©. + 2:)(B,) C B, for
some 7 > 0. 0

Lemma 3.3. Let Assumptions (H1)-(H4) hold. Then O is contractive.
Proof. Let x,y € B,. Then

1= - (T»®

< lo(t, 30 +xf) b+ )l

< ||/ ) AU (¢ = 5) (g(5. D+ 21) = g(s, B + 1) ) s
< A0, o, — il

K (.0) [ (6= A (9564 ) = 956+ ) ) s

< 1At~ il + Ko D, [ 0= 9%~ gl s
Hence
IO - [T <21 (147) + Ko B sup Jals) - (o)
T — ) su z(s) —y(s)|l,
h Y af ogng Y

where we have used the fact that g = yo = 0. Thus

T8
s ([T - Twc < M (1A + K)oz ) s ()~ y(s)

0<t<T 0<s<T
s0 ©; is a contraction by Assumption (H4). O

Lemma 3.4. Let Assumptions (H1)—(H4) hold. Then 0. maps bounded sets to
bounded sets in B,..
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Proof. By a similar argument as Lemma [3.2] we obtain
1 T2a71 M T«
@)l < (1+ SMEME S — ) s o A (RO supn(s) = i)
which implies that (0.z) € B, («). O

Lemma 3.5. Let Assumptions (H1)—(H4) hold. Then the set {O.z) : z € B,.} is
an equicontinuous family of functions on [0,T].

Proof. Let 0 < n < ¢t < T and ¢ > 0 such that |As(s1) — Aa(s2)]| < 7 for every
s1, 82 € [0,T] with |s; — s2| < §. For z € B,.,0 < |h| < §,t + h € [0,T], we have

[(©:)(t + h) = (©:) ()]
< (s e = (T 0 B (564
f( v¢s+zs)}d5”
t+h ~
< ||/ (t4+h— ) Aa(t +h— )[(T — 5)* ' Bue (s, + 2)
+ [ (5,6 + 25) ] ds||
< ||/ (t—s) " (Aalt +h—s) ma(t—s))[(T—s)a_leg(s,é—&-z)
]

+ £ (s, s + 2) ds|
Applying Lemma [2.4] and Holder inequality, we have
[(©c2)(t + h) — (©:2)(1)]|

< Fﬂ(i)Af(Rv)) / t ((t4h =)t = (=) )n(s)ds

)1MBMmA/ t+h—s) 1—(t—s)“_1)(T—s)a_1ds

) /Ot ((t _ )= n(s)ds

1
)

(3.8)

+

MBMQ[A/ (t+h—s) 1T —s)* Lds

A (R()) / (t - $)* n(s)ds

T 1 ¢
40 *MBMQ[A/ (t—8)* N T —5)* ds
a € o

Therefore, for e sufficiently small, the right- hand side of (3.8]) tends to zero as
h — 0. On the other hand, the compactness of 2, (), ¢ > 0, implies the continuity in
the uniform operator topology. Thus, the set {©.z : z € B, } is equicontinuous. O

Lemma 3.6. Let Assumptions (H1)—(H6) hold. Then the set {Y.z) : z € B} is
an equicontinuous family of functions on [0,T).

Proof. For z € B,,0 < |h| < ¢ and t + h € [0,T], we have
I(T=2)(t + h) — ({Te2) ()|
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<I Y. Talt+h =t +2,) — D> Talt+h—t)Li(d, + 2,)

0<t;<t+h 0<t; <t
S Talt+h—t)Li(¢, +2,) = > Tal Li(¢e, + 2t,)
0<t;i<t 0<ti<t
< Y Talt+h =)Ly + 22,)
0<t;<t+h
+ Y ITalt +h =)t + 20,) — Talt = t) (e, + 20,
0<t; <t
from which follows that {7.z : z € B, } is equicontinuous on each interval [0, T] due
to the equicontinuous of ¥(t),¢ > 0 and Hypothesis (H5). O

Lemma 3.7. Let Assumptions (H1)-(H6) hold. Then (©. + Y.) maps B, onto a
precompact set in B,..

