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FIRST INTEGRAL METHOD FOR AN OSCILLATOR SYSTEM

XIAOQIAN GONG, JING TIAN, JIAOYAN WANG

ABSTRACT. In this article, we consider the nonlinear Duffing-van der Pol-type
oscillator system by means of the first integral method. This system has physi-
cal relevance as a model in certain flow-induced structural vibration problems,
which includes the van der Pol oscillator and the damped Duffing oscillator etc
as particular cases. Firstly, we apply the Division Theorem for two variables
in the complex domain, which is based on the ring theory of commutative alge-
bra, to explore a quasi-polynomial first integral to an equivalent autonomous
system. Then, through solving an algebraic system we derive the first inte-
gral of the Duffing-van der Pol-type oscillator system under certain parametric
condition.

1. INTRODUCTION

As we know, the van der Pol oscillator was originally proposed by the Dutch
electrical engineer and physicist Balthasar van der Pol whilst he was working at
Philips. van der Pol found stable oscillations, which he called relaxation-oscillations
and are now known as limit cycles, in electrical circuits employing vacuum tubes
[25]. When these circuits were driven near the limit cycle they become entrained,
i.e. the driving signal pulls the current along with it. Van der Pol and his colleague,
van der Mark, reported in [26] that at certain drive frequencies an irregular noise
was heard. This irregular noise was always heard near the natural entrainment
frequencies. This was one of the first discovered instances of deterministic chaos.
The van der Pol equation has wide applications, especially in the physical and
biological sciences. The typical example lies in biology, where Fitzhugh [12] and
Nagumo etc [24] extended the equation in a planar field as a model for action
potentials of neurons.

In this article, we consider a general Duffing-van der Pol-type oscillator system
of the form

i+ (6 + fu™)i — pu + au™ =0, (1.1)

where an over-dot represents differentiation with respect to the independent variable
&, and all coefficients §, 3, u, a are real constants with § - - -« # 0. It can
also be regarded as a general combination of the van der Pol oscillator and damped
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Duffing equation, since the choices § # 0, 8 # 0, 4 # 0, « = 0 and n = 0 leads
equation (1.1]) to the van der Pol oscillator [25] 26]

i+ (6 + fu?)i — pu = 0. (1.2)

The choices 6 # 0, u # 0, a« # 0, 8 = 0 and n = 2 leads equation ([1.1)) to the
damped Duffing equation [6] [15]

i+ 60 — pu + ou® = 0, (1.3)

which describes the motion of a damped oscillator with a more complicated poten-
tial than in simple harmonic motion without the driving force. When we choose
0 #0, u#0, a#0,06=0andn = 1, equation becomes the damped
Helmholtz oscillator [II, [16]

il + 01 — pu + au® = 0. (1.4)

Furthermore, if we take § # 0, 4 # 0, a # 0, 8 # 0 and n = 2, equation (1.1
becomes the standard form of the Duffing-van der Pol oscillator, whose autonomous
version (force free) takes the form [15] [17]

i+ (6 + fu)i — pu + au® = 0. (1.5)

As we see, the nonlinear differential equation is widely used in physics,
engineering, electronics, biology, neurology and many other disciplines [18] 20] 21],
277, [28]. Therefore, it is one of the most intensively studied systems in nonlinear
dynamics [I5 21]. It is well known that there are a great number of theoretical
works dealing with equations — [4, 18, 9], 10} 111, 13, 17, [19] 23] and references
therein, and applications of these four equations and related systems can be seen
in quite a few scientific areas [ B} [[4]. For example, In 1980, Holmes and Rand
applied equation to the study of the local and global bifurcation of the Duffing-
van der Pol-system [I7]. In 1998, Maccari investigated the main resonance of the
Duffing-van der Pol-system using asymptotic perturbation method and obtained
the sufficient conditions for period-doubling motion of the system [23].

