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BOUNDARY STABILIZATION OF MEMORY-TYPE
THERMOELASTIC SYSTEMS

MUHAMMAD I. MUSTAFA

ABSTRACT. In this article we consider an n-dimentional thermoelastic system
with a viscoelastic damping localized on a part of the boundary. We establish
an explicit and general decay rate result that allows a larger class of relaxation
functions and generalizes previous results existing in the literature.

1. INTRODUCTION

In this article we are concerned with the problem
Uy, — pAu — (p+ A)V(divu) + V0 =0, in Q x (0,00)
b0y — hAO + Bdivu, =0, in Q x (0,00)
u=0, on Ty x(0,00)
ou (1.1)

u(z,t) = —/0 g(t —s) (,uav + (p+ A)(div u)v) (s)ds, on Ty x (0,00)
0 =0, ondQx(0,00)
u(z,0) = uo(x), w(x,0)=wui(z), 6O(z,0)=~0(x), z€q,

which is a thermoelastic system subjected to the effect of a viscoelastic damping
acting on a part of the boundary. Here Q is a bounded domain of R" (n > 2)
with a smooth boundary 02 = T'g U Ty, v is the unit outward normal to 0%,
u = u(z,t) € R"™ is the displacement vector, § = 6(x,t) is the difference temprature,
and the relaxation function g is a positive differentiable function. The coefficients
b,h, B3, i, A are positive constants, where p, A are Lame moduli. In this work, we
study the decay properties of the solutions of for functions g of more general
type.

Over the past few decades, there has been a lot of work on local existence,
global existence, well-posedeness, and asymptotic behavior of solutions to some
initial-boundary value problems in both one-dimensional and multi-dimensional
thermoelasticity. In the absence of the viscoelastic term, it is well-known (see
[2, 4 [10]) that the one dimensional linear thermoelastic system associated with
various types of boundary conditions decays to zero exponentially. Irmscher and
Racke [4] obtained explicit sharp exponential decay rates for solutions of the system
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of classical thermoelasticity in one dimension. They also considered the model of
thermoelasticity with second sound and compared the results of both models with
respect to the asymptotic behavior of solutions. Also, Rivera and Qin [13] [18]
established the global existence, uniqueness and exponential stability of solutions
to equations of one-dimensional nonlinear thermoelasticity with thermal memory
subject to Dirichlet-Dirichlet or Dirichlet-Neumann boundary conditions.

In the multi-dimensional case the situation is much different. It was shown
that the dissipation given by heat conduction is not strong enough to produce
uniform rate of decay to the solution as in the one-dimensional case. We have
the pioneering work of Dafermos [3], in which he proved an asymptotic stability
result; but no rate of decay has been given. The uniform rate of decay for the
solution in two or three dimensional space was obtained by Jiang, Rivera and Racke
[7] in special situation like radial symmetry. Lebeau and Zuazua [8] proved that
the decay rate is never uniform when the domain is convex. Thus, to solve this
problem, additional damping mechanisms are necessary. In this aspect, Pereira and
Menzala [I7] introduced a linear internal damping effective in the whole domain,
and established the uniform decay rate. A similar result was obtained by Liu
[9] for a linear boundary velocity feedback acting on the elastic component of the
system, and by Liu and Zuazua [I1] for a nonlinear boundary feedback. Oliveira and
Charao [I6] improved the result in [I7] by including a weak localized dissipative term
effective only in a neighborhood of part of the boundary and proved an exponential
decay result when the damping term is linear and a polynomial decay result for a
nonlinear damping term. Recently, Mustafa [I5] treated weak frictional damping
of more general type and established an explicit and general decay result. For more
literature on the subject, we refer the reader to books by Jiang and Racke [6] and
Zheng [19].

