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SIGN-CHANGING SOLUTIONS OF p-LAPLACIAN EQUATION
WITH A SUB-LINEAR NONLINEARITY AT INFINITY

XIAN XU, BIN XU

ABSTRACT. In this article we obtain some existence and multiplicity results
for sign-changing solutions of a p-Laplacian equation. We use the method of
lower and upper solutions and Leray-Schauder degree theory. Moreover, the
sign-changing solutions are located by using lower and upper solutions.

1. INTRODUCTION

In this article we present existence and multiplicity results for sign-changing
solutions for the problem

(@p(ul(t))), + f(t7u(t)7u/(t)) =0 ae te (0, 1)7
u(0) =u(1) =0,

where @, (s) = [s[P7%s, s e R, p>1, f:[0,1] x R? — R™.

In recent years there have been many studies on the existence of non-zero solu-
tions of p-Laplacian differential boundary value problems, especially the existence
of positive solutions of the p-Laplacian differential boundary value problems; see
(1 2, 4, 5] [©] 7, 8, @ 15 [16, [17, 18] and the references therein. Recently, there were
some papers considered the existence of sign-changing solutions of p-Laplacian dif-
ferential boundary value problems by using the Leray-Schauder degree method, or
the global bifurcation theorem or the variation method. For instance, in [6] the
authors studied the p-Laplacian differential boundary value problems of the form

(ep(u'(t))" + AR(E) f(u(t) =0 ae. t€(0,1),
u(0) =u(l) =0,
where ) is a positive parameter, h a nonnegative measurable function on (0,1) and

f € C(RY,RY). By applying the global bifurcation theorem, the authors in paper [6]
obtained existence results for positive solutions as well as sign-changing solutions

of ([3).
Zhang and Li [16] studied the problem

—Apu=h(u) inQ,

ulag =0,

(1.1)

(1.2)

(1.3)
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where —A,u = — div(|Vu[P~?)Vu is the p-laplacian operator, £ a smooth bounded
domain in RY. The authors of [16] assumed that the boundary value problems
(1.3) are with jumping nonlinearities at zero or infinity, then they get sign-changing
solutions theorems of the p-Laplacian boundary value problems .

The main purpose of this paper is to obtain some existence and multiplicity
results for sign-changing solutions of . We will employ the lower and upper
solutions method and the Leary-Schauder degree method to show the existence and
multiplicity results of sign-changing solutions of . Some sub-linear conditions
on the nonlinearity f at infinity will be assumed. To show the multiplicity results
for sign-changing solutions a pair of well ordered strict lower and upper solutions
also be assumed. Then we will first construct another pair of well ordered (or
non-well ordered) strict lower and upper solutions near the zero element 6 of the
Banach space C3[0,1]. Next by computing the Leray-Schauder degree on differ-
ent areas defined by the strict lower and upper solutions, we obtain the existence
and multiplicity results for sign-changing solutions as well as positive and negative
solutions of . The main feature of our results is that we not only obtain mul-
tiplicity results for sign-changing solutions of (|1.1)), but also give clear description
of the locations of the sign-changing solutions through the strict lower and
upper solutions.

In recent years, by using the method of invariant sets of the descending flow cor-
responding to the functional of the nonlinear problems some authors studied the
existence results of sign-changing solutions of some partial differential boundary
value problems, see [16, 17, [I8] and the references therein. To show their results
the authors always assumed the nonlinearities satisfy some kinds of monotony prop-
erties and therefore they always assumed the nonlinearities are without the gradient
terms. For instance, Li and Li [7] considered the elliptic equation with Neumann
boundary condition

—Au+au= f(u), ze

gu _ 0, z€dQ, (L4

v
where () is a bounded domain with smooth boundary. The authors of [7] assumed
that the nonlinearity f satisfies some increasing properties and obtained some mul-
tiplicity results for sign-changing solutions of by using the method of invariant
sets of the descending flow as well as the method of lower and upper solutions. Since
we allow the nonlinearity f in are with u’, generally speaking, any monotony
type conditions can not be assumed in and therefore our main results can not
be obtained by the method in [I6, 17, [I§].

This paper is organized in the following way. In the section 2, we give gen-
eral hypothesis and technical results about the p-Laplacian differential boundary
value problems. Then, we give degree information in terms of the lower and up-
per solutions. In the section 3, we will give existence and multiplicity results for

sign-changing solutions of (|1.1]).

2. SOME LEMMAS

Let N* denote the set of natural numbers. Let C[0,1] and C'[0,1] be the
usual Banach spaces with the norms || - |o and || - ||, respectively. Let C3[0,1] =
{z € C'0,1]|z(0) = x(1) = 0}, Py = {z € C[0,1]|z(t) > 0, ¢t € [0,1]} and
P = Pyn CE0,1]. Then C[0,1] is also a real Banach space with the norm || - ||,
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P and Py are cones of C}[0,1] and C[0,1], respectively. Let < denote both the
orderings induced by P in C[0,1] and Py in C[0,1]. We write z < y if x < y and
x #y. Let e(t) = t(1 —¢t) for all t € [0,1]. For each z,y € CJ0,1], we denote
by x < yory = xif y—x > dpe for some §y > 0. For any zg € C[0,1], let
O = {z € C}0,1]|x = 2} and Qp = {z € C}[0,1]|z < x9}. Then Q1 and Qy are
open subsets of C§[0,1].

Now we define the concepts of strict lower and upper solutions of in a
manner as that of [3]; see [3, Definition 5.4.47 and 5.4.48].

Definition 2.1. A function ug € C*[0, 1] with ¢, (u{(t)) absolutely continuous is
called a lower solution of (1.1)) if

up(0) <0, up(1) <0
and
—(pp(up(t))" < f(tuo(t),ug(t)) fora. e te(0,1).
In an analogous way we define an upper solution of (|1.1)).

Definition 2.2. A lower solution wg is said to be strict if every possible solution
x of (|1.1) such that ug < x satisfies ug < x. In an analogous way we define a strict

upper solution of (L.1)).
Remark 2.3. Obviously, if f has the form of f(t,z) and satisfies
flt, o) — f(t, 1) =2 —M(x2 —x1), Vas = a1
for some M > 0, ug € C?[0,1] satisfies uo(0) < 0, ug(1) < 0 and
ug + f(t,uo(t)) >0, te(0,1),

then ug will be a strict lower solution in the Definition[2.2]for p = 2 by the Maximum
Principle.