In this present paper, we apply the first integral method to study the nonlinear
Duffing-van der Pol-type oscillator system and obtain its first integrals under
certain parametric condition. The main idea of this method is to use the Division
Theorem for two variables in the complex domain based on the ring theory of
commutative algebra. The paper is organized as follows. In the next section, we
construct the first integral for equation by means of the first integral method.
In Section 3, we present a brief discussion.

2. MAIN RESULTS

In this section, we consider the Duffing-van der Pol-type oscillator system (|1.1))
for arbitrary degree n by applying the first integral method [7].
Consider the oscillator equation (1.1)) in the form

it = —(6 + fu™)i + pu — au™ ", (2.1)

where u' denotes differentiation with respect to {. Let x = u and y = wug, then
equation (2.1]) is equivalent to an autonomous system

i:y’

2.2
y=—(0+ ™)y + px — ax" (22)
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By the qualitative theory of ordinary differential equations [5], if we can find two
first integrals to system under the same conditions, the general solution to
equation can be expressed explicitly. However, generally, it is difficult for us
to realize this, even for one first integral, because for a given plane autonomous
system, there is no systematic theory that can tell us how to find its first integrals,
nor is there a logical way to tell us what these first integrals are.

As we know, Hilbert-Nullstellensatz Theorem (Zero-locus-Theorem) is a theorem
which makes a fundamental relationship between the geometric and algebraic geom-
etry. That is, it relates algebraic sets to ideals in polynomial rings over algebraically
closed fields [2].

Theorem 2.1 (Hilbert-Nullstellensatz Theorem). Let k be a field and L be an
algebraic closure of k.

(i) Bvery ideal v of k[X1, Xa, ..., X,] not containing 1 admits at least one zero
in L™.

(ii) Let x = (x1,%2,...2n), ¥ = (Y1,Y2,-..,Yyn) be two elements of L™; for
the set of polynomials of k[X1,Xa, ..., X,] zero at x to be identical with
the set of polynomials of k[X1, Xa,...,Xy] zero at y, it is necessary and
sufficient that there exists a k-automorphism s of L such that y; = s(x;)
for1<i<n.

(iii) For an ideal o of k[X1,Xa,...,Xn] to be mazimal, it is necessary and
sufficient that there exists an x in L™ such that « is the set of polynomials
of k[ X1, Xo,..., X, zero at x.

(iv) For a polynomial Q of k[X1, Xa,...,X,] to be zero on the set of zeros in
L™ of an ideal v of k[X1,Xo,...,X,], it is necessary and sufficient that
there exist an integral m > 0 such that Q™ € .

Following immediately from the Hilbert-Nullstellensatz Theorem, we obtain the
Division Theorem for two variables in the complex domain C.

Theorem 2.2 (Division Theorem). Suppose that P(w, z) and Q(w, z) are polyno-
mials in Clw, z], and P(w, z) is irreducible in Clw,z]. If Q(w, z) vanishes at all
zero points of P(w, z), then there exists a polynomial G(w, z) in Clw, z] such that

Q(w, z) = P(w, z) - G(w, 2). (2.3)

Now, we apply the above Division Theorem to seek the first integral of polyno-

mial form to system ([2.2)).
Suppose that z = z(£) and y = y(&) are the nontrivial solutions to system ([2.2)),

and p(z,y) = ZZS” a;(z)y" is an irreducible polynomial in C[z,y] such that
ple©),y(€)] =Y ai(z)y' =0, (2.4)
i=0

7

where a;(z)(i = 0,1, -,m) are polynomials of x and are all relatively prime in C[z, y],
and an,(x) # 0. Equation (2.4) is also called the first integral of polynomial form
to equation (2.2)). We start our study by considering m = 3 in equation ([2.4)).
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From system (2.2)), we have
dp(z,y)
3
- (a5 0 56)
= lag(@) + ay(2)y + ay(x)y® + a5(2)y’y
+ [a1(2) + 2a2(2)y + 3az(2)y”][- (8 + Ba")y + pa — ax" ]
= a1 () (px — az"™* ) + [ag(2) + 2a2(2) (px — az™) — a1 (2)(6 + ™)y
+[d (x) + 3ag () (pa — ax" ) — 2a2(x)(5 + B2")]y?
+ [ah(2) — 3az(2) (6 + By’ + aj(x)y*.

