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EXISTENCE OF NONTRIVIAL SOLUTIONS FOR A CLASS OF
ELLIPTIC SYSTEMS

CHUN LI, ZENG-QI OU, CHUN-LEI TANG

ABSTRACT. Using a version of the generalized mountain pass theorem, we
obtain the existence of nontrivial solutions for a class of superquadratic elliptic
systems.

1. INTRODUCTION AND STATEMENT OF RESULTS

Consider the elliptic system
—Au = Hy(u,v,z), inQ,
—Av = H,(u,v,z), inQ, (1.1)
u=0, v=0, ondf,

where  is a bounded open subset of RY, with smooth boundary 0, and H,
denotes the partial derivative of H with respect to u.

The system has been already studied in the recent works [T}, [2, [l [5] [6] [7]
8, [10, 11] and the reference therein. Using the generalized mountain pass theorem
in its infinite dimensional setting, Benci and Rabinowitz [I] studied a special case
of the system

—Aw = Hy(w, 2, ),
Az=H,(w,zx),

which is equivalent to system .

In Clément, De Figueiredo and Mitidieri [4] discussed the existence of a positive
solution for the system below subjected to Dirichlet boundary conditions:

—Au= f(v), —Av=g(u), inQ. (1.3)

In this case, the Hamiltonian is H(u,v) = F(v) + G(u), where F(t) = fg f(s)ds,
and similarly G is a primitive of g. The approach in [4] for system was via
a Topological argument, using a theorem of Krasnoselski on Fixed Point Index for
compact mappings in cones in Banach spaces.

Using a variational approach through a version of the generalized mountain pass
theorem, De Figueiredo and Felmer [8] obtained the existence of nontrivial solutions
for system (L.I)), which extends the results in [I] and [4]. Felmer and Wang [10]
proved the existence of infinitely many strong solutions for the elliptic system .

(1.2)
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De Figueiredo and Ding [7] studied the existence and multiplicity of solutions of
the elliptic system . For more details on semilinear elliptic systems of the
Hamiltonian types, we refer the reader to [6] and the references therein.

We say that (u,v) is a strong solution of if

u e WQ,p/(p—l)(Q) N Wol’p/(p_l)(Q), ve W2,q/(q—1)(Q) n Wol’q/(q_l)(Q)

and (u,v) satisfies —Au = H,(u,v,z) and —Av = H,(u,v,z) a.e. in Q.

In this article, motivated by [§], we study the existence of strong solutions for
the elliptic system (|1.1)). This kind of Hamiltonian was studied recently by Chen
and Tang [3] in the context of Hamiltonian systems.

Here and in the sequel, we assume that p > a >p—1>0andg¢>08>q—1>0
such that

(i) o +5<1,
(i) {2 (2 + Dymax{Z.4) <1+ 2.

P
(iii)
-1 -1
b= <1, Ky < 1.
p B q «a
We will always assume N > 3. If N = 2 or N = 1, we need less restrictive

assumptions. Furthermore, in the case N > 5, we also impose
(iv)

N +4 1 N +4

DAy < =15 (- maxZ, 4y < S5

a’ f 2N q

Our main results are the following theorems.

1
(1- Z;)max{

Theorem 1.1. Suppose that H satisfies:
(HO) H :R? x Q — R is of class C*;
(H1) H(u,v,z) >0 for all (u,v,z) € R? x Q;
(H2) There exists co > 0 such that

1 1
—H,(u,v,2) -u+ BHU(u,v,x) -v > H(u,v,2) >0
o

for all (u,v) € R?, |(u,v)| > co and z € Q;
(H3)
lim H(u,v,x) _
(0|0 [u]1 /B 4 [v[1+5/a
uniformly for x € §;
(H4) There exists ¢; > 0 such that

|Hy(u, v, 2)| < c1(|u|f”_1 + |v\(p_1)q/p +1),
H q—1 (¢—1)p/q
v » Y = +
|H, (u, v, 2)| < ep(|v] + |ul 1)

for all (u,v) € R? and x € Q.
Then problem (1.1) possesses at least one nontrivial strong solution.

Remark 1.2. For Hamiltonian systems, the corresponding superquadratic condi-
tion (H2) is due to Felmer [9]. The hypothesis (H3) was introduced in [3].

