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A GRADIENT ESTIMATE FOR SOLUTIONS TO PARABOLIC
EQUATIONS WITH DISCONTINUOUS COEFFICIENTS

JISHAN FAN, KYOUNGSUN KIM, SEI NAGAYASU, GEN NAKAMURA

ABSTRACT. Li-Vogelius and Li-Nirenberg gave a gradient estimate for solu-
tions of strongly elliptic equations and systems of divergence forms with piece-
wise smooth coefficients, respectively. The discontinuities of the coefficients
are assumed to be given by manifolds of codimension 1, which we called them
manifolds of discontinuities. Their gradient estimate is independent of the
distances between manifolds of discontinuities. In this paper, we gave a para-
bolic version of their results. That is, we gave a gradient estimate for parabolic
equations of divergence forms with piecewise smooth coefficients. The coef-
ficients are assumed to be independent of time and their discontinuities are
likewise the previous elliptic equations. As an application of this estimate, we
also gave a pointwise gradient estimate for the fundamental solution of a para-
bolic operator with piecewise smooth coefficients. Both gradient estimates are

independent of the distances between manifolds of discontinuities.

1. INTRODUCTION

For strongly elliptic, second order scalar equations with real coefficients, it is
well known that their solutions have the Holder continuity even in the case that
the coefficients are only bounded measurable functions. However, the solutions do
not have the Lipschitz continuity in general. For example, Piccinini-Spagnolo [17]
p. 396, Example 1] and Meyers [I4], p. 204] gave the following case:

Example 1.1 ([14, [I7]). Let B; := {z € R™ : |z| < 1} and each a;; € L>(B;) be

defined as
_Mx%—i—x% 2?2 + Max3

a1l = T’ a2 =

with a constant M > 1. Then, if we define u as

VAT E it £ 0,

u(z) = x

(M —1)x129

= a1 = |5r3|2

(1.1)

0 if =0,
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it is easy to see that the Holder exponent of w is at least less than or equal to 1/v/ M
(indeed, for Z = (z1,0) we have |u(z) — u(0)| = [z|*/VM. Hence we have

u(@) —u(0)] __ . -
W = ‘Jf| — 400 aszT —0
for any £ > 0.) and u satisfies the strongly elliptic scalar equation with real coeffi-
cients )
0 ( Ju )
—\a;;=—) =0. (1.2)
i,jzzl 8:6@ J 8xj
The same thing can be said also to the parabolic equation
du D du
vv ——(a;;—) =0, 1.3
ot ”2:21 Ox; (a J &rj) (1.3)

because u given by (1.1)) satisfies this equation.

This example shows that we cannot expect gradient estimates of solutions to
equations and in the case a;; € L°°(B1), but we may have the estimates
in the case of piecewise C* (see below) coefficients.

The fact that the gradient estimate of solutions is independent of the distances
between manifolds of discontinuities was first observed by Babuska-Andersson-
Smith-Levin [2] numerically for certain homogeneous isotropic linear systems of
elasticity, that is |Vul is bounded independently of the distances between mani-
folds of discontinuities. They considered that this numerical property of solutions
is mathematically true. This is the so-called Babuska’s conjecture. Recently, proofs
for this conjecture appeared in [I3] and [12]. In elasticity, a small static deformation
of an elastic medium with inclusions can be described by an elliptic system of di-
vergence form with piecewise smooth coefficients. The discontinuities of coefficients
form the boundaries of inclusions. Similar physical interpretation is also possible
for heat conductors. Our main theorem given below ensures that this property
also holds for parabolic equations of the form (L.3). The details of result given in
[13] and [12] for scalar equations will be given below as Theorem [1.2

To state our main theorem, we begin with introducing several notations which
will be used throughout this paper. Let D C R" be a bounded domain with a
C* boundary for some 0 < a < 1, which means that the domain D contains L
disjoint subdomains Dy, ..., Dy, with C1® boundaries, i.e. D = (J%_, D)\ 9D,
and we also assume that D,, C D for 1 < m < L — 1. Physically, D is a material
and D, (1 < m < L — 1) are considered as inclusions in D. We define the C'+*
norm (resp. CH® seminorm) of C*® domain D,, in the same way as in [12], that
is, as the largest positive number a such that in the a-neighborhood of every point
of 0D,,, identified as 0 after a possible translation and rotation of the coordinates
so that x,, = 0 is the tangent to dD,, at 0, dD,, is given by the graph of a C1:*
function t,,, defined in |2'| < 2a (2’ = (x1,...,2,—1)), the 2a-neighborhood of 0
in the tangent plane, and it satisfies the estimate ||[t,]lc1.0(j2r|<24) < 1/a (vesp.

[wm]cl,a(|m/|<2a) S 1/a), where

V'p(x') — V(€
Wlone (<o = sup L&) /aw<s>|’
lz'],|€"|<2a lz" — ¢'|

1¥llcre(ar<20) = 1Yot (erj<2a) + [$]ota(ar<24)-
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Further, let (a;;) be a symmetric, positive definite matrix-valued function defined
on D satisfying

n

Mg < Z ai;(2)&6€5 < AJEP. (1.4)
i,j=1
Here each a;; is piecewise C* in D, 0 < p < 1; that is,
a;j(z) = ag;n)(x) forx € Dy, 1<m<1L (1.5)

with a ) € CH*(Dy,).

As We have already mentioned above, we will discuss in this paper a gradient
estimate for solutions to parabolic equations with piecewise smooth coefficients.
Our result is a parabolic version for the results of Li-Vogelius [I3] and the scalar
equations version of Li-Nirenberg [12]. They showed that solutions u € H'(D) to
the elliptic equation

"9 09;

; &fcl( 0z, ) h+ Zami (16)
where h € L*(D) and each g; is defined in D such that g;|p,, (1 < m < L) have
continuous extensmns € C*(Dy,), 0 < p < 1 up to dD,,, have global W1 and
piecewise O o estimates (see . 1.7) below). These estimates are independent of the
distances between inclusions when a material has inclusions.

