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UNIQUENESS OF POSITIVE SOLUTIONS FOR AN ELLIPTIC
SYSTEM ARISING IN A DIFFUSIVE PREDATOR-PREY MODEL

XIAODAN WEI, WENSHU ZHOU

ABSTRACT. In this note, we study the uniqueness of positive solutions for an
elliptic system which arises in a diffusive predator-prey model in the strong-
predator case. The main result extends an earlier results by the same authors.

1. INTRODUCTION

In this note, we study the uniqueness of positive solutions for the system
—Au = Au —buv in Q,

v .
—Av = (1 — 5&) in Q, (1.1)
ou  Ov
5 = 5 =0 on c'?Q,

where Q ¢ RY is a smooth bounded domain, v is the outward unit normal vector on
0, A\, b, p and € are positive constants, which arises in the diffusive predator-prey
model in the strong-predator case (8 — +00):

—Au = \u — a(z)u® — fuv  in Q,

v .
—Av = (1 — a) in Q, (1.2)
ou Ov
5 = 5 = 0 on 8Q,

where (3 is a positive constant, and a(z) is a continuous function satisfying a(z) = 0
on Qg and a(z) > 0 in Q\ Qp for some smooth domain Qg with Qy C Q. We refer
the reader to [I} 2, 5] for some related studies on (L.2).

It is easy to see that (u,v) = (%, 2) is a positive solution for problem (L.IJ). In
[2, Remark 3.2], the authors pointed out that when N = 1, the positive solution of
is unique for any ;> 0 by a simple variation of the arguments in [3]. When
N > 2, it was proved in [6] that the uniqueness holds for all sufficiently large p. In
the present paper, we prove the uniqueness for p > 2X. We point out that a key
step of the proof is to establish a new a priori estimate on u for the solution (u,v)

of problem (|1.1]), which is stated as follows.
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Theorem 1.1. Let (u,v) be a positive solution of (L.1). If n > A, then

U < _SmA on Q. (1.3)

b(p — A)
Based on this estimate and the identity in [6, (2.13)], we have

Theorem 1.2. Let N > 2. If u > 2\, then there is a unique positive solution for

).

2. PROOFS OF MAIN THEOREMS

To prove Theorem [1.1} we need the following maximal principle due to Lou and
Ni [4, Lemma 2.1].

Lemma 2.1. Suppose that g € C*(Q x R'), b; € C(Q) for j=1,2,...,N.
(i) If w € C*(Q) N CH(Q) satisfies

N
Aw(zx) + Z bj(x)ws, + gz, w(x)) =0 inQ,

d,w <0 on 01,
and w(zg) = maxgw, then g(xo, w(zo)) = 0.
(ii) If w € C*(Q) N CY(Q) satisfies
N
Aw(z) + Z bj(2)we; + gz, w(x)) <0 inQ,
j=1

d,w>=0 on 01,
and w(zo) = mingw, then g(xo, w(xo)) < 0.

Proof of Theorem[I.1. Denote us denote

aLV):(gmb@. (2.1)

Then (U, V) satisfies
—AU=UMN-V) inQQ,

VN .
—AV = ,uV(l — 6) in Q, (2.2)
ou oV
E = E =0 on 3Q
Clearly, estimate (|1.3)) is equivalent to
Ug;@% on Q0. (2.3)

Let ¢ = V/U. Then V = U, and differentiating it twice yields
AV = AU +2VU - Vo +UAyp in
therefore,

2 - 1 %) .
fAcpfﬁVU'Vgo— UAVJrUAU in €. (2.4)
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From (2.2)), we obtain
—AU =UMN—¢U) inQ,

ou

87 =0 on 69,
v . (2.5)
—AV = ppU(1 —¢) in Q,
8—‘/ =0 on 9.
ov
Substituting them into (2.4)), we have
2
Qe = GVU Vo =9(u—A—pp+eU) inf, (2.6)
and hence 9
D= FVU-Vo = o(p—A—pup) inQ
Using Lemma [2.1 (ii) and noticing that g—f = 0 on 0f, we obtain
v > p=2 on Q.
)
From the estimate and the first equation of (2.5)) it follows that
—AU<L(A—513U)inQ
i
2—(5 =0 on 9N.
By Lemma (i), we obtain (2.3). The proof is complete. O

Proof of Theorem[I.3 It suffices to show that (u,v) = (%, 2) for any positive
solution (u,v) of (1.1). Let (U, V) be the same as that in (2.1]). Then (U, V') satisfies
22).

On the other hand, one can show the following identity (i.e. [0, (2.13)]):

|VU|? A [ |VV]? / (A= V)2
U—-2\ der — — | —&—dx = | ———dz. 2.7
Jo a0 Sgan = [ S [ B e
Indeed, multiplying the equations of U and V by AI;QU and i%, respectively, we
e vUR L [IVUR (B-D)A-V)
vU vU A=U)(A=V
=2\ [ ——d —dr= | —————=d
L U T + . U? T /Q U T,
and
2 _
A [VV] dx :/ (U -V)(A V)dx
wlo V2 Q U

_ [ WU =NA-V) A-V)?
—/Q U d:v—k/Q i dx.

Adding the two identities yields (2.7]).
Noticing p > 2X, we deduce from (2.3) that U < 2], so the first integral of left
hand side of (2.7) is non-positive, hence

A\ — 2

(/nggdxgu
Q U

which implies that V = A, so U = A. Recalling (2.1)), we complete the proof. (I
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