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EXISTENCE OF SOLUTIONS FOR QUASILINEAR ELLIPTIC
SYSTEMS INVOLVING CRITICAL EXPONENTS AND
HARDY TERMS

DENGFENG LU

ABSTRACT. Using variational methods, including the Ljusternik-Schnirelmann
theory, we prove the existence of solutions for quasilinear elliptic systems with
critical Sobolev exponents and Hardy terms.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We consider the critical quasilinear elliptic system

p—2 1
—Apu—p U|x|p v EFu(u,v) + Gy(u,v), €9,

p—2 1 1.1
a0 = S F ) 4 Gl T, -

u=v=0, xé€0d,

where Q € RY is a bounded domain with smooth boundary 9, 0 € Q, Ayu =
div(|]Vu[P~2Vu) is the p-Laplacian operator, N > p?,2 < p < ¢ < p*, p* = NNi_pp
denotes the Sobolev critical exponent, F,G € C'(R* x R*,R) are homogeneous
functions of degrees p* and g, respectively. R* = [0,400), (Fy(u,v), Fy(u,v)) =
VF,(Gy(u,v), Gy(u,v)) =VG, 0< p < fi, i = (%)p is the best constant of the
Hardy inequality [4]:

o ul?

,u/ —dx < [ |VulPdz,

a |zl Q

for all u € Wy*(Q2), where W, *() is defined as the completion of C§°(Q) with
respect to the norm |lul| = ([, |Vu|Pdz)'/?. For pu € [0,[), it follows from the

Hardy inequality that
jufr | NV
= ([ |Vl = pid )
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defines a norm in W, () equivalent to its usual norm. The best Sobolev constant
is defined as

P

i Jan [Vl — pf5)dz
1
weDtr®N\{0}  ([pn [ufP"dz)P/PT 7

S, =

e [0, ). (1.2)

In recent years, much attention has been focused on singular problems involving
both the Hardy potential and the Sobolev critical term. For example, see [7) [I3]
16l 18] 19, 20] 23] 26] and the references therein. In [9], Ding and Xiao consider
the p-Laplacian system

2a
—Ayu = u|*2ufo]? + Nu|?%u, xeQ,
gt = el ulol? 4 Ml
2
—Apvziﬁ\u|"‘|v|3_2v—l—(5|v|q_2117 x € Q, (1.3)
a+

u=v=0, =z,

where p < g < p*,a,8 > 1, + 3 = p*. Using standard tools of the variational
theory and the Ljusternik-Schnirelmann category theory, in [9] sufficient conditions
on A, are given for to have at least catq () positive solutions. This result
extended the result of Alves and Ding in [2] where the single equation case was
studied. Hsu [I7] obtained the existence of two positive solutions for including
a sublinear perturbation of 1 < ¢ < p < N. Recently, Shen and Zhang extended
the results in [25] to a general class of homogeneous functions and obtained similar
results. For similar problems, we refer the reader to [3] 6] [8 10} 1T}, 12} 14, 15, 211
22], 24] and the references therein.

In this paper, motivated by [2 [, 1’7, 25], we shall extend these results to the
case containing a general class of homogeneous nonlinearities and Hardy terms. To
the best of our knowledge, problem has not been considered before. Thus, it
is necessary for us to investigate the related singular critical systems.

The following assumptions are used in this article:

(FO) F € CY(Rt xR*,R) and F(tu, tv) = t* F(u,v)(t > 0) holds for all (u,v) €

RT x RT,
(F1) F,(0,1) = F,(1,0) = 0,
(F2) F,(u,v)>0,F,(u,v) >0 for all u,v >0,
(F3) the 1-homogeneous function (u,v) — F(uz%,vr%) is concave for all (u,v) €
RT x RT.
(G0) G is g-homogeneous for some p < q < p*,
(G1) G,(0,1) = G,(1,0) = 0.

To present our results, we define

A = max{G(u,v) : u,v > 0,u? +v? =1}, (1.4)
§ = min{G(u,v) : u,v > 0,u? +v? = 1}. (1.5)

If Y is a closed subset of a topological space X, we denote, by catx(Y), the
Ljusternik-Schnirelmann category of Y in X, namely the least number of closed
and contractible sets in X which cover Y. We say that a weak solution (u,v) €
WyP(2) x Wy (Q) of problem is nonnegative if u,v > 0 in Q.

The main results of this paper are stated in the following two theorems whose
conclusions are new (to the best of our knowledge).
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Theorem 1.1. Suppose (F0)—(F3), (G0)—(G1) are satisfied, and one of the follow-
ing two conditions holds:

I p<qg<p* withp:max{p,ﬁ%,WN}piW},Ogu<ﬂand/\,5>0;

() g =p, 0 < p < MO g 26 1Ay), where Ay is th

q=p 0 p< o and A, 6(0,p 1), where Ay is the first
eigenvalue of (—Ap, Wy P(Q)).

