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EXISTENCE OF SOLUTIONS TO SINGULAR FOURTH-ORDER
ELLIPTIC EQUATIONS

MOHAMMED BENALILI, KAMEL TAHRI

ABSTRACT. Using a method developed by Ambrosetti et al [I} 2] we prove the
existence of weak non trivial solutions to fourth-order elliptic equations with
singularities and with critical Sobolev growth.

1. INTRODUCTION

Fourth-order elliptic equations have been widely studied, because of their impor-
tance in the analysis on manifolds particularly those involving the Paneitz-Branson
operators; see for example [I}, (2 [3, @, [l 6, [7, &, @, 10, 13, 16]. Different tech-
niques have been used for solving fourth-order equations, as example the variational
method which was developed by Yamabe to solve the problem of the prescribed
scalar curvature. Let (M, g) a compact smooth Riemannian manifold of dimension
n > 5 with a metric g. We denote by H2Z(M) the standard Sobolev space which is
the completed of the space C*° (M) with respect to the norm

k=2

lellzz = IVFll2-

k=0
HZ2(M) will be endowed with the suitable equivalent norm

1/2
lallzon = ([ (g0 + 950l + %),

In 1979, Vaugon [I7] proved the existence of a positive value A and a non trivial
solution u € C*(M) to the equation

Azu —divg(a(z)Vgu) + b(x)u = Af(t, )

where a, b are smooth functions on M and f(¢,z) is odd and increasing function
in ¢ fulfilling the inequality

|f(t,2)] < a -+ blt|"=7.
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Edminds, Fortunato and Jannelli [I4] showed that all the solutions in R™ to the

equation
n+4
Ay = yn—1

are positive, symmetric, radial and decreasing functions of the form
((n—4)n(n? — 4)e) s
Ue (1‘) = n—4 .
(2 + )
In 1995, Van Der Vorst [15] obtained the same results for the problem
A2y — = ulu i in Q,

Au=u=0 on 09,

where 2 is a bounded domain of R”.

In 1996, Bernis, Garcia-Azorero and Peral [9] obtained the existence at least of
two positive solutions to the problem

A2y — dufu|i™? = u|u\% in Q,
Au=1u =0 on 09,
where (2 is bounded domain of R, 1 < ¢ < 2 and A > 0 in some interval. In 2001,
Caraffa [12] obtained the existence of a non trivial solution of class C*%, o € (0, 1)
for the equation
2 « _ N-2
Aju — V¥ a(r)Vau) + b(@)u = Af(z)|ul”“u

with A > 0, first for f a constant and next for a positive function f on M.

Recently the first author [4] showed the existence of at least two distinct non
trivial solutions in the subcritical case and a non trivial solution in the critical case
for the equation

Agu — Va(2)Vau) + b(x)u = f(2)|ulV"2u
where f is a changing sign smooth function and a and b are smooth functions. In
[6] the same author proved the existence of at least two non trivial solutions to
2 _ N-2 —2
Aju =V a(z)Vau) +b(@)u = f(2)|u]™ u+ [u|?" u + eg(x)

where a, b, f, g are smooth functions on M with f > 0,2 < ¢ < N, A > 0 and
e > 0 small enough. Let S, denote the scalar curvature of M. In 2011, the authors
proved the following result

Theorem 1.1 ([8]). Let (M,g) be a compact Riemannian manifold of dimension
n > 6 and a, b, f smooth functions on M, X\ € (0, \.) for some specified A\, > 0,
1 < q < 2 such that

(1) f(z)>0on M.
(2) At the point x¢ where f attains its mazimum, we suppose that for n = 6,
Sg(xo) + 3a(zo) > 0, and for n > 6

(n? + 4n — 20) (n—1)
TR R e T

Then the equation
Agu + divy(a(z)Vu) + b(z)u = Nu|7?u + f(z)|u|V2u

admits a non trivial solution of class C**(M), a € (0,1).

1Af(x°)) > 0.

(20) = 87 (o)
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Recently Madani [I4] studied the Yamabe problem with singularities when the
metric ¢ admits a finite number of points with singularities and is smooth out-
side these points. More precisely, let (M, g) be a compact Riemannian manifold
of dimension n > 3, we denote by T*M the cotangent space of M. The space
HEY(M,T*M ®T*M) is the set of sections s (2-covariant tensors) such that in nor-
mal coordinates the components s;; of s are in HS the complement of the space
C§° (R™) with respect to the norm ||¢||2, = E:zg VEQ]l,-

Solving the singular Yamabe problem is equivalent to finding a positive solution
u € HY (M) of the equation

n—2
4(n—1)
where S, is the scalar curvature of the g and k is a real constant. The Christoffels
symbols belong to HY (M), the Riemannian curvature tensor, the Ricci tensor Ricg
and scalar curvature S, are in LP(M), hence equation is the singular Yamabe
equation.

Under the assumptions that g is a metric in the Sobolev space HY (M, T*M ®
T*M) with p > n/2 and that there exist a point P € M and § > 0 such that g is
smooth in the ball B, (), Madani [14] proved the existence of a metric g = u’¥~2g
conformal to g such that w € HY(M), v > 0 and the scalar curvature Sg of g is
constant if (M, g) is not conformal to the round sphere.

The author in [7] considered fourth-order elliptic equations, with singularities,
of the form

Agu + Syu = klu|N 2, (1.1)

A%y — Vi(a(x)Viu) 4 b(z)u = flu/N2u (1.2)
where the functions @ and b are in L*(M), s > § and in LP(M), p > % respectively,
N = 2% is the Sobolev critical exponent in the embedding H3(M) — L~ (M).
He established the following results. Let (M, g) be a compact n-dimensional Rie-
mannian manifold, n > 6, a € L*(M), b € LP(M), with s > 5, p > %, f € C*(M)
a positive function and zg € M such that f(z¢) = max,enr f(z).

