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DELAY DIFFERENTIAL EQUATIONS WITH HOMOGENEOUS
INTEGRAL CONDITIONS

ABDUR RAHEEM, DHIRENDRA BAHUGUNA

ABSTRACT. In this article we prove the existence and uniqueness of a strong
solution of a delay differential equation with homogenous integral conditions
using the method of semidiscretization in time. As an application, we include
an example that illustrates the main result.

1. INTRODUCTION

This article concerns the delay differential equation having homogeneous integral
conditions,

ou B @ O3y

E 02 — M = F(.’I},t,Ut) on (0, 1) X (O,T], (11)
u(z,t) = ¢(x,t) on (0,1) x [-T,0], (1.2)
with integral conditions

1
/ u(z,t)de =0, te][0,T], (1.3)

0

1
/ zu(x,t)de =0, te][0,T], (1.4)

0

where 0 < T < oo, the unknown function u : [-T,T] — L2(0,1), the history
¢ : [~T,0] — L%(0,1) and the nonlinear map F : (0,T] x Cy — B(0,1), are defined
by u(t)(z) = u(z,t), ¢(t)(z) = ¢(x,t) and F(¢, us)(x) = F(x,t,ut), respectively.
Here L%(0,1) is the real Hilbert of all square integrable real valued functions on
(0,1) with the standard inner product, and B(0,1) is the completion of Cy(0,1),
the space of all continuous functions on (0,1) having compact support in (0, 1),
with the inner product defined by

(u,v)p :/0 Spu(x)Sv() de,

where Syu(z) = i u(€)d¢. We recall that, if || || 5 denote the corresponding norm;

that is,
1¥lls =V (¥,%)B,
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then it follows that
1911% < 1wl

Also for t € (0,T], C; := C([-T,t]; B(0,1)) is the Banach space of all continuous
functions from [T, ¢] into B(0, 1) endowed with the supremum norm

)l = sup [|v(0)]|B-
T<9<t

DN | =

For ¢ € Cp, we denote 9, € Cy given by ¢,(0) = ¢¥(t + 0),0 € [-T,0].
For the consideration of integral conditions, we use the space V introduce by
Merazga and Bouziani [I1],

1 1
V:{d)ELQ(O,l):/O qS(a:)da::/O xp(x) dz = 0}.

Note that V is a Hilbert space with respect to the standard inner product.

Since 1930, various classical types of initial boundary value problems have been
investigated by many authors using the method of semidiscretization, see for in-
stance, [0, 13, 14, [15] and references therein.

In this paper our aim is to extend the application of the method of semidiscretiza-
tion in time to delay differential equations with homogeneous integral conditions
and to establish the existence and uniqueness of a strong solution for a delay dif-
ferential equation with homogeneous integral conditions given by —.

The method of semidiscretization in time is a constructive method and has a
strong numerical aspect. For the application of the method of semidiscretization
to integrodifferential equations with nonclassical boundary conditions, we refer the
readers to [2, B, [4, [8, @] and references therein.

Dubey [5] established the existence and uniqueness of a strong solution for the
following nonlinear differential equation in a reflexive Banach space with a nonlocal
history condition using the method of semidiscretization in time

u'(t) + Au(t) = f(t,u(t),w), te(0,T],

h(ug) =¢ on [—7,0],
where 0 < T < o0, ¢ € Cy := C([-7,0]; X),7 > 0, the nonlinear operator A is
single-valued and m-accretive defined from the domain D(A) C X into X, the
nonlinear map f is defined from [0,7] x X x Cy := C([—7,0]; X) into X, the map
h is defined from Cy and Cy. Bahuguna, Abbas, and Dabas [I] applied the method
of semidiscretization to a semilinear functional partial differential equation with an
integral condition.

Our problem is motivated by the work of Lakoud and Belakroum [I0] and Dubey
[5]. Lakoud and Balakroum [10] established the existence and uniqueness of a weak
solution for the integro-differential evolution with a memory term,

0 0? o? t

3—1; — 37:1712} — BTQU& = g(x,t) —|—/0 a(t — s)k(s,v(x,8))ds on (0,1) x (0,77,

subject to the initial conditions
’U(l‘,O) = Vb(x)’

and integral conditions
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/1 xv(z,t)de = G(t),
0

where f,Vy, G, E are given functions and 7', A are positive constants.