Then problem (1.1)) has at least one nonnegative solution.

Theorem 1.2. Suppose (F0)—(F3), (G0)—(G1) are satisfied, and one of the follow-
ing two conditions holds:

M p<qg<p* withﬁZmaX{p,W%,WN}fiW}, 0< p<fi
_ NPY(N—p?)
) g=p, 0< p< —3F—">.

Then there exists A > 0 such that problem (1.1) has at least catq(Q) distinct non-
negative solutions for \,0 € (0, A).

Remark 1.3. Our Theoremis a generalization of [16, Theorem 1.1] from quasi-
linear elliptic equations to quasilinear elliptic systems.

Remark 1.4. Theorem 1 in [9] is the special case of our Theoremcorresponding
to u =0, F(u,v) = 2|u|*v|?,a+ B = p* and G(u,v) = Au|? + §|v|?. In this paper,
different from [25], we can deal with F(u,v) which possesses both coupled and
uncoupled terms. For example, let
k
F(u,v) = au?” + Z biu®vP 4 cvP

i=1

where a,b;,¢ >0, a;, 8; > 1, a; + 8; = p*. F(u,v) obviously satisfies (F0)—(F3).

This article is organized as follows. In Section 2, some notation and the mountain
pass levels are established and Theorem is proven. We present some technical
lemmas which are crucial in the proof of Theorem [.2]in Section 3. Theorem [[.2]is
proven in Section 4.

2. PRELIMINARIES AND PROOF OF THEOREM [L.1]

Throughout this paper, C, C; will denote various positive constants whose exact
values are not important. And — (respectively —) denotes strong (respectively
weak) convergence. O(e?) denotes |O(g?)| /et < C, 0., (1) denotes o0,(1) — 0 as
m — oo. L*(Q), for(1 < s < +0o0), denotes Lebesgue spaces, the norm L° is
denoted by |- |s for 1 < s < +o0. Let B.(z) denote a ball centered at « with
radius . The dual space of a Banach space E will be denoted by E~'. We define
the product space E := Wy (Q) x Wy ?(Q) endowed with the norm ||(u,v)|z =
(A A

In view of (F1), (G1), we can extend the function F(u,v) and G(u,v) to the
whole R? by considering F(u,v) = F(u™,v"), G(u,v) = G(ut,v"), where ut =
max{u,0} and v* = max{v,0}. It is easy to check that F(u,v) and G(u,v) €
C'(R?). Therefore, we always consider F(u,v) and G(u,v) as these extensions.

A pair of functions (u,v) € E is said to be a weak solution of problem if

/ (IVuP~2VuVe, - p
Q

|ulP"2ugp
|z [P

[v[P 20,

+ Vo2 VoV, — u
=[P

)dx
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- ]%/Q(Fu(’lhv%ﬁl + Fv(urv)@2)d$ - /Q(Gu(uw)@l + GU(U,U)(,OQ)dl’ =0,

for all (¢1,92) € E. Using (F0)-(G1) and well-known arguments, we know that
the weak solutions of (I.1)) are precisely the critical points of the C!-functional
I\s: E — R given by

I,\75(u,v)
:1/(|vu|p— [l” | g — "p)dx—i/ (uvdm—/G,\5uv)d
pJo Ml Ml P* Jo

We notice that, in the definition of Iy s, we are denoting Gis(u,v) := G(u,v)
for (u,v) € R?. We shall write G5 instead of G to emphasize that the main
theorems depend on the value of the parameters A and  defined in and .,
respectively.

The functional I € C1(E,R) is said to satisfy the (PS). condition if any sequence
{zm} C E such that as m — oo, I(2y,) — ¢, I'(2;,) — 0 strongly in E~! contains
a subsequence converging in E to a critical point of I. In this paper, we will take
I=1y5and E = W,P(Q) x W, *().

In this section, we will find the range of ¢ where the (PS). condition holds for
the functional I s. First, let us define

Vul|P — u TP .0 M‘Z—'de
Sp = inf {le | ‘ l Vel &l :/F(u,v)dz>0},
(u,v)EE\{(0,0)} (Jo F (u,v)dax)r/P" Q

(2.1)

Lemma 2.1. Suppose (F0)—(F3), (GO)—(G1) are satisfied, then the functional I s
satisfies the (PS). condition for all ¢ < %Sg/p, provided either p < q < p* orq=1p
and the parameter A defined in belongs to (0, %Al), where A1 > 0 denotes the
first eigenvalue of (—2,, Wy (Q)).