Theorem 1.2. Forn > 10, orn = 8,9 and 2 < p < 5, % <s<1l orn =71,
%<5<9 and£<p<9wesuppose that
n? +4n — 20 n—4 Af(xo)
5 Oe(%0) —
6(n —6)(n? —4) 2n(n —2) f(xo)
Forn=2=6 and%<p<2, 3 < s < 4, we assume that
Sg(xo) > 0.

Then (1.2)) has a non trivial weak solution u in H3(M). Moreover if a € H(M),
then u € C%P(M), for some (€ (0,1 — ).

> 0.

In this article, we extend results obtained in Theorem to the case of singular
elliptic fourth order, more precisely we are concerned with the following problem:
Let (M, g) be a Riemannian compact manifold of dimension n > 5. Let a € L"(M),
b e L*(M) where r > %, s > % and f a positive C°°-function on M; we look for
non trivial solution of the equation

AZu + divg(a(z)Vgu) + b(@)u = Mu|"*u + f@)|ulN "2 (1.3)

where 1 < ¢ < 2 and N = ff" is the critical Sobolev exponent and A > 0 a real

1
number.
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In case the A = 0 and

4 (n—2)2+4 n—4
= icg I b= n’
o= e T g T o) 2 ¥
where
1 n3 —4n? 4 16n — 16 2
"o~ AS 52— Ric,|?
S P e g pr;) Rl s P

suppose that g is a metric in the Sobolev space HY (M, T*M ® T*M) with p > T
then the Ricci Ric, curvature and the scalar curvature S, are in the Sobolev spaces
HY(M,T*M ® T*M) and HE(M) respectively, hence b € L*(M) with s > % and
by Sobolev embedding a € L"(M) with r > %. In this latter case the equation

Agu + div,(a(z)Vu) + b(z)u = f(2)|ulN 2u (1.4)

is called singular Q-curvature equation.For more general coefficients a € L"(M)
with » > % and b € L*(M) with s > %, the equation is called singular Q-
curvature type equation. To solve equation , we use a method developed in [I]
and [2] which resumes to study the variations of functional associated to equation
[1-3 on the manifold M) defined in section 2. Serious difficulties appear compared
with the smooth case: considering the equation in section 4, we need a Hardy-
Sobolev inequality and Releich-Kondrakov embedding on a manifolds. In the case of
the singular Yamabe equation theses latters were established in [14] and in the case
of singular @-curvature type equations by the first author in [7]. In the sharp cases
(see section 5) the Hardy Sobolev inequality and the Releich-Kondrakov embedding
are no more valid so we need an additional assumption with some tricks combined
with the Lebesgue dominated convergence theorem.

Denote by P, the operator defined in the weak sense on H3(M) by P,(u) =
A?u + div(aVu) + bu. P, is called coercive if there exits A > 0 such that for any
u € HZ(M)

| Py, = Al
Our main result reads as follows.

Theorem 1.3. Let (M, g) be a compact Riemannian manifold of dimension n > 6
and f a positive function. Suppose that Py is coercive and at a point xo where f
attains its mazimum the following two conditions hold:

Af(zo) ( n(n? + 4n — 20) 1
(o) 3(n+2)(n—4)(n—6) (1+ [lall, + [1b]ls)"/*
n—2 (1.5)

_ m)Sg(a:O) when n > 6,

Sg(xg) >0 when n=6.

Then there is A* > 0 such that for any X € (0,\*), the equation (1.3 has a non
trivial weak solution.

For fixed R € M, we define the function p on M by

B d(R,Q) id(R,Q)<o(M)
@)= {6(M> if d(R, Q) > 5(M) (16)

where §(M) denotes the injectivity radius of M.
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For real numbers ¢ and p, consider the following equation, in the distribution
sense,

X b
A2y — V’(%Viu) + pi: = Mul"2u + f(2)[ulN2u (1.7)
where the functions a and b are smooth on M.

Corollary 1.4. Let 0 <o < 2 <2 and 0 < p < % < 4. Suppose that

Af(wo) _1/(n—1n(n® +4n —20) 1 B )
e < 800 060 D) G Jal, £ g~ )
when n > 6,

Sg(xo) >0 when n =6.

Then there is A« > 0 such that if X € (0, \,), the (1.7) possesses a weak non trivial
solution uq ,, € M.

In the sharp case 0 = 2 and p = 4, letting K (n,2,y) be the best constant in the
Hardy-Sobolev inequality given by Theorem we obtain the following result.

Theorem 1.5. Let (M, g) be a Riemannian compact manifold of dimension n > 5.
Let (u,, . )m be a sequence in My such that

JA’U7H (uanmﬂwz) S ca'vl"‘
Vialy,,) = i, VOr(y,,) =0

Suppose that
2
n—4

nKy (f (@) "

Cop <

and
1+ a” max(K(n,2,0),A(e,0)) + b~ max(K(n,2, u), Ale, 1)) >0

then the equation

b
A%y — V“(%V“u) + FZ = flu)N"?u + AMu|T%u

in the distribution has a weak non trivial solution.

Our paper is organized as follows: in a first section we show that the manifold of
constraints is non empty, in the second one we establish a generic existence result
to equation The third section deals with applications to particular equations
which could arise from conformal geometry. In the fourth section and under sup-
plementary assumption we obtain non trivial solution in the critical case. The last
section is devoted to tests functions which verify geometric assumptions and by the
same way complete the proofs of our claimed theorems in the introduction.

2. THE MANIFOLD M) OF CONSTRAINTS IS NON EMPTY

In this section, we consider on H3(M) the functional

1 A 1
W =5 [ (8P =a@IVyulbl)yde == [ fultdv, = [ fa)lul v,

associated to Equation [[.3] First, we put
P (u) = (VJr(u), u)
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hence
B (u) = /M<<Agu>2 — a(@)|Vgul® + bz)u?)dvg — A /M fuldug — /M F (@) ulV dvg.