The plan of the paper is as follows. In section 2, we state all the assumptions
and preliminaries. In section 3, we state the main result. In section 4, we state and
prove all the lemmas that are required to prove the main result and at the end of
this section, we prove the main result. In the last section, we give an application
of the main result.

Throughout the paper we denote a generic constant by C. This constant may
have different values in the same discussion.

2. PRELIMINARIES

We will use the following assumptions:

(H1) The nonlinear map F' : (0,7] x Cy — B(0,1) satisfies a local Lipschitz
condition

[ F'(t1,91) — F(t2,¥2)llB < Lr(r)[|ts — ta| + [[¥1 — ¥2llo],
for all t1,t0 € (O,T] and w1,¢2 € Cp with ||’(/JZ — ¢(0)”0 <r,i=1,2 and
Lr(r) is a nondecreasing function of r > 0.
(H2) The history function ¢ : [-T,0] — L?(0,1) is uniformly Lipschitz continu-
ous with Lipschitz constant K > 0; i.e., |[|[¢(t) — &(s)]| < K|t — s|.
(H3) fol ¢(z,0)dx = 0, fol xd(x,0)dr = 0.
Lemma 2.1. If — A is the infinitesimal generator of a Cy-semigroup of contractions
in a Banach space X then A is m-accretive; i.e.,

(Au, J(u)) >0, foru e D(A),

where J is the duality mapping and R(I + MNA) = X for A > 0, I is the identity
operator on X and R(-) is the range of an operator.

The proof of the above lemma follows from Lumer Phillips theorem [12] Thm.
1.4.3).
3. MAIN RESULT
Theorem 3.1. Suppose that assumptions (H1)—-(H3) are satisfied. Then problem
(1.1)-(1.4) has a unique strong solution on the interval [—T,T].
4. DISCRETIZATION AND A PRIORI ESTIMATES

To apply the method of semidiscretization we divide the interval [0, 7] into the
subintervals of length h, = L. We set uf = ¢(0) for all n € N and define {u}
successively as the unique solution of the problem

" 82u? 325u? " on
(S’U,j — 781‘2 — )\78$2 = F(tj ,’U/jfl), (41)

1
/0 u;‘ dx =0, (4.2)

1
/0 ruj dz =0, (4.3)
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where 4 = ¢(t) for t € [-T,0] and 2 < j < n,

i) = {u(tj ) if t e [~T,~t7_,]

71+(t?71+t7t?71)6u?7 lftE[ t? 2l t?z 1} ISZS.]*L
and
u — u
buff = 3=
n

Let w} = u? + Adu?. This implies that du} = %w’? - ﬁu?fl. So (4.1)-(4.3)
will reduce to
8211);1 N 1 n_ g (4.4)
922 " hp a0 o '

1
/0 wj dx =0, (4.5)
1
/ rwi dz =0, (4.6)
0

where

n 1 n n ~n
= muj_l + F(t7,a%_y).
Now we show the existence and uniqueness of functions w? satisfying (4.4)-(4.6).
For this consider H = L?(0, 1), the Hilbert space of all real valued square integrable
functions on the interval (0,1). Let the linear operator A be defined by

D(A):={ueH:u EH/ daﬁ—/olmu(x)daczO}, Au = —u".

Then we know that —A is the infinitesimal generator of a Cy-semigroup S(t),¢ > 0
of contractions in H.
The existence of unique wf satisfying equations (4.4)-(4.6) is a consequence of

Lemma 2] As
U; = w; + U

T 7 Ndhy 7 Nt hy T
there exist unique u? € D(A) satisfying (4.1)—(4.3)). Now we define

t), ifte|-T,0
Um0 - {¢’£ b, relno (4.7
uj_l"_(t_tj_l)#, lftg(J 1’tj]
Lemma 4.1. ForneNand j=1,2,---n,
Juj — o(0)]| < C,
where C is a generic constant independent of n, j, hy,.
Proof. Now for any ¢ € V, from (4.1]) we have
. 82 n 826 n .