Definition 2.4. Let ug and vy be strict lower and upper solutions of (|1.1)), re-
spectively. Then ug and vy are called a pair of well-ordered strict lower and upper

solutions of (1.1)) if up < vo.

Definition 2.5. A function f : [0,1] x R? — R! is said to be a Carathéodory
function, if f(t,-,-) is continuous on R? for almost all ¢t € [0,1]; f(-,x,y) is a
measurable function on [0, 1] for all (z,y) € R?; for every R > 0 there exists a
real-valued function ¥ = W € L(0,1) such that

[f (@t y) < (t)
for a.e. t € [0,1] and for every (z,y) € R? with |z| + |y| < R.
Let a € C'[0,1]. The function p : [0,1] x R! — R! be defined by
p(t, ) = max{a(t),z}, V(t,x) € [0,1] x R

The first result is Lemma for which we omit the proof. A similar result and
its proof can be found in [I1].

Lemma 2.6. For each u € C'(0,1], the next two properties hold:
(i) Lp(t,u(t)) exists for a.e. t € I.
(i) If u,um € C0,1] and u,y, — u in C*0,1], then

%p(t,um(t)) — %p(t,u(t)) for a.e. t €10,1].
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Lemma 2.7. Let oy, as € CY0,1] and a(t) = max{a(t), az(t)} for all t € [0,1].
Then the following conclusions hold.
(1) &'(t) = o (t) when ay(t) > as(t);
(2) @(t) = abh(t) when as(t) > ay(t);
(3) a/(t) = & (t) = ay(t) when an(t) = as(t) and ai(t) = as(t);
(4) a_(t) = min{e}(t),a5(t)} and &/ (t) = max{a)(t),a5(t)} when ai(t) =
as(t) and o (t) # a5(t);
(5) lim, ;- &/ (1) = &’_(t) and lim,_,+ &' (1) = &, (t) when a:1(t) = aa(t) and
ay (1) # a5(t);
(6)
&/ (t)] < max{]|e}[lo, e]lo} a.e. t €[0,1]. (2.1)
Proof. Let Iy = {t € [0,1]|a1(t) > aa(t)}, I = {t € [0,1]Jaa(t) > ai(t)} and
I3 = [0,1]\(I; U I5). Assume without loss of generality that I; # () for i = 1,2, 3.
Obviously, we have @'(t) = o (t) for each t € I, and &'(t) = a4(t) for each
t €Iy Let Ish = {t € Ilan(t) = aq2(t),ai(t) = a4(t)} and I35 = {t € Iay(t) =
ag(t), o (t) # ah(t)}. Then we have Is = I3 U I3 2. Obviously, the conclusions (1)
and (2) hold. Let tg € Is. Now for each t > tg, by the Mean-Value Theorem, there
exists & and 1y with tg < & < t and ¢y < 1 < t such that

ai(t) = ai(to) + a1 (&)(t — to),
as(t) = az(to) + aj(m)(t — to).
Then, we have for each t > ¢,
a(t) = alto) + e (&) V ah(ne)](t — to)
+

a4 (&) + ag(me) +[ad (§) — 0/2(770\(
2

:O_z(to)+ t_tO)'

Consequently,
- . a(t) — alto)
&, (tg) = lim a(t) — alto)
4 (to) R —
_ i ©(&) () +[aq (&) — az(m)|
t—td 2
_ (o) + ab(to) + | (to) — ab(to)|

2
_ ) @i(to) = as(to), when tg € I3 1;
max{a] (to), ah(to)}, when tg € I3 9.

Similarly, we have

5/_(1‘50) = lim

t—ty  t—to

a(t) —alte) ) ai(to) = as(to), when tg € I31;
min{o/l (t0)70/2(t(])}, when ty € I3’2.

Therefore, & is differentiable at tg € I3q and &'(to) = ) (to) = a4(to) for each
to € I31. Thus, the conclusion (3) and (4) hold.

Let tg € I35. Assume without loss of generality that to € (0,1) and o (ty) <
ah(to). Then there exists o > 0 small enough such that ay(¢) > aa(t) for all
t € (to — do,to). Thus, we have a(t) = ay(t) for all ¢ E (to — do, t } and thus
a'(t) = of(t) for t € (to — do,to]. Therefore, limt_%f (t) = of(to) " (to)-
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Similarly, we have limt_>t0+ a'(t) = ay(to) = &, (to). This means that the conclusion
(5) holds. The conclusion (6) follows from (1)-(4). The proof is complete. O

Let h € L'(0,1). Consider the boundary-value problem
(ep(u'(1)) =h ae te€(0,1),
u(0) = u(1) = 0.

A function u € C{[0,1] is called a solution of (2.2)), if ¢,(u'(t)) is absolutely con-
tinuous and satisfies ([2.2]). It is easy to see that (2.2)) is equivalent to

(2.2)

u(t) = Gy(h)(t) == /0 t @;1(a(h)+ /0 ) h(T)dT)ds, (2.3)

where a : L'(0,1) — R* is a continuous functional satisfying

/01 o5 (alh) + /O h(r)dr ) ds = .

From [10], we see that G, : L'(0,1) — C§[0,1] is continuous and maps equi-
integrable sets of L'(0,1) into relatively compact sets of C}[0,1]. One may refer to
Manésevich and Mawhin [9] for more details.

Next we consider the eigenvalues problem of the form

(p(u' (1)) + Aep(u(t)) =0 ae. t € (0,1),

uw(0) = u(1) = 0. (24)

Define the operator T} : C}[0,1] — C§[0,1] by

t

(T20(0) = Gol=Ney )0 = [ 03" (al-Nep(w) = [ Agptu(ryar)as.

Then T} is completely continuous and problem ([2.4)) is equivalent to equation u =
Tf U.
From [6], Proposition 2.6, Lemmas 2.7 and 2.8], we have the following Lemmas

Lemma 2.8. The following conditions hold:

(i) the set of all eigenvalues of (2.4)) is a countable set {px(p)|k € NT} satis-

fying
0 <pa(p) <pa(p) <+ <pr(p) <+ — o005
(ii) for each k, ker(I —T?

tr (P)
(iii) let ¢x be a corresponding eigenfunction to pg(p), then the number of interior

zeros of ¢p is k — 1.