Proof. Let {(um,vm)} C E such that I} s(um,vm) — 0 and Iy 5(tm,vm) — ¢ <
%Sg/p. Now, we firstly prove that {(um,vm)} is bounded in E. If p < ¢ < p*, it
suffices to use the definition of Iy 5 to obtain C; > 0 such that

1
¢+ Cil[(um, vm)ll g + 0m(1) = Ixs(um, vm) — 5<Iﬁ,g(um, Um); (U, Um))

(= Mmom)l+ (5 = ) [ Flumvm)da

p

q—p
I

g I

which implies that {(t,,vm)} C E is bounded. When ¢ = p, in this case, it follows
that

v

Uy U ) |5

A
/ s (it ) < A / (tm]? + [oml?)dzr < [ (tts v |2,
Q Q Ay

and therefore,

1
¢+ Chl|(Um, vim) || E + 0 (1) > IA,é(umavm) - TU&,é(umvvm)v (W, vm))

p
1 p
=l o)l = % [ Gl v
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Since pA < Ay, the boundedness of {(u,, vy, )} follows as in the first case.

So {(tm,vm)} is bounded in E. Going if necessary to a subsequence, we can
assume that

(U, Um) = (u,v), in E,
(U, V) — (u,v), a.e. in Q,
(U, V) — (u,v), in L*(Q) x L*(N),1 < s < p*,

as m — oo. Clearly, we have that

/G,\75(um,vm)dz:/G,\75(u,v)dm+om(1). (2.2)
Q Q

Moreover, a standard argument shows that I} s(u,v) = 0. Thus, we obtain

1 1
Ins(u,v) = =||(u,v) || — —*/ F(u,v)dz —/ G s(u,v)dz
=(=—=)l(w,0)||%+ (- - = /Fu,vdeO.
(= ol + (= %) | Flwo)
Let (Gm, Um) = (tm — u, vy, — v). Then by the Brezis-Lieb Lemma [5], we have
[ (@ms ) I = | (s v | = [ (s 0) | + 0 (1) (2.4)

By the same method as in [I1, Lemma 8], we obtain
/ F(tpm, vy)de = / F(u,v)dx + / F (U, Om)dx + 0 (1). (2.5)
Q Q Q

By (2.2),(2.3),(2.4),(2.5) and the weak convergence of (uy,,v,,), we have

1 1
c+om(l) = Iy s(u,v) + En(ﬂmaﬁm)"% - 7/ F (i, O )dx
Q

1, 1 .
> i, 5l = = [ Pl ).
p Q

*

Using that I;\,(;(um, vm) — 0 and (2.2), (2.4)), (2.5), we obtain

om (1) = <I$\,6(umvvm)a (U, Um))

= ||(um,vm)||% - /QFV(UmarUm)daj - Q/QGX,(S(umv'Um)dx

— (I} 1y 0), (1)) [ i, ) — /Q F it )

Recalling that I} 5(u,v) = 0, we can use the above equality and (2.6 to obtain

11 1
B | (G, )| = k = Lim | F(ip, m)dz, cz(f——)k:—l@
i Gl = k= Y[ (i) k=

where k > 0.

In view of the definition of Sy, we deduce that

(o8l = S |

.
F(am,ﬁm)d:c>p "
Q
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Taking the limit, we obtain k > SpkP/?". So, if k > 0, we conclude that k > SN/?
and therefore

1 N 1 1 N
NSF/p S Nk S c < NSF/p,

which is a contradiction. Hence k = 0 and therefore (up,, vm) — (u,v) in E. O

For all p € [0, i), we consider the limiting problem

yr-t -
_APU_NW:UP _17 in RN\{O},

U>0, inRY\{0},

U—0, asl]z|]— +oo.

(2.7)

From [I], we know that problem (2.7) has a ground state U, ,,, which is unique up
to scaling. That is, all ground states must be of the form

V,e(x) = 5_¥Up,u(§> =¢e o Up,u(%)7 e >0, (2.8)

that satisfy
Vi, ue(@)|? .
L (et =000 = [ v, @p o= sr, (29)

where S, is the best Sobolev constant given in (1.2).

Moreover, the ground state U, , is radially symmetric and decreasing, and the
following asymptotic properties at the origin and infinity for U, ,(r) and U, ,(r)
hold:

lim WU, ,(r) = ¢ > 0, Tlir(r)l+ ra(“)+1|UZ’)’H(r)\ = cia(p) >0,

r—0t
i ) = e > 0.l UL ()] = exblo) > O

where ¢; and cg are positive constants depending only on N, p, u, and a(p),b(u),
the zeros of the function h(t) = (p — 1)tP — (N — p)tP~1 + u, t > 0, which satisfy
0 <a(p) <b(p) < S=L.

After a direct calculation, we infer that ¢,,;, = % is the unique minimal point
of h(t) and h(%) = —f+ p < 0. Moreover, h/(t) < 0 for all 0 < t < tp;, and
R'(t) > 0 for all ¢ > tymi,. That is, h(t) is decreasing on the interval (0, tmyi) and
increasing on the interval (fmin, +00). Thus 0 < a(p) < % < b(p).