(5%,1/))3—( 72 ,7/1) _>\< 2 ) ) :(Fj7w)Ba (48)

where FJ' = F(t7, 4} ). By the definition of the inner product (,)p, we have

(25.0), = [ o= w0 "
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So reduces to
(Oug, ¥)p + (uf, ) + A(0uj, ) = (Fj', ) p. (4.10)
Taking j = 1,9 = uf —ug in ,
() —ug, ui —ug)s + ha(uf, uf — ug) + AMuf — ug, uf — ug)
= hn(F' ul — ul)B.
Now using , we obtain

(u) = ug,uf —ug)p + hn(uy —ug,ui’ —ug) + A(uf’ —ug, uf — ug)

d2
=h, ( T+ duf,u;’—ug) .
B

Now, we obtain

d2
luf —ugllB + halluf —ugl® + Alef —ugl* < ha [ F7 |5 + I -0 — 8]l —ugls.

By ignoring first two terms on the left hand side, we obtain
d?ul
Allutt = ugll* < b [1F7 1] + Bl 5 [ 8]l = ug |-
As [luf — uglls < 5 lluf — ufl, we have

d2u0 HB}

Jut —ug | < 1B + 1=

)\f[

By using assumption (H1), and the inequality h, < T, we obtain

e — gl < A%[Lm)(ﬂr) 10605 + 1 2L 15]) <

By putting ¢ = u} — ug in (4.10), we obtain
(uf —uf_q,uf —ug)p + ho(uj, uf —ug) + AMu] —uj_q,uj —ug)

—hn( IR j *uo)B~
Using (4.9)), we obtain

(=l — ) g+ o () =l — )+ Al — uf, )
d2 n
= hn(Fﬂ’un _US)B—’_ (u}tl _u87u? _ug)B—’_h”( d;207u?_u8)3
+)‘( _7 1 uO’ j ’LLO)

By ignoring the first two terms on the left hand side, we obtain

Ml = ugl* < hal E} | Blluf = uglls + lluf_y — ugllslu} —ugls
d? uo " N .
+ hall 5 slluf = uglls + Aluj—y = ug[|uf — ug ]l

As [[uf —ugllp < %”U? - uSH, we have

1 b o a2l 1 . .
X [\ﬁ(”Fj B + HWQOHB) + (5 + Muj_y —ug 1] (4.11)

[uf —ugll <
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By assumption (H1), we have
1EF 1B = (8], af )|l B
= | F(t}, f_y) — F(0,6(0))[| 5 + [|F(0,¢(0))] 5
< Lem[t7 1+ 1af—y — ¢(0)llo] + [ F(0, ¢(0)) |5
< Lp(r)[T + 7]+ |F(0,9(0)|5-
Using in , we obtain
d*ul

Le(r)(T +7) + [|F(0,6(0))ll5 + || 5]

(4.12)

h
u? — Ul < —=
g — el < 75
+(1+ o5 ) Iy —ug|
1
wb—%n<hk+(—w—ﬂﬁq—uw7

where K = /\%/i[LF(r)(T + 1)+ ||F(0,6(0))] 5 + H = ||B] Repeating the above
procedure, we obtain

g — ] < C.
This completes the proof. ([

Lemma 4.2. For j=1,2,---,n

n n

uy —ul g
n

Proof. By putting j =1, ¢ = u} —ug in (4.10) and using (4.9), we obtain
U?—U,g n _ n) n_,n n__ ,n )\(u?_ug
(7}% yUp —Ug ) T (uf —ug,uf —ug) + “h
d?uy
= (F{uf =)o + (ot —up)

By ignoring the first two terms on the left hand sides, we obtain

n n
,ul _UO)

iy —upl? < (B + 22 g ) (4.13)

As [lu} —ugllp < %HU? — ufy||, we have

2

ult — d=ufy
! 175 + 1= 0 HB}

Uug 1
<
175 < 5

Using assumption (H1), we obtain
ut —
1

ug 1
<
R Wi
Subtracting (4.10) written for j, from the same identity for j — 1 and then putting
Y =u} — uj_;, we obtain

Lp(r)(T +r) + [[F(0, ())HB+H OIIB]<C

(6uj,uf —uj_1)p + (uf —uj_q,uj —uj )+/\(5u],u] ul_q)
:(Fn Fl' oy uf —uf )B"‘(‘m U —u )B"‘)\(éu —1 ?_U?—1)~
Ignoring the first two terms on the left hand 81de,