Regarding viscoelastic damping, we mention that viscoelastic materials are those
with properties that are intermediate between elasticity and viscosity. As a result of
this behavior, some of the energy stored in a viscoelastic system is recovered upon
removal of the load, and the remainder is dissipated in the form of heat causing
a damping for the system. This type of material possesses a characteristic which
can be referred to as a memory effect. That is, the material response not only
does depend on the current state, but also on all past occurrences, and in a general
sense, the material has a memory keeping all past states. As a conclusion, this
memory effect is expressed by an integral term from the initial time 0 up to the
time t with kernel usually called the relaxation function. Rivera and Racke [14]
considered magneto-thermoelastic model with a boundary condition of memory
type. If g is the relaxation function and k is the resolvent kernel of —g’/g(0), they
showed that the energy of the solution decays exponentially (polynomially) when
k and (—k') decay exponentially (polynomially). Messaoudi and Al-Shehri [12]
considered a wider class of kernels k that are not necessarily decaying exponentially
or polynomially and proved a more general energy decay result.

Our aim in this work is to investigate for resolvent kernels of general-type
decay and obtain a more general and explicit energy decay formula, from which the
usual exponential and polynomial decay rates are only special cases of our result.
The proof is based on the multiplier method and makes use of some properties of
convex functions including the use of the general Young’s inequality and Jensen’s
inequality. The paper is organized as follows. In section 2, we present some notation
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and material needed for our work. Some technical lemmas and the proof of our main
result will be given in section 3.

2. PRELIMINARIES

We use the standard Lebesgue and Sobolev spaces with their usual scalar prod-
ucts and norms. Throughout this paper, ¢ is used to denote a generic positive
constant. In the sequel we assume that system (1.1]) has a unique solution

ue CRy; H*(Q" NV NCHRy; V™) N C?(Ry; L2(Q)"),
6 € C(Ry; H*(Q) N Hy () N CH(Ry; L2(Q)).

where V = {w € H'(Q) : w =0 on I'g}. This result can be proved, for initial data
in suitable function spaces, using standard arguments such as the Galerkin method.
First we state the following hypothesis

(A1) Q is a bounded domain of R™ with a smooth boundary 09 = I'g U T,
where I'g and T'; are closed and disjoint, with meas(I'g) > 0, v is the unit
outward normal to 02, and there exists a fixed point zg € R™ such that,
for m(z) =2 —x9, m-v<0onTyand m-v >0 on ;.

We remark that (A1) implies that there exist constants dy and R such that
m-v>0d6 >0o0nly and |m(z)] <R forall xz € Q. (2.1)

We denote by k the resolvent kernel of (—g’/¢(0)) which satisfies

where * denotes the convolution product
(u*xv)(t) = /Ot u(t — s)v(s)ds.
By differentiating the equation
u(z, t) = — /t g(t—s) (u% + (1 + M) (div u)v) (s)ds
0

and taking a = ﬁ, we obtain

du

B (1 ) (div u)v)]

on I'1 x (0,00). Using the Volterra’s inverse operator, we obtain

Ju . o !
P + (p+Ndivu)v = —« [ut +g * (u

0 .
ua—z + (p+A)(divu)v = —afu, + k*wy], onT; x(0,00)
which gives, assuming throughout the paper that uy = 0,
0
ua—:j + (p+ A)(divu)v = —afus + k(0)u + k" xu], on Ty x (0,00). (2.2)

Therefore, we use (2.2)) instead of the boundary condition on I'y x (0,00) in (1.1)
and also consider the following assumption on k,
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(A2) k:R. — Ry is a C? function such that
M®>O,tMHMﬂ:Q K'(t) <0
—00

and there exists a positive function H € C1(R,), with H(0) = 0, and H is

linear or strictly increasing and strictly convex C? function on (0,7], r < 1,

such that

K'(t) > H(—K'(t)), Vt>0.

Now, we introduce the energy functional

1
E(t) ;:5/9 (juel? + 1l Vul? + (u+ N)(diven)® + 06 da

5k [ fuar =3 /Fl(k' o u)(t) T
where [Vu|? =37 | |[Vu;[? and
(Fowt) = [ = s)fu(t) —uw(s) s

Our main stability result is the following.