In addition, using [I1], Lemma 3] and the homogeneity of F, we obtain A, B > 0
such that

[(AVp pe) BVp el AP + BP Sp'”

~ (fan F(AVp i, BV c)dz)P/?™ — (F(A,B)P/P [V cfp
from this and (2.9)), we have

Sk

AP + BP
(F(A, B))eler
We define a cut-off function ¢(x) € C§°(RY) such that ¢(z) = 1if [z| < R; ¢(z) =0

if |z] > 2R and 0 < ¢(x) < 1, where Bar(0) C Q and set u, = %’ where

Sr = (2.10)
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Vp,u,e was defined in (2.8)). So, |u.
from [26, Lemma 2.2] (or [16]):

p~ = 1. Thus, we can get the following results

ucllf, = S, + O(PP W HTP=N), (2.11)
E(b(u)—%)f’ if1<¢< ﬁ’
/|u5|fd:m N |, if € = By (2.12)
Q N-—N-pg¢ e N *
€ RN if 500 < f <p,

where A =~ B means C1B < A < (3B.
As I 5 is not bounded below on E, we need to study Iy s on the Nehari manifold:

Nas = {(u,v) € EN{(0,0)} : (I} 5(u,v), (u,v)) = 0}.

Note that NV s contains every nonzero solution of problem (L.1J), and we define the
minimax cy s as
Crs = inf  Ins(u,v).
2,0 (u,v)ENN 5 )\’6( )
Next, we present some properties of ¢y 5 and Ny 5. Their proofs can be done as [27]
Theorem 4.2]. First of all, we note that there exists p > 0 such that

l(u,v)||g > p >0,V (u,v) € Nys. (2.13)

It is standard to check that I, s satisfies the mountain pass geometry, so we can use
the homogeneity of F' and G to prove that cy s can be alternatively characterized
by
= inf max I t)) = inf ax I 5(t(u, >0, 2.14
exs = Inf max Dus(y(t)) = inf o Dy (tu, v) (2.14)
where I' = {v € C([0,1],E) : v(0) = 0,1, s(v(1)) < 0}. Moreover, for each
(u,v) € E\{(0,0)}, there exists a unique t* > 0 such that t*(u,v) € Nys. The
maximum of the function ¢ — I 5(t(u,v)), for t > 0, is achieved at ¢ = ¢*.

Lemma 2.2. Suppose that (Fy) — (F3) and (Go) — (G1) hold, p < q < p* with

D= max{p,%,p(?N}piW}, 0 <pu<pand A\ ¢ defined in (1.4), (L.5) are
o 1 oN/p e NP~H(N—p?)
positive, then cx s < 5 Sgp’". The same result holds if ¢ = p,0 < pu < .

and X, 0 € (0, %Al).

Proof. We can use the homogeneity of I’ and G to get, for any ¢ > 0,
tP P
I s(tAue,tBue) = E(Ap + BP)[uellf, — p—*F(A, B) —t1G ) 5(A, B)|ue|?.
We shall denote the right-hand side of the above equality by h(t) and consider two
distinct cases.

Case 1: p < ¢ < p* with p = max {p, %, ”(QN;V”iW}. From the fact that

lim;—, 1 o0 h(t) = —o0 and h(t) > 0 when ¢ is close to 0, there exists t. > 0 such that
h(t:) = max h(t). (2.15)

Let

7

tP"
g9(t) » AP + BP)||uellf, — pﬁF(A,B), t>0,
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and notice that the maximum value of g(t) occurs at the point
o (W BNl
< F(A,B) '
So, for each t > 0,
- 1 /(AP 4+ BP)||uc|[P\ N/p
g(t) < g(te) = N(((F(A,B))yp/l’*u) .
and therefore
M) < (—(Ap i Bp)”ue!f‘)wp
N\ (F(A,B))e/»
We claim that, for some Cy > 0, there holds
tiGr (A, B) > Cs.

Indeed, if this is not the case, we have that t.  — 0 for some sequence &, — 07,
then

_tgGA,J(AvB)‘UE‘Z' (216)

Aue, ,t., Bu., )— 0,

Em Em

O < C)\,(S S sup IAJS(tAuEnl’tBuEm) = I>\76(t
t>0

which is a contradiction. So, the claim holds, and we infer from ([2.16)), (2.10),
[Z11) and (Z19) tha

1 AP + BP pb()+p—nNy )\ VP q
Alt:) < <W (s +0(e ))) - Calulg
< %Sg/l’ + O(ePbm+p=Ny _ Calu|? (2.17)
< SNP4I rN) (N ),

By p < q¢ < p*, we obtain pb(u) +p— N > N — %q. Thus, from the above
inequality we conclude that, for each € > 0 small, there holds

1
exs <suply s(tAu.,tBu.) = h(t.) < ng/p.
>0 N

NPY(N—p?) : T —
Case 2: g=pand 0 < u < o . In this case, we have that h'(t) = 0 if and
only if
(AP + BP)|lucll}, = pGrs(A, B)|ucly = t7 "PF(A, B).
Since we suppose A < %Al, we can use Poincaré inequality to obtain
PG (A, B)uclp < pAA» + B,

< (AP + Bl

< (47 + Bl
Thus, there exists t. > 0 satisfying (2.15]).