) is a subspace of C1[0,1] and its dimension is 1;

Lemma 2.9. For each k € NT, ui(p) as a function of p € (1,00) is continuous.

By Lemma and the method of homotopy along p which developed in [10], we
have the following Lemma.

Lemma 2.10. For fized p > 1 and all r > 0, we have

1, when A < p1(p);

deg(I —T%, B(6,7),0) = {(_1)k, when X € (ur(p), pi1(p)).
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Now let us define the operator F': C}[0,1] — L'[0,1] and T}, : C}[0,1] — C}[0,1]
by
(Fl’)(t) = f(t,l'(t), x/(t))vt € [07 1]
and (Tpz)(t) = (GpFx)(t) for all t € [0,1]. Then, T, is completely continuous.
For convenience, we make the following assumptions.
(H1) f:[0,1] x R? — R! is a Carathéodory function such that x f(t,z,y) > 0 for
all (£,y) € [0,1] x R! and x # 0, and there exists B > 0 with (2Ps0) 7T <
1 such that
N FACE )
[zl +lyl—oo @p(|2] + [y])
(H2) There exists R, > 0 and fp > 0 such that
i L :%:9)
5=0  pp()
(H3) There exist sign-changing functions w;, v; such that u; and vy are a pair
of strict lower and upper solutions of .
Let f and g be defined by
1.

Boew(2) + [pp(2)]?y?, ? +y* <
ft,z,y) =110, 22 +y? > 2
10(Va2+ 92— 1)+ (2 - Va2 +y2)g(n,y), 1<2?+y? <2,
T T 2 Y 2 9 9
g(m,y>:ﬁ0(pp(\/TTy2)+|:80p(\/m2+y2)i| (\/x2+y2) 1<z +y* < 2.

Obviously, f satisfies the conditions (H1) and (H2).

Lemma 2.11. Suppose that (H1) holds, a1, as are strict lower solutions of (1.1))
such that a1 (t) = ag(t) or the set {t € [0,1)|a1(t) = aa(t), &) (t) # ah(t)} contains
at most finite elements. Then there exists Ry > 0 such that for each Ry > Ry,
Tp(B(G,Rl)) C B(97R1), a1, € B(Q,Rl) and
deg(I —T,,90,0) =1,
where Q = {x € B(0, R1)|z > a1,z = as} and B(0,R;) = {z € CL[0,1] : ||z|| <
Ry}
Proof. We consider only the case of a;(t) £ as(t). Let a(t) = max{ai(t), az(t)}
for each t € [0, 1]. Let 5., be such that 5, > (s and (2?’@’)0)?%1 < 1. From (H1),
there exists R’ > 0 such that
[f(t,2,9)] < Bip(lz| + [y]), Yt € [0,1], 2| + [y > R'.
Since f : [0,1] x R? — R! is a Carathéodory function, then there exists Up €
L(0,1) such that
lf(t,x,9)] < URr(t) ae. tel0,1],]z|+yl <R.

Consequently, we have

[f(t 2. y)] < Biowpllzl +[y) + Tr(t), ae te[0,1](z,y) € R

= Bo uniformly for ¢ € [0, 1].

= 0o uniformly for ¢ € [0,1] and y € [-R., R.].

Let

¢y (2P Mpr) + 2(]|aa || + ||a2||)}

Ry > max { [laa]], 2], -
1— (20,7



EJDE-2013/61 SIGN-CHANGING SOLUTIONS 7

and R1 = Ro, where MR/ = ||\IJR’||L1(O71)- For any r < B(Q,Rl), by the Rolle’s
Theorem there exists t, € (0,1) such that (T,z)'(t;) = 0 and for all ¢ € [0,1]

/ f(ryz(r ))dT)‘

2

(Tpa)(t)] = ‘/Ot (p;l( (T,x(T),x/(T))dT>ds‘.

and

0

®
©, (B

= oy (p((B )ﬁ||asu>+sop<w,:1<MR/>>>
05 20 ((B2) 7T Il + 25 (M)

= (20,)7 7 ||z + ¢ (2MRr)

Similarly, we have that for all ¢ € [0, 1],

(@l < [ ot ([ Vrmate.a ) ds

< (28,)7 7 ||zl + @5 (2M ).
Thus we have
Tz = [(Tpz) llo + | Tpllo
2((26.,) 77 |1z + 95 (2Mp)]
= (27B) 77 ||zl + ¢ (2" M)
< (2°6) 7T Ry + ¢, (2" Mpy) < Ry.

This implies that T,(B(6, R1)) C B(0, R1).
Let the function g : [0,1] x R! — R! be defined by

g(t, ) = max{a(t),z},V(t,z) € [0,1] x RL.
We denote by fp : C3[0,1] — C2[0,1] the solution operator of
(o0 (0)) + 1t glt. (V). Folta®) =0 ae te @1,

y(0) = y(1) = 0;
that is, for z,y € C3[0,1],
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if and only if (2.5) holds. For any z € C§[0,1] it follows by integration of (22.5)
and the injectivity of ¢(s) = |s|P~2s that the operator T is well defined. In fact,
T, = G, F, where F : C}[0,1] — L'[0,1] is defined by

(F)(t) = (b, 9(t,2()), <ot (1)

for a.e. ¢ € [0,1]. It follows from Lemma |2.6[ and that F:CL0,1] — LY[0,1] is
bounded and continuous, and so T}, : C}[0,1] — C3[0, 1] is completely continuous.

For any = € B(0, R,) there exists ¢, € (0,1) such that (T,z)’(,) = 0 and for all
t €0,1],

\(T x) / f(ryz(r (T))dT)‘ (2.6)

and . .