We let
My ={u€c Hy(M): ®x(u) =0 and |lul| > > 0}.

Proposition 2.1. The norm
[Jull = (/ |Agul* = a(@)|Vgul® + b(z)u’dv,)'/?
M

is equivalent to the usual norm on H3(M) if and only if Py is coercive.

Proof. If Py is coercive there is A > 0 such that for any u € H3(M),

/M P, (u)udvg > AHuH?{%(M)

and since @ € L"(M) and b € L*(M) where r > % and s > %, by Holder’s inequality
we obtain

/M uPy(u)dvy < || Agull3 + llall3 |V gull3- + 1] 2 lully

where 2* = 2n/(n — 2).
The Sobolev’s inequalities lead to: for any n > 0,

IVgull3- < max((1+n)K(n,1)%, Ay) /M(\V_,2,~,7~b|2 +[Vgul*)du,
where K (n,1) denotes the best Sobolev’s constant in the embedding HZ(R") —
L%(R"), and for any € > 0,
Jull3, < max((1 + &) Ko, Bo)lullZzan

where in this latter inequality K is the best Sobolev’s constant in the embedding
H2(M) — L%(M) and B, the corresponding (see [3]). Now by the well known
formula (see [3 page 115])

/M IVeu*dv, = /M(|Agu|2 — R ViuViu)dy,

where R;; denote the components of the Ricci curvature, there is a constant 3 > 0
such that

/ [Vouldvg < / 1A ul? + 6|V ul*dv,
M M
So we obtain

IVgul3 < (84 1) max((L+m)K(n,1)% 4,) /N 18l |Vl + )i

and we infer that
[ Patwyud <l any+ (5 + Dl max((1 4 K (0,12 Al

+[Ibll 2 max((1+ &) Ko, Be)[ull 7y ry-

Hence

/M uPy(u)dvg
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< max(L, [|b]| 2 max((1 + &) Ko, Bc), (6 + 1)[|a

2 max((1+¢)K(n,1)% A.))

>0

x ||u||?{§(M)~

O
Lemma 2.2. The set M) is non empty provided that X € (0, \g) where
(202 — 24-N)A =%
Xo = —

V(M) =) (maxerr f(x) 7% (max((1 + &) K (n, 2), A.)) 7=

Proof. The proof of this lemma is the same as in [§], but we give it here for conve-
nience. Let ¢t > 0 and u € H2(M) — {0}. Evaluating ® at tu, we obtain

Ba(tu) = Bl = Ml =¥ [ p@ful o,
Put
o) = ull = %2 [ j@)ul¥ o),
B(t) = M |lul|g;
by Sobolev’s inequality, we obtain
() 2 lull® = mays () (masx((1+) Ko, Ac)) ™/ ¥y 0yt 2

By the coercivity of the operator Py, = Af] —divy(aVy)+b there is a constant A > 0
such that

a(t) > [luf?* = AN/ max f(z)(max((1 + €) Ko, A)) T [lul NV 2,
Letting

o (t) = [[ull® — A= mae () (max(1 -+ £) Ko 4)) ™/ ] ¥ ¢
Holder and Sobolev inequalities lead to

B(t) < AV(M) ) (max((1+ ) Ko, Ao) 2 [l  py1972

and the coercivity of P assures the existence of a constant A > 0 such that
B(t) < AMTY2V (M)~ (max((1 4 £) Ko, A)) %2 ||ul 74972,
Put
Bi(t) = M~2V (M)~ %) (max((1 4 €) Ko, Ac)) %2 ||u| 9972
Let tg such aq () = 0; i.e.,
AR
Jull(maxenr () ¥ (max((1 + &) Ko, A.)) =5

Now since a1 (t) is a decreasing and a concave function and 51 (¢) is a decreasing
and convex function, then

to =

4
min  aq(t) = al(go

) ) = [lull*(1 = 227%) > 0,
t €(0, 2]

min Sy (t) = 51(%0) >0,

t €(0, %]
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where

to, 92=0 )\ (M) (1= ) A F=2 |2
27 (max((1 + &) Ko, A.)) ¥ (maxyen f(z))¥=2
Consequently @ (tu) = 0 with ¢ € (0, %] has a solution if

min «i(t) > max F1(¢);
te(0,% t€(0,%2]

Bl

that is to say

q—2 _ 9q—N == =
0< )< (2 2 )(maxme%f(x)) (max((1 + ) Ko, A.)) ~ X

ANV (M) )
Let t1 € (0, %] such that ®y(tyu) = 0. If we take u € H3 (M) such that [ul| > £
and v = t1u we obtain ®y(v) = 0 and ||v]| = t1||u|| > p; i.e., v € My provided that
X € (0, M) O

3. EXISTENCE OF NON TRIVIAL SOLUTIONS IN M)
The following lemmas whose proofs are similar modulo minor modifications as

in [§] give the geometric conditions to the functional Jy.

Lemma 3.1. Let (M, g) be a Riemannian compact manifold of dimension n > 5.
For allu € My and all A € (0, min(Xog, A\1)) there is A > 0 such that Jy(u) > A >0
where

N—2
v s A
1

V(M) ¥ (max((1 4 ¢)K (n, 2), A.))#/27a-2
Lemma 3.2. Let (M,g) be a Riemannian compact manifold of dimension n > 5.
The following assertions are true:
(i) (VPx(u),u) <0 for allu € My and for all A € (0, min(Ag, A1)).
(ii) The critical points of Jx are points of M.

Now, we show that J satisfies the Palais-Smale condition on M, provided that
A > 0 is sufficiently small. The result is given by the following lemma whose proof
is different from the one in the case of smooth coefficients.

Lemma 3.3. Let (M, g) be a compact Riemannian manifold of dimension n > 5.
Let (um)m be a sequence in My such that

In(um) < e
VIr(um) — b VO (ty) — 0.