Note that ‘;—Ig is a polynomial in x and y, and p[z(£),y(§)] = 0 always implies

i—g = 0. By the Division Theorem, there exists a polynomial H(z,y) = p(z)+n(z)y

in C[z, y] such that

dp(z,y) _
i H(z,y) - p(z,y)

= [p(x) + n(x)y)lao(z) + a1 (x)y + as(2)y® + az(2)y’]
p(x)ao(x) + (p(x)ar(@) +n(x)ao(@)y + (p(a)az(x) +n(z)ar (z))y*
+ (p(a)az(x) +n(@)az(x))y’ +n(z)as()y".
By (2.5) and on equatlng the coefficients of 3 (i = 0,1,2,3,4) on 15)20512
sides of above equatlon , we have
a1(z)(pr — az™*) = p(x)ao(z),
ag(x) + 2az(z) (pr — az™™t) — a1 (2)(0 + Ba™) = p(x)ar () + n(z)ao(x),
ay(x) + 3az (@) (pr — az™™) — 2az() (6 + fa") = p(x)az(z) + n(z)ai (z),
ay(x) — 3as(x)(6 + B2") = p(x)as(x) + n(z)az(),
az(x) = n(z)as(z).

That is,
a'(z) = A(z) - a(x)
0,0, 2™ — pz, p(z)] -a(x) =0 27)
where
aggzc;
a(x) = a1(z) (2.8)
agp(x)
and

B(aa™ — ) pla) +2(0+Be") )

n(x) 0 0 0
| p(x) 4+ 3(6 + ™) (x) 0 0
Alz) = {” " 0 ] . (2.9
0 2(ax™™ —px)  p(z) + 6+ B n(x)
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Since a;(x) are polynomials, from the first equation of system (2.7)), we deduce
that as(z) is a nonzero constant and n(x) = 0. For simplicity, we take az(z) = 1.

Solving system (2.7)) for a(x) yields
1
[lp(x) + 38 + 3Ba™|dx
JI3(aa™1 — jiz) + p(x)as(z) + 205 + Bz )as (x)]dz
J12(az™ — pz)as(z) + p(x)as (z) + dai(z) + Bx"a; (z)]dx
We need to determine the degree of polynomials p(z) and az(x) based on system

(2.7) and formula (2.10).

Step 1. If deg p(z) = k > n > 0, we have
degas(x) =k+1, degai(x)=2k+2, degag(zx)=3k+ 3.
From , we derive that
deg a1 (z)(px — az"™)] =2k +2 +n + 1,
deg [p(x) - ap(x)] = k + 3k + 3.

This gives 2k +n+ 3 =4k + 3; i.e., k = n/2. Apparently, it yields a contradiction.
Step 2. If deg p(z) = k and n > k > 0, we have

a(x) = (2.10)

degas(x) =n+1, degai(x)=2n+2, degao(z)=3n-+3.
From again, we deduce that
deg [a) (z)(ur — az™™)] =2n+2+n+1,
deg [p(w) - ao(w)] = k +3n + 3,

which gives k = 0. This yields another contradiction.
Step 3. If deg p(z) = k = 0, which implies deg az(z) = n + 1, we assume that

az(x) = Byx™ + Bz + By. (2.11)
Through formula (2.10)), we find

az(z) = /[p(ac) + 38 + 362" ]dx = (p(z) + 36)x + %ﬁm"“ +By.  (2.12)

From (2.11)) and (2.12)), we obtain

B1 = 35 =+ p(x),
3 (2.13)
Bz = n + 15'

Furthermore, substituting (2.11))—(2.13]) into (2.10]), we can also deduce that
ay(z) = / [3(az™t! — pz) + p(x)as(z) + 2(6 + B2")as(z)] dz