Loy =| [ ot (] '(r))dr )ds). .
(@) o)l = / o' ([ et m)ar)as (27)
It follows from Lemma [2.7| that for each z € C}[0, 1],
d

‘dt g(t,z(t))| < max{||a}[lo, ladllo, 20} ae. t € (0,1) (2.8)

From — we have that for ¢ € [0, 1],

~ d
(Ey 0 < ([ 156007000, satr,a )

<o( / [Bealatr, x(r)] + |- g(r, 2(r))]) + Ve (7)) dr
1
<" (| @apptmax{lolo. oo lozlo}

+ max{|a’ o, a5 o, llah lo}) + W (7)) dr )
<oy (Blagp(llzll + lonll + lozll) + M)
< (205) 7 (2]l + ol + llaz])) + o5 ' (2Mp/)
< 280) 7 [lal| + lloa | + [zl + o5 L (2Ma).
Similarly, we have that for ¢ € [0, 1],
(To) ()] < (282)7 7 2 + llaa || + ozl + @5 ' (2M:).
Thus we have
Tl < (2°85) 7 lal| + 2([len || + loal]) + 05 (2" M)
(2°3,) 77 Ry + 2([laa || + [laall) + ¢, ' (2" MR) < Ry
This implies that fp(B(e, R1)) C B(6, Ry). Consequently,
deg(I — T,, B(6, Ry),0) = 1. (2.9)

Then Tp has fixed points in B(6, R1). Now we show that z¢ € Q whenever z¢ €
B(0, Ry) with T,xo = z9. We need only to show that 2o = a1 and x¢ > az2. Note
that a; and «ay are strict lower solutions of (|1.1)), then we need to show

zo(t) > alt), telo,1]. (2.10)

<
<



EJDE-2013/61 SIGN-CHANGING SOLUTIONS 9

Assume on the contrary that (2.10)) does not hold. Then there exists to € [0,1]
such that

a(to) = zo(to) = max (a(t) - zo(t)) > 0.

Since xg is a fixed point of Tp and a, ag are strict lower solutions of (1.1)), we easily
see that tp € (0,1). Thus, there exists an interval Iy C (0, 1) such that &(t) > zo(t)
for all t € I, and a(t) = zo(t) (Vt € 011). Let
_ N a(t) —xzo(t), Vtely,
(@(t) —wo(t)" =
0, vt € [0, 1]\ 1.

Then we have

[ ntato @) o0
[0,1]

= [ Hltm®), Gottan®)@® - n@®)yd @)
[0,1]

= f(ta(t), a'(t)(a(t) — zo(t))"dt.

[0,1]

Since {t € [0, 1]|a1(t) = aa(t), o (t) # a4(t)} is a subset of [0, 1] which contains at
most finite elements, for simplicity we assume that {¢ € [0, 1]|a1(t) = aa(t), ) (t) #
ah(t)} = {t1}, t1 € (0,1) and &) (t1) < ab(t1). Then we have a(t) = a1 (t) for all
t €[0,t1], and a(t) = a(t) for all ¢ € [t1,1]. From Lemmal[2.7 we sce that ¢, (a/(t))
is absolutely continuous on [0,¢;] and [t1,1], respectively. Using the formula of
Integrating by part, we have

ol :
/M or(@ <t>>@<a<t> —ro(t))

t 1

, Tep(@@)(alt) —ao(t))”
o[ )t @) - sy
a(ty) — wo(t1))* [SOp(al(tl)) — pp(ah(t))]
/0 ) /[tl . dt(‘%’p( a/(t))(a(t) — xo(t))"dt

/[Ot ~/t 1] dt (op(a’(®))(a(t) — xo(t))"dt.

Now since g is a strict lower solution of -, we have

/[O ) _%‘Pp(@’(t))(@(t) - xO(t))*dt = — /[0 ) :;t@p(al(t))(al(t) _ zo(t))*dt

t1

(2.12)

< / F(t o (£), 0 (£)) (an (£) — o (1))t
[0,¢1)
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In the same way, we have

[ e O o)< [ s, @ 0) @ o)

From (2:12)-(2:14) it follows that
/[071] wp(d’(t))%(d(t) — xo(t))*dt < £t a(t), @' (6)(alt) — o) dt. (2.15)
By and we have
L, e = eula O )~ (o) >0

This is a contradiction to that s +— ¢,(s) is strictly increasing, which proves that
xg »= ay and xg > as. Now by the properties of the Leray-Schauder degree and
(2.9) we have

deg(I —T,,Q,0) = 1. (2.16)

The assertion now follows from the fact that 7, and fp coincides in Q. The proof
is complete.

(]

As in the proof of Lemma [2.11] we have the following result.

Lemma 2.12. Suppose that (H1) holds, (1, B2 are strict upper solutions of (1.1))

such that B1(t) = Ba(t) or the set {t € [0,1]|61(t) = Ba(t), B1(t) # B5(t)} contains
at most finite elements. Then there exists Ry > 0 such that for each R1 > Ry,
T,(B(0, R1)) C B(0, R1), 1,02 € B(0,Ry) and

deg(I —T,,9Q,0) =1,
where Q = {x € B(6, Ry)|z < B1,7 < Ba2}.
Lemma 2.13. Suppose that (H1) and (H2) hold. Let Ry > 0,
Sgr, = {x € C3[0,1]|z is a solution of and ||z|| < R1},

Sk ={x € S|z > 0} and S; = {x € Sg,|x < 0}. Then there exists (r, > 0
such that

SEI > <R167 S}EI < _CRle'

Proof. Let ¢ € SEI be fixed at present. Take to € (0, 1) such that xo(to) = ||zollo-
Then we have

—(ep(@o(1) = f(t,zo(t), 26(t)) ace. t € (0,1),

2.17
ro(1) =0, wolto) = ol (217
Assume that v € C[0, 1] satisfying
—(p, (V' (1)) =0 a.e. tec(0,1),
(ep(v'(2))) (0,1) (2.18)
v(1) =0, v(to) = [lzollo-

Now we show that
xo(t) = v(t), Vte€ (tg,1). (2.19)



EJDE-2013/61 SIGN-CHANGING SOLUTIONS 11

Assume (2.19)) is not true. Let w(t) = xo(t) — v(¢) for all t € [tg,1]. Then there
exists t* € (o, 1) such that w(t*) = minsep, 1y w(t) < 0. Take [t1,t2] C [to, 1] such
that t* € (thtg), w(tl) = w(tg) =0, and

w(t) <0, Vte (t1,ta). (2.20)
By (2.17) and ( we have
(op(26(t)))" — (wp(v ()" = —f(t;zo(t), 2o(t)) <O, ae. tE€(tr,ta). (2.21)