Suppose that
2

nkg " (f (o)) (071
then there is a subsequence (U, ), converging strongly in H3(M).
Proof. Let (tm)m C My and
N -2 N —q
Ia(um) = WﬂumHQ - )\Tq /M || T .
As in the proof of Lemma we have
N -2 N —

S e 2 AV T4, g2 -2 a/2 q
Talatm) 2 =5 = A AT () (ama(1 4+ €) K, 40) "

c <
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N -2 N —
I () = ||| ( A=AV (M) (max((1 + £) Ko, A.))2/27972)
2N Ngq
>0.
(N—2)q pq/2
Since 0 < X\ < - and Jy(u,) < ¢, we obtain
V(M) ™ N (max((14+¢)K(n,2),A.))e/279-2
¢ > Jx(um)
N - 2 N - _ g _a g —
> (S A g ATEVON)' R (max (14 ) Ko, A2)) 279 [ > 0
S0
9 c
l[um|” < < +oo.

% — /\NN—;‘ZA—qMV(M)lf%(maX((l + &) Ko, A.))a/2ra—2

Then (tnm)m is a bounded in HZ(M). By the compactness of the embedding
H2(M) C H[’f(M) (k =0,1; p < N) we obtain a subsequence still denoted (tm,)m
such that
Uy, — u  weakly in Ha (M),
Upm — u  strongly in LP (M) where p < N,

Vi, — Vu  strongly in LP(M) where p < 2% =
n—
Uy — w  a.e. in M.

On the other hand since 5251 <N = %, we obtain

I/ b(@) um — ul*dvg| < bl llum — %2
M s—1

< 18l (Ko + )| A(um — w3 + Acllum — ull3).
Now taking into account
16

fo= n(n? —4)(n — 4)wﬁ/4 <! (3.1)

we obtain

y b(@) (wpm — u)*dvg < [1blls | A(um — w)|3 + o(1).
By the same process as above, we obtain

/ a()|V (tm — u)*dvg < [|all+[|A(um — w)|l3 + o(1).
M

By Brezis-Lieb lemma, we write

/M(Agum)%g - /M(Agu)%g + / (Ay (um — 1)) 2dvy + o(1)

M
a

nd
[ t@lun¥avy = [ f@ful¥dv, + [ @)~ u¥du, + (1),
M M M

Now we claim that p,,, — 0 as m — +oo Testing with u,, we obtain

<VJ>\(Um) - vaq)A(um),um> = 0(1);
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<ij\(um) - N7nvq))\(u'rn)7um> = <VJ>\(u7n)au7n> - ,um<V(I)A(um); um> = 0(1)7
—_———
=0
hence

P (VP (Um), ) = o(1).

By Lemma [3.2] we obtain limsup,,, (V®x(tm), un) < 050 pp, — 0 as m — +o0
Our last claim is that w,, — u strongly in H3(

M), indeed
1
Ix(um) — Ia(u) = 5/ (Ay(um —u))?dvg — — | f(@)|um —u[Ndv, + o(1).
M M
Since u,, — u — 0 weakly in HZ(M), testing with V.J(um)
<VJ)\(um) -

— VJx(u), we have
VI (w), um —u) = o(1) and
(VJ,\(um) - VJ)\(U)7

— u>
3.2
= [ Byl = vy~ [ =iy = oy
M M
then
/M(A (tm ))2dv, = / F(@) |t —ulNdv, + o(1),
and taking account of . we obtain

Tn(i) = ) = 5 [ (g = )P, =

- A m—
N M( g(u
i. e,

Ixn(um) — Ix(u N/

))2dv, + o(1).
Independently, by the Sobolev’s inequality, we have

i =l < (14 €)Ko [ (Bl =)oy + o(1) (3.3)
Since

[ @ = v, < ma @), = ¥
we infer by (3.3 . ) that

/ F(@)um = ulNdvg < (1 +¢)7= *max f(2) K[| A (um — )2 + o(1)
and using equality -,

o(1) = [|Ag(tm — uw)|[3 — (1 +&)7"7 max f()
and

1 (= w3 = (1 + £) 757 mas F(2) KT 1Ay

= (18 (tm — u)[5(1 -

Kg | Ag (um — u) |3

—u)y

x)KonjHAg(

i — )3

(1 +¢)7=7 max f(
so if

. 1
limsup || A (um — w3

m——+oo

3.4
Kg/4(maxweM f(z)i—t 34
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then w,, — u strongly in H3(M). The condition ([3.4) is fulfilled since by Lemma
Jx(u) >0 on M, with X is as in Lemma[3.1and by hypothesis,

2

c > Ia(um) > (Ja(um) — Ir(u)) = o /M(Ag(um —u))?dv,

and
2

c < n/d .
nKy' (maxzen f(x))17!

It is obvious that
®y(u) =0 and |Ju|| > 7
ie. u € M. [l

Now we show the existence of a sequence in M, satisfying the conditions of
Palais-Smale.

Lemma 3.4. Let (M,g) be a compact Riemannian manifold of dimension n > 5,
then there is a couple (Upm, ) € My X R such that VJx(tum) — pmVOr(tm) — 0
strongly in (H3(M))* and Jx(uy,) is bounded provide that A € (0,\.) with A\, =
{min(Ag, A1), 0}.

Proof. Since J)y is Gateau differentiable and by Lemma bounded below on M)
it follows from Ekeland’s principle that there is a couple (U, tm) € My x R such

that VJx(tm) — fim V®x(tum) — 0 strongly in (HZ2(M))" and Jy(up,) is bounded
i.e. (Um, Mm)m is a Palais-Smale sequence on M. O

Now we are in position to establish the following generic existence result.