A n n 2 mn n n n U;Ll n n
h*”u] _uj71|| < ”Fj - Fj71||BHuj - uj71||3 + || h ||BHUj - uj71||B
n n
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ul_ o —ul g
A= g = ua |l

b,
As |9l < [¥]/v2, we have
uy —ul_ 1 1, ui g —uj
it < F'— F" 1+ —)||=—= 4.14
I < 5 I = Falls + (L DI 2 @y
Now using assumption (H1),
IF} = Fills = 1F@t], ) ) — F(t]_, 45 5)lls
< Le(r)[lt} — | + llaf—y — af o]
< Lp(r)[T + 2r].
Using the above inequality in (4.14)), we obtain
un — un_ 1 1 un_ — un_
i< Le(r)[T +2r] + (1 + =)||=—2L=2. 4.15
[ < e T + 20+ (L ) [P (4as)
Repeating the above procedure, we finally obtain
ul? —ul_
1= < e (416)
This completes the proof. (I

Now we introduce a sequence of step functions {X"(¢)} defined by

X" (1) = {¢(0)’ ift=0 (4.17)

u, ifte (7,17,

Remark 4.3. From Lemma [4.2] it follows that the functions U™ are uniformly
Lipschitz continuous on [T, T] and U™(t) — X™(t) — 0, as n — oo on [0, 7.

Let F"(t) = F(t},u}_,). By assumption (H1) and remark we see that

j—1
F"(t) — F(t,u;). Using (4.7) and (4.17), in , we obtain
d~ 02 o3
—U™t) — =—=X"(t) = A=——==—X"(t) = F"(t). 4.1
U ) - LX) - A5 T X0 = B0 (118)

Integrating with respect to ¢, we obtain
t 52 o3 t
— —X" X" = -u" P . 4.1
A (-3 X7(s) + Ay X7 (s)] ds = 6(0) — U™(1) + A (s)ds.  (4.19)
Lemma 4.4. There exists u € C([-T,T]; B(0,1)) such that U™(t) — u(t) uni-
formly on [T, T]. Moreover u(t) is Lipschitz continuous on [—T,T).

Proof. From (4.18]), we have

(Gum) — SUR0,0m ) - D)+ (X0 XH0, U0 - UF()

dt dt
FA(G Xm0 — S XH0,U 1) - V)
= (F™(t) — F*(t),U"(t) — U*(t))s.
Now,
%%IIU”(U —URO)B + 1X"(1) = X*@0)|1* + g%IIX”(t) - x @)

= (X"(t) = XF(), X"(1) = X*(t) = U™ (1) + UM(1))
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+ A(%(X”(t) = XH(8), X" (1) - XF () — U (8) + U (1))
+ (F™(t) = F*(t), U™(t) = U*(1)) 5,

By ignoring the last two terms on the left hand side, we obtain

S THIU™ 0 = TR, < durlt) + I1F7(0) — FO6 10 (0) = U0
where
S (t) = | X7 () = X*@)[IX™(t) = U™ (0)]| + | X*(8) — UF@)])]
+ %II%(X"(U — XPO)[IX™ () = U @) + 1 X5 () = UF@)]l]-

By Remark it is clear that d,(f) — 0 as n,k — oo uniformly on the interval
[0,T]. Now by assumption (H1), we have

1) = FEW)lls = 1FE,a5-) = Pt a0,)lls (4.20)
< Gy (t) + Lp(m)lU™ (1) = U ()] 5 (4.21)

where
(1) = L ()|t} — 7|+ U™ () — @5 [lo + 1U* () — @y [lo]-
Clearly 0,,.(t) — 0 as n,k — oo uniformly on [0,7]. This implies that for a.e.
te€[0,7],
1d”
2 dt
Integrating the above inequality over (0,t) with 0 <t < T, we obtain

lU"(#) = U*O)1B < 65 (t) + Le(@)|U™ (1) = U*@)II3, (4.22)

[T () = UR ()11 < 20,47 + QLF(T)/0 [T (s) = U*(s) 1 ds.

Applying Gronwall’s inequality, we obtain that U™ — u in C([—7,T], B(0,1)). As
each U™ is uniformly Lipschitz continuous, and by assumption (H2), u is Lipschitz

continuous. This completes the proof. O
Proof of Theorem[3.1 Taking limits as n — oo in ([£.19)), we obtain

t a2 3 t
- /0 [%u(t)—&—)\%u(t)] ds = ¢(0) — u(t) + /O F(s,u) ds.