Theorem 2.1. Assume that (A1) and (A2) hold. Then there exist positive con-
stants ki, ko, ks and g9 such that the solution of (1.1)) satisfies

E(t) < ksH; ' (kit + ko) Yt >0, (2.3)
where
Hy(t) = /t SH(/jeOS)ds and  Ho(t) = H(D(1))

provided that D is a positive C* function, with D(0) = 0, for which Hy is strictly
increasing and strictly convex C? function on (0,7] and

A )

o Hy'(k"(s)
Moreover, if fol Hy(t)dt < 400 for some choice of D, then we have the improved
estimate

ds < +oo. (2.4)

1
1
E(t) < ksG ' (kat + k here G(t) = [ —————ds. 2.5
(0 < kG M k) where GO = [ s @3
In particular, this last estimate is valid for the special case H(t) = ct?, for

1§p<%.

Remarks. 1. Using the properties of H, one can show that the function H;p is
strictly decreasing and convex on (0, 1], with lim;_,g Hy(¢) = +00. Therefore, The-
orem [2.]] ensures
lim E(t) =0.
t—oo
2. Our main result is obtained under very general hypotheses on the resolvent
kernel k that allow to deal with a much larger class of functions k that guarantee
the uniform stability of with an explicit formula for the decay rates of the
energy.
3. The usual exponential and polynomial decay rate estimates, already proved
for k satisfying k" > d(—k’)P, 1 < p < 3/2, are special cases of our result. We will
provide a “simpler” proof for these special cases.
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4. The condition k" > d(—k')P, 1 < p < 3/2 assumes (—k'(t)) < we™¥ when
p = 1and (—K(t) < w/tﬁ when 1 < p < 3/2. Our result allows resolvent
kernels whose derivatives are not necessarily of exponential or polynomial decay.
For instance, if
k' (t) = — exp(—t9)
for 0 < ¢ < 1, then k”(t) = H(—k'(t)) where, for t € (0,7], r < 1,
qt
)= —————
(In(1/t)]
which satisfies hypothesis (A2). Also, by taking D(t) = t%, (2.4]) is satisfied for

any « > 1. Therefore, we can use Theorem and do some calculations (see the
appendix) to deduce that the energy decays at the same rate of (—k’(t)), that is

E(t) < cexp(—wt?).

5. The well-known Jensen’s inequality will be of essential use in establishing our
main result. If F' is a convex function on [a,b], f : Q — [a,b] and j are integrable
functions on 2, j(z) > 0, and fQj(x)dx = C > 0, then Jensen’s inequality states

that ) )
Flg [ f@iwis] < & [ Flr@litad.
Q Q
6. Since limy o0 k(t) = 0, then lim; o (—k'(¢)) cannot be equal to a positive
number, and so it is natural to assume that lim; 4o (—k'(t)) = 0, and so to also
assume that lim; o, k”(¢) = 0. Hence, there is t; > 0 large enough such that

E'(t1) < 0 and
max{k(t), —k'(t), k" (t)} < min{r, H(r), Ho(r)}, Vt>t;. (2.6)
As k' is nondecreasing, k'(0) < 0 and £'(¢1) < 0, then £'(¢) < 0 for any ¢ € [0, ¢1]
and
0< —FK(t1) < —K(t) < —K'(0), Vtel0,t].
Therefore, since H is a positive continuous function,
a< H(-K()<b, Vtel0,t]

for some positive constants a and b. Consequently, for all ¢ € [0,¢4],

K(0) 2 (K (1) 2 0 = ek (0) > ek ()

a
k' (0)
which gives, for some positive constant d,

K'(t) > —dk'(t), Vte[0,t]. (2.7)

3. PROOF OF THE MAIN RESULT

In this section we prove Theorem For this purpose, we establish several
lemmas.

