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EXISTENCE OF PERIODIC SOLUTIONS FOR
NON-AUTONOMOUS SECOND-ORDER
HAMILTONIAN SYSTEMS

YUE WU, TIANQING AN

ABSTRACT. The purpose of this paper is to study the existence of periodic
solutions for a class of non-autonomous second order Hamiltonian systems.
New results are obtained by using the least action principle and the minimax
methods, without the so-called Ahmad-Lazer-Paul type condition.

1. INTRODUCTION AND MAIN RESULTS

Consider the second-order Hamiltonian system
i(t) = VF(t,u(t)),
u(T) —u(0) = u(T) — 4(0) = 0,
where T' > 0 and F : [0,T] x RY — R satisfies the following assumption:

(A) F(t,z) is measurable in t for every z € RY continuously differentiable in
x for a.e. t € [0,7], and there exist a € C(R*T,RT), b € £1(0,T;R") such
that

(1.1)

[F(t,z)| < a(lz))b(t), [VF(t,z)| < a(|lz|)b(t)
for all z € RY and a.e. ¢t € [0,7].
The corresponding functional ¢ : HY: — R,

1 (T T
o(u) = 5/ |u(t)|2dt+/ F(t,u(t))dt
0 0
is continuously differentiable and weakly lower semi-continuous on H1 (see []),
where H7 is the usual Sobolev space with the norm

il =[ [ woras [ i

It is well know that the solutions of problem (|1.1)) correspond to the critical points
of .

Problem (1.1)) has been extensively studied in the past thirty years; see for
example the references in this article. Under some suitable solvability conditions,
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such as the coercivity condition (cf. [2]), the periodicity condition (cf. [5]), the
convexity condition (cf. [6]), the subadditive condition (cf. [I0]), the existence and
multiplicity results are obtained. We note that in many contributions (for example,
see [11, 3, [, 12, 13| 14, [15]), the following condition was assumed:

T
lim |z|~ 20‘/ F(t,z)dt =00 or — oo, (1.2)
|z|— o0 0

where « is a constant. In this article, instead of (|1.2)), we discuss the existence of pe-
riodic solutions of (1.1)) under a weak condition that lim inf| ;o |z ~2* fOT F(t,x)dt
or lim sup|,| || ~2 fOT F(t,x)dt has appropriate lower or upper bound.

Our main results are as follows:

Theorem 1.1. Suppose that F(t,z) = Fy(t,z) + Fa(x), where Fy and Fy satisfy
assumption (A) and the following conditions:

(F1) there exist f,g € £1(0,T;RT) and v € [0,1) such that
IVFL(t,2)] < f(O)]z]" +g(t),

for all z € RN and a.e. t € [0,T);
(F2) there exist constants v > 0 and « € [0,2) such that

(VEy(2) = VFy(y), & —y) = —rfe —yl|%,

for all x,y € RV;
item[(F3)]

T T2 T
liminf |z|~ 27/ F(t,x)dt > —2/ f2(t)dt
|z[—o00 0 8T 0

Then problem (1.1)) has at least one periodic solution which minimizes @ on H.
Theorem 1.2. Suppose that F(t,z) = Fy(t,x) + Fy(x), where Fy and Fy satisfy
assumptions (A), (F1), (F2) and the following conditions:

(F4) there exist 6 € [0,2) and C > 0 such that

(VFy(x) — VFy(y),x —y) < Clo —y/°,

for all z,y € RY;
(F5)

: oy [T 372 2
lim sup |z| =7 F(t,z)dt < —— f (t) dt.
0 87 Jo

|| — o0

Then problem (1.1)) has at least one periodic solution which minimizes ¢ on Hx.
Theorem 1.3. Suppose that F(t,x) = Fi(t,z) + Fa(x), where Fy and Fy satisfy
assumptions (A), (F1), and the following conditions:

(F2') there exists a constant 0 < r < 472 /T?, such that

(VEy(z) = VE(y), 2 —y) > —rlz —y|*;
for all xz,y € RV ;
(F3)