Proof. Let 0 < t < T be fixed and € be a real number satisfying 0 < A < t. For
§ > 0 define an operator (02°z + Y2°2) on B, by

(@;"52' + T;"‘Sz> (t)
t—X\ %)
_ a/o /5 0t — 5)° \na(0)S(t — )°0) [Buc (s, + 2)
+ [ (5,0 +25)|dods + > Tt — N Ii(dx + 2))

0<ALt
t—A\ 0o
S(A“é)/o /5 O(t — ) 10 (0)S(t — 5)*0 — X\*8) [Bu. (s, ¢ + 2)
+ [ (5,0 +2)|dOds + > Tt — M) i(dx + 2))

0<ALt

Since S(t), t > 0 is a compact operator, the set {(62‘*52 + Tg‘*‘;z) (t):z¢€ BT} is
precompact in H for every 0 < A < t,§ > 0. Moreover, for each z € B,., we have

1(©cz +722)(t) — (0292 + T02) ()]

[
<akB| ot — 3)(17177@(9)8@ —5)%0) [Bus (sa ¢~7 + Z) + f(sa ¢~7s + zs)}dtgdSH

+aE| /H /;o O(t — 5)° " 1a(0)S(t — 5)*0)[Buc (s, 6 + 2)

+ (s ¢35+zs)}deds|\
+1Y D Tal Li(br, +z)l+11 D Talt = Ni(da+ 20|l

o<t <t 0<A<t
t )
SaEH/ / 0t — ) na(0)S(t — )°0) [Buc (5,6 + 2) + £ (5, b + 2:)] dbds]|
0 0
E t 000 — ) e (0)S(t — 5)“0)[Buc (s q~5—|—z)
val [ [ ot (s
+ [ (5,0 +20)|dods| +2 D [|Talt — t)Li(dti + 21,

0<A<t; <t
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= Ji+ o+ J3 (3.9)

By a similar argument as above, we have
5

5 < aM/ ) (| Buc (s, 0+ 2)]| + [ £ (s ¢S+zs)||>ds(/ 10 (9)d0)
0

<aM( MBMQLA/ (t—s)*~ 1(T_s)a—1d5+Af(R(r))/0t(t—S)a—1n(s)d8>

/ 0170 (0 d9

B<ad [ (t—s)" 1(||Bu5(s,q3+z)||+||f(s,¢35+zs)||)ds(/6m0na(9)d0)

t—A
aM
“TIl+a)

+A(R0) [ txa — )" n(s)ds),

t
( MBMglA/ (t — 8)>H(T — s)>~Lds
t—M\

and
N
Js <2M Y N (3.10)
1=1

here we have used the equality

* 3 T+ p)
/O ana(e)d()*ir(uraﬁ)'

From (3.9)-(3.10), one can see that for each z € B,.,
I (egz + nz) (t) — (@g% + Tgﬁz) @A) —0 asA— 0", §— 0"

Therefore, there are relatively compact sets arbitrary close to the set
{(©cz 4+ 1.2)(t) : = € B,}; hence, the set {(©.z + 1.2)(t) : z € B,} is also
precompact in B,.. U

4. MAIN RESULTS

Consider the linear impulsive fractional differential system

D2a(t) = Ax(t) + Bu(t), te[0,T), t#t;, (4.1)
z(0) = ¢(0), (4.2)
Am(ti) = Ii (l‘tl) (43)

The approximate controllability for linear impulsive fractional differential system
(4.1)-(4.3) is a natural generalization of approximate controllability of linear first
order control system. It is convenient at this point to introduce the controllability

operators associated with (4.1)-(4.3) as

T
L= /O (T = $)° 1%, (T — ) Bu(s)ds + 3 Tu(T — t:)Li(z1,)

t; <t
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17 = rf )y
T
= / (T — 5)2 =D (T — s) BB*UAL(T — s)ds
0

) T (T = )T (T — i) i(a,),

t; <t

respectively, where B* denotes the adjoint of B, % (¢) is the adjoint of 2, (¢) and
T* (t) is the adjoint of T, (). It is straightforward that the operator LY is a linear
bounded operator for 1/2 < a < 1.

Theorem 4.1 ([24]). The following three conditions are equivalent:

(i) TF is positive, that is, (z*,TL 2*) > 0 for all nonzero z* € X*;

(i) For all h € X,J(z:(h)) coverges to the zero as ¢ — 07 in the weak
topology, where z.(h) = (el + TEJ)71(h) is a solution of the equation
eze + LT J(2.(h)) = ah;

(iii) For all h € X, z.(h) = e(el + TEJ)"1(h) converges to the zero as ¢ — 0F
in the strong topology.

Remark 4.2. It is known that Theorem M(l) holds if and only if Im L = X. In
other words, Theorem (1) holds if and only if the corresponding linear system is
approximately controllable on [0, T].

Theorem 4.3 ([24]). Let p : X — X be a nonlinear operator, Assume z. is a
solution of the following equation ez. + I'E J(z:(h)) = ap(z.) and ||p(z.) —p|| — 0
as e — 0T, p € X. Then there exists a subsequence of the sequence {z.} strongly
converging to zero as € — 07 .

We are now in a position to state and prove our main result.