Lemma 3.1. Under the assumptions (A1) and (A2), the energy functional satisfies,
along the solution of (1.1)), the estimate

«

E(t) = ~h [ |VOPdz—a |ut|2dr+9k’(t)/ luf2 0 —
Q 2 r, 2

/ (K ou)(t) dT" < 0.
" (3.1)

Iy
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Proof. Multiplying the first two equations of (1.1)) by u; and 6 respectively, inte-
grating by parts over 2, and using (2.2)) give

1 d

ff/ (juel® + uVul® + (4 + /\)(divu)2 1 b6%) do

24t Js

:—h/ |V9|2dx+/ wg + [ + (u + N (div u)v] dl'
0 [,

:—h/ |V9|2d:r—a/ \ut\QdF—ak(O)/ utudF—a/ ug - (K" % u)dl
Q I Iy I

Then, we make use of the identity

(Fwn! = = FOWOP + 37 0w 34 [row—( [ @] 32)

to obtain (3.1)). O

Lemma 3.2. Under the assumptions (A1) and (A2), the functional
K(t) = / we - [M + (n— 1)uldz,
Q

where M = (My, Ma, ..., M,) such that M; = 2mVu® and m = (x — x0), satisfies,
along the solution of (1.1)), the estimate

A
K'(t) < —/ g |2d — ﬁ/ \vu|2dx—&/(divu)2dw
Q 2 Q 2 Q

c/ |ut|2df‘—c/ (k’ou)(t)dF+c/ |VO2dx, Yt >t.
Iy I'y Q

Proof. Direct computations, using (1.1)), yield

K'(t) = Zl/gui(Zm -Vul)dz + (n —1) /Q ug|?dae +/Qutt < [M + (n — 1)uldx

=Z/m-V|ui|2dx+(n—l)/ Jug |2 d
=179 Q

+ /Q[MAU + (p+ NV (divu) — BVO] - [M + (n — 1)udzx

(3.3)

——/ \ut|2dx+/ (m-v)|ut|2dF—|—,u/Au-[M+(n—1)u]dx
Q r, Q

L () /Q V(divu)[M + (n — 1)ulde — ﬁ/ﬂ VO[M + (n — 1)ulda.

Now, we estimate the last three terms in as follows. First, we use the ider(l?‘;f})/
2Vu' - V(m - Vu') = 2|Vu'|* + m - V(|Vu']?) (3.5)
to obtain
/ Au - M dx
Q

z'

ar
v

:—zn:/Vui~ Vv (2m.Vu?) dﬂc—l-Z/ (2m - Vu')
i=179
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:—Z/2|Vuz|2—|—m V(| Vu'|? dm+2/ (2m - Vu?)

o0

:(n—Z)/Q\VuFdat—/a (m - v)|Vu|2dF+Z/ (2m - Vu)aa—udf

By the fact that

i

dF

ou’

V' :(81)

Jv on Iy, (3.6)

we obtain

/Au-Mdac:(n—2)/ \Vu\2d;v—/ (m-v)|Vu|2dF+/ (m - v)|Vul|* dT
Q 1—‘1 To
+Z/ 2m - Vu') —dl“

/Au uder = — /|Vu| dx—l—/ u- —dF
r, Ov

m-v<0 only
m-v>09 >0 only,

Since

and

it follows that
/ Au-[M + (n — 1)u]dx
Q

f/ \Vu|2dx7/ (m - v)|Vu|? dT
Q T

" - O’
. 2 . 4 _ 4
+/F0(m v)|Vu|*dl + ;:1 /FI[Qm Vu' 4+ (n — 1)u'] 50 dr (3.7)

- - Out
— [ |Vul?dz — Vul|?dl §/2 - Vu')—=—dI’
/Q\ ul?dx (50/| ul®d +i=1 I11(m u)avd

ou
Jr(nl)/rlu %df

Next, we consider

/QV(div u) - [M + (n — 1)u]dx

= - / (div w)(div M)dz + / (divw)(M - v)dl (3.8)
Q

o0

—(n-=1) / (divu)?dz 4 (n — 1) / (divu)(u - v)dl.
Q Iy
But, one can show that
div M = 2(divu) + 2m - V(div u). (3.9)
Therefore,
— / (divu)(div M)dx = —2 / (div u)?dz — 2/ (divu)(m - V(divu))dx
Q Q

Q
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= —2/(div u)?dx — / m - V(divu)?ds
Q Q
=(n—2) / (div u)?dx — / (divu)?(m - v)dl.
Q 19]9)