Theorem 1.3. Suppose that H satisfies (H1)—-(H4) and
(HO') H :R? x Q — R is of class C1¢;



EJDE-2013/276 NONTRIVIAL SOLUTIONS FOR ELLIPTIC SYSTEMS 3

(H5) H,(u,v,2) >0, Hy(u,v,2) >0 for all (u,v) € R?, u>0,v>0,z€Q;
(H6) Hy(u,v,z) =0 when u =0, H,(u,v,z) =0 when v = 0.
Then possesses at least one positive solution (u,v) with u(z) > 0, v(xz) > 0 if
T € Q.

Remark 1.4. It is easy to show that our Theorems[I.1]and[I.3] generalize Theorems
0.1 and 0.3 in [8]. There are functions H satisfying our Theorems and not satisfying
the corresponding results in [§]. In fact, for o > 1,5 > 1 satisfying 1/a+1/5 < 1,
let

H(u,v,2) = ar ([u] 770 4 [o TR/ ag (Ju] 7 4 o]0 @),
where a; > 0, a2 > 0,1 < v < af/(a+ ) < 7y2. Choose 12 = (af+1)/(a + 3),

p=a+1/8, ¢ =+ 1/a, then H satisfies our Theorems and does not satisfy the
corresponding results in [§].

Remark 1.5. If H(u,v) = |u?/p + |v|?/q then one could use a fourth-order ap-
proach and then assumption (iv) would not be necessary (see [2 [5]). We do not
know if (iv) can be avoided for general Hamiltonians.

2. PROOF OF MAIN RESULTS

To set up our problem variationally, we shall have to utilize fractional Sobolev
spaces. For more details and references we cite [8]. Consider the spaces E*®, which
are obtained as the domains of fractional powers of the operator

~A:H* Q)N HYQ) C LA(Q) — L*(Q),

where A denotes the Laplacian and H?(Q), H}(Q) are the usual Sobolev spaces.
Namely E* = D((—A)*/?) for 0 < s < 2, and the corresponding operator is denoted
by

A®: E° — L2(Q).

The spaces E* are Hilbert spaces with inner product
(u,v)ps = / A’uA’vdx.
Q

Its associated norm is denoted by |ul|gs. In E*, we find the Poincaré’s inequality
for the operator A°®

||Asu||L2(Q) > /\i/QHu”Lz(Q) for all u € Es,

where A is the first eigenvalue of —A.

Next, we define the spaces on which we set up the problem. For numbers s > 0
and t > 0 with s +¢ = 2, we define the Hilbert space E = E* x E! and the bilinear
form B : E x E — R by the formula

B((uv U)v (¢a ¢)) = /Q(ASUAt'l/J + AS(,Z5AtU)dx.

The bilinear form B is continuous and symmetric. There exists a selfadjoint
bounded linear operator L : E — E such that

B(z,n) = (Lz,1)E
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for all z, n € E. Here (+,-)p denotes the natural inner product in E induced by E*
and E!. We can also define the quadratic form Q : E — R associated to B and L
as

Q(z) = %(LZ,Z)E = /QAsuAtv dz (2.1)

for all z = (u,v) € E. The operator L defined above can be written as [8, Proposi-
tion 1.1]
L(u,v) = ((A%) "t Alv, (AH) L A%). (2.2)
We define the subspaces
ET ={(u, A" A%u)|u € E°}, E~ = {(u,—A7"A%u)|u € E®}, (2.3)

which give a natural splitting £ = E*@®E~. The spaces ET and E~ are the positive
and negative eigenspaces of L, they are consequently orthogonal with respect to the
bilinear form B; that is,

B(zT,27)=0, V:T€E" V2 € E".

We also find that )
52l = Q=) — Q(=7), (2.4)
where z = 2zt + 27, 2% € E*.

Now we will choose the numbers s and ¢ defining the orders of the Sobolev spaces
involved. From inequality (ii), we see the existence of s,t € R, s + ¢ = 2 such that

1 P q 1 s
(1 p)max{a7ﬂ <3 + N (2.5)
and .
P q t

By (iii) and (iv), if N > 5, we can choose s > 0 and ¢t > 0. Since p/a > 1 and
q/B > 1, we obtain from (2.5)) and (2.6) that
1 1 ] 1 1 t
-, => - - —. 2.7
p~ 2 N ¢ “27N 27)
These last inequalities and Sobolev Embedding Theorem give the compact inclu-
sions (see [8, Theorem 1.1])

E* — LP(Q), E'< LI(Q).