Theorem 3.5. Let (M, g) be a compact Riemannian manifold of dimension n > 5
and f a positive function. Suppose that Py is coercive and

o< 2 . (3.5)

n

nKy* (f (20)) T

Then there is A* > 0 such that for any X € (0,\*), the equation (1.3)) has a non
trivial weak solution.

Proof. By Lemma and [3.4] there is u € H3(M) such that

LMM=£%Aw)
By Lagrange multiplicative theorem there is a real number u such that for any
¢ € H(M),
(VIx(u), ) = p(Ver(u), ¢) (3.6)
and letting ¢ = v in the equation , we obtain
P (u) = (VIr(u), u) = (VO (u), u).
By Lemma we obtain that u = 0 and by equation , we infer that for any
¢ € HF (M)
(Vx(u),9) =0

hence u is weak non trivial solution to equation (|1.3)) and since by Lemma u is
a critical points of Jy. We conclude that u € M. O
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4. APPLICATIONS

Let P € M, we define a function on M by

[dP,Q) ifd(P,Q) < 6(M)
pr(Q) = {6(M) it d(P,Q) > (M) (4.1)

where 6(M) is the injectivity radius of M. For brevity we denote this function by
p. The weighted LP(M, p7) space will be the set of measurable functions v on M
such that pY|u|P are integrable where p > 1. We endow LP(M, p7) with the norm

lullpp = ( / o ulPdug) .
M

In this section we need the Hardy-Sobolev inequality and the Releich-Kondrakov
embedding whose proofs are given in [7].

Theorem 4.1. Let (M, g) be a Riemannian compact manifold of dimension n > 5
and p, q , v are real numbers such that % = % — % -2 and2<p< %, For any

€ >0, there is A(e, q,7) such that for any u € H2(M),
[ull50 < (L4 K (n,2,7)?| Agulls + Ale, q,7)|ul3 (4.2)

where K(n,2,v) is the optimal constant.

In the case v = 0, K(n,2,0) = K(n,2) = K&/Q is the best constant in the
Sobolev’s embedding of H3(M) in LY (M) where N = 2%

Theorem 4.2. Let (M, g) be a compact Riemannian manifold of dimension n > 5

and p, q, v are real numbers satisfying 1 < q<p < n:“;q, y<0andl=1,2.
IfI=n (% - %) — 1 then the inclusion H}(M) C LP(M, p") is continuous. If

I>n (% - %) — 1 then inclusion H}' (M) C LP(M, p”) is compact.

We consider the equation

b
Agu + div, (Ll;if)vgu) + gj)u = Mu|72u + f(x)|ulN " 2u (4.3)
where a and b are smooth functions and p denotes the distance function defined by
(4.1), A > 0 in some interval (0,\,), 1 < ¢ < 2, o, u will be precise later and we
associate to (4.3) on HZ(M) the functional

1 s a(r) 2, b() o
Hw =3 [ (@ = S0 ,0p + 2y,
A 1
_Z q _ N
> [ v, = 5 [ @V,
If we put
@) = (VJa(u),u)
we obtain

i) = [ (@02 = 2w+ i, < [ Julvas, - [ g,
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Theorem 4.3. Let 0 <o <% <2and 0 < p < g < 4. Suppose that

sup  Jaopu(u) < 2
A0, n o
wemzon T Ky (o)) T

then there is A, > 0 such that if A € (0, \,), equation (4.3)) possesses a weak non
trivial solution us,, € M.

Proof. Let a = aéf) and b = blgff), so if o € (0,min(2,%)) and p € (0, min(4, %)),

obliviously @ € L*(M), b € LP(M), where s > 5 and p > 4. Theorem is a
consequence of Theorem [3.5 (]

5. THE CRITICAL CASES 0 =2 AND pu =4

In the cases 0 = 2 and p = 4 the Hardy-Sobolev inequality proved in case of
manifolds by the first author in [7] and is formulated in Theorem is no longer
valid, so we consider the subcritical cases 0 < 0 < 2 and 0 < y < 4 and we tend o
to 2and p to 4. This can be done successfully by adding an appropriate assumption
and by using the Lebesgue dominated converging theorem.

By section four, for any o € (0,min(2,})) and p € (0,min(4, 7)), there is a
solution u,,, € My of equation . Now we are going to show that the sequence
(to,u)o,p is bounded in H3 (M). Evaluating J ., at u,,

1 1 1
P [ @Yo, = o [ g,

Do (o) = 5”“@#
and taking account of us, € My, we infer that

N -2 9 N —q
Inon(tion) = WHUU,#H - ATq /M |t | *dvg.
For a smooth function a on M, denotes by a~ = min(0, mingecps(a(x)). Let

K(n,2,0) the best constant and A(e, o) the corresponding constant in the Hardy-
Sobolev inequality given in Theorem [£.1]

Theorem 5.1. Let (M, g) be a Riemannian compact manifold of dimension n > 5.
Let (tm)m = (Uo,, p, )m be a sequence in My such that

JA,U,u(um) < Co,p
VI (um) — o, , VP () — 0.

T

Suppose that
2

n K(n,2)"/*(maxzen f(2))n=H/4

Cop <

and
1+ a” max(K(n,2,0),A(e,0)) + b~ max(K(n,2,p), A(e, u)) > 0.
Then the equation

b
A= (V) o = Sl P Al

has a non trivial solution in the sense of distributions.
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Proof. Let (um)m C Mx o,

N —2
2N

As in proof of Theorem [3.5] we obtain

N -2
Ino(tm) = [l (S5
N

A a2 - /2,02
A APV ) (max(1 4+ 9)K (n,2), 4.))%7 ) >0

Ino(tm) = 5= [lum* — |dvg

where

(N—2)q rq/2
2(N— q)A TH

V(M)lf%@nax(( + 5>K(n’ 2), AE>)q/27_q_2 .