2 2
l\gfﬂf.lofm ’ Ft:”dtzu 2—rT2/f

Then problem (1.1)) has at least one periodic solution which minimizes @ on H%
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Theorem 1.4. Suppose that F' = Fy + Fs, where Fy and Fy satisfy assumptions
(A), (F1) and the following conditions:

(F6) there exist k € (0, T;RT) and (\, u)-subconvex potential G : RN — R
with A > 1/2 and 0 < p < 2)\2, such that

(VEy(t,2),y) = —k({)G(z —y),

for all z,y € RN and a.e. t € [0,T);

(F7)
. 9 3T2 9
lim sup |z| =7 Fl(t x)dt < —— f
0

|z|—o0

[s|<1

lim sup |gc\_ﬁ/ Fy(t,z)dt < —8umaxG(s )/ k(t) dt,
|x]—o00 0 0
where 3 = logyy (214).
Then problem (1.1)) has at least one periodic solution which minimizes ¢ on H%

Remark 1.5. Theorems extend some existing results. On the one hand,
we decomposed the potential F' into F; and F>. On the other hand, we weaken

the so-called Ahmad-Lazer-Paul type condition (1.2)) as conditions (F3), (F5) and
(F3’). Note that [I3] Theorem 2] and [3, Theorem 1] are the direct corollaries of
Theorem and Theorem respectively. If F5 = 0, [I1, Theorems 1 and 2] are

special cases of Theorem [I.1]and Theorem [I.2]respectively. Some examples of F are
given in section 3, which are not covered in the references. Moreover, our Theorem

[[4is a new result.

2. PROOF OF THEOREMS

T
= %/O u(t)dt, alt) = u(t) — a.

The following inequalities are well known (cf. [4]):

For u € H}, let

T
)2, < ﬁHuH%z (Sobolev’s inequality),

T2
|@)|32 < 4771_2”’&”%2 (Wirtinger’s inequality)

For convenience, we denote
T 1/2 T T
~([ Pwa)” s [ an= [ gwa
0 0 0
Now we give the proofs of the main results.

Proof of Theorem[1.1} By (F3), we can choose an a; > T?/(47?) such that

T
liminf |2|~ 27/ F(t,z)dt > %Mf (2.1)
0

|z|—o00



4 Y. WU, T. AN EJDE-2013/77

By (F1) and the Sobolev’s inequality, for any u € Hr,
T
!/ [F1(t,u(t)) — Fi(t, )] dt|
0
T 1
= VE (t,a+ sa(t)),at)) dsd
|A / ( 1(t,u—|—su(t)),u(t)) s t|
//f )@+ sa(t)|"|alt \dsdt—i-// (t)| ds dt
/2
7 “(t)d *d (2.2)
<iur( [ roa)”( [ aora)”

T
+ [l / ) dt + [ / oft) dt

1 - aq _2 - -
EHUHQL2 + o MEal™ + Mol|al 3 + M|l

IN

T2 sy T VF T 2
< ] 2 H ||L2 *M1| |A/ (12) M2|| WH (

5) Ml

Similarly, by (F2) and the Sobolev’s inequality, for any v € Hr,
/ [Fa(u(t)) — Fa(u)ldt = / / ~ (VE(a+ su(t) — VFa(1), si(t)) ds dt
0 0

Z—/ / rs®Ha(t)|* ds dt
o Jo

T
——lall%

«@

T, T\ %2
> *;(E) 2|7

It follows from and ( . ) that

%

(2.3)

T
o) = %nuniz + [ IR a) - ol
T T
—i—/o [Fo(u(t)) — Fa(u)) dt—i—/o F(t,u)dt

1 T2 N,..., T.% TV
> (5 gz il = (35) Ml = (55) Ml

TT T /2 - _2 -2 T _ al
S(ig) Nl el (™ [ - Farz)
12 0 2

for all u € H}., which implies that ¢(u) — 0o as [Jul| — oo, due to (2.1)) and y < 1.
By the least action principle (see [4, Theorem 1.1 and Corollary 1.1]), the proof
is complete. O