Arguing, as in the first case, we conclude that, from (2.17)), for ¢ > 0 small, there
holds

h(te)

IN

1 .
5587 OEPIN) — Colucfp

b

LSNP L O(ept+p=N) _ O(eP|Inel), b(u) =
FSp'T + O(er+r=N) — O(er), b(p) >

<fz =
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If b(p) = N/p, then pb(u) +p — N = p, so ePPW+P=N — o(cP|Ing|). If b(u) > N/p,
then pb(p) +p — N > p, so PP +P=N — 5(cP), Choosing € > 0 small enough, we

have
1

exs <suply s5(tAu., tBu.) = h(t:) < ng/p.
t>0 N
On the other hand, it is easy to verify that the function
gt) = (-t = (N =p)t" " +p, t20

has the only minimal point ¢ = % and is increasing on the interval (¢, +oc).
Thus, for N > p? we deduce that

N N NP-1(N — p2
N b oo <o =0e0<p< MEZP)
p p p
This concludes the proof. ([l

Using Lemmas [2.1] and 2.2] we can prove our first result.

Proof of Theorem[1.1 Since I s satisfies the geometric conditions of the mountain
pass theorem, there exists {(um,vm)} C E such that Iy s(um,vm) — crs, and
I s(tum;,vm) — 0. Tt follows from Lemmas and [2.2| that {(um,vm)} converges,
along a subsequence, to a nonzero critical point (u,v) € E of I ;5. If we then
denote, by u~ = max{—wu,0} and v~ = max{—v, 0}, the negative part of v and v,
respectively, we obtain

0= <I;\,5(U7U)v (’LL_,’U_)>
1

o R /Q (Fu(u, v)u™ + Fy(u v)o™)da

— / (Gulu,v)u™ + Gy(u,v)v™)dz
Q

< —[l(u”, 7))

SR

It thus follows that (u~,v~) = (0,0). Hence, u,v > 0 in Q. The theorem is
thus proven. 0

We finalize this section with the study of the asymptotic behavior of the minimax
level ¢y s as both the parameters A, § approach zero.

. N
Lemma 2.3. limy 5,0+ cx,56 = Co,0 = %Sp/p.

Proof. We first prove the second equality. It follows from A = ¢ = 0 that Gy = 0.
If A, B,uc,g- and t. are the same as those in the proof of Lemma[2.2] we have that
(tEAua, teBuE) S N070. Thus

0,0 < IO,O (tEAu57 taBus)

1, AP4BP NP
= ¥ (@ Ih)
1 AP + BP

N (W (Su + O(gpb(li)-‘rp—N)))N/p'

Taking the limit as ¢ — 07 and using (2.10]), we conclude that ¢ o < %S}V/p.
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In order to obtain the reverse inequality, we consider {(t,,v,,)} C E such that
Io,0(Um,vm) — co,0 and 1§ o(wm, V) — 0. It is easy to show that the sequence
{(tm,vm)} is bounded in E and therefore

<I(,)70(umavm)7 (um7vm)> = ||(umyvm)||% - / F(umvvm)dm = Om(l)-
Q
It follows that

m |[(Um,om) || =1= lim | F(um,vn)de.
m—00 m—0o0 Q

Taking the limit in the inequality Sp([o, F(tm, v )dz)P/?" < || (s, Vi) |3, we con-
clude, as in the proof of Lemma that Ncoo =1> Sg/p. Hence,

1 1
co0 = mlgnoo Iy o(Um, v) = lim (;H(um,vm)ﬂ% — o /Q F(um,vm)dac)

1 1 .y
= —]>_—_8S./P
N _NSF ’

and therefore ¢y g = %Sg/p.

We proceed now to the calculation of limy 5 o+ cx5. Let {\,}, {0} C RT
such that A,,,d,, — 0T. Since J,,, defined in , is positive, we have that
G, s, (u,v) > 0 whenever (u,v) is nonnegative. Thus, for this kind of function,
we have that I, 5 (u,v) < Iyo(u,v). It follows that

et = (, S 0y Bt Do (8(1:)

< inf I s (t
S O ()30 T D 8 (8 0)

< inf max Ip o(t(u,v)) = co,0.