We first give the result of Li-Nirenberg [12] for scalar equations.

Theorem 1.2 ([I2, Theorem 1.1]). For any ¢ > 0, there exists a constant Cy > 0
such that for any o satisfying

/ . &%
0<a <m1n{ﬂ, 72(04—1—1)}’
we have
L L n
Z l[ullgr.ar (DmnD.) = Cﬁ(”uHL?(D + Al L0y + Z Z lgill g (D, )) (1.7)

m=1i=1
where we denote
D, :={z € D :dist(xz,0D) > ¢}
and a positive constant Cy depends only on n, L, u, o, €, A, A, ”aijuca/(ﬁ) and the
CH norms of Dp,.
Remark 1.3. The constant Cy > 0 is independent of the distances between in-

clusions D,,. Therefore, the estimate (1.7)) holds even in the case that some of
inclusions touch another inclusions as in Figure

Now, we consider the parabolic equation

du_ -~ 0 of, .
871; a ”Z—l 3:61( i 81‘ ) f Z f m Qa (18)
where
0
feL=(@Q), a—{ e L™(Q),

fi € LP(Q),

Wc1r@) ad fi=J™ on Dyx (0.7)
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e)

Dy

FIGURE 1. The case that an inclusion touches another inclusion.
(L=T7)

with p > n+2, & = p(n+2)/(n+2+p), Q :== Dx (0,T], ™ € L>(0,T; C*(D,)).
Now we define a weak solution to the equation (1.8]).

Definition 1.4. We call u € V,°(Q) := L2(0,T; H*(D))NC([0,T]; L2(D)) a weak
solution to the equation (|1.8) when

/ u(x, t') p(z,t) dxf/ / (z,1) :Et)dxdt (1.9)

/ / Zam ,t)g;i(%t)dwdt (1.10)

3,5=1

//fxt xtdmdt—l—//z:fzxt -(x,t) dw dt (1.11)

for any ¢ € L?(0,T; H (D)) N H'(0,T; L*(D)) with ¢(-,0) =0 and 0 < ¢’ < T,
where H}(D) is the usual L2-Sobolev space with supports in D.

Our main result is as follows.

Theorem 1.5 (Main theorem). Any weak solutions u € V,"°(Q) to (L.8) have the
following up to the inclusion boundary reqularity estimate: For any € > 0, there
exists a constant Cé > 0 such that for any o satisfying

«
0 < o' < mi — 1.12
o mln{ﬂ, 2(a+1)}’ ( )
we have
L
Z sup |[u(+,1)||cror Bap.) < Ci (llullz2(q) + Fu + Fur)
m—1 &2<t<T
where

of
Fo = |fller(@) + I fll pmaxez.y (@) + [ fllLoe (@) + ||§||LH(Q)7

n

af; af; -
= > (Iillr@ + 15 2@ + 15 v + 2 s 1Dl i)

i=1
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and C’é depends only on n, L, u,a, e, \, A, p, “aij“ca’(ﬁm) and the C*" norms of
D,,.

Remark 1.6. (i) Again, the constant > 0 is independent of the distances
between inclusions D,,,. Then Theorem holds even in the case that an inclusion
touches another inclusion as Figure

(ii) It is easy to obtain

. of
F.<C (Hf||Loo(Q) + ||§HL~(Q))’

n L
Ofi
<0550 e 1 ).
i=1 m—10<t£T||f( )”C (Dm) ” ot ||L (Q)

However, a constant C* > 0 depends on T and D, unfortunately.

For heat conductive materials with inclusions, the solution u of the initial bound-
ary value problem for with heat flux given on 9D x (0,7] and zero initial
temperature at ¢ = 0 in D describes the temperature distribution in D. Inject-
ing the heat flux and measuring the temperature distribution on 9D x (0,7 is
the measurement of the so called active thermography. This is an non-destructive
testing to identify unknown cracks, cavities and inclusions inside a heat conductor
from the measurement. As a mathematical study of the active thermography, a
method called the dynamical probe method has been given ([7]). It can approx-
imately identify for instance inclusions by one measurement. For identifying the
inclusions precisely, it needs infinitely many measurements. Further, it uses the gra-
dient estimate of the fundamental solution of the heat equation with discontinuous
conductivities.

The dynamical probe method has been developed only for the case that the
inclusions do not touch another inclusions. So, it is interesting to consider the case
when some of them touch. For the first task to handle this case, we need to have
the gradient estimate of the fundamental solution. Our main result has given an
answer to this. Similar situation can be considered for active thermography and
non-destructive testing using acoustic waves. For example, [16] and [I8] effectively
used a result of Li-Vogelius [13] to give a procedure of enclosing the inclusions by the
enclosure method (see [0], for example). What is interested about their arguments
is that, by adding further arguments, we can even enclose the inclusions in the
case that they can touch another inclusions [I5]. More precisely for an increasing
sets of inclusions, these inclusions can touch at a point of the boundary of the
largest inclusion. Therefore, we believe that our gradient estimates will be useful
for inverse problems identifying unknown inclusions.

This kind of gradient estimates stated in Theorem for solutions of parabolic
equations was initiated by Li [I0] in his doctor thesis written in Chinese and was
completed recently in Li-Li [II]. In [II], they even discussed the interior gradient
estimates of solutions of a second order parabolic system of divergence form with
inclusions which can touch another inclusions. They also allowed that the coeffi-
cients can depend on the time. However, it should be noted that they could not
allow the inclusions to depend on the time. Hence, showing the interior gradient
estimate for this case is still opened.

We have to emphasize the following two things. The one is that we independently
obtained our results. After we finished our paper and posted our paper in the
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preprint server arXiv, Li sent the paper [11] to one of us. But we still did not know
the paper [I0] until very recently by a chance. The results of [I1] was also posted
in arXiv after us.