Proof of Theorem[I.3 Step 1. We firstly show that ¢ satisfies the (PS) condition.
Suppose that {uy} is a (PS) sequence, that is, ¢’'(u,) — 0 as n — 0 and {¢ (un)}
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is bounded. By (F5), we can choose an ay > T?/(47?) such that

r VvazT
limsup|x\727/ F(t,z)dt < —(% + Y2 )Ml2 (2.4)
0 2 2m

|z|—o0

In a way similar to the proof of Theorem [1.1} one has

T
/0 (VF1(t,un(t)), G (t)) dt

(v+1)
T 2 G2, o 2 T, > Y AN .
< S7%ay [dnllz2 + §M1 |G| + (ﬁ) Mo |l 7z + (ﬁ) Mj||tn || 2
(2.5)
and ,
T /2 T
- v, T "
| R0 = = (G5) il [ e
for all n. Hence one has
[tin]l = (¢ (un), tin)
, T
= linllie+ [ (VP (tun(6). (1)
(+1) 2.6)
T° L2 as . o _ 2 T, 2 .yl (
> (1= gy ) limllie = 50PNl = (35) Mo i1
T 1/2 . TT T 04/2 . o
~(55) Ml = S (55) S
for large n. It follows from Wirtinger’s inequality that
i T2 4 472)'%
l[tn ]l < Q”“n”p- (2.7)
2
By (2.6) and (2.7),
~+1 1
as 21— (2 T2 . 2 T T2 . +1 T 2 .
S " > (1= g ) il = (55) Mo il 3 = () Mol 12
'T,T\% o (T2+4x2)"
- S5 s —
1.
> 5 llinllz + Cr,
(2.8)
where
4n%ay — T? T rT T, 7
C, = : {72_7 M’Y"Fl_ii «@
L7 ety U 8220y ° (1) 28 o () Is
T 1/2 (T2+47r2)1/2
~[(55) Ms+—F——]s}.
Note that as > T?/(47%) implies —oo < C; < 0. Hence, it follows from (2.8)) that
[n|72 < as M@, |* —2C, (2.9)
and then

[tnl 2 < VazMiltn|” + Cs, (2.10)
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where 0 < Cy < +00. In a way similar to the proof of Theorem [T} we have

]/ [Fy(t,u(t)) — Fi(t, u))dt|

< M1|U|WHUHL2 + Mo|al| 3 + Msllall

0 ~ 2 \/a2T 21— 12v ~ v+1 ~
< g Il + MR 4 M T+ Ml
y+1
\/ ax T’ - y+1
< grua il + Nl + (55) Mo}
T 1/2 )
+(55) Mollimlls

By (F4), we obtain
/O (Fa(un () — Fi ()] dt

T 1 1

T 1
<[] 036—1|an<t>|5dsdtg%Hannio

OT T
<
It follows from the boundedness of {¢(u,)} and (2.9) that
Cs < p(un)
T

= gl + [ 1A () = B e+ [ [P (un(0) = B i)

§
||un||L2 .

0
T
+/ F(t,uy)dt
0
1 T
<(i+
2 4w /az

N cr r”? T
+(35) Ml + S (G5) Niallle+ [ Pt

7
My [ldn 73"

VL p P+ (1)

. 2
) linl32 +

y+1

1 T _ T, 7 _ 1
< (5+ drym) (@Ml —201) + (5) ~ Ma(Vadhla]” +Co)""

Jr(ﬁ) M; (v/az M |a,|” +C'2)+T(E

VaxT T
+ 4; Mf|ﬂn|27+/ F(t, ) dt
0

L‘H‘
< <6122 \/7T)M1| n| (%) MQ(QW(\/@Ml)'yHmnP('YH)JrQWC;H)
T, T %2
L) (2 () ™ + 2c)

(VasM Jin|" + Cs)°




EJDE-2013/77 PERIODIC SOLUTIONS OF HAMILTONIAN SYSTEMS 7

T 1/2 T T
JE— . 11 A{ _ 17
+(g) Ml +Co) = (1+ zT=) s [P a
T
— o 12 s 2y = az agT'y o
o[l [ Pt (F o+ )M

