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LOCAL ESTIMATES FOR GRADIENTS OF SOLUTIONS TO
ELLIPTIC EQUATIONS WITH VARIABLE EXPONENTS

FENGPING YAO

ABSTRACT. In this article we present local L™ estimates for the gradient of so-
lutions to elliptic equations with variable exponents. Under proper conditions
on the coefficients, we prove that

|Vu| € LS.
for all weak solutions of
div(g(|Vu|?, 2)Vu) =0 in Q.

1. INTRODUCTION

Uhlenbeck [26] obtained the interior Holder regularity estimates for weak solu-
tions of
div(p(|Vul[*)Vu) =0 in Q, (1.1)
where ) is an open bounded domain in R™ and p € C'([0,)) is a non-negative
function satisfying the ellipticity conditions
KN e+ 05 <p() +20 (8 S K(E+ )27 (12)
10/ (€1)é1 — P (&2)6a] S K(& + &+ ¢)P? 717 %(& — &)° (1.3)

for ¢ > 0, « > 0 and p > 2. Especially when p(t) = t(P=2)/2 (1)) is reduced to
the well-known p-Laplace equation. In this paper we discuss the nonlinear elliptic
equation of the form

div(g(|Vul?,z)Vu) =0 in Q, (1.4)
where g(¢,z) € C1([0,00) x Q) satisfies the ellipticity conditions
Ci(E+)"F 71 < g(6,2) +260e(62) < ol + )T, (15)
V2g(6,2)| < Ca( +¢) 5 [Vl In(€ + o) (16)
for ¢ > 0 and Cy,Cs,C3 > 0. Here p € W15(Q) for some s > n satisfies
l<p = i%fp(x) <p(z) < supp(x) = p2 < 0. (1.7)
Q
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Especially when g(t) = |¢| p(m2)_2, (1.4) is reduced to the p(z)-Laplace elliptic equa-

tion

div(|VuP®™=2Vu) =0 in Q, (1.8)
whose special case is the well-known elliptic p-Laplace equation
div(|VulP™2Vu) =0 in Q,
which can be derived from the variational problem
®(u) = min ®(v) =: min / |Vo|Pdz.
v]aa=¢ vlsa=¢ Jq

We denote by LP(*)(Q) the variable exponent Lebesgue-Sobolev space

LP@(Q) = {f : Q — R : f is measurable and / |FP@da < oo} (1.9)
equipped with the Luxemburg type norm ’
1Ly = inf {A > 0 /Q L pear <1y, (1.10)
Furthermore, we define
WhPE)(Q) = {u e LP@(Q) : [Vu| € LP@(Q)} (1.11)

equipped with the norm
ullwrre @) = [lull pre @) + (VU] Lee o) (1.12)

By Wol’p(m)(ﬂ) we denote the closure of C§°(Q) in WP (Q). Actually, the

LP@)(Q), Wr@)(Q) and W, *")(Q) spaces are Banach spaces. There have been
many investigations (see for example [9] 10, [T, 12} [T6], 17, 19]) on properties of
such variable exponent Sobolev spaces.

As usual, the solutions of are taken in a weak sense. We now state the
definition of weak solutions.

Definition 1.1. A function u € VVli’Cp(x)(Q) is a local weak solution of (1.4 in
if for any ¢ € Wol’p(x)(ﬂ), we have

/ g(|Vul?, 2)Vu - Vodz = 0.
Q

When p(z) is a constant, many authors [3, [4], 8 [13] [14] 211 20} 23] have studied
the regularity estimates for weak solutions of quasilinear elliptic equations of p-
Laplacian type and the general case. When p(z) is not a constant, such elliptic
problems appear in mathematical models of various physical phenomena, such
as the electro-rheological fluids (see, e.g., [1 24, 25]). There have been many
investigations [7, [15] 22] on Holder estimates for the p(x)-Laplacian elliptic equation
and the more general case. Moreover, Acerbi and Mingione [2] proved that

EP) € L8 (@) = |[Vul'® e L (Q) forq>1

loc loc

of weak solutions of under some assumptions. The purpose of this paper is
to extend the results in [6], where Challal and Lyaghfouri obtained the local L>°
estimates of |Vul for the weak solutions of (L.8).

We assume that p(z) € W1*(Q) for some s > n. Therefore, it follows from
Sobolev embedding theorem that p(z) is Holder continuous with the exponent o =
1 — 2. Now let us state the main result of this work.

s
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Theorem 1.2. Letu € Wli’f(x)(Q) be a local weak solution of (L.4) in Q under the
assumptions (1.2)-(1.7)). Then
|Vu| € Lis. ().