(u,v)#(0,0), (u,v)>0 t>0
In the last equality above, we used the infimum ¢y, which can be attained at a
nonnegative solution. The above inequality implies that

limsupecy,, 5., < Co,0- (2.18)

On the other hand, it follows from T heoremthat there exists {(um,vm)} C E
such that
I/\m,ém (uma Um) = CX\ppyms I;\m,ém (Uma Um) — 0.
Since cy,, s,, is bounded, the same argument performed in the proof of Lemma
implies that {(um,vm)} is bounded in E. Since (tp,vm) > 0, we obtain 0 <
Jo G (U, U )dx < Ay [y (|t |9 + |03 |?)diz, from which it follows that

lim G, 5., (Um, U )dz = 0. (2.19)

myOm
m—00 Q

Let t,, > 0 be such that ¢, (um, vy) € Noo. Since (tm,, vy,) € Na,, s,., we have

that

m?

0,0 < Io,0(tm (Um, Um))

— T oo (b (ttms 0)) £, / G s (1 0 )
Q

<Ix,.6m (U Um) + tgn/ Gt (U, U )d
Q
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= C)\maém, + tgn/ GAyn,,ém (uma Um)dx
Q

If {¢,,} is bounded, we can use the above estimate and ([2.19)) to obtain

co,0 < liminfey, s,
m— 00

Using this and ([2.18]), we obtain

co,0 < liminfey,, 5, <limsupey,, s, < coo-

mo
m—0o0 m—oo

Thus, co,0 = limy—o0 €A, 50, -
It remains to check that {t,,} is bounded. A straightforward calculation shows
that

b = (A H(umvvm)IlE ) (2.20)
mn Jo F (tn, v ) d ' '
Since (Um,vm) € Ny, s,., We obtain
[ (wm, o) 5

*

_ / F(um,vm)dx—I—q/ G s (s 0 )d < S 7 ||ty )2 + 0 (1).
Q Q

Hence ||(tm, vm)|[% > C3 > 0, and therefore from the above expression, it follows

that [ F(tm,vm)dz > Cy > 0. Thus, the boundedness of {(tm,vm)} and -
imply that {¢,,} is bounded. This completes the proof.

3. SOME TECHNICAL LEMMAS

In this section, we will recall and prove some lemmas which are crucial in the
proof of Theorem The first lemma is standard, and its proof follows adapting
arguments found in [27].

Lemma 3.1. Let {(um,v)} C E such that [ F(tp, vp)de =1 and
i (tmy o) [ = S
Then there exist {ry,} C (0,+00) and {ym} C RN such that

() = (W (2), 02 (2)) = T (i (Fn + ) O (P +Y)) (3.1

contains a convergent subsequence, denoted again by {w.,,}, such that w,, — w in

DLP(RN) x DVP(RN). Moreover, as m — oo, we have rp, — 0 and y,, — y € Q.

Up to translations, we may assume that 0 € 2. Since €2 is a smooth bounded
domain of RY, we can choose r > 0 small enough such that B, = B,(0) = {z €
RN : d(z,0) < r} C Q and the sets

QF ={z e RY 1 dist(z,Q) <r}, Q. ={zcRY :dist(x,00Q) > r}
are homotopically equivalent to Q. Let
Wol’fad ={ue WyP(B,) : uis radial },
Erad(BT) = WO,}ad(BT) X Wol,’gd(BT)'

We thus define the functional

1 p
)= 1 [ gvup = o4 o ul
D JB, |z[P

v
Hlalp
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1
——*/ F(u,v)da:—/ Gi5(u,v)dz
p” JB. B

for (u,v) € Eraa(By), and set
mxs = inf Ip (u,v),
(u.0)ENTE
where
N5 = {(u,0) € Eraa(Br) \ {(0,0)} : (I, (u, ), (u,v)) = 0}.

Clearly, my s is nonincreasing in A, d. Note that my s > 0 for all A,é > 0.
Arguing, as in the proof of Lemma [2:3]and Theorem [I.I} we obtain the following
result.

Lemma 3.2. Suppose (F0)-(F3), (G0)—(G1) are satisfied. Then the infimum my s
is attained by a positive radial function (uxs,vx5) € Eraqa whenever p < ¢ < p*

withﬁzmaX{p,%,wN}piW},0§u<ﬂ(md/\,5>0, orq=p,0<p<

W and A\, d € (0, 1A1 rad), and where Ay rqq > 0 is the first eigenvalue of

the operator (—Ayu, W(}’fad( +)). Moreover,

1SN/:D

N/p
mys < — —S .
A,0 NOF F

, hm m,\(;—
A, 6—0

We introduce the barycenter map 3 : Ny s — RY as

Blu,v) = S;N/p/ F(u,v)zdx.
Q
This map has the following property.