By ([2.20)) and (2.21]), we have

to
/ [(0p(x(1))) = (0p(v'(¢))) Jw(t)dt > 0. (2.22)
t1
On the other hand, by (2.20) and the inequality
(0p(b) = @p(a))(b—a) > 0,¥b,a € R, (2.23)
we have
tQ t2
/t [(0p(6(1))) = (0p(v' (1)) Jw(t)dt = —/t [(p(25(£))) = (0p (v (})))]w (t)dt < 0,
which contradicts to (2.22). This implies that (2.19) holds. Obviously, we have
o(t) = lzollo (1—1t), te[to,1].
1—tp
Thus, we have
T
wo(t) > ﬂf'l‘;a —1) > ||lmollot(1 — 1), ¢ € [to, 1]. (2.24)
Similarly, we can show that
Io(t) > ||{L‘0||()6(t), Vt € [O,to]. (225)

By (2.24]) and ( we have xg > ||zo|loe. Thus, we have z > HIOHOG for any
x € B(xo, ”x‘)”) Obv1ously, {B( ”g””)\a: € St } is an open cover of the set SF .
Since T),(Sf,) = SE, and T, : C§[0,1] — C3[0,1] is completely continuous, then

Sgl is a compact set. Therefore, there exist finite subsets of {B x, ”Z”) T € S }
assume without loss of generality that

B(xl, ”le),B(xg, HxQ”),...,B(xn, ||xn||)

4 4 4
such that
(e 1) S
Let
L L N Y

Then we have Sgl > eTe. Similarly, we can prove that there exists e~ > 0 such

that Sp < —e~e. Let (g, = min{e*,e~}. Then the conclusion holds. The proof
is complete. (I
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3. MAIN RESULTS

Theorem 3.1. Suppose that (H1) and (H2) hold, By € (t2k, (D), 2ke+1(D)) for
some positive integer ko. Then (1.1)) has at least one sign-changing solution. More-
over, (1.1) has at least one positive solution and one negative solution.

Proof. By (H1), Lemma and Lemma [2.12] there exists Ry > 0 such that
T,(B(9,R1)) C B(#,R1), and so

deg(I — T,, B(6,R,),0) = 1. (3.1)
Let {ux(p)|k € N1} be the sequence of eigenvalues of the problem (2.4)) and ¢y, the
eigenfunction of (2.4) corresponding to the eigenvalue py(p). From (iii) of Lemma
¢1 is a non-negative function on [0,1]. Take g9 > 0 small enough such that
Bo — o0 > p1(p). By (H2), there exists 6; > 0 such that
f(t,x,y) (ﬂO - EO)SDP(‘T)ﬂ te [Oa l]a R*a x 2 Ov (32)
f(tvxay) (ﬁO - 50)9010(‘%)’ te [Oa ]-]7 ‘.’El < 51a |y| R*7 z < 0. (33)
Assume that R. < Rj, where R, as in (H2). Take d2 > 0 small enough such that
10¢1]] < min{dy, R«, Ry} for each § € (0,d2]. Then from (3.2) we have for any
XS (O, 52),
(pp(061)) + f(t,001,007) = (0p(397))" + (Bo — €0)pp(d¢1)
= " (pp(61)) + (Bo — 0)2p(01)]

= 6" (Bo — 0 — 1 (p))p(#1) > 0, ae. t € (0,1).
(3.4)

<

NV

and
dé1(0) = d¢p1(1) = 0. (3.5)

From (3.4) and (3.5)), we see that d¢, is a lower solution of (|1.1]). Similarly, by (3.3)
we can easily see that —d¢ is an upper solution of (1.1]) for each ¢ € (0,d2). Let

Sgr, = {z € C}[0,1]|z is a solution of (T.1) and ||z|| < Ri},

Sk, ={x € Sg,|x > 0} and Sy = {x € Sg, |z < 6}. By Lemma there exists
Cr, > 0 such that

St > e, Sp, < —Crie. (36)
Since ¢1 € C§[0, 1] satisfies

(p(01)) + 11(p)pp(d1) =0 ae. te(0,1),

61(0) = 61(1) =0, (37
by Rolle’s Theorem, there exists t* € (0,1) such that ¢} (¢*) =0 and
1 s
n®) = [ o' ([ m@en(or(m)ar)ds
1
<1 -t)p,* o d 3.8
<(1-0g" (1) | eolor(yar) (38)

1
< tl*e(t)go;l(m(p)/o epl0n(r))dr ),V € (1°,1).

Similarly, we can show that

et () [ enonrhar). vee ). (9)

o1(t) < T
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By (3.8)) and we have

ﬁdtwl(m@% pno). eI G

Take

0<d3 < min{éz,t*(l —t) {@Zjl(m(p) /01 Sop(gbl(T))dT)]_lCRl}'

Let ug = 03¢ and vg = —d3¢1. Then by and (3.10)), we see that ug, vy €
B(6, Ry), up and vy are strict lower and upper solutions of (1.1]) in B(, Ry ), respec-
tively. Moreover, we have S} = ug and S < vo. Let Q1 = {z € B(6, R1)|z > ug}
and Qp = {z € B(0, R1)|x < vo}. By Lemmas andwe have

deg(I —T,,0,0) =1, (3.11)
deg(I — Tp, ,0) = 1. (3.12)
Let h(t,z,y) = f(t,z,y) — Bowp(z) for all (¢, z,y) € [0,1] x R2. By (H2) we have
lim hit,z,y) =0 uniformly for ¢t € [0,1] and y € [-R., R.]. (3.13)
z—0  @p()

For each 7 € [0, 1], denote by H(r,-) : C}[0,1] — C}[0,1] the solution operator of

—(op(y' (1)) = mBop(x(t)) + (L =) f ( z(t),2'(t)) ae. t€(0,1)

1(0) = y(1) = (3.14)

that is, for z,y € C}[0,1],

y=H(rz)
if and only if the equality in ([3.14)) holds. Then H(-,-) : C}[0,1] — C}[0,1] is com-
pletely continuous. Now we will show that there exists 0 < ro < min{||ugl|o, ||vollo}
such that

H(s,z) #x, s€][0,1], z € 0B(8,r9). (3.15)
Assume that (3.15]) does not holds, then there exists {r,,} C [0,1], {x,} C C}[0,1]
with ||z,| > 0 for eachn =1,2,... and ||z, | — 0 as n — oo such that H(7,,z,) =

Zn. Obviously, ||,|lo > 0 for each n = 1,2,.... Assume without loss of generality
that 7, — 79 as n — oo. Then we have for each n =1,2,...