= / [3(az™! — pz) + p(x)(Bez™ ' + Biz + By)]

+ [2(6 + B2™)(Bea™! + Bix + By)] da (2.14)
. QﬁBQ :[,'2n+2 + 2632 + QﬂBl + (Bl — 36)32 + 304xn+2
C 2n 42 n+2
268, B} — 6B, —
+ bz”“ + 1—13'%2 + (20Bg + Bo(B1 — 3d))x + D,

n+1 2
where D is an arbitrary integration constant.
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Substituting (2.11)) and (2.14)) into (2.10)), where p(x) = By — 34, we have

ap(x) = / [2(az™ ™! — pz)as(z) + p(z)ar () + dai (z) + Ba" a1 (z)] d

_ ﬂ 3nt3 4 ( 2aBy (B1 — 26)3Bs
- Bn+3)(n+1) 2n+3  (n+1)(2n+3)
N 203Bs + 262 By + (B1 — 38) B2 + 3a3 )m2n+3
(n+2)(2n + 3)
+ 2ﬁ2—B0x2n+2 (2@31 5(B% — 6B1 — 3/.L) _ QMBQ
(n+1)(2n +2) n+3 2(n+3) n+3
(B1 —26)(20By + 2By + (B1 — 36) B2 + SQ))xn+3
(n+2)(n+3)

(20430 26By(B1 —20)  B(BoB1 — 530))xn+2 n BD i1
n+2 (nm+1)(n+2) n+ 2 n+1
( 2/,LB1 B1 — 631 — 3/1)(31 — 26)).%3

+

_|_

6

(By — 26)(ByB; — 5Bo)>x2 + (By — 26)Dz + D'
’ .

+ ﬂB0+

(2.15)
Note that

ay (x)(px — ozx"Jrl)
7 ( 2(3Bs 2242 4 20Bg + 2(3B; + (B1 — 30) B2 + 3« e 28By 41
C\2n 42 n+2 o 1
B?—-6B; -3
%xz + (26Bg + Bo(B1 — 39))x + D) (pr — ax
2@532 e ( B 208 By + 2a3B;1 + a(By — 38)Ba + 30?2 N 2413 Bs )x2"+3
2n + 2 n+2 2n + 2
B 2By L2n+2 n <2p532 + 2uBB1 + /L(Bl — 35)32 + 3pa
n+1 n+2
O‘(B% — 0By —3p n+3 2pBBo n+2
— 5 )ac +( i) —(QaéBo—l—ozBo(Bl—?)é)))x
(B = 0B1 = 3up 3
2

n+1)

+ (2udBy + pBo(By — 38))2® + Dy,

— Dax™t! +
and

p(x)ao(z)
o (Bl — 35)ﬂ232 3n+3 20[B2 (B1 — 25)ﬂ32
T (Bn+3)(n+1) +(B1_35)(2n+3 (n+1)(2n + 3)
n 26(3By + 23°B; + (B — 36) B2 + 3045)332%3
(n+2)(2n + 3)
(Bl - 35)25230 on+2 QCYBl B(B% - 631 - 3[14)
(n+1)(2n+2)x : HBl*sé)( +3 2(n + 3)
_ 21 Bs (B — 25)(2532 +206B1 + (B — 35)32 + 304))xn+3
n+3 (n+2)(n+ 3)
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_ 2aBy | 26Bo(B1—25)  B(BoBi1—6Bo)\ 10
(B 35)(n+2 (n+1)(n+2) ) )x
(B1 - 35)ﬂD n41 —2[LB1 (B% - 5B1 — 3/.1,)(B1 — 25) 3
B1 —26)(ByB1 — 6B
+(Blf36)(fuBo+( L )(20 L 0))x2

+ (Bl — 3(5)(31 — 2(5)D.13 + (B1 — 3(5)D/

Using system ([2.7) again, we have

n+1)

ax (@) (ua — aa™*) = plw)ag(x).