This implies that
OBu(t)

Ou(t O%u(t
855) — axg) —Aamzat = F(t,us), a.e. tel0,7T].
Clearly u(t) is differentiable with u(t) € V a.e. on [0, T] and u(t) = ¢(t), t € [-T,0].
This implies that u(t)(z) = u(z, t) is a strong solution of (L.I)—(L.4). Now we show
the uniqueness of the strong solution. To do this, suppose that uy, us are two strong

solutions of (|1.1))-(L.4).

Let w = uy — usg, then for ¢ € V| we have

(20) (i) +A(2 ) = (Pt (u)0) — e u)w)

Putting ¥ = v and ignoring last two terms in the left hand side, we obtain

(240) < (Pt Gm)) = it (wa)).)




EJDE-2013/78 DELAY DIFFERENTIAL EQUATIONS 9

By using assumption (H1), we obtain

52 1e®IB < Le)l(ur)e — (u2)ellsllul®)|5

<Lp(r) sup |u(0)]lz sup [u()s5.
—T<t40<t —T<H<t

Integrating between 0 and ¢, we obtain

t
sup (@) < 2Le(r) [ [ul?ds
—T<6<t 0

t
lul2 < 2L (r) / Jul ds.

Applying Gronwall’s inequality, we obtain v = 0 on [—T,T]. Hence we obtain a
unique strong solution of problem (1.1)-(1.4)) on the interval [T, T]. |

5. APPLICATION

Consider the partial differential equation

o v v ¢
iy i )\M = g(x,t) Jr/o a(t — s)k(s,v(z,s))ds on (0,1) x (0,77,

v(x,t) = ¢(x,t) on (0,1) x [-T,0],

(5.1)
with the integral conditions
1
/ v(z,t)dr =0, (5.2)
0
1
/ 2v(z,t)de = 0. (5.3)
0

In the above problem, we identify the unknown function v : (0,7] — B(0,1), by
(t)(z) = v(x,t), g: (0,T] — B(0,1) by g(t)(z) = g(x,t), k: (0,T] x (0,1)
by k(t,v(z,t)) = k(t,v(t))(x) and the history function ¢ : [-T,0] — B(0,1) by
o(t)(z) = ¢(z,t). Also we take

1 1
V={¢eL*0,1): / o(x)de = / zé(z) dz = 0}.
0 0
Putting t = s — 7 in the integral term, problem ({5.1])-(5.3)) reduces to

<

ov 0% d3v 0
T )\m =g(t) + /4 a(=n)k(t +n,v(t +n))dn on (0,77, (5.4)

o(t) =¢(t), tel[-T,0.
Now we consider the following assumptions:
(i) There exists k1 > 0, such that for all ¢,s € (0,7]

lg(t) = g(s)llB < kalt — .
(ii) There exists kg > 0, such that for all ¢,s € (0,7] and 1,12 € Co,
[k(t,1(t) — k(s,¥2(5))l| B < Kallt — s| + [[¥1 — ¥2]lo]-
(iii) Also there exist M > 0, such that
la@®)llz < M, tel[-T,0)].
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Now we define G : (0,T] x Co — B(0,1) by
0

Gt ) = g(t) + / a(—m)k(t +n,)dn.

—t
Thus (5.4) reduces to

v 0% v
5% " a2 ogrgp — Ctve) on (0,T],

U(t) = ¢(t)a te [_T7 O]
Now we show that G satisfies assumption (H1). For this take ¢,s € (0,7] and
Y1, 92 € Co
||G(t,’(/}1) - G(57¢2)||B
0 0
<|lg(t) — g(s)llz + || [t a(=n)k(t +n,41(n))dn — / a(—n)k(s +n,12(n))dn| 5-

—S

(5.5)

Using the given conditions on g, a and k, we obtain

0
1G(t, 1) — Gs, )15 < kalt — 5| + Mbs / (It = sl + 1 — Gallo}dn
—t

—t
+M [ k(s +n,¥2(n)l zdn.

—S

After some simplifications, we obtain
1G(t,91) — G(s,92)llp < (k1 + MkoT + MEK)|t — s| + MEoT [ty — tb2llo
< L[|t = s| + [[¥1 — ¥2]lo];

where
L= max{(kl + Mk2T+ MK)kaQT}a ||k(8 + 77a¢2(77))”B < K.

As G satisfies a Lipschitz like condition, we apply the result of Theorem to
ensure the existence and uniqueness of a strong solution of (5.1)-(5.3) .
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