The another is that our proof of Theorem is totally different from the
proofs given in [I0] and [II]. We first reduce the problem of the interior gradi-
ent estimates for solutions of parabolic equations to that of elliptic parts of the
equations using by the idea in []], and directly apply the result [12] for elliptic
equations. By this method, we estimate not only the L°°-norm of Vu but also
sup.z <y <7 [[u(+, )|l o1, (B p.) more easily. We also remark that the constant Cj
in Theorem is independent of T'. In [I0], this property is not obvious at least
even for the case when the right-hand side f and f; on are identically equal
ZETO.

The rest of this paper is organized as follows. In Section [2] we prove our main
theorem, i.e. Theorem [I.5] by applying Lemma [2.I] We prove Lemma [2:1] in Sec-
tion [3] In Section [4] we consider a pointwise gradient estimate for the fundamental
solution of parabolic operators with piecewise smooth coeflicients by applying The-
orem [[.D)

2. PROOF OF MAIN RESULT

In this section, we prove our main theorem. We first state some estimates in
Lemma [2.I] which we need to prove our main theorem. We prove Lemma [2.1] in
Section B

Lemma 2.1. Let (a;;) be a matriz-valued function defined on D. Assume that (a;;)
is symmetric, positive definite, and satisfies the condition , Let QQ as before
and Q. == D, x (¢2,T]. Then for p>n+2, a weak solution u € V;"2(Q) to
satisfies the following estimates:

sup [[u(-, )] z2(p.) < C (lullz2(q) + Fo) , (2.1)
e2<t<T
o,y < € (lull 2y + Fo) - (2:2)
ou
192y < © (el + ). (2.3)
where we set

Fy = n i 5 2.4
0 ”f”Lﬁ(Jfﬁ(Q) +;||f||m(@) (2.4)
Fom W sz, 30 (Il + 12 m0).  25)

Lmax{Z,"+2+p}(Q) z (Q) 6t (Q) )

i=1
and C > 0 depends only on n, A\, A, p and .

Now we prove our main theorem by applying Lemma This proof is inspired
by [8].
Proof of Theorem[I.5. Before going into the proof, we remark that a general con-
stant C' which we used below in our estimates depends only on n, A, A,p and ¢;
(j =1,2,3). To begin with the proof, let 0 < e < £2 < 5. Then we have

sup |u( )lL2(p.,) < C (lullr2(@) + Fo) (2.6)
e2<t<T
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and
1926, < € (lulzaay + 1) (27)

by (2.1) and (2.3) in Lemma 2.1 where Fy, Fy are defined by (2.4) and (2.5). On

the other hand, u; = du/0t satisfies the equation

X (o) = ()

i,j=1

by applying /0t to ([1.8)) (also see Remark . Hence we have
el a.,) < € (Il e, + o) (2.8)
by Lemma (2.2), where we define

of
Fy:=l5;

|| ) +Z|| 9 e (@)-

"R (Q)

In particular, (-, t) € L*(D,,) holds for a.e. t € (¢3,T]. Now we regard the
equation (1.8]) as the elliptic equation

> g () = 5 -1+ 2 29)

by fixing t € (¢3,T]. We remark that du/dt — f € L°°(D.,). Then, for any o/ with
the condition (1.12]), we have the estimate

Ou
Znu Dl e Dy < Co (Ul Ollzaoo,) + 157 (Ol (o.y)

T (PR o w1 )

m=1 i=1
(2.10)
by Theorem where C; > 0 depends only on n, L, i, v, €, A, A, [ || car (57 and

the C" norms of D,,. Taking the supremum of the inequality (2.10) over (¢2,T]
with respect to ¢, and using (2.6)), (2.7) and (2.8)), we have

L

Y sw fulstllone rno.,)

m—1€3<t<T

ou
< C, ( ',t o (O (O
<y EQS<11F<>T||U( Nzzoo.,) + |l ot I Gt 1l 3.,

+ Z Z sup Ilfi( )| g (D) )
m=1i=1 €2 <t<
<C C(HuHLz(Q) +F+F+ Fé + HfHLOO(@EZ)
+ Z Z sup || fi ()l cor (577 )

m=1i=1 €3<t<T

which is the estimate we want to obtain. O
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Remark 2.2. Since we assume that u belongs only in V,"°(Q) with respect to the
regularity of a weak solution, one may think that we cannot apply 9/0t directly.
However, it is enough to consider the Steklov mean function and to make h tend
to 0, where we define the Steklov mean function vy, of v by

1 [tth
vp(z,t) = E/ v(z,T)dr.
t

Hereafter we omit the detail with respect to this remark although we often apply
this argument. Also see [9] IIT §2 p. 141] and (62) in [8, p. 152], for example.

3. SOME ESTIMATES

In this section, we prove Lemma The estimates and are well
known, but we give these proofs in Appendix for readers’ convenience. To show the
estimate (2.3)), we prepare some necessary lemmas for its proof.

Throughout this section, C' > 0 denotes a general constant depending only on
n, A, A. Also, we assume that the coefficient (a;;) is a matrix-value function defined
on D, symmetric, positive definite, and satisfies the condition . Moreover, we
set Q, := B,.(xo) X (to — 2, to], and assume that Q2, C D x (0,T] with 0 < p < 1.

The following two lemmas are essentially shown in [§]. We give their proofs here
for the sake of completeness.

Lemma 3.1 ([8, Lemma 3]). Let 1 <r < oo and 1/r+1/r" = 1. Then a solution
u to (1.8]) satisfies the estimate

HVUHLQ(Qp) < C[(pn/Q + p(n+2)/T )OSCQQP u+ ||fHL7‘(Q2p) + Z ||fi||L2(Q2p)} . (3.1)

i=1

Proof. Let ¢ be a smooth cut-off function on @2, satisfying ( =1 on @,, ( =0 on
Q25 \ Q3p/2, 0 < ¢ <1 on Qgp, and [9(/dt| + |V([> < Cp~2 on Qap. Let ug be the
average value of u in Q2,:

Uy 1= u(z,t) dx dt,
0 |Q2p‘ //Q

where |(Q2,| denotes the measure of Q)2,. Testlng 8) by (u—wup)¢? and integrating
by parts (i.e. taking ¢ = (u — ug)¢? for . Also see Remark [2.2)), we have

