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EXISTENCE OF NONTRIVIAL SOLUTIONS FOR A
QUASILINEAR SCHRODINGER EQUATIONS WITH
SIGN-CHANGING POTENTIAL

XIANG-DONG FANG, ZHI-QING HAN

ABSTRACT. In this article we consider the quasilinear Schrédinger equation
where the potential is sign-changing. We employ a mountain pass argument
without compactness conditions to obtain the existence of a nontrivial solution.

1. INTRODUCTION

In this paper we are concerned with the existence of a nontrivial solution for the
quasilinear Schrodinger equation

—Au+V(@)u— AW u = f(z,u), zcRY (1.1)

These type of equations come from the study of the standing wave solutions of
quasilinear Schrodinger equations derived as models for several physical phenomena;
see [12]. The case infgy V(x) > 0 has been extensively studied in recent years.
However, to our best knowledge, there is no result for the other important case
infgy V(z) < 0. The various methods developed for the quasilinear Schrodinger
equations do not seem to apply directly in this case.

In this article, we assume that the potential is sign-changing and the nonlinearity
is more general than in other articles. Some authors recover the compactness by
assuming that the potential V' (x) is either coercive or has radial symmetry, see
[4, @ [1T) 12]. Here we do not need the compactness, but we assume the potential
bounded from above, but may be unbounded from below. We consider the case
N > 3. This work is motivated by the ideas in [3, 14 [15] [18].

First we consider the problem

—Au+V(2)u — A(w)u = g(z,u) + h(z), we H(RY). (1.2)
We suppose that V' and g satisfy the following assumptions:
(G1) g is continuous, and |g(x,u)| < a(l + |u|P~!) for some a > 0 and 4 < p <

2. 2* where 2* := 2N/(N — 2).
(G2) g(x,u) = o(u) uniformly in z as v — 0.
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(G3) There exists § > 4 such that 0 < 0G(z,u) < g(x,u)u, for x € RN, u €
R\{0}, where G(z,u) := [} g(z, s)ds.

(V1) V(=) is sign-changing, V¥ (z) € L(RY), limjy|—0o VT (2) = ag > 0 and
V= ove@yy < %7 where V*(x) := max{+V(z),0}, and S denotes
the Sobolev optimal constant.

(V2) [~ [Vul> +V(z)u? > 0 for every u € E \ {0}.

(H1) h# 0 and |h|p2n/(ve2y < S™Y2kp, where k and p are given in Lemma
We remark that (V2) means that either V'~ is small or V'~ has a small support. It
is also easy to give a concrete condition on V'~ satisfying (V2). Note that (H1) is
similar to condition (H8) in [I§]. Let

E:={ue HR"): VT (z)ude < oo},
RN
with norm [Ju|| := ( fon |Vu|2+V+(x)u2)1/2. It is obvious that ||| is an equivalent
norm with the standard one by (V1). In Section 3 we prove one of the main result

of this article:

Theorem 1.1. Suppose that (V1), (V2), (G1)-(G3), (H1) are satisfied. Then
has a nontrivial solution.

Remark 1.2. Under stronger conditions on V', we can derive the existence of a
nontrivial solution without the small perturbation term h. For example, if V is
continuous, 1-periodic in z;, 1 < ¢ < N, and there exists a constant ag > 0 such
that V(z) > ag for all z € RY. Tt is obvious that the condition in Theorem [1.1
is satisfied, so we have a bounded (C). sequence by the proof of Theorem
Similarly as in [I4, Lemma 1.2], under a translation if necessary, we get a nontrivial
solution.

Also, we consider the problem
—Au+V(@)u— A@w*)u = g(u), ue HY(RY), (1.3)
where the nonlinearity g satisfies (G1)-(G3). We assume that
(V1) V(z) is sign-changing, lim|g|_o, VT (z) = V*t(o0) > 0, VT (z) < V*(c0)
on RN and IV_ILN/2(]RN) < (9 — 4)/(5(0 — 2))
Note that (V1’) implies (V1). The second main result of this paper, which we prove
in Section 4, is the following.

Theorem 1.3. Suppose that (V1’), (V2) are satisfied. Then (1.3) admits a non-
trivial solution.

Remark 1.4. We would like to point out that (V1’) is weaker than the assumptions
(V0) and (V1) in [3]. But they obtain the existence of a positive solution, while we
do not.

Positive constants will be denoted by C,C,Cs,. .., while |A| will denote the
Lebesgue measure of a set A C RV,

2. PRELIMINARY RESULTS

We observe that (L.1)) is the Euler-Lagrange equation associated with the energy
functional

J(u) == %/RN(I + 2u?)|Vul? + % V(x)u? — /RN (G(z,u) + h(z)u). (2.1)

RN
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To use the usual argument, we make a change of variables v := f~!(u), where f is
defined by

f(t) = .