Moreover, for each o > 0 and 6 € (0, %:U) — 1) with a constant g € (n,s) there
exists a positive constant Ry, depending only onn,p1,pa, s,o and || \Vu(~)|p(')|\L1(Q),

such that, wherever R < Ry and the ball Bgr C €2,

1+o
sup |Vu[P®) < C[][32R|Vu|p(m)dx + RO‘M(H")‘S(fBSR\VuV’(I) + 1dx) },
Bry2

where M = fBBR |VulP®)dz + 1 and C depends on n,py, ps, s, 6, pllws ()

2. PROOF OF MAIN RESULT

In this section we prove Theorem by the approximation method. Our ap-
proach is much influenced by [2, Bl [6, 27]. We first consider the following approxi-
mation problem

div(g(e + |Vu >, 2)Vu) =0, x € Bgr,e € (0,1], (2.1)
where Bgg C Br: C Q. It is standard that 7 with the boundary condition
u® = u on dBp, has a unique solution u* for fixed e > 0. Similarly to [6], we know
u¢ € I/Vlif (Q). From [I5] we can get u € Clloé‘(Q) for some p € (0,1) and then have
u¢ € CY(Bp) for some v € (0,1) and ||u6||01’”(§3/) < C, where C is a constant
independent of e. It follows from Ascoli-Arzela theorem that there exists a sequence
of {ex} converging to 0 and satisfying u®* — wu uniformly in C*(Bg/). Thus, we
can get the result of Theorem by passing to the limit as ez — 0 in with
uc* replacing u. So it is sufficient to prove . For simplicity, we shall drop the
index € on u° in the exposition. Actually, from we have

[9(6 + |Vu|2, x)dij + 295(6 + |VU|2, w)uluﬂ Uij + Gz, (6 + |V’LL|2, x)ul
= a;Ui; + biu; = 0.

Lemma 2.1. If g(&,7) € C1([0,00) x Q) satisfies the conditions (1.2) and (1.6)),
then

(2.2)

p(z) p(z)
Ca(€+0¢)77 1< g6 ) <Cs(E+0)2 7 (2:3)
p(@)
lge (&, 2)€] < C(E+¢) 2 (2.4)
for the constants 0 < Cy < Cq, C5 > Cy > 0,C > 0, and
p(;) 1 T—'(;) 1
Ci(e+e+ V) T [ Saytiy < Cs(c+ e+ [Vul?) T KR (25)
Proof. We prove only (|1.3)). First, we find that
13 €1
12g(¢, ) = / (#2g(t, 2))odt = / ot 2l (t,2) + 219, 1))t
0 0

Moreover, from (|1.2]) we deduce that

LG
2

To estimate of I; and I, we consider two cases.

¢ p() Cy (¢ p()
I = / t*1/2(t+c)T*1dtggl/Qg(g,a:)§7/ V2t +¢)F Tt =: I,
0

0
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Case 1: ¢ < ¢. We have

13
Il > — (t+C
0
1 p(z)—1 p(z)—1
Z?(mg) 1)[<§+C) 2 —c 2 ]

01 p(z)—1 p(x)—1

>——&+c) 2 —c =z |
gl |
Since 1 < p1 < p(z) < ps and ¢ < CZE, we obtain

Cl 1. p@)—1 pz)—1

I > 1— (=) :
1 pz—l[ (3) J€+¢)
, p(z)—1
>Ci(+c) 2

Moreover, we deduce that

p(z ¢
IQS%(EH)%*I/ 72t = Oy + )" IV for p(a) 2 2
0

and
§
L<S [ty
2 Jo
CQ p(z)—1
= 3
p(z) —1
CQ p(x)—
< +c 2
S — 7(€+0)
& ele) g 1/2
:p 1(5—1—6) T (€40 for 1 < p(z) <2,
|-
which implies
Cs p(2) V2C: p)
I (6 o) (202 = R g o) g

in view of the fact that £ + ¢ < 2¢.
Case 2: ¢ > £. Then we have

£ ple)—1
I > %571/2(§+C)71/2/ (t +¢) "5 dt.
0

Furthermore,

1 p(z)=1

)
7)

> I £>CY(E+0)"s

11>C;€ V2(¢ 4 0)"s
since
t+c>c> - (2c) (§+c).

