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BOUNDARY BLOW-UP SOLUTIONS TO SEMILINEAR
ELLIPTIC EQUATIONS WITH NONLINEAR GRADIENT TERMS

SHUFANG LIU, YONGLIN XU

ABSTRACT. In this article we study the blow-up rate of solutions near the
boundary for the semilinear elliptic problem

Au =+ |Vul? =b(z)f(u), z€Q,
u(z) = oo, x € 09,
where Q is a smooth bounded domain in RY, and b(z) is a nonnegative weight
function which may be bounded or singular on the boundary, and f is a reg-
ularly varying function at infinity. The results in this article emphasize the
central role played by the nonlinear gradient term |Vu|? and the singular
weight b(z). Our main tools are the Karamata regular variation theory and
the method of explosive upper and lower solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let @ C RY (N > 3) be a bounded domain with smooth boundary. We are
interested in the asymptotic behavior of boundary blow-up solutions to the elliptic
problem

Au = |Vu|? =b(z)f(u), x €,
u(z) =00, x€ K
For the functions f(u) and b(x), we assume the following hypotheses:

(F1) f € CY0,00), f'(s) >0 for s >0, f(0) =0 and f(s) > 0 for s > 0.

(B1) b€ C%() for some a € (0,1) and is non-negative in .

(B2) b has the property: if 2o € Q and b(z¢) = 0, then there exists a domain g

such that zg € Qo C Q and b(z) > 0, for all z € 9.

The boundary condition u(z) = oo, x € 9 is to be understand as u — oo when
d(z) = dist(x, 9Q) — 0+. The solutions of problem are called large solutions,
boundary blow-up solutions or explosive solutions; that is, the boundary blow-up
solutions provide uniform bounds for all other solutions to Au %+ |Vu|? = b(z) f(u)
in Q, regardless of the boundary data by the comparison principle.

The study of boundary blow-up solutions of Au = e* in  was initiated by
Bieberbach [3], where 2 C R2. Problems of this type arise in Riemannian geometry,
more precisely: if a Riemannian metric of the form |ds|? = ¢?*“(*)|dz|? has constant

(1.1)
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Gaussian curvature —b?, then Au = b?e?". Rademacher [24] extended the results
of Bieberbach to 2 C R3. Later, Lazer and McKenna [22] generalized the results
of [3, 24] to the case of bounded domains in RV and nonlinearities b(z)e®.

Recently, Cirstea and Radulescu[lIl, 12] opened a unified new approach, the
Karamata regular variation theory approach, to study the uniqueness and asymp-
totic behavior of boundary blow-up solutions, which enables us to obtain significant
information about the qualitative behavior of the boundary blow-up solutions in
a general framework. Cirstea [I3] obtained the asymptotic behavior of boundary
blow-up solutions to

Au+ au = b(z) f (u), (1.2)
provided f(z) and b(x) satisfy
(F2) foL € RV,(p > 0) (see Definition for some £ € C?[A, 00) satisfying
limy, 00 £(u) = 00 and £’ € NRV_q,
(B3) limg(z)—o % = 1, k(z) € NRVy(0+) (see Definition for some
0 > 0, and k is nondecreasing near the origin if = 0.

They showed that the blowup rate of boundary blow-up solutions u to problem

(1.2) can be expressed by

B Eaw@a) " o

where the function ®; is defined as

o [ﬁ/(y)]l/Q t )
/ —————dy = / k(s)dt, for all z € (0,7) with small 7 > 0. (1.4)
o0y = [Ly()]'/? 0

where Ly is a normalised slowly varying function such that

0

B N 1. (1.5)

Elliptic boundary blow-up problems have been studied by a large number of
authors in the last century, see [10} [5l 15l 16l 27] and references therein.

For problem , with b = 1 in Q, andf(u) = wP, by ordinary differential
equation theory and comparison principle, Bandle and Giarrusso [2] showed the
following results:

(HDIfp>landg< %(< 2), then problem possesses at least one solution.