Lemma 3.3. If (F0)—(F3), (G0)-(G1), then there exists \* > 0 such that B(u,v) €
Q. whenever (u,v) € Ny s, A, 8 € (0,\*) and I s(u,v) < mys.

Proof. Arguing by contradiction, we suppose that there exist {A,}, {0m} C RT
and {(Um,vm)} C N, s, such that A\, 0, — 07 as m — oo, Iy, 5, (Um,vm) <
max,, 6,5 but B(tm, vm) € Q.

From {(um,vm)} C ./\/,\,m 5, and I 5 (Um,vm) < mx, s,

{(tm,vm)} is bounded in E. Moreover,

it follows that

0= <If\m,5m (um’ Um)? (um7vm)>

= |t ) 1 — / F(tm, vm)da — g / G, (g, Oy )

Since A, — 0, we can use the boundedness of {(tm,,vm)} to get

0 S / G)\mrv(sm,(um7vm)dx S )\m / (‘um|q + |Um|q)d‘r - O)
Q Q

from which it follows that
lim || (tm, vm)| = lim / F(tpm,vm)dz =k > 0.
m—0o0 m—00 Q
Notice that

Com S < Iy 6 (Ui U

1
= Lt ) / F(utmy vm)de — / G, (tims V)
p
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<M, 60m -

Recalling that cy,, 5,, and my,, 5, both converge to —S N/p , we can use the above

expression and fQ G, .5, (Um, Vm)dz — 0 again to conclude that k = Sg/ P That

is,

W |t vm) || = SN/P = lim /F(um,vm)d:r. (3.2)
m— 00 m—00 Q
Let t,, fQ um,vm )dx)~ 1P > 0 and notice that t,(tm,v,,) satisfies the

hypotheses of Lemma[3.1] Using Lemmal[3.1] there exist sequences {r,,,} C (0, +00)
and {y,,} C RY satisfying r,, — 0,y — y € . We thus have that w,, — w in
DLP(RN) x DIP(RY).

The definition of 8(u,v), (3.2), the strong convergence of {w;,}, and Lebesgue’s
Theorem provide

Bty Vi) :t;p*S;N/p/QF(tm(um,vm))a:dx
=(1 +om(1))/QF(tmum,tmvm)xdx
= (14 0u(V) [ Flw) -+ )

— 1+ om(l))< F(w)gda + om(l)).

Q

Since j € Q and [, F(w)dz = 1, the above expression implies that
lim dist (8(wm,vm), Q) = 0.
Such contradicts B(tm, vm) € Q. O

According to Lemma for each A, ¢ > 0 small, the infimum m, 5 is attained
by a nonnegative radial function oy 5 = (ux,5,vx,5) € /\/'fg. We consider

I/T\r,lz;\j - {(ua U) EE: I(ua U) S m)\,é}

and define the function v : Q7 — I7'5° by setting, for each y € O,

() = {O’)\’g(l' —vy), ifz e B.(y),

. (3.3)
0, otherwise.

A change of variables and straightforward calculations show that the map - is well

defined. Since o s is radial, we have that fB F(uxs,v56)xdx = 0. Hence, for each
y € Q, we obtain

(Bor)(y) = 5577 /Q Flurs( — y), vas(a — y))ade
=S [ Fluns(t),vrs@)e-+ )
= 5 /Q Flu 5(t), va,5(t))ydt = yon s,

where a5 = N/p P o Fuxs(t),vas(t))dt.
Along the Way of proving Lemma we can check easily the following.
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Lemma 3.4. If \,6 — 0", then a5 — 1.

Proof. By Lemma we have

1

ux 5P+ |vas|P
my,s = I;/ (|Vu>\,5|p + |VurslP — u—| | | | )dz
B,

|z|P
1

—— [ Fluxs,vas)dz — [ Gxs(urs,vas)de
P JB, B,

1
< ng/p.

As before, fB Gas(us,vas)dr — 0. Thus, I (uxs,vrs) = 0, and the above
expression and the same arguments used in the proof of Lemma imply that

/ F(uys,vr6)dr — Sév/p.
Q

The above equality and the definition of ay s imply that oy s — 1. The lemma is
thus proven. O

Next we define Hy 5 : [0,1] x (MysN I;?g"s) — RN by

1-—1t
o )ﬂ(um).

Lemma 3.5. Suppose (F0)—(F3), (GO)—(G1) are satisfied. There then exists \** >
0 such that

Hys(t, (u,0)) = (t n

Hys([0,1] x (M s N I5°)) € QF (3.4)
for all A\, 6 € (0, \**).