Now we can define a functional ® : E — R as

D(z) =09(z) —H(z) = ; ASuAy dr — /QH(u, v, x)dx (2.8)

for 2 = (u,v) € E. The functional ® is of class C'. The functional
H(u,v) = /QH(u(x)w(x),x)dx
is of class C' and its derivative is given by
H' (u,v) (¢, ) = /QHu(u,v,:c)d) + H,(u,v,x)dx

for all (u,v), (¢,1) € E. Moreover H' : E — E is a compact operator (see [g]).
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For details and proof of the aspects discussed so far, we refer the reader to [g].
In particular, see in [8] that critical points of ® correspond to the strong solutions
of .

For our proofs, we introduce the following abstract critical point theorem due
to Felmer [9]. We consider a Hilbert space E with inner product (-,-) and norm
I -1]- We assume that E has a splitting £ = X @Y, where the subspaces X and YV’
are not necessarily orthogonal and both of them can be infinite dimensional. Let
® : E — R be a functional having the structure

1
D(z2) = §<Lz, z) + H(z).

(I1) L: E — FE is a linear, bounded, selfadjoint operator.
(I2) H' is compact.
(I3) There are two linear bounded, invertible operators By, By : E — E satisfy-

ing: If w € R(T, the linear operator

B(w) = PxB;lexp(wL)By: X — X
is invertible.

Here Px denotes the projection of F onto X induced by the splitting £ = X @Y,
and R is a set of nonnegative real numbers.
Let p > 0 and define

S={Biz:|z| =p,z€Y}. (2.9)
For z; €Y, 2, #0, 0 > p/||By ' Bazy || and M > p, we define
Q={Ba(124++2):0<7<0,|2| <M,z € X}. (2.10)

We define Q) as the boundary of @ relative to the subspace
{Ba(T24 + 2)|T € R,z € X}
Let us consider the class of functions
I'={h € C(E x [0,1], E) : h satisfies the following three conditions}

(1) h(z,t) = exp(w(z,t)L)z + K(2,t), where w : E x [0,1] — R{ is continuous
and transforms bounded sets into bounded sets, and K : E x [0,1] — E is
compact.

(2) h(z,t) =z for all z € dQ and all ¢t € [0, 1].

(3) h(z,0) =z for all z € Q.

Theorem 2.1 ([9]). Let ® : E — R be a C! functional satisfying the Palais-Smale
condition and (I11)—(13). Furthermore assume that there is a constant § > 0 such
that

(IS) ®(z) > 6 forall z€ S,
(IQ) ®(z) <0 for all z € 0Q.

Then ® possesses a critical point with critical value d > & characterized by

d = inf sup ®(h(z,1)).
fuf sup ®(h(z,1))

Here, we define the operators By, B, and the splitting £ = ES x B! = E- @ ET.
Let X = E~ and Y = ET. We define B, : E — E by

Bi(u,v) = (0", p* o) (2.11)



6 C. LI, Z.-Q. OU, C.-L. TANG EJDE-2013/276

and Bs : E — E by
Bo(u,v) = (67 tu, 0% o). (2.12)
Certainly Bi and Bs are bounded linear operators and both of them are invertible.

From and -, we obtain

S = {(0" u, o™ 0) | (w)l| = p, (u,0) € EF). (2.13)

By (2.10) and (2.12)), we have
Q={r(0" M uy, 0 ') + (6 tu, 0 ) 1 0< 7 < o,

2.14
0 < [[(u, )| < M, (u,0) € B}, .

where 2z = (uy,v;) € ET with u, some fixed eigenvector of —A. In what follows,
we note that z; is an eigenvector of L associated to a positive eigenvalue (i.e. to
1). We assume ||z1||g = 1. We denote by 9Q the boundary of @ relative to the
subspace

{70 tuy, 0 oy ) + (6P, 0 ) i T €R, (u,v) € E7}.
Now, we can give the proof of our Theorems.