1
5/ ((u—uo) C (z,to) da:—// (u — ug)? Cdxdt
sz(mo) Q2p

Ou Ou 4 ou ac
//Qj? z]ax a C dx dt+2//Q a”@ (U—’U,O)Caxldxdt

20 4,5 2p q,5=1

/QQPfu—uoCdacdt-i-Z// fzau gxl

+ 2fi(u — uo)¢

Hence we have
1

2 /sz(%)((u — uo)Q(Q)(ﬂc,to) dr + )\//Q |Vu|2§2 du dt

1 9 ou Ou
<3 (Nt [ 5% e s

QQPZ] 1
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//Q u—ug)*¢= da:dt—Q//QQp”z:la,]a uo)Caa—;;dxdt

+/Q2p f(u—up)¢? da dt

—|-zn:// {flaag 2 i(u— o) ggfldxdt

// (u—up) g\ |dxdt+51// |Vul?¢? du dt

+§// |u—u0\2\V§|2dmdt+f // |f(|rda:dt2
// (u — uo)C|” dxdt +51// |Vu|?¢? du dt

51“// Z‘f|€2dﬂfdf+// lu — up|?|V¢|? da dt.

Qzp j=1

We now take €1 > 0 small enough. Then, we have

// |Vu|? dz dt
Q@
g// |Vu|?¢? da dt
Q2
2/
<C// (u — up)? \+|VC| d:rdt—i—C // (u — ug)¢|” d:rdt)
Q2 Q2

+C // \f§|’“da;dt +C//Q Z|fi\2C2dxdt
2 2 i1

n
T n ’I”/ 2
< C[(p"+ D) (05qu, 1) + 11 iay) + 2 Iil32an ]
=1

/
T

because |u(x,t) — ug| < oscq,, u holds for any (z,t) € Q2,. This completes the
proof. O

Lemma 3.2 (|8 Lemma 5]). A4 solution u to (1.8)) satisfies the estimate

ou _
15 2@ < Co7 IV ulza@u + £l 22(@20)

+y (p’ll\fillmczg,,) + ”%H“(Qw))]
=1

Proof. We first take the same smooth cut-off function ¢ as in the proof of Lemma
Testing (1.8)) by (9u/dt)(? and integrating by parts (also see Remark, we have

n Bu 8u
3 o 2 (00 6t

9 SR du du 0
+//QQ [%F@_Z ”auau o 22 ”au i’ ac}d dt

4,)=

(3.2)
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// s CQdId”Z[/BM (fiec?) (@to) o
//2 (= G 3acs" ~ 2y Cr 2 i<, e

= Pu Ou , 10/ Ou Ou ., = du Ou .0C
Z “"jatam-aT:jC _§§<Z 9 O axf)_zl 9 O axfat

1,0=1 7,7=1 1.5=

0 ou ou 0
o= 5 (1) - g )

fz otoz;

Hence we have

/\/B()(|Vu|C)xt0d$+//Q Cddt
1 " ou Ou 2 ,
<7 — —
B Z/BZP(:EO) (Z_:l“”axl Bx]C (2, to) dm+//2 \ ¢ dxdt
n du du O¢ - Ou Ou . OC
//Q by ”893 z; Cat 21‘; awﬁaCaxi]da:dt

// f= (d:cdt—kZ/]g?p(m)( axz )(:c,to)dx

S *@HZ?: a2 e

<C// |Vu |(|—|dxdt+52// \<2d dt
+—// Vuf? |VC|2dxdt+52// Qe do

+€2//sz |f17¢2 dxdt-l—az/sz(mo) (IVul¢?) (x, to) da
T ¢ (Z ‘fi|2C2)(m,t0)dx

€2 B2, (o)

+c//Q |Vu|§2dxdt+0// Z}afq&d dt

Qzp j=1

v [[iwuragae [[ S 1R o

2P’Ll

+52//2 |<d dt+—// Z|fz| V¢ |2 d dt.

Q@2p =1

We remark that

) = K ﬁ )2
[ st [T 8 on) o
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<o f[ [inr(e+aG) + e ara

Therefore, by taking e2 > 0 small enough, we have

[ igitaars [ (vure) @i [ 1GRC dra
<c//Q [Vul® C +<| |+|vg|2 da:dt+0//Q I2¢2 dar dt

+C// >[I (¢ + %1 +19¢P) +1 22 avar

Qzp j=1

< CP72||VU||i2(Q2p) + OHf||2L2(sz) +Cp~? Z Hfz‘||2L2(Q2,,)

i=1
Ofi 2
+ CZ 1% I2(@a0-

(I
We obtain the estimate (2.3)) from Lemmas (given in Appendix), [3.1]and [3.2]

4. A GRADIENT ESTIMATE OF THE FUNDAMENTAL SOLUTION

In this section, we consider a gradient estimate of the fundametal solution of
parabolic operators. We first state some facts. It is known that if coefficient (a;;)
is a symmetric and positive definite matrix-value L°°(R™) function satisfying (L.4)),
then there exists a fundamental solution I'(x, t;y, s) of the parabolic operator

0 "9 0
— — —(a;;— 4.1
ot igzzl o, (a : axj) (4.1)
with the estimate
C. clz —yl?
IT(x,t;y,s)] < m exp ( - ﬁ)x[spo)(t) (4.2)

for all t,s € R, and a.e. z,y € R", where Cy, ¢, > 0 depend only on n, A\, A (see [1]
or [], for example). In particular, the constants C, and c, are independent of the
distance between inclusions. If the coefficients (a;;) is not piecewise smooth but
Holder continuous in the whole space R™, then the pointwise gradient estimate

. ez =yl
e (= S e 0

holds for t,s € R, a.e. z,y € R™ (see [0, Chapter IV §11-13], for example).

Now, the aim of this section is to show the gradient estimate in Theorem
even if the coefficients are piecewise C* in D. We assume that (a;;) defined in D
satisfies the conditions and , and extend it to the whole R™ by defining
(ai;) = AI in R™\ D, where [ is the identity matrix. We remark that this extension
does not destroy the conditions and . Then there exists a fundamental
solution T'(z,t;y,s) of the parabolic operator with the estimate as we
stated above.