0< A<

First we claim that

lim inf A, > 0.
(o,n)—(27,47)

Indeed, if v1 4, denotes the first nonzero eigenvalue of the operator

— A2 - giv( ™ b
P, = A dlv(pavg) + p
then clearly A, > v1,5,. Suppose on the contrary that lim, )2~ 4-)inf Ay, =
0, then liminf(, ) (2~ 4-) V1,0, = 0. Independently, if u, , is the corresponding

eigenfunction to vy 5, we have
2
a|lVu bu
2 o o
o= B+ [ Ay [ Moy,
p° M P

2 ‘ u?ru
> [Bunyl o [Tl o [ Lo,

where ¢~ = min(0, mingeps a(x)) and b~ = min(0, mingeps b(z)). The Hardy-
Sobolev’s inequality given by Theorem [4.1] leads to

)

(5.1)

Vg, ,.|?
[ el s, < G191Vt lI? + 19
Mo P

and since
IVIVtoull* < V20ul* < | Augul* + Bl Vg,
where > 0 is a constant and it is well known that for any € > 0 there is a constant
¢(g) > 0 such that
IVt pul|* < ell At pu|* + €lluug .
Hence )
[ el an, < 00+ e 0un P+ Ao 62)

Now if K(n,2,0) denotes the best constant in inequality (5.2]) we obtain that for
any € > 0,
Wonl® g, < (R(n,2,07 + ) Aug ul? + 4 2 (53
L vg < (K(n,2,0)" + &) || Aug,pl|” + Ale, o) luoul”. (5.3)
By inequalities (4.2| @ ﬂ and (| , we have
Viop > (1+a” max(K(n,2,0),A(e,0))
+ b7 max(K (n, 2, i), A(e, 1)) ([ At |* + [[to,]1)
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So if

1+a max(K(n,2,0),A(,0)) + b max(K(n,2,u), Ale,u)) >0
then we obtain lim, ,(us,,) = 0 and |lus,|| = 1 a contradiction. The reflexivity

of H3(M) and the compactness of the embedding H2(M) C H;f(M) (k =0,1;
p < N), imply that up to a subsequence, we have

Uy, — u  weakly in Ha (M),
Um — u  strongly in LP(M), p < N,
2n
—9’

Vi, — Vu strongly in LP(M), p < 2* =
n
Uy — U a. €. in M.

The Brézis-Lieb lemma allows us to write

/M(Agum)deg _ /M(Agu)deg + / (Ay (um — 1)) 2dvy + o(1)

M

and
| t@lunl¥dvy = [ p@lalav, + [ s, = ulVdo, + o)
M M M

Now by the boundedness of the sequence (um,)m, we have that u,, — u weakly in
H2(M), Vi, — Vu weakly in L?(M, p~2) and u,, — u weakly in L2(M, p~); i.e.,
for any ¢ € L*(M),

/ @Vungodvg:/ @VuV@dvg—i—o(l)
M P M P

and

/&ﬁ)umwdvgz/ &f)wpdvg—i—o(l).
M P M P

For every ¢ € H3(M) we have

/ (820 + divy (229, 0) + 200, ) g,

M pom p (5.4)

= [ Ol + @t Yt )y
M

By the weak convergence in H3(M), we have immediately that

/M (bA;umdvg = /M ¢A3udvg +0o(1)

and

/M(C;Eji) Vgl — agf)vguﬁbdvg

a(x a(x a(x
= / ( ET )Vgum + %(Vgum — Vaum) — —5=Vu)pdug
Mo p p
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Then

} ( gum - QV ’U/)(bd’l}q’
< |/M pom vgum - ;VgUm ¢dﬂg| + | /M(Ci?vgum - (I/E;C)Vgu)qﬁdvg}

1 1 a(x
< / |a(2) PV gum || —— — —|dvg + |/ Lg)vg(um — u)¢dug|.
M pemp M P

(5.5)
The weak convergence in L*(M, p~2) and the Lebesgue’s dominated convergence
theorem imply that the second right hand side of (5.5) goes to 0. For the third
term of the left hand side of (5.3)), we write

pom pom

I R

1 b
< /M |b(a:)¢um||ﬁ - oy + |/M gj)(um vy,

Here also the weak convergence in L?(M, p~*) and the Lebesgue’s dominated con-
vergence allows us to affirm that the left hand side of converges to 0.

It remains to show that g, — 0 as m — +o0 and u,, — u strongly in H3(M)
but this is the same as in the proof of Theorem which implies also v € M. 0O

and

(5.6)

6. TEST FUNCTIONS

In this section, we give the proof of the main theorem to do so, we consider a
normal geodesic coordinate system centered at xo. Denote by Sy, (p) the geodesic
sphere centered at xo and of radius p (p < d which is the injectivity radius). Let
dQ be the volume element of the n — 1-dimensional Euclidean unit sphere S»~! and

put
amzlémwmmm

Wn—1

where w,,_1 is the volume of S"~! and |g(z)| the determinant of the Riemannian
metric g. The Taylor’s expansion of G(p) in a neighborhood of zg is given by

Glo) =1 a0 2y o2

where Sg(20) denotes the scalar curvature of M at xy. Let B(xzo, ) be the geodesic
ball centered at z¢ and of radius § such that 0 < 26 < d and denote by 1 a smooth
function on M such that

1 on B(zg,d)
n(z) =
0 on M — B(xg,29).
Consider the radial function
n—4n(n?—4)e* s
uelz) = (( )n( ) n(p) _
F(xo) (P07 + )5
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with
0= (1+ [lallr + 1]l )"

where p = d(zg, ) is the distance from xg to x and f(z¢) = maxgep f(x). For
further computations we need the following integrals: for any real positive numbers
p, g such that p — ¢ > 1 we put