Also, using (3.6)),
M -v=2(m-v)(divu) on Ty

which gives
/ (divu)(M-v)szQ/ (divu)?(m - v dF—I—Z/ (divu)(2m - Vu')v; dT.
o
Consequently, (3.8) becomes
/ V(divu) - [M + (n — 1)uldz
Q
=— / (div u)?dx —|—/ (divu)?(m - v) dT’
Q o
/ (divu)?(m - v dF—|—Z/ (divu)(2m - Vu')v; dT

+(n— 1)/1“ (divu)(u - v)dl

(3.10)
S—/(divu)2daj—§0/ divu)? dT + E / divu)(2m - Vu')v; dT'
Q

+(n— 1)/F (divu)(u - v)dl

/ (divw) derZ/ (divu)(2m - Vu")v; dT
+(n— 1)/F (div ) (u - v) dT.
For the last term of 7 we find, using , that

7/ Vo - [M+ (n—1)ulds

Q
- / (div M)fdz + (n — 1) / (div u)fdz

Q Q

=(n+1) /Q(divu)ﬁdx + Q/Q(m - V(divu))0dz (3.11)
=(n+1) /Q(div u)0dx — Z/Q(div u)(div(mb))dx

—(n-1) /Q(div u)fdr — 2/Q(divu)(m -V)dx
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A combination of (3.4)), (3.7)), (3.10)), and (3.11]) leads to

K'(t) < —/ |ut|2dx+/ (m-v)|ut|2df—u/ Vul2dz — udo | |Vul2dr
I Q

I'y

+Z/ (2m - Vu') 81j)i+(u+/\)(dlvu) }df

+(n— 1)/F [u% + (p+ M) (divu)v } dl' — (p+ ) /Q(div u)?dx
—(n—-1) /Q(div u)fdx — Z/Q(divu)(m -Vo)dx.

(3.12)
By using the boundary condition (2.2]), Young’s inequality and |m(x)| < R, and
noting that

K oxu = / K (t — 8)[u(s) — u(t)]ds + u(t)[k(£) — k(0)]

0

and
‘ /0 K (t — s)[u(s) — u(t)]dsBig|* < ; —k'(s)ds) (=K ou)(t)
= [k(0) — k()] (=K o u)(t)
< —c(K ou)(t),
we obtain

+ (1 + M) (divu)v;] dT

i / Cm- V)

+(n—1)/F u~[u%+(u+)\)(divu)v] dr

7042/ (2m - V') [ul + k(0)u’ + k' * u'] dT
—a(n—l)/Flu-[ut—Fk(O)u—i—k « u] dT’
:—aZ/ (2m - Vu') ut—i—k; u’ +/ K (t—s)[u (s)—ui(t)]ds} dr’

—an—=1) | wu-|us+k(t)u+ k’(t — 8)[u(s) — u(t)]ds| dT
r, 0

<wubo | |VulPdl +C. | |u?dl —C. | (K ou)dl + (¢ + ck*(t)) [ |u[*dT.
Ty Iy r ry

Then, using

/ |u|2dF§co/ Vulda (3.13)
I Q
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and that lim; ., k(t) = 0 and choosing € small enough, we deduce that for all
t > tla

B

Z/ (2m - Vu') 8u + (1 4+ A)(divu)v;] dT
T 31}

+(n— 1)/F u- [u% + (p+ N)(div u)v] dT (3.14)

§u50/ \Vu|2dF—|—c/ \ut|2dF—c/ (k'ou)df—i—ﬁ/ |Vu|*de,
I I I 2 Q

where t1, introduced in (2.6)), is large enough. Also, using Young’s and Poincaré’s
inequalities yields

—(n—l)/Q(divu)@dm—Q/Q(divu)(m-VH)dx < (’“‘;LA)/Q(divu)2dx+c/Q|ve)2dx

(3.15)
By inserting (3.14]) and (3.15) in (3.12), the estimate (3.3)) is established. O

Proof of Theorem[2.1. For N > 0, we define
L(t) = NE(t) + K(t).
Combining (3.1) and (3.3)), for all ¢ > ¢;, we obtain

—/ g |2da — ﬁ/ Vul2de — "2 (divu)Qda:—(hN—c)/ IV6|2da
Q 2 Q 2 Q Q
—(aN—c)/ |ut|2d1"—c/ (k' ou)(t)dr.