To prove our gradient estimate of the fundamental solution, we apply the fol-
lowing corollary from Theorem

IVol'(, 3y, s)| <
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Corollary 4.1. Let 0 < p < 1. Then a solution u to the parabolic equation

ou "9 ou _
E — Z 87 (CLUaT) =0 in Bp(l'()) X (tO — pQ, to] (43)
igj=1 """ J

has the estimate
!

C
#
||vu||Lw(Bp/z(mo)x(to—(p/Q)z,to])) < pn/2+2 ||u||L2(Bp(:co)><(to—p2,to])7 (44)

where Cé > 0 depends only onn, L, u, a, \, A, and ||aij||ca’(Tm) and the CY norms
of Dy, for some o with (1.12)).
Proof. Tt is sufficient to apply the scaling argument. Let py = 2 — x¢, p*(s — 1) =
t —to and
Uy, s) = u(z,t) = ulpy +zo, p°(s — 1) +to),
(

aij(y) = aij(x) = aij(py + wo), (4.5)
~ 1
D,, = {;(:c —xg) 12 € Dy, }.
Then we have
ou "9 /. Ou .
o ]z::l o (aija—yj) =0 in By(0) x (0, 1]. (4.6)

Therefore, by noting Remark [4.2] we have
V@l oo (B, 50y x 3/4,1)) < Cilltll L2 (B, (0)x(0,1))
by Theorem where C} depends only on n, L, i, o, A, A, ”aij”ca’(ﬁ)v and the

CH*" geminorms of D,y,. By this estimate and the definition (4.5, we obtain the
estimate (|4.4)). O

Remark 4.2. One may think that Cj depends also on p since ”Ziij”Ca'(f)i) and
the C1*" norms of D,, depend on p. However, we can take Cﬁ independent of p by
taking the following into consideration.

First we consider

Vil en 5, = Wil oo 5, ilewr 5,
_ @ (y) — ay;
= sup )]+ swp DS
y€Dm y:n€Dy, y=n
It is easy to show
laijll o 5, = Naislloo B,

and

/

@j]ca/(ﬁfm) = p® lai]cor By < laijloe By

Then we have
@il por 3.7y < Nasslloo -
Next we consider the C1* norms of D,,. We need to recall the proofs of the

results of [12] and [I3] more carefully. In the case when we consider the L°°-norm
of V& for a solution % to the equation (A.6)), the influence of the C* norms of
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subdomains lN)m appears only in the following constant C in (4.7): We estimate
O(]#'|***) in the equation (49) in [I3 p. 118], i.e.
frn(@") = fin(0) + V f(0")2" + O(J2']'+) (49)
as
|O(|2'|*F*)] < Claf*e (4.7)
(See also [12, Lemma 4.3]). Here C1* functions f,, are defined in the cube (—1,1)",
and the graphs of f,, describe 0D,,. Now we remark that the constant C in
([4.7) depends only on the C** seminorms of f,,. We consider the variable change
py = x. Then the graph z,, = f,,(2') is changed to y, = [, (y'), where f,(y') :=
o fm(py'), and we have
[fmlcte—1,0m) < [fmlote(=1/0,1/0)m)
= pa[fm]cl,a((,l’l)n) < [fm]cl,a((,l’l)n).

Hence, even when we consider the variable change py = x, we can take the constant

C in (4.7) independent of p.
Considering the circumstances mentioned above, we can take C’é > 0 independent
of p.

Now we state the estimate of V,I'(z,%;y, s).
Theorem 4.3. We have

_ M) (4.8)

V. D(z,t5y,8)] < WQXP( PR

for a.e. x,y € R™ and t > s with |x — y|> +t — s < 16, where C,c > 0 depend only
on n, L, u, o, A\, A, ”C‘Z’J’HCM(TM) and the C*" seminorms of D,, for some o with
[T12).

We prove Theorem in the same way as the proof of [3, Proposition 3.6]. We
first show the following lemmas.

Lemma 4.4. Let p:= (|zg — &|? +to — 7)Y/2 /4. Then

/to/ |F<x,t;5,7)|2dxdtgMexp(_w)
-r o0 o 77 =

for tg > 7, where C,c, > 0 depend only on n, A\, A.
Proof. By (4.2)), it is sufficient to obtain the estimate

K 1 2c.|z — &|?

fo ::/ / T P T T Ximeo) () dzdt
to—p* J By(x0) (t—7)" ( t—rT ) [ )( )
(C))2p"

/)2 2/ _ ]2
«) P C*|m0 £|
<monmrer (- TR

(4.9)

We consider the following three cases:
(i) to — p* <7 <to,
(i) to—2p* <7 <tg—p?
(1) T § to — 2[)2
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Now we consider the case (i). Then we have (vV15—1)p < |z—£| for any = € B,(xy),
because |zg — &| > /15 p. Hence we have

to 1 C1p2 to—T
ne [ ew (- P )wa = B0 [ s
+ JIByy) E—T)" t—71 0

where 1 (s) := s~ exp(—c1p?/s) and c; := 2(v/15 — 1)2¢c,. If 0 < tg — 7 < ¢1p?/n,
then we have

to—T to—T Clp2
/ p1(s)ds < / p1(to — ) ds = (to — 1) " exp ( - )
0 0 to—T

because ¢1(s) < ¢1(tg — 7) holds for any s € [0, ¢ — 7]. On the other hand, if
c1p?/n <ty — 7 < p?, then we have