12
Q(ﬂ
0 \ 12

+
T T\ '/? _
+<a2 ) 27M7+1M2|u |w(v 1) +<a27> M, Ms|a, |~
ol

6/2 5—2
) 2571Mi5|a”|’)’( - ):| _|_(

cT,T.%? T /2 T
7(7) 25 1C§+(*) MsCy — (1+27T\/@)Cl

12 12
for large n. The above inequality and imply that {|a|} is bounded. Hence
{u,} is bounded by (2.9). Arguing as in the proof of Proposition 4.1 of [4], we
conclude that (PS) condition is satisfied.
Step 2. Let H: = {u € H}:: = 0}. We show that for u € HL,

p(u) = 400 (||luf| — o). (2.12)
In fact, by (F1) and Sobolev’s inequality, one has

T T 1
|/O [Fy (t,u(t)) — Fy (t,0)]dt| = //0 /0 (VEL(t, su(t)), u(t)) ds dt|

T T
< / FOl@ ™+ [ o) [u(t)] dt
0 0
a+tl
T %% . T 12 .
< (ﬁ) M ||a|73 7+ (ﬁ) M3 ||| ;2

for all u € H}. It follows from (F2) that

/O[F2(()) Py (0)]dt = // (VEs(su(t)) — VFy (0),u(t)) ds dt

—/ / s Hu(t)|” ds dt
o Jo

rT o
-l
rT (T \*?
>-2 () Il
Hence, we have

() = %HQHQLQ—I—/ F (t,u(t))—F(t,O)]dt—k/O F(t,0)dt

T atl . T 1/2
> Sllalfe = () Mellalls = () Malal,

12
TT T Ot/2 o T
") Ml [P0
0

By Wirtinger’s inequality, ||u|| — oo if and only if |||z — oo in [:T% Hence (2.12)
is satisfied.

Y

Y
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Step 3. By (F5), we can easily see that fOT F(t,z)dt — —o0 as |z| — oo for all
z € RN, Thus, for all u € (HL)* =RV,

T
gp(u) = / F(t,u)dt —» —oo as |u| — oo.
0

Now, the proof is completed by saddle point theorem (cf. [7, Theorem 4.6]) O
Proof of Theorem[I.3 By (F3’), we can choose an a3 > ﬁ such that

T
liminf|x|_27/ F(t,z)dt > %Mf. (2.13)
0

|z|—o00

The condition (F2’) and the Sobolev’s inequality imply that
T T 1
1
/ [Fo(u(t) — Fy(@))] dt = / / S (VEy @+ silt)) — VFy(a), si(t)) ds di
0 o Jo
T 1 2
~ 2 rl= . 2
> —/0 /o rslu(t)|” dsdt — wHU”L?

It follows immediately from the similar method of the proof of Theorem [T.1] that
1 T
lile + [ F(euw)

<1 T? rT?

o(u)
EESY
2

. T iyl
il = (Gg) Ml

2 8r2a3; 82

T 1/2 . —12 _ =2 T _ as
—(5)  Mslla . + al 7(|u| ’Y/ F(t,a)dt — fo)
12 A 5

for all u € H}., which implies that ¢(u) — oo as ||lul| — oo by (2.13), due to the
facts that v < 1, r < 4TL22 and |lu]| — oo if and only if
_12 . 1/2
(lal” + [lalZ-)
By the least action principle, Theorem [T.3] holds. O

Proof of Theorem[1.]} We firstly show that ¢ satisfies the (PS) condition. Suppose
that {u, } satisfies ¢'(u,) — 0 as n — 0 and {¢ (u,)} is bounded. By (F7), we can
choose an ay > T?/(4m? such that

— 0

T
_ vasT
lim sup |z| 2V/ F (t,z)dt < —(% + ;4 )M (2.14)
|z|—o00 0 T

By the (A,u)-subconvexity of G(x), we have
G(z) < (2u|x\‘3 n 1) Go (2.15)

for all z € RN, and a.e. t € [0,T], where Gy = max|5<1 G(s), 8 = log,, (2n) < 2.
Then

/0 (VFs (£, un(8)) i (1)) dt > — /0 F(8) G (i) dt

> /OT k(t) (2ﬂ|an|ﬁ + 1) Godt (2.16)

= —2MM4Wn|B — My,
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where My = Gy fOT k(t)dt. It follows from ([2.5) and (2.16]) that for large n,

|l > (p(un), @n)