Proof of Theorem[I.1. The proof is divided into several steps.
Step 1: ® satisfies the Palais-Smale condition. See [§ [ Proposition 2.1].
Step 2: We claim that & satisfies (I1)—(I3). From and (2.8)), we have

D(2) = Q(z) — ; H(u,v,z)dx

1
zf(Lz,z)E—/H(u,v,a:)dx.
2 0

Taking H(z) = [, H(z,x)dx, we obtain
(‘I)I(z)ﬂ?) = <L2777> - <Hl(2)777>,

where z = (u,v) and n = (¢, ). So, ' = L —H’, where L is a linear bounded self-
adjoint operator. And, from the growth hypothesis (H4), H’ is a compact operator.
Thus, ® satisfies (I1) and (I2). From (2.2]), one has

L(u,v) = ((A%) "t Alv, (AH) 71 A%u).
It is well known that

1 1 1
exp(wL) = 1+ wL + 5&)2[/2 + §w3L3 + Ew‘LL“ +...,

1 1
cosh(wl) =1+ §w2L2 + IW4L4 +...,

1 1
sinh(wL) = wL + gw‘?’L?’ + §w5L5 +
Hence, for w € R, the operator exp(wL) : E — FE is given by
exp(wL)(u,v) = cosh(w)(u,v) + sinh(w)(A™* Alv, A7" A%u). (2.15)

We can give an expllclt formula for B(u v). For 2 € E~, one has z = (u, —A~"A%u)

with v € E*. From , and (| -, one sees

By texp(wL)Byz = (¢u,nA~" A%u),
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where
cosh(w)o?~! — sinh(w)o®~! — cosh(w)o®~! + sinh(w)o? 1
§= -1 N a—1 :
p° P

Since the orthogonal projections P* : E — E* are given by the formula (see [S])

1
PE(u,v) = §(u + A 5 Aly, v+ AT ASY).
Using the formula for the projection into E~, we obtain
B(w)z = P~ (€u,nA "t A%)

1
= —(éu —nu,nAT Ay — EATT ASu)

2

= S((€~ )~ (€~ A A%)
0 —t ps

= 5(’(};, —AT"A U,),

where
0.[3—1 a—1 Ua—l B—1

o g .
0= {<7P'871 + 7pa—1 ) cosh(w) — ([),871 + Ta—l ) smh(w)}.
If we assume o > 1 and p < 1, it is easy to see that 6 is positive. In fact
B—1 a—1 a—1 B—1 £s—1 _ a—1 a—1 _ (-1
o o o o o o
( 61 + aﬂ) 51 + a71) = o L aJ)r(ﬁfZ )
P P P P P

is positive so that 8 > 0 independently of the value of w € R. It implies that B (w)
is invertible.

Step 3: We claim that (IS) is satisfied, that is, there exist p > 0 and § > 0 such
that ®(z) > 0, Vz € S, where S is defined by .

From hypothesis (H3) and (H4), for each £ > 0, we have

H(u,v,2) < (ful 778 + [o] /) + e (Jul? + v]7), (2.16)

where ¢y = ca() > 0. Let 2 = (u,v) € E* and take z = (p*~1u, p®~1v) for some
p > 0. Then, by (2.16)), one has

/H(u,v,m)daz

Q

Ss(pw—l)(ua/m/ ‘u|1+a/ﬁdx+p(a71)(1+ﬁ/a)/ ‘v|1+ﬁ/adx) (2.17)
Q Q

+cz<p(ﬁfl)p/ |u|pda:+p(a71)q/ |v\qu).
Q Q

Since a < p, B < ¢, by (i) and (2.7, one sees that

1 I} 1 1 s
= >=>- - =
1+a/8 a+p p 2 N
and
1 « 1 1 t

= >->-——.
1+8/a a+p ¢ 2 N
Hence, Sobolev Embedding Theorem gives the compact inclusions (see [8, Theorem
1.1])
ES — L[Y/B8(Q), E!— LYP/(Q).
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By ([2.17)), there exist two positive constants ¢z and ¢4 such that

[ (v 0)d < s (p8- D000 gl 515
Q

(2.18)
+ea (TP, + p D2 S).
As (u,v) € ET, then v = A7" A%y and u = A~ A'v. We obtain
Q(z) = / PP ASup Aty do = po‘+ﬁ_2/ ASuA'v de. (2.19)
Q Q
It follows from (2.4 and (2.19) that
1 oion.
Qz) = 5p 72|21 (2:20)
If we consider p = ||Z|| g, from (2.18) and (2.20)), we obtain
1
B(2) > §pa+ﬁ — 503(pﬁ+a + pa+6) _ 04(pﬁp + p29)
] (2.21)

= (5 — 25c3)pﬁ+0‘ _ 04(p,8p + p©9).