/O_T p1(s)ds < / o Wl(%)ds = (ﬁ)n(to —7)p *" exp(—n)
0 0

n C1

2
n\n 1-n ( c1p )
<(—) (to— e - ,
- (Cl) ( v T) *p to— T

where we used the properties that
2

(Pl(S)SQPI(%) forany 0 < s <ty —T;
2
n> - and p> >ty —T.
0—T

Summing up, we have

2
Iy < max {1, (£)H}|B1(0)|Pn(to — 7)™ exp ( - tzlfT)'

Let us consider the case (ii). Then we have (v14—1)p < |z—¢| for all z € B, (o),
because |zg — &| > /14 p. Hence we have

to—T

to 1 cap?
! S/ / t—rn TP dzdt = |B:(0 Pn/ pa(s) ds,
0 oo S T o (= 25 Yo = 13100 )

to—p?—T

where @a(s) := s exp(—cap?/s) and ¢y := 2(v/14 — 1)%c,. In a similarly way as
the case (i), if p? < to — 7 < c2p?/n, then we have

to—T to—T c2p2
/ wa(s)ds < / wa(to — 7)ds = p2(t0 —7) "exp ( — )
t

0—p2—7 to—p>—7 to—7

2
< (tO _ 7_)—n-‘,—l exp ( . tCQP 7_)7
0—

because @a(s) < p(tg —7) for any s € [tg — p*> — 7, to — 7], and we have p? < tg— 7.
On the other hand, if cop?/n < tg — 7 < 2p?, then we have

to—T to—T 2 n
¢ n Com
[ awas [ (”) ds = () §2"2 exp(—n)
to—p2—T to—p2—T n C2

n 2
< 2n—1 (n) (tO _ T)l—n exp ( _ Cop ),

Co tg*T

where we used the properties that

2
¢
902(5)§802<i) for any to —p* —7 <5 <tg—T;
n
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2
t _
2P , and p2 > 077.

n >
to*T 2

Summing up, we have

2
Io < 1B O max (1,277 (2)"}7 00 =)' e = 22).

Finally we consider the case (iii). We first remark that

/to (t— )t < 4 amilo=p* =) it > 2,
to—p> ~ |log2 ifn=1,

because tg — 7 < 2(tg — p? — 7). In particular, we have
to
/ (t—71)""dt < (to — p® — 7)< 2" Lty — 7) 7L,
to—p?
Hence we have

to
I < By (0)]" / (t— )" di < 27 By(0)]o" (to — 7) "+
to—p?
|$0 — 5\2)

<2 exp(8)|Ba(0)|o" (1o —7) " exp (>

because |zg — £|?/(to — 7) < (4p)?/2p* = 8. Therefore we have the estimate ([4.9)
in every case. [

Proof of Theorem[{.3. Let xo,& € R™ and tg > 7. Let p := (|zo—&|?>+to—7)1/2/4 <
1. Then, by Corollary we have

IVaT (56 T Loe (B, (20) x (to—(p/2)2, t0))

/

< pTQﬁ_,'_QHF(W';EaT)HLQ(BP(a:o)X(to*pQ,to))v

because we have

n

or 0 or
a(;&t;fg‘) - Z a—xi(aij(m)a—%(x,t;f,f)) =0 in By(xo) x (to — p*, to].

ij=1
By this estimate and Lemma [£.4] we have

V2L (56T Lo (B, 2 (20) % (to—(p/2)2, to])

!

= pTQu'f‘Q”F(’ ';57T)||L2(B;,(wo)><(to—/)27to])

GiCi 1 - (_ ¢ |zo —£I2)
p? (to—7)(n—1/2 P to—T
166G (_ chlwo — £|2>

NCEGIGE hor )

because we have p=2 < 16(top — 7) 1. Hence the proof is complete. (I
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5. APPENDIX

In Appendix, we show the estimates and in Lemma for the sake of
completeness. To begin with, we give some embedding lemma which is necessary
to show the estimates and . First, the following Gagliardo-Nirenberg’s
inequality is well known (see [B, p. 24, Theorem 9.3], for example).

Lemma 5.1 (Gagliardo-Nirenberg’s inequality). Let r, s be any numbers satisfying
1<r,s<o0, and let j, k be any integers satisfying 0 < j < k. If u is any function
in WE(R™) N L"(R™), then

|D7ull oy < CrllDull oy 1l Gy (5.1)
where
e
for all v in the interval
%§7<1

where a positive constant Cy depends only on n, k, j,r, s,7, with the following excep-
tion: If k— j —n/s is a nonnegative integer, then (5.1)) holds only for j/k <~y < 1.

Then, as an application of Lemmal[5.1] we have the following embedding lemma.

Lemma 5.2 (Embedding lemma). Let v € L*°(0,T;L*(D)) N L*(0,T; H}(D)).
Then v € L>+2)/7(Q) holds. Moreover, we have the estimate

2/(n+2 n/(n+2
1]l L2tsr gy < Clloll 7t e (o V0l 4Gy

(5.3)
< C1 ([[vllz=(o,m22(m)) + IVl 22@) »
where a positive constant Cy depends only on n, and we denote @ := D x (0,T].

Proof. We apply Lemma [5.1] with ¢ = 2(n +2)/n, r =2, s =2, k =1 and j = 0.
Then the equation (5.2)) yields v = n/(n + 2). Hence we have

2 2/(n+2
[0, t)l| 2sarsn(py < CLllVol A o OFE

Therefore, we have
+2)/ T +2)/
o3 g = [ IO )

T 2(n+2)/n
2 2 2
SA(QW%ﬁwﬁfH(WA$U t

n 2)/n 4/n
< I 12 o ranz oy V0122 @)

By this inequality and Young’s inequality, we have the estimate (5.3)). O

Based on Di Giorgi’s famous argument, we start to estimate solutions to the

parabolic equation (1.8)). By testing (u — k);¢? to (1.8) we have the following
lemma, where vy (x) := max{v(x), 0}.
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Lemma 5.3. Let p > 2. Let Q, := B,(x0) x (to — p*,t0] C Q and ¢ € C’OO([to —
p?,t0); C5°(By(20))) satisfy 0 < ¢ <1 and ((-,tg — p?) = 0. Then a solution u to
the parabolic equation (1.8) satisfies

(O kj)JFCH%w(to*Pz’to;LZ(Bp(fEO))) + HV((U o k)JFC) HiZ(Q,,)
0
< O [(I5 i~y + 19€0 = ) ) 10 = B gy (54)

+ F2 | Qp 0 {u(e,t) > K} ]

for any k € R, where

Fy, = ”f”LZ(f;fﬁ o + Z I fill e @,y forr >0 (5.5)

and Co > 0 depends only on n, A and \.