(L+2/2(t)172°

Below we summarize the properties of f, whose can be found in [3] 6] [7].

n [0, +00) and f(¢t) = —f(—t)on (—o0,0].

Lemma 2.1. The function f satisfies the following properties:

) [ is uniquely defined, C™° and invertible;

[f/@)] <1 forallt € R;

[f(O)] < |t] for allt € R;

f@)/t =1 ast—0;

ft)/Vt —2Y* ast — +oo;

f(t

|f(t

F2t) — fOf ()t >0 for all t € R;

there exists a positive constant C such that |f(t)| > C|t| for |t| < 1 and
O] > C™2 for Jt] > 1;

(10) |f@®)f ()| < 1/\/2 for all t € R.

Consider the functional

1) =5 [ Vol 5 [ V@) - [ (G f)+h@so).

Then I is well-defined on E and I € C'(E,R) under the hypotheses (V1), (G1)
and (G2). It is easy to see that

(I'(v),w) = | VoVw+ o V(z)f(0)f (v)w —/ (9(x, f(0)) + () f' (v)w

RN RN

)/2 <tf'(t) < f(t) for allt € R;

(1
(
(
(
E
( )| < 2Y4t1M2? for all t € R;
(

(

2)
3)
4)
5)
6)
7)
8)
9)

for all v,w € F and the critical points of I are weak solutions of the problem

—Av+ V(@) f(0)f(v) = (9(, f(v)) + h(x))f'(v), vEE.

If v € E is a critical point of the functional I, then u = f(v) € E and u is a solution

of (cf: [3])

3. PrROOF OF THEOREM [I.1]

In the following we assume that (V1), (V2), (G1)-(G3) and (H1) are satisfied.
First, (G1) and (G2) imply that for each € > 0 there is C; > 0 such that

lg(x,u)| < elu| + CeluP™!  for all u € R. (3.1)

Lemma 3 1. There exist £, o > 0 such that [on [Vul* + [on V(@) f2 (1) > aful?,
if |ull =

Proof. Arguing by contradiction, there exist u,, — 0 in E, such that

2
/ V| + V(x)%vﬁ 0.
]RN

n

where v,, := ”Zﬁ”. We have that u,, — 0 in L2(RY), u, — 0 a.e., v, — v in E,

v, — v in leoc, v, — v a.e. up to a subsequence.
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If v # 0, then we claim that

2
lim inf/ |V, |* + V(:E)f Sjn)vi > / |Vol? + V(z)v?.
RN

n—oo
n

Indeed, we have

2
liminf/ V+(:c)Lg")vfl 2/ VH(x)v?

due to Fatou’s lemma and Lemma (4) Since v2 — v?in LN/(N=2) and V—(z) €
LN/2 we obtain
2
/ V_(x)f (Zn)vi §/ V= (z)? — V= (z)v?
RN Uy, RN RN
by Lemma [2.13) and the definition of the weak convergence. We have a contra-
diction to (V2).
2
The other case is v = 0. Note that lim,—ec fpn V™ (2)L (n) 2 = 0, then

]
u’ll

v+(x)<f2(“") ~1)u2 = 0.

2 n
un

/ (IVon|? + VT (z)0?) +
RN

We use a similar argument as in [8, Lemma 3.3]. Since u,, — 0 in L2(R¥), for every
>0, {x € RN : Ju,(z)| > €}| — 0 as n — oo. We have by (V1), Lemma 3)
and the Holder inequality,

[ el e

2
Uy, |up|>e

RN

<Hz e RY . [tn ()| > 5}|2/N|vn|§* — 0.

Now it follows from Lemma (4) and [on VT (2)v2 < Oy that

/|un|<s VT(x) (fzi;:n) - 1)1}%

is small as € is small. So v, — 0 in E which contradicts to ||v,|| = 1. We finish the
proof. (I

Lemma 3.2. There exist k,p > 0(small) such that inf), =, I1(u) > kp?, where
I(u) = I(u) + [pn h(2)f(u).

Proof. Due to (G1) and (G2), we have for each £ > 0, there exists C. > 0, such
that |g(x,u)| < elu|+ C:|ulP~L. So it follows from a standard argument by Lemma
2-1)(3),(7) and Lemma [3.1] that I1(u) > k[ul|> = kp?. O

Lemma 3.3. For the above p, inf|j,—, I(u) > 0.
Proof. By Lemma [3.2] and Lemma [2.1}(3), we derive

) = Ml = [ ha)f(w)

1/2
> bl = [tlzaviovsn 52 ( [ 190?)

> kllul® = | an/oven Sl

= ||u||(k:||uH - ‘hlLZN/(N+2)Sl/2) >0
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U
Lemma 3.4. There exists ug # 0, such that I(ug) < 0.
Proof. We have by condition (G3) and Lemma 3),
[ St [ Gnfn) e,
u£0 t1 u£0 fA(tu) thut
Hence lim;_, o I(ttf) = —00. O

Since the functional I satisfies the mountain pass geometry, the (C). sequence
exists, where ¢ := inf,er max;eo,1)I(r(t)) and I' := {r € C([0,1],E) : 7(0) =
0,7(1) = ug}.