Theorem 4.4. Let 1/2 < a < 1. Suppose that Assumptions (H1)—(HT) are satis-
fied. Also assume that

(H8) ¢g:[0,T] x X — X and APg(T,") is continuous from the weak topology of

)

(H9) There exists N € L>=([0,T], [0,+00)) such that

sup || f(t,2)]| + sup [[A%g(t,y)[| < N(t), for a.e. t €[0,T].
rEB; yeX

Then system (2.1)) is approzimately controllable on [0, T].

Proof. Let z° be a fixed point of ®. in B,(.). Then z° is a mild solution of (2.1
[0,T] under the control given by

uc(t,2%) = (T —t)* 'B*S*(T — t)J (((eI + T J) " 'p(2))
p(x%) = h = Ta(T)[6(0) + 9(0, ¢)] + g(T', 2°(T))

T

+ /0 (T = 5)* 7 Ao (T — 5)g(s, 25)ds
T

_ /0 (T — ) U (T — 5) + f(s,25)ds

and satisfies the equality
z5(T)
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= Ta(1)[9(0) + 9(0,9)] — 9(T, 2°(T))
T
/ —8)* L AAL(T — 5)g(s,25)ds

0

+ ; (T— 8)* MU (T — 8)[Buc(s, ) + f(s,2%)]ds
+Y %

> —ti)Li(af) + Y l9(Ta (1)) — 9(T2a% (1)), ]

t; <T t;<T
T
= Ta(T)[0(0) + 9(0,¢)] — g(T',2°(T)) — /O (T — 5)* AT — s)h(s,z5)ds
+ (el +el + T T)((eI +TT ) p(af))

T
[ =T = )+ S

=h—e((eI+T8J)~ + > To(T a5)
t; <T
+ > [9(T 2 (1)) — g(T,2°(T)),,-]
t;<T

In other words, z. = h—°(T) is a solution of the equation (eI +I'§ J(z.) = ep(z®).
Now it follows that

e(J(ze), 22) + (J(2), TG I (22)) = €(J (ze), p(a%)),
ellzl* + (J (), T5 J (ze)) = e(J (22), (%)),

ellz® < e (ze), p(x%)) < ellz]lllp(=7)ll, (4.4)
zell = 1T (z)ll < llp(z)]l- (4.5)

On the other hand, by (H9),

Ml_gaf(l +ﬂ)
I'(l1+ap)
M

—_— ' — 5)*IN(s)ds.
i [ TN

T
lp()I] < [[All + Mlo(0)[| + N(T) + /0 (T — 5)*~'N(s)ds

From (4.4)-(4.5)), it follows that x°(T) — Z converges weakly as ¢ — 0T and by
the Assumption (H8), APg(T,x%(T)) — APg(T, &) converges strongly as ¢ — 0%.
Moreover, Assumption (H9) implies that

T
/ 1 (s, 2%)|Pds + / 14 g(s,2%)|ds < / N(s
0

Consequently, the sequence {f(.,2%), A%g(.,2%)} is bonded. Then there is a sub-
sequence denoted by {f(.,2°, APg(.,x%)} weakly convergent to, say, (f(.),g(.)) in
Ls([0,T], X). Then

Ip(2%) = pll

= llg(T',25(T)) - ||+H/ = 8) AT PUL(T — 5)[A%(s,25) — g(s)]ds|
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T

+ | ; (T = ) AT — 5)[f(s,25) — f(s)]ds]|
< |ATP(APg(T,a%(T)) — A%9(T, &)|
+ sup || [ (t—s)* TATIUALNT — 5)[A%g(s, 25) — g(s)]ds]|
o<t<T  Jo

+ sup || [ (T =) Aa(t — s)[f(s,25) — f(5))ds]| — 0,
o<t<T Jo

where
p(z) =h —To(1)[4(0) + g(0,¢(0))] + 9(T', T)

T T
+/ (T — )= AP (T — s)g(s)ds —/ (T — )=, (T — 5) f(5)ds
0 0
as € — 0% because of compactness of an operator

) — / () Ua(— ) f(s)ds :  La([0,T], X) — PC(0,T], X).

Then by Theorem |(z5(T) — h|| = ||ze]l — 0 as ¢ — 0. This gives the
approximate controllability. [l

Remark 4.5. Theorem [£.4] assumes that the operator A generates a compact
semigroup and, consequently, the associated linear control system (4.1))-(4.3)) is not
exactly controllable. Therefore Theorem has no analogue for the concept of
exact controllability.