_(Wp(x%(t)))/ = T Bopp(Tn(t)) + (1 — Tn)f(taxn(t)»wiz(t))
= Bopp(@n(t)) + (1 — m)h(t, zn(t), ), (t)) ae. t€(0,1)
2n(0) = x,(1) = 0. (3.17)
Let v, (t) = (pp?”"w(i”o) Then by (3.16) and we have
h(tvxn(t)vx%(t))

(3.16)

v, (0) = v, (1) = 0.
Let
un(t) = Bowpp(vn(t)) + (1 — Tn)w, t €[0,1].

¢p([[znllo)
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By (3.13) and (H2) we see that {u,|n =1,2,...} C L'[0,1]. By (3.18)) and Rolle’s
Theorem, there exists ¢, € (0,1) such that v}, (¢,) = 0 for each n =1,2,.... Then

we have by (3.18)

01 =[5 | < [ g e 0.1}

Thus, {v},(t)|n = 1,2,...} is a bounded set. Consequently, {v, :n=1,2,...}isa
relatively compact set of C[0,1]. Assume without loss of generality that v, — 7
in C[0,1] as n — oo. From (3.18)) we have

v (t) = /Ot %;1 (Ot(un) + /51 un(T)dT)dS, t €[0,1]. (3.19)

where the continuous functional a(u,) € (0, 1) satisfies

1 1
/ cp;1<oz(un)+/ Un(T)dT>dS:O, n=12....
0 s

Assume without loss of generality that a(u,) — ag as n — oco. Letting n — oo in
(3.19), by Lebesgue dominated convergence theorem we have

t 1
To(t) = / <p;1 (ao +/ ﬂ()sOp(’l_Jo(T))dT) ds, telo,1].
0 s
Consequently, 7o € C[0,1]. By direct computation we have

— (pp(U(1)))" = Bowp(Do(t)) ae. te(0,1). (3.20)

Obviously,
70(0) = vp(1) = 0. (3.21)
By and we see that Gy is an eigenvalue of and 7y is the corre-

sponding eigenfunction, which is a contradiction. Therefore, there exists ro > 0
small enough such that (3.15) holds. Assume without loss of generality that
ug,vg & B(0,r9). By the properties of the Leray-Schauder degree and Lemma

P10 we have
deg(I - TIN B(av TO)? 0) = deg(I - H(O7 ')7 B(07 T0)7 0)
=deg(I — H(1,-),B(0,r9),0)
= deg(I — T} ,B(0,70),0)
= (=1)%0 =1.

By (3.1), (3.11)), (3.12)) and (3.22)), we have

deg(Tp, B(e, Rl)\(g<e7 TO) U ClB(aRl)Q] U ClB(e,Rl)Q2)’ 9) =—1. (323)
It follows from (3.11)), (3.12) and (3.23)) that 7}, has at least three fixed points z;, €
Ql, XTo € QQ and xr3 € B(H,Rl)\(B(Q,T’()) @] CZB(G,Rl)Ql @] CZB(G,Rl)QQ)' Obviously
x1 is a positive solution of (1.1)), o is a negative solution of (1.1f). Since Sgl > Uug

and Sp < vp, then 514?,_1 C Q and Sp C Q. Therefore, z3 is a sign-changing
solution of (1.1)). The proof is complete. a

(3.22)

Now we will give some multiplicity results for sign-changing solutions of (1.1).
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Theorem 3.2. Suppose that (H1)—-(H3) hold, By > u1(p), Bo # wpr(p) for each
k=1,2,.... Moreover, there exists 6y > 0 such that both {t € [0,1]|66¢1(t) = ui(t)}
and {t € [0,1]| =61 (t) = v1(t)} contain at most finite elements for each & € (0,dp).
Then has at least four sign-changing solutions. Moreover, has at least

one positive solution and one negative solution.

Proof. From (H1), there exists By > 0 such that 7},(B(0, R1)) C B(6, R1) and so

(3.1) holds. Since By > pi(p) and By # pr(p) for each k = 1,2,..., in the same
way as the proof of Theorem we see that there exists 0 < do < dg such that

for any § € (0,d2), d¢1 is a lower solution of (1.1)) and —d¢; is an upper solution
of (1.1). Let S’El and Sp, be defined as Theorem Then by Lemmam there

exists (g, > 0 such that (3.6) holds. In the same way as the proof of Theorem
we can take d3 > 0 small enough such that ug € B(#, Ry) and vy € B(6, Ry),
where ug := 03¢ and vy := —d3¢1. Moreover, ug and vy are strict lower and upper
solutions of (1.1)), respectively, and SEI = ug, Sk, < vo. Also, assume d3 > 0 small
enough such that ug 2 u; and vy € vy. Define the subsets 21,5, Q3 and 4 of
C5[0,1] by
O ={x€B,R1):z>u}, Q={xe€B(l,R):zx=<uv},
Q3={zxeB(O,R):x<v1}, Qu={xeBl,R):x>u}.
Then Qy,Qs, 3,y are four closed convex subsets of C2[0,1]. Let
O23=0oN0Q3, Q34=0NQ, O4:1=UNQ.