1! v d
= t-
=l T

The following relations are immediate

JUR ek Sty VTS B Ry
p+1 P p+1 p—q—l p+1-

6.1. Application to compact Riemannian manifolds of dimension n > 6.

Theorem 6.1. Let (M, g) be a compact Riemannian manifold of dimension n > 6.
Suppose that at a point xo where [ attains its mazimum the following condition
A 1 — 1)n(n? 4+ 4n — 20 1
f(zo) <7((n2 )n(n” +4n — 20) i _1)59(%)
flo) 3\ (n?=4)(n —4)(n—6) (1+ [a, + [bl]s)"/
holds. Then (1.2)) has a non trivial solution with energy
1
Kn/4 z_ :
o/ (maxgen f())

Proof. The proof of Theorem reduces to show that the condition (3.5 of The-
orem [3.5]is satisfied and since by Lemma [2.2] there is a ¢ty > 0 such that tou. € M)y
for sufficiently small A, so it suffices to show that
1
sup Jy(tu,) < —%

t>0 Ky (maxgepm f(x))%—l'

J)\(u) <

To compute the term [, f(z)|ue(x)|" dvg, we need the following Taylor’s expansion
of f at the point xg

9 f(z0)
f(m>:f(x0)+W'8;j

and also that of the Riemannian measure

y'y’ + o(p?)

1 o
dvy = 1= & Rij(ao)y'y’ +o(p?)

where R;j(z0) denotes the Ricci tensor at xo. The expression of [, f()|uc(z)[" dv,
is well known (see for example [I1] ) and is given in case n > 6 by

M ()N do. — o . Af(zo) Sg(@o) 24 ofe?
| @) e, o a2y e o) o)

where K is given by (3.1) and w,, = 2"’117?71%1_1 and w,, is the volume of S™,
the standard unit sphere of R"*! endowed with its round metric.
Now the restriction of |aa“pf to the geodesic ball B(zg,d) is computed as follows

|%
dp

(n —4)n(n? — 4)e )n%; p
n—2

f (o) (57 +e0)™

| Bwo,s) = | Ve = 672 (n — 4)(
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and Since a € L"(M) with r > n/2 we have

_ 2 _ f)edy not .
[ o, <o - ap (B0 gt
B(wo,é)

f(zo)
g 2r4n—1 r—1
e 5
Since
we obtain

n—4 1-1
) lallrw, 3

/ a(z)|Vue*dv, < 07*(n — 4)2((
B(:vo, )

5 20 4p—1 r—1
T—1 Sy(x -
X (/ £ (n—2)r dp(l - %92 + 0(p2))>
0 ((pf)* +e€2) T "

and by the following change of variable

t= (&0)2 ie p= Vi
€

0
we obtain
/ a(z)|Vue|*dv,
B(z0,9)
o — 4n(n? —4)e*\ T _ _n
<O — 4)2 (n . (n—4)+2
<o = () T el e

(8 P S (5 3+ r1
X (/ —2)r dt — g(xO) 9_262/ ﬁdt + 0(€2>)
0 (t+1) 71 6n 0 (t+1) =1

Letting e — 0 we obtain

/ a(z)|Vue|*dv,
B(CL‘(),(S)

(n —4)n(n? — 4)et

1 1 n— _1 n
< 2—1—{-;0—71(1—;)(” _ 4)2( f(xo) ) 44 :Li;e—(n—4)+2—7
n—2 _ S ( ) +T re1
x (n— 21>r -0 ZgGTI(i zlwl Zto(e?) .
Then
/ a(z)|Vu,|*dv,
B(Ig,a)
” —4 2 _ 4 4 n—4 1 (pe n
e O e I 1= L
n—2 r—1 —1 S n 2_ _r
% 13:-72; S {1 _ LQQ ( )I(2n+;)r1 [<n . T 2 + 0(62)]
r—1 r 6n r—1 r—1

It remains to compute the integral fB(zo 95)— B(20.6) a(x)|Vue2dv,.
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First we remark that

(220)? q
| h(t) ¢ dt| < 0(1)2(q7p+1) — C2p—a—1)
(%)2 (t + 1)1) €
and since p — g =n — 4 > 3, we obtain
(2282 ;4 )
h(t)———dt =
e POt = o)
and then
/ a(z)|Vu|*dvg = o(e?). (6.1)
B(z0,20)—B(z0,0)
Finally we obtain
/ a(z)|Vue|*dv,
M
gl g —4)n(n? — 4)et\ T -1 (o ayig_n
< 2 1“’71‘9 Ne—g n_4 2<(n ) all,w _r€ (n 4)+2 P
n—2 r—1
X (Iﬁ;i;r' - +0(e2)).
=1
Letting
n _ 4 241 n— T;Tl " n—=2 r T:1
A=K (n = 4) ZTXI(” DT (2 — 1)) (I(W?_Jj*) (6.2)
r r—1
we obtain
/ a(@)|Vue*dvg < 62_%9%&%%”%1 +o(€%)).
M Ky (f(z0)) ™

Now we compute

/ b(z)uldo, :/ b(x)ufdvqu/ b(x)uZdv,
M B(Ig,a) B(w0,26)7B(z0,6)

and since b € L*(M) with s > %, we have

/ b()u2dvy < 1]t %o -
M s—1

Independently,
2 _ ((n—Dn(n? — 4)et\ T
el e pag,s) = ( f(o )
s n—1 -
, :
o — ([ Vi@ie)a)
O ((ph)? 4 e2) T M)
and
Sg(xo)
dQ = n— 1 - g ’ i .
/sm l9(2)]dQ = w 1( o OOV ))
Consequently,
2 _ ((n=4)n(n® —4)et\ =T
el e oo,s) = ( f(zo) )
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s—1

: 4 n—1 s—1

s—1 Sy(x s

Wy X (/ £ (n—4)s (1 - g6( O)p2 + O(pz))dp) :
0 ()2 ) B "