Proof. Arguing by contradiction, we suppose that there exist sequences {\,},
{0m} C RT and t,, € [0,1], (tm,vm) € NrsN I;lg";) such that \,,,d,, — 0T
as m — oo and Hy,, 5, (tm, (Um,vm)) & QfF for all m, up to a subsequence

tm — to € [0,1]. Moreover, the compactness of  and Lemma imply that,

up to a subsequence, 3(tm, vy) — y € . From Lemma ay,. .5, — 1, so we can

myOm

use the definition of H) 5 to conclude that Hy,, s, (tm, (Um,vm)) — y € Q, which
is a contradiction. The lemma is proven. O

4. PROOF OF THEOREM

We begin with the following lemma.

Lemma 4.1. If (u,v) is a critical point of I s on Ny s, then it is a critical point
of Ins in E.

Proof. The proof is almost the same as [22] Lemma 3.2] and is thus omitted here.
O

Lemma 4.2. Suppose (F0)-(F3), (G0)-(G1) are satisfied. Then any sequence
{(tm,vm)} C Nas such that Iy s(tm,vy) — ¢ < %Sg/p and I;\#;(um,vm) — 0
contains a convergent subsequence for A\,6 > 0 if ¢ > p and X\, € (0,\*) ifg=1p
for some small \* > 0.
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Proof. By hypothesis, there exists a sequence 0,, € R such that ||} s(um,vm) —
O 5(Um, vm)||E — 0 as m — oo, where

p p
Ixo(u,v) z/(|Vu|p—uﬂ+|Vv|p—uﬁ)dx—/ F(u,v)dm—q/ G s(u,v)dz.
Q ||P ||P ) Q
Thus,
I/A,é(umavm) = amJé\,é(umvvm) +om(1).

Recall that for all (um, vym) € Nys,

<J§\,6(uﬂ”ﬁvm)v (um’vm» = (p_p*)/QF(umvvm)dx—i_(p_q)/QG)\,S(um;vm)dx S 0.

If <J$\’5(Um,’Um), (’U,m, Um)> — 0, we have

/ F(tpm, vy )dx — 0, / G5 (U, U )dz — 0.
Q Q

Consequently, ||(tm,vm)||e — 0. On the other hand, if (y,, vm) € Ny s, it follows
that )

1< O (wm, va) 1577 + 0l (i, va) 1577+ 1t vm) 5 77)
for some C > 0. Hence we arrive at a contradiction if A\, > 0 and ¢ > p
or \,0 € (0,\*) for small \* > 0 when ¢ = p. We may thus assume that
(3 5 (Wms V) (Wi, Vi) — € < 0. Since (I} 5(tm, Um), (Um, vm)) = 0, we conclude
that 6, = 0 and, consequently, 13\75 (U, V) — 0. Using this fact, we have

1
I 5 (tm, vm) — ¢ < NSg/p and I} 5(tm,vm) — 0.

By Lemma [2.1] the proof is completed. O

Hereafter, we denote the restriction of Iy 5 on Ny 5 by Iy, ;-

Lemma 4.3. If (F0)—(F3), (G0)—(G1) are satisfied. Let A = min{\*, \**} > 0,
A0 € (0,A). Then cat s (I2?) > catq(), where A*,\** are given by Lemma
X8 ’

[5-3 and [3.5], respectively.

Proof. Suppose that Iﬁ:; = AjUAsU- - -UA,,, where A, j = 1,2,--- ,m, are closed
and contractible sets in Iﬁ:’;, this means that there exists h; € C([0,1] x 4;, Iﬁ;”;)
such that
hi(0,2) =2z, h;(l,z) =9, forallzeAj,
where ¥ € A; is fixed. Consider B; = fy_l(Aj), 1 < j <m. The sets B; are closed
and
Qr_ =B1UByU---UB,,.

We define the deformation g; : [0,1] x B; by setting

gj (t7 y) = H)\,é (ta hj (ta ’Y(y)))
for \,6 € (0,A). Note that
(Bov)(y)

95(0,y) = Hx 5(0,h;(0,7(y))) = s
implies
axsy

(0,y) =
QJ( Y) ars

y, forallye By,
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and g;(1,y) = Hx5(1,h;(1,7(y))) = B(h;(1,7(y))) implies
9;(Ly) = B(Y) € Q.
Thus Bj are contractible in f. Hence cato(Q) = catqt () < m. O

Proof of Theorem[1.Z Using Lemma Lemma [2.2] and Lemma [3.2] we know
that ¢y 5, mas < %S}V/p for A\, € (0,A). Moreover, by Lemma Iy, ; satisfies
the (PS). condition for all ¢ < %S}V/ P Therefore, by Lemma a standard
deformation argument implies that for A, € (0,A), Ix, ; contains at least cato ()
critical points of the restriction of Iy s on N) 5. Now, Lemma implies that
I 5 has at least catq(f2) critical points, and therefore at least catqo(£2) nontrivial
solutions of . As Theorem the obtained solutions are nonnegative in €.
The proof is completed. O
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