Ty I

At this point, we choose N large enough so that
=(hN—-¢)>0 and aN—c>0.

So, we arrive at
A
L) < —/ (e + §|Vu|2dx + %(divuf +|VO|2]da — c/ (K o u)(t) dT
Q '
which, using Poincaré’s inequality and (3.13]), yields

L) < —mE(t) — ¢ /F (K ow)(t)dl, Vt>t. (3.16)

On the other hand, we can choose N even larger (if needed) so that
L(t) ~ E(t). (3.17)
Now, we use and (3.1)) to conclude that, for any ¢ > ¢y,

_/Otlm) F1|u()—u(t—s)\2dFds< /k /|u ) — u(t - 5)? dTds
(t)

< —cE'(t
(3.18)
Next, we take F(t) = L(t) + cE(t), which is clearly equivalent to E(¢), and use

(3.16) and (3.18)), to obtain: for all ¢ > ¢y,

F(t) < —mB(#t) — ¢ /t K(s) [ fult) = ult = ) dras. (3.19)
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(I) H{t) =ct? and 1 < p < 3:
Case 1. p = 1: Estimate (3.19) yields
F(t) < —mB(#t) + ¢ / (K o u)(t)dT < —mE(t) — cE'(t), Vit > t.

ry

which gives

(F+cE)'(t) < —mE(t), Vt>t.

Hence, using the fact that F' + cE ~ E, we obtain easily that

Et)<de =G 1(1).

Case 2. 1 < p < 2: One can easily show that f0+oo [—K'(s)]'7%ds < +oo for
any dp < 2 — p. Using this fact, , and (3.13]) and choosing t; even larger if
needed, we deduce that, for all t > ¢y,

n(t) == / K1 [ Jut) — u(t - s)|? dTds

t1 Iy

32/ [—k’(s)P*%/F (|u(t)|? + Ju(t — s)|?) dl'ds (3.20)

t1

< ¢E(0) /t[—k'(s)]l—%ds <1

ty

Then, Jensen’s inequality, (3.1)), hypothesis (A2), and (3.20) lead to

—/t K'(s) g |u(t) — u(t — s)|*> dl'ds

— [ R@P R [ fule) - (e~ 5)F drds

t1 Iy

t

- / [k ()]0 =5 [ ()% [ fu(t) — u(t — s)[2 dDds
t1 I'y

)

< n(t) {7/ [k ()] P10 [k ()" % | Jult) — ult — s)|? dFd,g} P=15%

n ) t1 Iy

< [/t:[—k’(s)v’ Ju(t) —u(t—s)|2dFds]”j+“0

Iy

t %0
<cf / K/(s) [ fult) — u(t — ) drds] 7
t1 I

< [—E' (1)) 75
Then, in particular for §o = 1/2, we find that becomes
F'(t) < —mE(t) + [~ E' ()] %1.
Now, we multiply by E*(t), with o = 2p — 2, to obtain, using (3.1,
(FE®)'(t) < F'(t)E*(t) < —mE""(t) 4+ cE*(t)[—E'(t)] = .
Then, Young’s inequality, with ¢ = 1 4+« and ¢/ = 1£2

_7(1’

(FE®) (t) < —mEY(t) 4 e B2 (t) + C.(-E'(1)).

gives
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Consequently, picking € < m, we obtain
Fy(t) < —m/ E'* (1)

where Fy = FE* + C.F ~ E. Hence we have, for some ag > 0,
Fy(t) < —aoFy ™ (t)

from which we easily deduce that

a
E(t) < (a’t—|— al/)l/(Qp—2)

By recalling that p < 3/2 and using (3.21)), we find that f0+°° E(s)ds < +o00. Hence,
by noting that

(3.21)

' u —Uu *52 S C t sS)as
/”1|<t> (t >|drd§/0E<>d,

estimate (|3.19)) gives

F'(t) < —mE(t) + c/ v

I'y

([—k’]i"% ou)(t)dl' < —mE(t) + c{/F ([—K'P o u)(t) dT

v < —mE(t) + c[-E'(t)]V/?.