Proof Multiplying (1.8 by (u— k), (? and integrating it over Q, = By(x0) X (to —
p?,t") (also see Remark ., we have

(LHS) = // (%(u - k)+)(u k)P drdt

_ Z// s a”a (0= k)4 ) (= k) 2 ot

7,0=1

/// atu— )C dx dt

s // o4 (4= R g (0 = K)o )

i,j=1

// = ((u=k)3¢%) = 2(u— k)3 C]dzdt
+Z//,a”a (u=k)+C)5

1,7=1

9¢ 9¢
_Z//,a” +8x]8xzd v dt

i,j=1
// +C—d xdi

== (u—k)2¢? d:p
2 /B J(z0) £

+Z//,a”a (u=k)+0)5

1,0=1

¢ o¢
_Z///a” +3xj6xld x dt.

1,7=1

((u —k)4+() dxdt

((u — k)4¢) dxdt
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Hence we have
1

5/3 (w0) (u— )+C dx .
" Z // a”a (u=k)+0) ail

: ((u— k)+C) dz dt

// dxdt—i— Z // ai;(u 8§ gc da dt
Lj

/Q/ flu—k) ¢ dmdt+2/ . (u — k);+¢?) da dt.

We remark that

‘/Q; fiaiwi((“ — k)1 ¢?) dmdt‘

0
-1// FiGo((u = k) ) dodt
L {u(z,t)>k} L
+f Filw— k) 8
QN {u(z,t)>k}
0
<o ff (U +<!dxdt+—// P2 d dt
Q,N{u(z,t)y>k} 9Ti ’ﬁ{u(xt)>k}

+// \fiC|2dzdt+// | | dx dt.
Q,N{u(z,t)>k} ;m{u(z,t)>k}

Hence, by (1.4) and (5.6)), we have

1/ (u—k)2¢? da +>\// IV ((u— k) 4C)|” du dt
2 B, (z0) t=t/ Q)
<1 / (u—K)2¢2da

2 By (o) t=t’

+Z///awa (u — )+C)

3,j=1

// d:cdt—&—Z///am +§<§<d dt
/Q,fu— +<2dxdt+2/ i (u— k)4+C?) dz dt

< HE”L“’(QH // (u—k)idxdt—kAHV(Hsz(Qp)///(u—k)idmdt
/Q flu—k +C2da:dt+€1// )| dx dt

+ +1> // |fil? de dt
(51 o {u(a,t) >k} ;

-dz dt‘

((u —k)4() dzdt
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VGl [ (i drs

that is,

1 2 2 9
Q/BP(%)(u_k)JFC dx » +(/\—81)/Q2)’V((u—k;)+<)’ da dt

o
< ) (15 =@ + 19C i) [ 0= 0 dna

1 n
+(—+1)// Z\fi|2dxdt+// flu— k) ¢ dedt.
&1 Q,N{u(z,t)>k} 1 Q,

Taking the supremum of the inequality over (to — p?, o] with respect to ', we have

1
max {§||(U - k‘)+€||2Loo(to—p2,t0;L2(Bp(xo)))a (A= fl)HV((“ - k)+<) Hiz(Qp)}

0
<(A+ n)(llaéllm(@p) + V¢~ a,)) //Q (u— k)3 dedt (5.7)

+(é+1)// zn:|fi|2dxdt+//pr(u—k)+42dl‘dt-

pNM{u(z,t)>k} ;4

Now we estimate the last two terms in the right-hand side of (5.7). First we obtain
1-2/
/] AP dedt < 1@, 0 (u(e,t) > B AR, (59
Qp{u(z,t)>k}

by Holder’s inequality. Now we estimate [ pr flu— k) ¢?dxdt. We first recall

[(w = k)Ll L2cnr2m(q,)
<C (H(u - k)+<||L°°(tofpz,to;Lz(Bp(:L’o))) + HV((U - k)-‘rC) HLQ(QP))

by Lemmal[5.2] where C; > 0 depends only on n. Then, by this inequality, Holder’s
inequality and Young’s inequality, we have

/ flu—Fk) P dadt
Qp
< 1<l L2t/ (@ unguta,ty sk | (@ — K)+Cl L2t /m(q,)

1
< e (u— k)+§||2L2<n+2>/n(Qp) + g||fCH22(n+2)/<n+4>(me{u(m,t»k}) (5.9)

W((“_ k>+C)Hiz(Qp)}

< 252012 max {||(U - k)+C||%°°(t07p2,t0;L2(Bp(:vo)))’
1 1-2/
+ 2 s Q1 {u(@,t) > kY 3
2 LR (Qp)

because 2(n+2)/(n+4) < p(n+2)/(n+2+p). By (5.7), (5.8) and (5.9)), we obtain
O

the estimate ([5.4)).

By the same argument, we obtain the following lemma for the function v_(z) :=
max{—v(z),0}.
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Lemma 5.4. Under the same assumption as in Lemma a solution u to the
parabolic equation (1.8) satisfies

H(u - k)—C“zL‘X’(to—pQ,tU;LQ(Bp(rco))) + HV((U - k)—C) HZLQ(QP)
0
< & [(15e i@ + IVC () ) 1w = )2 (5.10)

+ B3| @ 0 {ule,t) < kY]

for any k € R, where we define Fy , as (5.5)), and Cy > 0 depends only on n, A and
A

The estimate (2.1)) easily follows from Lemmas and . Our next task is to
2.2)

prove the estimate (| . We start by giving a technical lemma which will be used
later.