Taking integration constants D = 0 leads to

_QQBBQ o (Bl - 36)ﬁ232
2n+2  (Bn+3)(n+1)’
_ 2a0 By 4+ 2a3B1 + a(31 — 3(5)32 + 30?2 213 B2
n+2 2n + 2

B 20.By (B1 —20)3B;
_(31_35)(271—1—3 (n+1)(2n +3) (1)
n 208B> + 23°By + (B1 — 30) B2 + 3045)
(n+2)(2n + 3) ’
. 2aﬁBo o (B]_ - 35)2ﬁ230 (III)

n+1  (n+1)2n+2)’
2#532 + 2/15.81 + ,U(Bl — 35)32 + 3pa B CV(B% — 0B — 3[1,)
n+2 2
(B1 —20)(26B2 + 28B1 + (B1 — 35) B2 + 3a)

= (By — 36) T3
(A
25?_310 — (2a0By + aBo(B; — 30)

= (s ey e )

(B? — 6By — 3u)u _
2

216 By + uBo(By — 38) = (By — 35)( — uBo +

—2puBy L (Bf —0B1 —3u)(B1 — 25))
3 6 ’
(Bl — 26)(BOB1 — 5B0)>

5 .

(B — 35)(

From (I), we deduce
By[(B1 — 39)8 + 3a(n + 1)] = 0;

that is,
—3a(n+1)

+ 36.
g

B2:0 or 31:
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Since By = %HB # 0, it gives

From (III), we have
By[(B1 — 39)8 + 2a(n +1)] = 0;

that is,
By=0 or Blz_Za(ﬁM—l—Sé.
Note the fact that B; = w + 30 from (I) and « # 0, so the only possibility
is
B, # WH’)&, By = 0.
That is,
By=0, B;= % 135, By = n?’fl. (2.16)

Substituting By, By back into equation (II) leads to
2a0Bs + 2a3B1 + a(By — 38) By + 3a?  2u3Bs
n 4+ 2 2n+ 2
2aB B —26)8B
= (Bi=39) (Qn +23 (Ez Ji 1)(27)15-‘1- 32,)
n 20(3B2 + 23?B1 + (B — 36) B2 + 3045).
(n+2)(2n+ 3)

That is,

0% —6a(n+1) + 6035 — 60” Lo g o 9af0
n+2 (n+1)2 n+1
A straightforward calculation gives
?(n+1)% —aBd(n+1) —pups*=0. (2.17)
Substituting in 7 we obtain

as(x) = fgflx”“ + ( - 3o¢(nﬁ+ D

Substituting (2.16)) in (2.14)) gives
332 242 6030 — 6a(n + l)x”+2

+ 35)3:.

ai(x) =

(n+1)2 (n+1)
9a%(n +1)? + 63262 — 15a35(n + 1) — 3uB? ,
+ z“.
232
Substituting (2.16]) in (2.15]) gives
ao(x)
3
— ﬂ m3n+3
(n+1)3

6af(n+1)(=n) = 9aB(n + 1) + 3820 + 68°0(n + 1) 5,43

+ i+ 1220 1 3)
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(24@2(n +1)2 = 36a86(n + 1) + 9a2(n + 1)3)x”+3
2(n+1)(n+3)8
N (6,6’252(n +1) = 15a35(n +1)2 = 38%u(n + 1) — 12u8% + 125252>xn+3
2(n+1)(n+3)8
2laf?pu(n 4+ 1) — 1583u8 — 2703 (n + 1)3 + 54a2B6(n + 1)* 4
+ 65° x
. —33a326%(n + 1) + 63363 5
643 '
Note that the coefficient of #2"+3 in the formula ag(x) can be simplified as
6af(n+ 1)(—n) —9af(n+ 1) + 3826 + 66%6(n +1)  —3af(n+ 1)+ 352
(n+1)2(2n + 3) B (n+1)2 ’

(2.18)
Let C,43 be the coefficient of "3 in the formula ag(z). By condition (2.17), we
have