T
= Y] 2 + / (VF (b, 1 (1)), ()t
T (2.17)

s (1 Y ikt = o (D) v
= 8m2ay L 2 12 L

T 172
—(35) Mslinll s — 26Malaal” = My,

Then (2.7) and (2.17) imply that

2 L‘H‘
ay 2 _ C 2 T\ . 1
S Ml 7 4 2ubifin | > (1= g ) il = (55) Mo il
T2 T2 4 472) %\
- <(ﬁ) M+ %)Hunﬂw - M,
1.
2 5 llinllz + Ca,
(2.18)
where
8r%ay —T% , T\ % .|
Cy= mi {7 — (=) Myt - M
17 oo U 8n2a, (1) 28 4
T 1/2 (T2+4772)1/2
- [+ )
{(12) st o s
Note that —co < Cy < 0 due to a4 > %. By (2.18)), one has
7> < @aM |t |* + 4o |” — 2Cy, (2.19)
and then
. vV2a _ _
linll 2 < F5= Mila|” + v/ 2uMalan|”"? + Cs, (2:20)
where C5 > 0. It follows from (F6) and (2.15]) that
T
| 1Battuo) - B o)
0
T 1
= —/ / (VFy (t, iy + Stn(t)), —Un(t)) dsdt
0 0
T 1
< / / K(0)G (i + (5 + D)iin(t)) ds dt
0 0
(2.21)

< 4u/0 k(t) (|an|" + 2ﬁ|ﬂn(t)|ﬁ) Godt + Gy /OT k(t)dt

< 2902 UMy || |, + 4pMalin|” + My

< /OT /Olk(t) (20l + (s + Dt ()’ + 1) Gods
T

AN . _
S (ﬁ) 26+2HM4 ||un||€2 + 4,uM4|un|6 + M4
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for all u € H}. By the boundedness of {¢(u,)} and the inequalities ([2.11), (2.19)-
(2.21)), one has

Cs < p(un)
T
— gl [ R ) = By ()i
T T
+ /O [Fy (t,un () — Fy (, )] dt + /0 F(t, u,)dt

a1

1 T . vasT _ T, 2 .
< (3+ ) Ninllfe + Y= MEan + (35) Mo il 74

dm\/ay 4 12
T .'\? T B/2 . )
+(35) Msllimllze + (35)  2°%2pdMallin | o + 4uMalan]” + M,

T
+/ F(t,uy)dt
0
1

T _ 2 _ \/@T — 2
< (= M2n”4Mnﬁ—2C) M2|a, >
< (3 ryar) (wadBlaal™ + 4udtia,” - 204) + Y P r?la,

o+t
T. =2 y+1
+(35) M (@Mﬂanﬂ + 2/l + cs)
T 12 4/
+(E) PM3(\/CL4M1|ﬂn|W+2\/NM4|ﬂn| / +C5)
NG 2 B/2 A
+(E) 26+ uM4(\/aM1|anl”+2\/uM4|ﬁn| +Cs)

T
b uMylan]® + M + / F(t, a,)dt
0

a vasT T T
< (2 + 2 ) MRl + (6+ —— )ublaal’ - (1+ )G
2 2T T/ay 2w\ /ay
y+1
T 2 ol ~ a+1 B(y+1)
() Ma(20aF My a0 28 AL |

52

B
T.? 82
+221C7 )+ (55) 27 2uMa (27 a7+ 29028 M )

12
2(8-1) ~B T\ = Y = 18/2
+2200C0) + (5 ) M (Vaaddila|” + 2/udifa| " + Cs)
T
+M4+/ F(t,ty,)dt
0

T
- vasT
= ol [Jo 7 [ Fa(t e+ (54 Y3 s
0

2 2
T 12 T _
+(55)  VaMMsla,| ™+ (5) 272 vaaMiMola, O
T B/

2
8 _ —
+(55) 2 MM, O]
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3 s [T T
tin|? | n|~ Fy(t, ain)dt + (6 + —— ) uM.
+ [tn| [|U | /0 o(t, tp) +< +ﬂ_ a4)ﬂ 4

AN B+2 B+2 _ 1g2_
b () 2
+1
T.5 y+1 1 BG=1) T /2 -
+(35) M2 MM (| T+ () 2Msy/udafa| 7]

T T T 12
(1t 5= )Cat (35) M+ (55) M

for large n. The above inequality and (2.14) imply that {|a|} is bounded. Hence

{un} is bounded by (2.19). By using the usual method, the (PS) condition holds.