Lemma 5.5. Let C >0, b> 1 and ¢ > 0. If a sequence {ym }5_, satisfies

Yo < 0 :=C bV and 0 < ypyg < CH™ YL, (5.11)
then
Jimm =0
holds.
Proof. We show
ymgf%, m=0,1,2,... (5.12)

by inductive method, where we will determine r > 1 later. By assumption, (5.12))
with m = 0 holds. Hence we now assume ({5.12)) holds, and show ([5.12)) for m + 1.
By the assumption (5.11]) and the induction hypothesis, we have

~ ~ 0 .1 0y ~ 05
m, 1+e m 0 +e 0 m 0
Ymt1 <X Oy, < Ch (77”) = et pme—1°
Now we take r = b*/¢. Then we have
O ~m 06 O ~ . b
Ym+1 < rm+1 Co pme—1 - rm+l1 CT&O - Tm-l—l’
which is (5.12)) for m + 1. O

Now we are now ready to show the estimate (2.2)). The estimate easily follows if
we have the following lemma.

Lemma 5.6. Let p > n+2. Then a solution u to (1.8)) satisfies the estimate
lull (@, < Co (Ilullz2(@ay) + Fo.20)
where we define Fy 2, by (5.5)), and C, > 0 depends only on n, A\, A,p and p.

Proof. First of all a letter C' denotes a general constant depending only on n, A, A
and p. Now, let p,, := (1 +27™)p and k,,, = k(2 —27™) for m = 0,1,2,...,
where we will determine £ > 0 later. For m = 0,1,2,..., we take cut-off functions
Cm € C™(Q,,,) which satisfy

0<Gn <1 inmea

C _ 1 in me+1’
0 in Q,Dm \ Q(Pnz+9m+1)/2’
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I a¢ C
ot (pm - pm+1)2

We remark that ¢, = 0 near B, (xo) x {to — p2,} UIB,, (zo) X (to — p2,,t0) in
particular. By Lemmas [5.2] and we have

oo @) + VG0, ) <

(e = Bm1) 4 Gl Fons2rm g, )
< C(H(u - km+1)+€mH%"O(tO*PgnxtO?LQ(BPm (20)))

+ ||V ((u = kpg1)+Gm) Hiz(me)>

o
< O[ (152 2 (@u) + 1Vl 0, ) 0 = k1) + 13,

t
" Fg’pm’me N {u(z,t) > km+1}|172/p}

22m ) )
< C[FH(U - km+1)+HL2(me) + FO,Qp‘Am(k?erl)‘
where A4,,(1) := Q,,, N {u(x,t) > I} for | € R. Now we take k > 0 as

k> pl= PR, (5.14)

(5.13)

)

1—2/p}

Then we have

H (u - km-‘rl)-‘rCmHi2(n+2)/n,(me)
22m ) k‘2 _—
< CI:?H(U—km-i—l)"r”L?(me) + m‘Am(km+l)‘ ]

by the estimate (5.13)). By defining ¢, := ||(u — km)+|\%z(me), we have

Pm+1

= [l(u— km+l)+§m||%2(meH) < (= Emt1)+6mll72(0,, )

< ‘Am(km+1)|2/(n+2)”(u - km+1)+CmH%?(nw)/n(me)

< C|Am(km+1)|2/(n+2) (5.15)
22m 9 k2 1-2/p

X [7”(“ — k1) +l12q, ) + m’Am(km+l)’ }

22m k2 1-2/
2/(n+2 p

where we used Holder’s inequality and the estimate

1w = kms1)+ 720, ) S N(u—kn)+lT2q, )= ¢m-
On the other hand, we have

om = 1 — )4 [P ) > / / (1 k)2 da dt
(Qpm) A (i) +

k2
> // (it — i) dadt = | Ay (k)
A?VL(k77L+1) * 22m+2

that is,
22m+2
|Am (km+1)| < 2 Pm (5.16)
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By (5.15)) and (5.16), we have

Pmy1 < CQQm(H_"L“)

5.17
R T e A

k> (|Q129| //Q u? dxdt)l/Q. (5.18)

<,0m§// u2dxdt§// u? dx dt < |Qap|k?;
Q2p

pm

We now take k as

Then we have

that is,
P < QoK.

By this inequality and (5.17]), we have
22 N
pmar < C2m(HE) g 172 [yt g2y 1 p=2(1-52) (e 3)

142 _ 2
S C22m(1+%+2)<pm+n+2 D

x [p*%—ﬁz Qo |2/PKYP + p*2(1*¥)k*(m7)}

< C22m(1+%+2)p_2(1_#)]{;_%—%—2(1_%1—2)@71:_%*'2_%.
(5.19)
Now we denote ¥, := k~2|Q2,| ¢m. Then by (5.19), we have
2 _2
Ymt1 < 022”1(”%)@/7?("“ p), (5.20)
which is the second condition of (5.11]) with
~ 2 2
C=0C, b=22+a5) 5:n+275 (5.21)
Then lim,, oo Yym = 0 if
yo < CVep=1/e" = g, (5.22)

by Lemma where b and ¢ are defined by (5.21)) and C is the constant C in
(5.20). We remark that the condition (5.22) is equivalent to

1w = k) l1720,,) < 00k*|Qap- (5.23)
Now we take k as

1
> ——|ul)? ) 5.24
> goiaa @, (5.24)

Then the condition (5.23); i.e., the condition (5.22)) is satisfied.
Summing up, if we take k such that the conditions ([5.14]), (5.18]) and (5.24]) are
satisfied, then we have lim,,, .o, ¥, = 0. On the other hand, since

1 1
m = 757~ 1Pm = 757~ |\U— km 2
Y k2|Q2p‘90 k2‘Q2p|||( )JFHLQ(me)
1
= |l(u — 2k),||? as m — oo.
k2‘Q2p|||( )+HL2(QP)

Then we have ||(u — 2k)+||2L2(Qp) = 0; that is,
u <2k ae inQ,. (5.25)
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Now we take k as

1 —(n
k= ———ull12(s,) + 0" TP E sy,

V00l@2|
which satisfies the conditions (5.14)), (5.18) and (5.24). Hence we have (5.25]), which

1S

sgpu < Cp (ullL2(@,) + Fo20) -

P

Replacing Lemma by Lemma and doing the same argument, we can obtain

—u<C)p (||U||L2(Q2,,) + Fozp) inQ,
and thus the proof has been completed. ([l
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