By Lemmas and we have

deg(I —T,,Q,0) =1, i=1,234, (3.24)
deg(I —Tp,023,0) =1, (3.25)
deg(I —T,,03.4,0) =1, (3.26)
deg(I — Tp,04.1,0) = 1. (3.27)

Since By > p1(p), Bo # pr(p),k = 1,2,..., then by a similar way as that of the
proof of Theorem we see that, there exists ro > 0 small enough such that
B(#,10)NQ; =0 =1,2,3,4) and

deg(I — Ty, B(6,70),0) = (—1)* = +1, (3.28)

where kg is the sum of all algebraic multiplicities of all eigenvalues p(p) of (EX)
with By > uk(p). Let

O1 = Q\(Clg(p,r,) 02,3 U Clpg,r)03,4),
O = U\(Clg(p,r,)03.4 U Clgg g Ou1)
Then, by - we have
deg(I —T,,01,0) =1—1—1=—1, (3.29)
deg(I — Ty, 02, 0) =1 —1—1=—1. (3.30)
It follows from (B.1), (3:24), (3.28)-(3.30) that
deg (I — Ty, B(0, Ri)\(Clp g, g, U Clip p, 01U Clg gy 3.4 U Clyg r,)O2

U Clpp.p, Q2 U B(emo))ﬁ) —1-1-(-1)—1—(=1)—1— (£1) = F1.
(3.31)
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It follows from (3.24), (3.26), (3.29), (3.30) and that T, has fixed points
xr1 € Ql, To € QQ, x3 € O1 24 € 02, x5 € 9374 and zg € B(Q,Rl)\(0l3(9731)91 U
Clp(o,r)O01UC 59, r,)23.4UC 59 k) O2UC g9, g 22U B(0,70)). It is easy to see
that x is a positive solution of , T9 is a negative solution of , r3,T4,Ts5,Tg
are four sign-changing solutions of . The proof is complete. O

Remark 3.3. To show multiplicity results for sign-changing solutions of in
Theorem we constructed a pair of lower and upper solutions uy and vy which
satisfy ug € vg. We call this pair of lower and upper solutions is non-well ordered.
For other discussions concerning the non-well ordered upper and lower solutions,
the reader is refereed to [3, 5.4B].

Remark 3.4. In Theorem we obtained not only multiplicity results for sign-
changing solutions of (1.1)) but also the existence results for positive solutions as
well as negative solution of ([1.1)).

Theorem 3.5. Suppose that (H1)-(H3) hold, 5o < p1(p). Moreover, there exists
S0 > 0 such that both {t € [0,1]|6¢1(t) = vi(t)} and {t € [0,1]| — 0¢1(t) = u1(t)}
contain at most finite elements for each 6 € (0,0). Then has at least four
sign-changing solutions. Moreover, has at least two positive solutions and two
negative solutions.

Proof. By (H1), there exists R; > 0 such that T,(B(0, R1)) C B(6, R;) and so
holds. Let SEI and S be defined as Theorem By Lemma there exists
(r, > Osuch that holds. Since By < p1(p), in the same way as that of Theorem
we can show that, there exists dy > &2 > 0 such that for any & € (0,d2), —0¢;
is a lower solution of and d¢; is an upper solution of . Also by a similar
argument as the proof of we can show that, there exists g > 0 small enough
such that 6 is the unique fixed point of T}, in B(6,7), and for any 0 < r < 7,

deg(I —T,,B(0,r),0) = 1. (3.32)
Let
S; = {x € C}[0,1] : (t) has exactly i — 1 simple zeros on (0,1)},
St={zesS: lin, signz(t) =1}, S; =8:\S}, i=1,2,....
t—
Then we have Sf; = ST N B(#, Ry), S;, = S7 NB(6, Ry) and Sk, C (U2, S;) N

B(6, Ry). Moreover, for each i = 1,2,..., S; is an open subset of C}[0,1]. We say
that there exists d3 € (0, d2) small enough such that

{z € G3[0,1] : =d3¢1 <, [zl < Ra} N (S, \{6}) N ((Ufizsi) U SEI) =0,
(3.33)
{z € Col0,1] s @ < o361, 2]l < R} 0 (Sr,\{0}) N ((Ué’izsi) U S?él) =0. (

We prove only (3.33). In a similar way we can prove (3.34)). If (3.33]) does not hold,

then there exists a sequence of positive numbers {4, } with &,, — 0 as n — oo such
that for each n =1,2,...,

3.34)

{z € C3[0,1] : =691 <z, ||zl| < Ri} N (Sr,\{0}) N ((Ufizsi) U Sél) 7 0.
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For each n =1,2,..., take
20 € {2 € CR[0,1] s —0u61 <, 2ll < Ri} 1 (S \OD) 0 ((UZa8) U S, ).

Obviously, ||z,| = ro for each n =1,2,.... Let D = {z,|n = 1,2,...}. Then we
have D = T,(D). Therefore, D is a relatively compact subset of C[0,1]. Assume
without loss of generality that z,, — 2o asn — oo for some zg € C}[0,1]. Obviously,
xg is a solution of and [|zo|| = ro, and thus zg € (U2, S;) N B(#, Ry). Note
that —d,¢1 < z,, letting n — oo then we have zo € S N B(, Ry). Since S;
is an open subset of C}[0,1], then there exists 1 > 0 such that B(zg,m) C Si.
Now since x,, — xo as n — —+oo, then we can take ngy large enough such that
Ty, € B(zo,71) C Si, which contradicts to

Ty € (U2,S;) U Sk,

for each n = 1,2,.... Therefore, and hold. Take 0 < 4 < J3.
Then —d4¢7 is a strict lower solution of and d4¢7 is a strict upper solution
of . Also, assume that 64 > 0 small enough such that —d4¢1 € vy, 0401 2 w1
and —54¢1,54¢1 S B(Q,Rl) Let Uy = —54(;51 and Vo = (54(}51. Let the subsets
01,02, Q3,4 of CL[0,1] be defined by

W ={z€BO,R):x>uy}, Q={recBO,R):z~<v},
Q={z€BO,R):x<v1}, QU={xe€BO,R):x>u}.

Let 01,2 = Q1 N Q, 02,3 = 0y N O3, 03’4 = Q3 Ny and 04’1 =y QQI Then
0,Q5,9Q3,Q4 and O1,2,03 3,03 4,041 are nonempty open subsets of B(0, Ry). It
follows from Lemmas 2.11] and 212 that

deg(I — Ql, 0) =1, (3.35)
deg (I 2,0) =1, (3.36)
deg(I — Qg, 0) =1, (3.37)
deg(I —Tp,Q4,0) =1, (3.38)
deg(I — Ty, O1.5,0) = 1, (3.39)
deg(I —Tp,023,0) =1, (3.40)
deg(I —T,,05.4,0) =1, (3.41)
deg(I — T),041,6) = (3.42)
Let
= M \(Clp,r,)01,2 U Clgg,r)01,1),
= W\(Clg,r,)01,2 U Clgg,r)02,3),
= W\(Clp,r,)02,3 U Clpp,r,)03.4),
04 = Q4\(Cl3(97R1)0374 U CZB(97R1)04,1).
Then by (3.35)-(3.42) we have
deg( Tp7 01, 0) = -1, (3.43)
deg( 2,0) = —1, (3.44)
deg(I — ,9) -1, (3.45)
deg(I — O4, 0) =—1. (3.46)
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It follows from (3.36), (3.38), (3.43),(3.45) that

deg (1 = Ty, B0, B\ (Cla(o. )01 U Clig 1, O3 U Cligo ) 2
U Clio,,)$4),6) (3.47)
=1-(-1)—(-1)—-1-1=1.
From —, T, has fixed points z1 € O3 4, 2 € Oy, 23 € O3,
z4 € B(0, RiN(Clp(g,r)01 U Clg,r, )O3 U Clgg 22 U Clpg,r,)24)-
Then z1,...,x4 are four sign-changing solutions of . From and ,