Lemma 3.5. The (C). sequence (uy) is bounded.

Proof. We employ a similar argument as in [I4, Lemma 3.3]. First we claim

/ |V, |* + V(2) 2 (un) < Ch.
RN RN

Indeed, we have
T =5 [ IVunP 4 V@) = [ (Gla ) + ho) ) — .

2 RN

P = [ |90+ V(@) £ ) 1)
- [ (ot ) + b)) — 0.

Hence

I(uy) — %I'(un)un =c+o(1).

By Lemma [2.1}6),(3) and (G3) we obtain

Cy _|_03(/RN |Vun|2> 1/2

>Cot (=) [ Ho)fun)
> - D( [, Fual 4+ V@) - G- ) [ V@)
B vt b [ v

> (3~ 5)(/}@ [V, [ + V+(x)f2(un)) - (% - %)|V_|LN/QS/RN [V |*.

It follows from (V1) that (3 — 2) — (3 — £)|V " |p~/2S > 0. The claim is proved.

To prove that (uy,) is bounded in E, we only need to show that [y VT (z)u2 is

bounded. Due to Lemma [2.19), (V1) and the Sobolev embedding theorem, there
exists C' > 0 such that

1
/ Vi@, < 55 V() (un) < Cs
[un|<1 lun|<1
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and

. 2% /2
/ V(@) < C4/ uZ < 04(/ |Vun|2) < Cs.
‘unlzl ‘un‘zl RN

O

Proof of Theorem[I1]. Assume that (u,) is a (C). sequence. Then (u,,) is bounded
by Lemma Going if necessary to a subsequence, u,, — w in E. It is obvious
that I'(u) = 0, and u # 0. The proof is complete. a

4. PROOF OF THEOREM

In this section we look for nontrivial critical points of the functional I : E — R
given by

1 1
nw =g [ vl [ viere - [ e,
2 RN 2 RN RN
where G(u) := fou g(s)ds. And we also denote the corresponding limiting functional

=g [ Vuk g [ vieare- [ G

Lemma 4.1. If {v,} C E is a bounded Palais-Smale sequence for I at level ¢ > 0,
then, up to a subsequence, v, — v # 0 with I](v) = 0.

Proof. Since {v,} is bounded, going if necessary to a subsequence, v, — v in E. It
is obvious that I7(v) = 0. If v # 0, then the proof is complete.
If v = 0, we claim that {v,} is also a Palais-Smale sequence for I7. Indeed,

B =hio) = [ (V) =VH@) P + [ V@) ) =

by (V1’), Lemma [2.1(3) and v — 0 in L¥/(N=2) Similarly we derive

sup |(T{(vn) = I (wn), )| = sup | [ (V¥ (00) = V(@) f(on) f (0}

flull<1 flull<1 ‘ RN

+ sup ‘/]RN V*(x)f(vn)f’(vn)u‘ — 0.

flull<1

In the following we use a similar argument as in [3, lemma 4.3]. If

lim sup / v2idr =0

T yeRN J Br(y)
for all R > 0, then we obtain a contradiction with the fact that I (v,) — ¢ > 0. So
there exist a > 0, R < 0o and {y,} C RY such that

lim vidm >a > 0.
n=%0 JBr(y™)

Denote ¥y, () = vy (z 4 yn), then {0,(z)} is also a Palais-Smale sequence for I;.

We have that 9,, = ¥ and I;(9) = 0 with o # 0. We obtain

e = msupll(B,) — 2 '(8.)5) > 1(0) — L I (@) = 1(0),

n—o0 2
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by Fatou’s lemma. We could find a path r(t) € I' such that r(¢)(x) > 0 for all
z € RN and all t € (0,1], @ € 7([0,1]) and maxyep,1 [1(r(t)) = [1(@) < ¢. Thus
I, (r(t)) < I (r(t)) for all t € (0,1], and then

< [ <
¢ < tlgl[gtﬁ] Li(r(t)) < trél[gﬁ] Li(r(t) <ec,

a contradiction. O

Proof of Theorem[I1.3 The argument is the same as in [3]. By Lemmas and
the functional I; has a mountain pass geometry. So the (C).-sequence {u,}
exists, where ¢ := inf,cr max,eo,1) [1(r(t)) and I' := {r € C([0,1], E) : r(0) =
0,1;(r(1)) < 0}. It follows from Lemma[3.5|that {u,} is bounded. Hence {u,} is a
bounded Palais-Smale sequence for I; at level ¢ > 0. Due to Lemma [} we have
I{(v) =0 and v # 0. O
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