Since 1/a+1/8 <1, a <pand § < ¢, one has S+« < ag and S+« < Bp. Taking
e =1/(8cs), if p is small enough, by (2.21)), there exists § > 0 such that

O(z) >8>0, if |Zs=p

and this inequality holds for z € S, according to the definition of S.

Step 4. We claim that (IQ) is satisfied, that is, there are constants o > 0 and
M > 0 such that ®(z) < 0 for all z € 0Q, where Q is defined by (2.14). For
T €RT, (u,v) € E~, we take

z=1(c"uy, 0 oy + (67, 0% ). (2.22)
From (2.3), by the definitions of E+ and E~, one has
vy = AP ARy, v=—ATTA%. (2.23)

Then, from (2.22]) and (2.23)) we obtain
Qz) = /(ToﬁflAsu_i_ + 0P A (o L AP uy — 0% L A%u)da
Q

= gotB—2 / (tA%uq + A’u)(7A%uy — A’u)dx (2.24)
Q
1 5
=50 A2 — |, 0)|1B)-
By hypothesis (H1), we see that for 7 = 0,
d(2) < 0. (2.25)

It follows from (H2) that there are constants ¢; > 0 and ¢g > 0 such that
H(u,v,z) > c5(|u|* + \v|5) —cg.

So, we have

/ H(z,z)dx > c5 / (B |ruy 4 ul® + POV |ru, +o|f)dr — c|Q|. (2.26)
Q Q
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Now, every u can be decomposed as u = yu, + 4, where 4 is orthogonal to u™ in
L?(Q), and v € R. We obtain from Holder’s inequality that

() [t Pde = [ (rut + wputds < rat + oot o o
Q Q
Hence, for some constant c¢; > 0, we get
T+y< C7H7—u++u||La(Q). (2.27)

Similarly, we obtain
T—v < crllmot +vllpsq)- (2.28)
If v > 0, we get from (2.24)), (2.26) and (2.27) that

1
D(2) < 500‘4'5_27'2 — cgTo B 4 c6)9Y (2.29)

for some positive constant cg. And, if v < 0, we conclude from (2.24)), (2.26)) and
[2.28) that

1
D(z) < §ao‘+5_272 — PP 4 g0, (2.30)

Choosing 7 = o, and taking o large enough it follows from 1/a 4+ 1/6 < 1, (2.29)
and (2.30) that

o(z2) <0. (2.31)
Finally, we choose M. Given 7 € (0,0), we deduce from (2.24) and (2.26) that
1 1
8(2) < 50+ = 5072 (w0) [ + ol
So that if M is enough large and ||(u,v)||% = M, one has

d(z) <0. (2.32)

Thus, from (2.25)), (2.31) and (2.32)), we have
D(z) <0, VzedqQ.

Hence, the hypothesis of Theorem is satisfied. Thus, there exists z € F
such that ®'(z) = 0; i.e., z is an (s,t)-weak solution of (I.1). Next, [8, Theorem
1.2] gives that z = (u,v) is such that u € Wz’p/(p_l)(ﬂ)ﬂWOl’p/(p_l)(Q) and
v e Wd/=D(Q)N W&’q/(qfl)(ﬁ). That is, (u,v) is a strong solution of (L.1]).

Moreover, (0,0) is a solution of (1.1)). Since ®(z) > § > 0 and ®(0,0) = 0, it
implies that (u,v) is not trivial. O

Proof of Theorem[I.3 Here, we define the functional d:E—Ras

o~

O(z) = O(z) — /Qfl(z,x)dx,

where

H(u,v,z), ifu>0,v>0,
H(0,v,z), ifu<0,v>0,
H(u,0,z), ifu>0,v<0,
0, ifu<0,v<0.

)

H(u,v,z) =
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From (H6), H is of class C<. And, H satisfies (H1), (H3) and (H4). Moreover,
(H2) is satisfied in a restricted form. Obviously, the critical points of ® correspond
to the strong solutions of

—Au = 11(“71}5‘1:)7 in Qa
—Av =H,(u,v,x), inQ,
u=0, v=0, ondf.

:m

Since ﬁu(u,v,x) > 0 and ﬁv(u,v,x) > 0, by the maximum principle, we obtain
that u > 0 and v > 0 in . As the proof of Theorem [I.1] we can get that hypotheses
of Theoremstill hold. Hence, possesses at least one positive solution (u,v)
with u(z) > 0,v(z) > 0 if x € Q. O
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