3afu(n + 1) + 6afu + 60362 — 6a25(n + 1) — 33%6u
a(n+1)(n+3) '
Similarly, let C3 be the coefficient of 2% in the formula ag(z). Using the condition

(2.17) again gives
Cs =

C1n+3 = (219)

—ap(n +1) +26ud — ad?(n + 1) + 463
5 .
Hence, from (2.18)—(2.20)), the formula ag(x) can be rewritten as
B° snys, —3aB(n+1)+36%0 5,44
ST x
(n+1)3 (n+1)2
N 3afp(n + 1) + 6aBu + 686 — 6a%5(n+ 1) — 3ﬂ25uxn+3
a(n+1)(n+3)
—ap(n +1) +28ud — ad?(n + 1) + 563 3
5 .
Substituting ag(z), a1(x), az(z) and ag(z) = 1 into (2.4]), we obtain the first integral
of equation as follows
38 3a(n +1)
3 n+1 o 2
Y +(7n+11‘ +( 7ﬁ +35)z>y
362 2n+2 655 — 604(71 + 1) n+2
+((n+1)2x + (n+1) v
902 1)2 4+ 65202 — 15036 1) — 3uB?
D0 O~ L0l £ ) = 9
232
B 23N+ 6aB(n+1)(=n) — 9aB(n + 1) + 3573 + 64 (n + 1)x2n+3
(n+1)3 (n+1)2(2n +3)
N 3aBu(n + 1) + 6afu + 6aB6% — 6a25(n + 1) — 3625u$n+3
a(n+1)(n+3)
—ap(n+1) +28ud — ad?(n+1) + B8 ,
+ 3 z

(2.20)

ap(z) =

+

+

=0.

(2.21)
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It is notable that under the parametric condition (2.17)), equation (2.21) can be

simplified as
ﬁ n+1 ( a(n + 1) 3
2 -2 4 6)a] =0
[y + . 1% + 3 +o)x
Consequently, under the parametric condition (2.17)), we have

Y= (Lnﬁ—i— b _ 6)96 — nflx”“.

By (2.6), namely,

dp(z,y) 3a(n+1)
- (), 2.22
i [ 7 ry) (2.22)
solving equation ([2.22)) yields the first integral
6] 1 a(n+1) a(n+1)
/ T n —_— 7 . P ——— —
[u +n+1u +( 3 +5>u} exp[ 3 }E 1, (2.23)

where I is an arbitrary constant.

3. DiscussioN

Since the first integral method was introduced in [7] for studying traveling wave
phenomena of Burgers-KdV equation, it has become a very useful method to deal
with exact solutions of a rather diverse classes of nonlinear differential equations.
One of advantages of this method is that it is not only efficient to find the first
integral, but also has the merit of being widely applicable. As described in [9, 10,
1Tl 22], one can apply this technique to some nonlinear models arising in physical
and biological phenomena, such as the nonlinear Schrédinger equation, the Klein-
Gordon equation, and the higher order KdV-like equation.

In this paper, we applied the first integral method to investigate a nonlinear
Duffing-van der Pol-type oscillator system for its first integral. Under certain para-
metric conditions, we obtained a first integral of the Duffing-van der Pol-type os-
cillator system. Note that formula is in agreement with the main result
presented in [§] by using the Lie symmetry reduction method, but our parametric
condition appear weaker.

In [4], when n = 2, the first integral of the Duffing-van der Pol oscillator system
with the parameter o = 1 is considered, namely

§+ 6+ By*)g —py +y° =0. (3.1)
Following the parametric condition (2.17)); that is,
3
st
g 3

and using formula (2.23]), we can obtain immediately that the Duffing-van der Pol
equation (3.1)) has one first integral of the form

[+ (6 %)y + gy?’]ez’”/ﬁ =1, (3.2)

where I; is an arbitrary constant. Note that the first integral (3.2]) is identical to
formula (17) described in [9].
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