< —mE(t) —I—c{/

T

(K" o u)(t) dr}

Therefore, repeating the above steps, with a = p — 1, we arrive at

a
E(t) < (CIEaLED]

(II) The general case: We define
bk (s
I(t) := — (//)
ty HO (k (S)) Iy

where Hy is such that (2.4]) is satisfied. As in (3.20]), we find that I(¢) satisfies, for
all ¢ Z tl,

=G (dt+ ).
lu(t) — u(t — s)|*dl' ds

I(t) < 1. (3.22)
We also assume, without loss of generality that I(t) > by > 0, for all ¢t > ty;
otherwise (3.19)) yields an exponential decay. In addition, we define £(t) by

N R A O N ot )2
£(t) = /t KO Fry O~ P ards
and infer from (A2) and the properties of Hy and D that
—K'(s) —K'(s)  —K(s)
Hy (K (s)) = HyY(H(=k'(s))) D 1(—K(s)) < ko

for some positive constant kg. Then, using (3.1) and choosing ¢; even larger (if
needed), one can easily see that £(t) satisfies, for all ¢t > ¢;,

&) < ko/t k" (s) lu(t) — u(t — s)|*> dl'ds

1 Iy

< cB(0) / t k" (s) < —ck' (1) E(0) (3:23)

ty

< min{r, H(r), Ho(r)}.
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Since Hj is strictly convex on (0,7] and Hp(0) = 0, it follows that
Ho(el‘) S QHO(x),

provided 0 < 6 < 1 and z € (0,r]. Using this fact, hypothesis (A2), (2.6), (3.22),
(3.23)), and Jensen’s inequality leads to

&0 =115 | f(t)Ho[Ho%k“(s))](‘fgs)) [u(t) — u(t — 5)[* dTds
> % /t HO[I(t)Ho_l(k”(s))]_lzl(/()S)) lu(t) — u(t — s)| dT'ds
zHO(% ) I(t)Hgl(k’/(s))m/ lu(t) —u(t—s)|2d1“ds)

t
:HO(—/ K'(s) [ |u(t) —u(t—s)? dl"ds)
t r
This implies that
t
= [ R0 [ ut) —ute - )P drds < 17 e(e)
ty r
and (3.19) becomes

F'(t) < —mBE(t) + cHy ' (£(t), Yt >t (3.24)

Now, for eg < r and ¢ > 0, using (3.24)), and the fact that E' <0, Hy > 0, H > 0
n (0,7], we find that the functional Fy, defined by

Fi(t) = Hi)(o Zf((é)) VE(t) + coE(1)
satisfies, for some ay, as > 0,
Olel(t) S E(t) S OégFl(t) (325)
and
F{(t) =g g((g)) H{/ (g9 g((é)))F(t) + H| (EOE(%))) "(t) + coE'(t) -

B+ eHi o D H (€0) + ()

Let Hj be the convex conjugate of Hy in the sense of Young (see [I, p. 61-64]),
then

< —mE(t)H| (g0

H(s) = s(Hg) ™" (s) — Ho[(Hg) ' (s)], if s € (0, Hy(r)] (3.27)
and H{ satisfies the Young’s inequality
AB < Hj(A)+ Ho(B), if A€ (0,H\(r)],B € (0,r] (3.28)

With A = H{(eo 553)) and B = Hy '(£(t)), using (3-1), (3:23) and (3:26)-(3-28),

we arrive at

E(t)

F{(t) < —mE(®)Hy(o ) + cHi (Hi (o Et>>)+c§<t>+coE'<t>

E(0) E(0)
< mE(t)Hé(aog((é))) + ceg (( )H'(e g((é))) — cE'(t) + coE' ().
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Consequently, with a suitable choice of g and c¢g, we obtain, for all ¢ > ¢4,