5. APPLICATIONS

Let X = Ls[0, 7] and Az = 2", with domain D(A) = {z € X|z,dz/d¢ are abso-
lutely continuous, d?z/d¢? € X and 2(0) = 2(7) = 0}, where A is the infinitesimal
generator of a strongly continuous semigroup S(¢),t > 0, on X which is analytic
compact and self-adjoint, the eigenvalues are —n?, n € N, with corresponding nor-
malized eigenvectors e, (§) := (2/7)'/?sin(n¢) and

S(t)e, = e_"zten, n=12,....
Moreover the following statements hold:

(a) {en :n € N} is an orthonormal basis of X;

(b) If z € D(A) then A(z) = = > 02 n*(z,en)en;

() For z € H, (—A) /25 = S0 1z, enlen

(d) The operator (—A)/2 is given as (—A)/2z = 3°°°  n(z,e,)e, on the space
D[(—A)l/ﬂ ={zeX:> " n(ze,e, € X}

Consider the neutral system
o T 0?
G [0+ [ 00.0)0(0.0)d0] = S (0.6) 4 p(t.2(0.9) + Bult.©). (5.)
x(t,0) = z(t,m) =0, t>0, (5.2)

z(t,§) =¢(§), 0<E<m,
Ax(t;, ) = z(t;", ) —x(Lt) = /0 (&, x(t;, 8))ds, (5.4)
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where p : [0,7] x R — R is continuous functions and (¢;);en 18 a strictly increasing
sequence of positive real numbers. B is a linear continuous mapping from

— {u = Zun6n|||u\|U = Z“ < OO}

n=2

to X as follows

oo
Bu = 2uy + Z UpCo -
n=2

To write problem (5.1))-(5.4) in the abstract form, we assume the following:
(A1) The function b is measurable and

/OW /OW b2 (6, €)dode < oo.

(A2) The function Z%b(&f) is measurable, b(0,0) = b(8,7) = 0, and let

UOW /OW (;b(e,g))zdadgr/z

(A3) The functions p; : [0,7] x R — R, ¢ € N, are continuous and there are
positive constants L; such that

|pi(€a8)_pi(§7§)| SLl|$_§| ge [0777}7 S,§€R.
We now define the functions g, f : [0,T] x X — X, I; : X — X by

// (0,6)2(0)d0, € € [0,7),

ft,2)(€) = p(t,x(£)), t=0, £e0,7],
P)E = /pz s))ds, i€N, ¢e€][0,m]

From (A1), it is clear that g is bounded linear operator on X. Furthermore, g(x) €
D[A'Y?], and ||A'/?|| < L;. In fact from the definition of g and (A2) it follows that

(aen) = [ [ 006 a(0)at)en(c)ae
= L2y [T D b0, €)(0)db, cosne))

n-m 0 85
1,212
= L(2) (g1 (2, cosne)),
where g1 (z) = [ b( 6)df. From (A2) we know that g1 : X — X is a bounded
linear operator W1th Hg1|| < Li. Hence ||[AY2g(z)|| = |lg1(z)|, which implies the

assertion. Moreover assume that f and g satisfy conditions of Theorem [4.3] Thus
the problem (/5.1] can be written in the abstract form

e

L%a(x( 0+ g(t.2(t)) = Aa(t) + f(t.2(0) + Bu(t),
x2(0) ==zg, te€][0,T],
z(t;) = x(t] — x(t]).

>
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Now consider the associated linear system
dCK

dt—am(t) = Ax(t) + Bu(t), (5.5)
z(0) ==z9, te€][0,T], (5.6)
Ax(t;) = x(t] —z(t]). (5.7)

So that it is approximately controllable on [0,T] for 1/2 < o < 1. It is easy to see
that if z = >"7 (2, e,)e, then

B*v = (2v1 + v9)es + Z Up€n,
n=3

B (T —

)z
= B*a/ooo 09, (6)S*((T — 5)*0)zdb
=a / " 00, 0)( (260006 ey 4 (2, ea)e AT
+ 267” S)a (z en>en)d0
= (2<z,el>a/ooo 0, (0)e~ (T=s) d9—|—<z 62>a/000 0w, (0)e —4(T-s) dH)

+aZ/ 0%, ( (T —s) di{z,en)en,

(T - )ale*al*( —sz||2

= (T — s)2@=1) Za/ 00, (0)e= T d0(z, e1)

i 2
+a/ 0W, (0)e1T=2) d9<2,€2>>
0

4 (T — 5)2@D) i (a i /oo 9%(9)6—"2(T—S>“"d9)2<z, e2)? = 0.
n=3 = n=3"0

It follows that (z,e1) = (z,e2) = --- = (z,e,) = 0, consequently z = 0, which
means that system (5.5)-(5.7) is approximaely controllable on [0,7T]. Therefore,
from Theorem system (5.1))-(5.4) is approximately controllable on [0, 7.
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