T, has fixed points x5 € Oy4,1, z6 € O1. Obviously, x5 > ug, 6 = up and x5 # 0,
xg # 0. Then we see from that x5 and xg are two positive solutions of .
Similarly we can show that there exist 7 € O34 and zg € O2, and z7, xg are two
negative solutions of . The proof is complete. ([

Now we study the existence and multiplicity of sign-changing solutions of (|1.1))
when f has jumping nonlinearity at zero. Let us first introduce the following
conditions.

(H4) There exist R., S+ > 0 such that
t
lim L &:2:9)
a—0t ()
(H5) There exist R,,— > 0 such that
P (G )
z—0—, <0 @p(x)

In the same way as the proof of Theorems and we can prove the
following Theorems [3.6H3.12] For brevity, we only give the sketch of the proof of
Theorem [3.6

= {4+ uniformly for ¢t € [0,1] and y € [—Rx, R.].

= [_ uniformly for ¢ € [0,1] and y € [—Rx, R.].

Theorem 3.6. Suppose that (H1), (H3), (H4) hold, and B+ > pi(p). Moreover,
there exists &g > 0 such that {t € [0,1]|0¢1(t) = ui(t)} contains at most finite
elements for each & € (0,80). Then has at least two sign-changing solutions.
Moreover, has at least one positive solution.

Theorem 3.7. Suppose that (H1), (H3), (H4) hold, 6+ < pi(p). Moreover, there
exists 6 > 0 such that {t € [0,1]|5¢1(t) = v1(t)} contains at most finite elements
for each § € (0,00). Then has at least two sign-changing solutions. Moreover,
has at least one negative solution.

Theorem 3.8. Suppose that (H1), (H3), (H5) hold, - > pi(p). Moreover, there
exists &g > 0 such that {t € [0,1]| —6¢1(t) = v1(t)} contains at most finite elements
for each § € (0,00). Then has at least two sign-changing solutions. Moreover,
has at least one negative solution.

Theorem 3.9. Suppose that (H1), (H3), (H5) hold, - < pi(p). Moreover, there
exists 69 > 0 such that {t € [0,1]| —5¢1(t) = u1(t)} contains at most finite elements
for each § € (0,00). Then has at least two sign-changing solutions. Moreover,
has at least one positive solution.
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Theorem 3.10. Suppose that (H1), (H3), (H4), (H5) hold, f— > ui(p), and By >

pa(p). Moreover, there exists 69 > 0 such that both {t € [0,1] : —=d¢y(t) = v1(t)}
and {t € [0,1] : 6¢1(t) = u1(t)} contain at most finite elements for each § € (0,do).
Then (1.1) has at least three sign-changing solutions. Moreover, (1.1)) has at least

one positive solution and one negative solution.

Theorem 3.11. Suppose that (H1), (H3), (H4), (H5) hold, f- < pi(p), By <
p1(p). Moreover, there exists 69 > 0 such that both {t € [0,1]|5¢1(t) = v1(t)} and
{t € [0,1]] — 6¢1(t) = uy(t)} contain at most finite elements for each & € (0,8).
Then has at least four sign-changing solutions. Moreover, has at least
two positive solutions and two negative solutions.

Theorem 3.12. Suppose that (H3) holds, f is a Carathéodory function. Then
(1.1) has at least one sign-changing solution.

Sketch of the Proof of Theorem[3.6. By assumption (H1), there exists R; > 0 such
that T,(B(0, R1)) C B(0,R1). Let SEI be defined as Theorem By Lemma
there exists (g, > 0 such that SEI > Cg,e. Since By > p1(p), there exists
dp > 02 > 0 such that for any § € (0,02), ¢ is a lower solution of . Take
a d3 € (0,d2) small enough such that ug := d3¢; is a strict lower solution of
in B(0, Ry), SEI > wug,u; £ up. Let us define the sets Qq,Q3, Q4,034,041 and
Oy as in Theorem Then (3.38), (3.41), (3.42) and (3.46) hold. Therefore, T,
has fixed points z; € O3 4,22 € Oy and x3 € Q4. Obviously, z; and z2 are two
sign-changing solutions of , and x3 is a positive solution of . The proof is
complete. O

Remark 3.13. We should point out, the condition that f is sub-linear at infinity
can be substituted by a pair of well ordered lower and upper solutions us and v3
such that u; and v1 belongs to the ordered interval [ug, vs]. However, in those cases
we need a condition of Nagumo type, see [12] [14]. Also, in those case we can study
the multiplicity of sign-changing solutions when f both has jumping nonlinearity
at zero and infinity.

Remark 3.14. In Theorem the two pairs of well ordered lower and upper
solutions ug and vg, u; and vy satisfy

() 7<\ V1, Ul ><\ Vo- (348)
We say two pairs of well ordered lower and upper solutions ug and vy, u; and vy
are parallelled to each other when (3.48)) holds. The concept of parallelled pairs of
well ordered lower and upper solutions is put forward by Sun Jingxian. For other

discussions concerning parallelled pairs of well ordered lower and upper solutions,
the reader is refereed to [13].

Remark 3.15. In Theorems[3.2]and 3.5 we employed a pair of sign-changing strict
lower and upper solutions. Generally speaking, it is difficult to construct a pair of
sign-changing strict lower and upper solutions. However, we can use the method
of [14] to give an example of this kind strict lower and upper solutions; see [14]
Example 3.1].
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