N |

Since the result (1.3) is trivial when ¢ = 0. Without loss of generality we may as
well assume that ¢ > 0. Moreover, we first have

C ¢ pa)—
I < 720_1/2/ Y208 4 o) 5
0
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2)— 13
< %671/2(§+C)p(\; 1/ =124,
0

which implies

I < Coc™V2(g 4 o) 5 g1/
e R R e

<V20,(€ + )55 g2,

Thus, from Cases 1 and 2 we have

= Oy

p(x) —1

(&, x) > min{C}, CY}(E+ )T = Cu(E + o)™

and
2C p(e p()
g(&,x) < max{;[ 21,\/502}(«5 + C)T>_1 = Cs5(E+c) 2 1,
|-
which completes the proof. O
Now we denote 0
a;; = Y . 2.6
i (c+ €+ |[Vul2)p(x)/2-1 (2:6)
Then, from the lemma above we have
Cul€]? < a;&€; < Cs|¢)*  for each € € R™. (2.7)
Lemma 2.2. Let v = (c+ ¢ + |Vu|?)P(®)/2. Then
1
div(maij - Vo) > div (aij e+ e+ |Vul?) - In(c+ e+ [Vul?) /2. V;()SU)))
=:div F,
where .
|F|§C’[1+(C—|—e+|Vu|2)p = |-|Vp| for anyo > 0.
Proof. We first find that
Vg,
P(;) —1

— ((c + e+ |Vu|2) In(c+ €+ \Vu|2)1/2pxj (z) + p(x)ukjuk> (c+e+ |Vu|2)
and
. 1
dlv(—aij . VU)

p(z)
: 2 211/2 Vp(z)
=div(a;; - (c+ e+ |Vul|?) - In(c+ e+ |Vu|?) /< - W) + (@i unjuk) g, -

Moreover, differentiating (2.1)) with respect to xy, we have
(aijuk;)a; + (brtti)z, =0, (2.8)
where by, is defined in (2.2]). Therefore, from (2.8) and Lemma [2.1| we have

1
di —ay;
iv (p(x)a i Vu)
= div (aij . (C—l— €+ ‘VU‘Q) -ln(c—|— €+ |vu|2)1/2 . V]Z(x)

@) ) + aijupjur; — (bpt)a,
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: Vp(z)
> L 2y, y1/2 YR AV
div (a” (c+ e+ |Vul*) - In(c+ e+ |Vul?) @) ) (bpt;),

=:div F,
where
2 Vp(=)
p(x)

1/
F=a;- (c+e+\Vu\2> -In (c+e+|Vu|2) — bru;

Actually, for any o > 0, we deduce that
1P < C{Jasjl(c+ e+ [Vul?) In(e+ e + [Vu2) /2| Vp| + [be| Vul )
p(z)
<Cle+e+|Vul?) * |In(c+e+ |Vul?)1/2||Vp|

p(z) p(z)

< Cle+e+|Vul?) 2 |[In(c+ e+ |Vul>) 2 ||Vp

p(xz)(1+o)

<Cl+(c+e+|Vu®) = ]|Vp|
By (1.6), Lemmaand

|z||Inz| < C(1+ |z|*T7) for any o > 0,

we complete the proof. O
Next, we shall finish the proof of the main result.

Proof. Using [I8, Theorem 8.17], we obtain
A\ P()/2 1 p 2]
sup (c+e—|—|Vu|) §C(—n (c+e+|Vu|?) 2 d:r—i—K(R))7
Brj2 R Bar

where

1_n 1/q
K(R) = R'"% ( |F|de>
Bar
and ¢ € (n, s) is a positive constant. Moreover, we find that

p(x)(o+1)q

[ oirpae <o [ 1Vetars [ e e [Dup) S wplta)
Baor Baor Bar

Furthermore, using Holder’s inequality and p € W*, we obtain

/ |F|?dx
Bar

q/s oy P(@)sa(1+0) =1 n(s—q)
< C’( |Vp|sdx> {( (c+e+|Vul?) 226G dx) +R s }
Bar B

2R

—-q

p(@)sq(140) =t n(s—
SC{(/ (c+e+|Vu?) 50 az) T 4 TV
B

2R

n(s—q) p(x)sq(1+0) =

S CR = [][321?, (C + e+ |VU|2) 2(s—a) + 1d$:| :

From [2] Theorem 2], for any 6 € (0,

w — 1) there exists a positive constant

Ry, depending only on n,p1,ps, s,d,0 and || \Vu(~)|p(')||L1(Q), such that, wherever
R < RO?

n(s—q)

/ |[Fltdz < CR™ Mq(1+a)6(][BSR(C+ €+ \Vuﬁ% + ldz
Bar

)

)Q(1+U)



EJDE-2013/51 LOCAL ESTIMATES FOR GRADIENTS 7

where

M = |VulP@ de + 1.
Bsr
Thus,

o(z 140
K(R) < CRaM<1+U>5(][BgR (c+ e+ |Vu?) 55 + ldx) 7

where the exponent v = 1 — . Finally, we conclude that

sup (c+e+ |Vu|2)p(2z)
Bry2
< c[][BZR(c+ e+ |Vul2) "5 du (2.9)

- 140
+M(1+U)6RQ(J[BBR<C+€+ |Vu|2)¥ —I—Idas) },
which completes our proof. O
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