E(t) E() E()
/ <« _(2\Y ’ _ .
) < ~7(507) H (0 5gy) =~ o)) (3:29)
where Hy(t) = tH{(eot).
Since Hj(t) = H{(eot) + eotHY (got), using the strict convexity of Hy on (0, 7],
we find that H5(t), Ha2(t) > 0 on (0,1]. Thus, with

Olel (t)
R(t) = 0 1
(t)=¢ B(0) <e<l1,
taking in account (3.25)) and (3.29), we have
R(t) ~ E(t) (3.30)

and, for some kg > 0,
R'(t) < —ekoH2(R(t)), Vt>ty.
Then, a simple integration and a suitable choice of € yield, for some k1, ko > 0,
R(t) < Hy'(kat + ko), Wt >t (3.31)

where Hi(t) = ftl ﬁ(s)ds.

Here, we have used, based on the properties of Hs, the fact that H; is strictly
decreasing function on (0, 1] and lim;_.g H;(t) = +00. A combination of (3.30) and

(3.31)), estimate (2.3)) is established.
Moreover, if [ Hi(t)dt < 400, then

t t
/ lu(t) — u(t — s)|* dlds < c/ E(s)ds < +oc.
0 Jry 0

Therefore, we can repeat the same process with

I(t) := /t lu(t) — u(t — s)|* dl'ds,

1JT
and

£(t) = / k(s) [ lu(t) = ult — s)[2 dlds,

t1 I
to obtain (2.5)). O
4. APPENDIX
Let 0 < ¢ < 1 and consider
K'(t) = —exp(—t9).

Here, we show how to apply Theorem to this specific type of resolvent kernels.

First, one can show that k”(t) = H((—k'(t))) where
Hty=—2
[In(1/)]+

Since
(1—q)ln(1/t) + 1]
n(1/t)]a+!

1—¢q)+qln(1/t)
[In(1/2)]7

H'(t) = ( and H'(t) =

b
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then the function H satisfies hypothesis (A2) on the interval (0, r] for any 0 < r < 1.
Also, by taking D(t) = t%, (2.4) is satisfied for any « > 1. Therefore, an explicit
rate of decay can be obtained by Theorem The function Hy(t) = H(t*) has

derivative
qot®*~ 1[ — 14 In(1/t%)]

Ho®) = = 7my s
Therefore,
1 In 8)) M agaey s [L — n 5)*
H1(t)=/t [In(1/(e08)*)] " 1qaeg : *[g —1+m(1/(c05) i

1 Infeo™"]  ,1/qp(1=2)u
Ldu,

= qa2 In[(cot)— 9] % —1+u

where v = In(1/(g9s)®). Using the fact that (% —1+u)> (% —1) and the function
f(u) = u'/9 is increasing on (0, +o00) and taking gy < 1, then

_ 1 1/q —alnegg
Hy(t) < [O;Lot] / cA-hugy,
« (1 7q) —aln ept
[~alnept]/at = — 1] 1otl—
— =b[—Ineot] /It~ — 1
ol — g)(a— Degrt — - Imeofl ] ]
1y

where b = ey Next, we find that

/ H,(t)dt < / b[—Inegt]/9[t} = — 1]dt (taking v = — Inegt)
N
=— vé[sg‘_le(a_m” — e "]dv.
€0 J—lneg

Then, it is easily seen that fo H1 dt < +oo if (@ —2) < 0, and so we choose
1 < a < 2. Therefore, we can use ) to deduce

E(t) < k3G Y(kat + ko)

where

G(t L gLk d
()_/t sH'(ggs) S_/t s[l—q—&—qlne%s] s

In & 1/q 1 (o
/ ’ uidu:f/ ’ u%_l[l_u ldu
mg l—gtaqu 4 Jim L =14y

q

1 s 1 1

< */ Ui du = [ln—]l/q—[ln—]%
q Jin L eot €0

L]l/q'

E()t

IN

[In
Hence, G~1(t) < exp( t?) and the enegy decays at the same rate of g, that is
E(t) < cexp(—wt?).
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