Similar to the proof of Theorem we can verify that functional satisfies the

other conditions of the saddle point theorem. We omit the details. (I
3. EXAMPLES

In this section, we give some examples of F' to illustrate that our results are new.

Example 3.1. Let F' = F| + F5, with

27t
Fi(t,z) = sin (%)le”“ +(0.6T — t)|z[*2 + (h(t),z)

Fie) = Ofa) — a7,
where h € £1(0,T;RY), r > 0, C(x) = 3 (|1 |* + |za|4/3 + -+ + |z ] 4/3).

By Young’s inequality, it is easy to see that
7

4
7 . 27Tt 3/4 T3
1([sin (57 )[ )ttt + S5 + o
for all z € RY and a.e. t € [0,T], where ¢ > 0. And

(VEy(x) — VEy(y),z —y) > —rlz — y|*?
for all 2,y € RY. Thus, (F1), (F2) hold with v = 3/4, a = 4/3 and

T 3
76 = Lsin(E 4 0). () = 5 + ()],

However, F' does not satisfy (1.2)). In fact

T
227 / F(t, 2)dt
0

|VF1 (t,.’E)|

IN

2mt 3
sin (%) ]|g;|3/4 + 510.67 — ][22 + ()]

IN

T
_ |gg|*3/2/0 [sin(%)m”‘l+(().6T—t)|a:|3/2+ (C) — 2L [23) + (h(t), o)) dt

4
T(C(x) = 5 |=*?) T _
=0.17% + \z|3/§ + (/0 h(t)dt, |z| 3/2x)
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On the other hand, we have

™ (T, 4973 /1 de
@/0 f(t)dt_1287r2<§+?+5)

T < 1%2;:2, we choose € > 0 sufficient small such that

T T2 T
1iminf|x|*27/ F(t,z)dt = 0.1T% > —2/ fA(t)dt
0 8% Jo

|z]— o0

which implies that (F3) holds. Then F' = F; + F5 is not convex, not y-subadditive,
not periodic, not a.e. uniformly coercive, and VF' is not sublinear. Thus, F' is not
covered by results in the references.

Example 3.2. Let F' = F; 4+ Fy, with
Fi(t,2) = (0.5T — t)|z|/* + (04T — t)|z|*/% + (h(t), ),
4r

Fa() = = Flal*,

where h € Z1(0,T;RY), r > 0.

Similar to Example we can see that all conditions of Theorem [I.2] hold but
F' is not covered by results in the references.

Example 3.3. Let F' = F} + F5, with
Fi(t,z) = (0.5T — t)|z|"/* + (0.6T — t)|z|*/? + (h(t), z),
T
Fo(a) = C(a) = Slal?,

where h € Z(0,T;RY), C(x) = L(|z1|* + |wal® + - + |zn[?), 0 < 7 < 427

In a way similar to Example it is easy to see that condition (F1) and (F2)
are satisfied with v = 3/4. However, F does not satisfies (1.2)). In fact,

T
2| W/0 Pt 2)dt
a2 [ T 44 0.6T — t)|2]P? + (C D h(t dt
=1l [ {057 = )laf"1* + 067 = 0lal"* + (Cla) = Flol?) + ().
2 T(C(ZE)—£|{L'|2) r —3/2
=0.17% + Iw\3/22 +</O h(t)dt, z|x| 3/)

o L) e
=017+ e+ (| h(Bdtall )

We can choose € > 0 small enough and some suitable T such that

o [T 2 7° T
liminf |z|~7 F(t,z)dt =0.1T — t, x)dt
m inf || /0 (&) ” 2(4m? —rT2)/o f(t =)t

|z]— o0

which implies that (F3’) holds. F' is also not covered by results in the references.
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