And putting t = (pf/€)? , we obtain

2 _((n—4)n(n? — 4)et\ = =1 pagd_n
”UeHS{sl)B(IO’(;) = ( 7(z0) ) (Wn-1)"7 € s
(Lo
2 S et
07" 28y (w0) ys [ 13 wr2)) T
- "9\ +2/ ﬁdtJro(e +2)) )
12n 0 (t+1) D

Letting € — 0, we obtain

2 ((n — 4n(n? — 4)€4> = (wn_l)%e—n+4+4—g

el 25 B(20,6)

f(zo)
n +oo 5
s s— t
x 97T (S) 1(/ Y a
9 (n—4)s
0 (t+1)G=D
S +o0 t5+1 o
_ %629*2/ ﬁdt + 0(62))
n 0 (t + 1)@
Hence
||“€Hi'iz,3<xo,é)

_ ((n — 4)n(n? - 4)64)%74((0 1)5216—"+4+4—%9—"ﬁ(§)521

f(wo) " 2

+00 n +00 nq s—1
t S t s
X (/ ﬁdt — 072%62/ %dt =+ 0(62)) )
0 (t+1)GD n 0 (t+1) G0
or
—n(n? =4\ T fwp1\ 5 4n s
e, = (S Y (noy oz gny
T f(xo) 2
n s—1 0=2(s —1)S, Zo n 1241
X [(1&74)5) s ( 12 )5 )(I<2n—4>s) SI<2n—4>s€2+0(62)]

(s—1) ns (s—1) (s—1)

Finally, by the same method as in equality (6.1)), we obtain

/M b(x)uidv,
< ||b||s((” — 4)n(n? — 4))%4(%4 ) At gy ((1374)5) e 0(52)).

f (o) 2 -1
Putting
g
B = Ky/!(n = 4)n(n? = )7 (5T (1L, ) (6.3)
EY
we obtain
. 16l B

/ b(z)uZdv, < R A S L
M Kq (f(xo)) ™+
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The computation of [, (Auc)?dv, is well known see for example ([11]) and is given
by

o-m 24 4n -2
/ (Aue)?dv, = i — (1 - n2+ n—20
M K (f (o)) T 6(n* — 4)(n — 6)

Summarizing, we obtain

/ (Aue)? — a(x)|Vue|* + b(z)udv,
M

S, (z0)e® + 0(62)).

0771/ n
< s (14 TR0 Al + € F 0B |
Koy f(fﬂo) 4

n? + 4n — 20

a msg($o)e2 + 0(62)),

Now, we have

Ta(tu0) < Joftue) = el - /.f e (@) [N de,
9_" 1 2 2_7 — 1 7; _< 1 tN
< W{Qt (1420777 Allall, + = F0~ =T Bb|ls) - -
Af(zo) Sy(wo) \tN 1, n?+4n—20
[(Q(n —2)f(z0) 6(;; — 1))F — 3! 6(n2 — 4)(n — 6) Sg(xo)}@}

+ o(€?)
and letting € be small enough so that

L+ 507 Alal|, + €507 B[b]l, < (1+ [fall, + [b]l,)*

and since the function ¢(t) = 047 - Wv with a > 0 and ¢t > 0, attains its maximum
at tg = a¥2 and
2
to) = —a™/*,
plto) = —a
Consequently,
20— Af(l’o) S (.’L‘o) t(])V
J,\tu€<—1—i-ar—|—bS + 4 -
(buc) nKn/4f( 0) T { lafl- =+ 11l [(2(7172)]“(:170) 6(n—1)) N

1 n? 4+ 4n — 20
‘égamizﬂﬁi®3“%ﬂg}+“3)

Taking into account the value of # and putting

B Af(xo) Sy(zo) \tY 1 n?2+4n—-20
h() = (2(n — 2 f(z0) T 6(2 —1) ) N 26(n2—4)(n—6) So(xo)t”
we obtain )
I (tue
Sup Jalfue) < n KD (maxeens f(z)% 2

provided that R(¢g) < 0; i.e.,

Af(xg) n(n? + 4n — 20) 1 n—2

Floo) < (G + 9n = 00— 8 (T Tall, T~ = 1)) S0

Which completes the proof. (I
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6.1.1. Application to compact Riemannian manifolds of dimension n = 6.

Theorem 6.2. In case n = 6, we suppose that at a point xo where f attains its
mazimum Sg(xg) > 0. Then the equation (1.2)) has a non trivial solution.

Proof. The same calculations as in case n > 6 gives us

M ()N do. — o B Af(zo) Sg(20) 2ol
/Mf( )lue ()| ™ dvg th/‘l(f(xo))"T*“ (1 (2(n—2)f($0)+6(n—2)) ol ))

Also, we have

and

B n S
/ b(z)uidv, < %64_39_ﬁ + (1 4+ o(€?)).
M Ko (f(x0)) =

where A and B are given by (6.2]) and (6.3)) respectively for n = 6. The computa-
tions of the term [, (Auc)?dv, are well known (see for example [I1])

| @uydnta)

=0""(n—4)? ( (n —4)n(n® —4) ) T Wpo1

f (o) 2
nn+2)(n—2) 21 2, , ) 1 ,
(an - 50 Sy(zo)e log(?) + O(e ))

g—n
Aue)*dvg = s\
L(“)% m“wmw4@ n?(n? — 4L

Now summarizing and letting € so that

n

_n_,,__n_ _ __n_ 4
L+ r 971 Albls + €' 5671 Blla]l, < (1+ [lall, + [|blls) ™

we obtain

1 1
< = 2_ = N
) < gl =5 [ f@lucde)Vav,
H—TL 2 tN

t 4
< — S (L [l + Bl — S
%MW%D4b N

—4 1
- 0725, (wo)2e log( )| + O(E).
€

n2(n? — 4)[,?_1

The same arguments as in the case n > 6 allow us to infer that

2
max Jy (tue) < —
=0 n Ko/ (f(w0) "
if S¢(xo) > 0. Which completes the proof. O
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