Every solution of (L.1)) satisfies
. u(x) 2/(p=1)
1 ——— = |V2 1 -1 .
d(zl?—lﬂ (d(x)),Q/(pfl) [ (p + )/(p )]
(2) The same statement for ([1.1)) is true if % < g < p except that in this case

. pP—q q/(p—q)
1 P4, -1
i ul) ()

(3) If max{1, %} < g < 2, then (1.1)), with the minus sign, possesses a solution.
Each solution of (|1.1)) with the minus sign satisfies

2—gq

Jm (@)@ - 0)l(q - Da(e) = =1
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(4) If ¢ = 2, (|1.1) with the minus sign has a solution for all p > 0 which satisfies
li Ind(z) = 1.
Jimu(o)/nd(a)
Now we introduce the class of functions K; consisting of positive monotonic
functions k € L'(0,9) N C1(0, ) which satisfy
K(t d (K(t !
im 0] =0, lim —(—()> =1, where K(t) z/ k(s)ds.
t—0+ k(t) t—0+ dt \ k(t) 0
We point out that for each k € I;, I € [0, 1] if k is non-decreasing and [ € [1, 00) if
k is non-increasing. For more propositions of K;, we refer reader to [9] [10].
Some examples of functions k € K; are:
(1) k(t) =t7 e K with I =1/(1 + q);
(2) k(t) =(—Int)? € K; for ¢ < 0 with [ = 1;
(3) k(t) =—s/Int € K; for s >0 with I = 1;
(4) k(t)=t/In(1+t71) € K; for s > 0 with [ = 1/(1 + s).
When b satisfies (B1) and (B2), Zhang [28] gave the following results: Assume f
satisfies (F1), f/'(u) = w?L(u), p > 0, L(u) is slowly varying at infinity, 1 < ¢ < p+1,
b(x) satisfies (B1) with b =0 on 09,

b(x)

(B4) limg(z)—0 zaageyy = Cq» Where k(z) € K; for some 0 < <1,

¢ € C%(0,a) be uniquely determined by

oo dt t
_— = k(s)dt, for all xz € (0,7) with small 7 > 0.
L(t) [f(y)]Y/a /o (s) ©.7)

(1) If ¢ = 2(;:21) and lim, o L(u) = (1 + p)y € (0,+00), then every solution

uy € C?(Q) to problem (1.1]), with plus sign, satisfies

L(x) — ¢~/ (pt1=q)
d(z)—0 p(d(z)) ’

where
2—¢q (2-9)/(a=1) , [t (a—2)/(¢—1)
0= (2 ) [ o) T, e 0
o0 = (g ks (0,0)
(2) The same statement is true if % < q <2, where ¢ € RVZ_g/1(p4+1-q)

and there exists H € RV Z, such that o(t) = H(t)t=9/!r+1=a),

Moreover, he also obtained some boundary blow-up rate of solutions to problem
if0<gq<2(14+1p)/(2+1p). Zhang [29] considered problem for a weight
b that may be singular on the boundary.

More recently, for b satisfying (B1) and (B2), and f satisfying (F1) and (F2),
Huang et al [20] obtained the following:

(1) If 0 < ¢ < 2, and b(x) satisfies (B3), then has a large solution ., which
satisfy ;

(2) If ¢ > 2, and b(x) satisfy

(B5) limg(z)—o % = 1, where k(z) € NRVy(0+) for some § > 0, and k is

nondecreasing near the origin if § = 0.
Then problem , with plus sign, has a boundary blow-up solution u. satisfying

lim U =1 (1.6)

d(z)—0 m o
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where @5 is given by

————dy = / k(s)dt, for all x € (0,7) with small 7 > 0. (1.7)
[Ih(t) yP/Q[Lf l/q (
(3) If ¢ > 2, then u_ = —Inw is the unique solution to problem (1.1)), with the

minus sign, where v is the unique solution to problem Av = b(z)f(—Inv)v, v > 0,
x €, ’U|aQ =0.

(4) If ¢ = 2, and b(x) satisfies (B3), then problem , with plus sign, has a
unique solution uy satisfying

1 2+p(1+9)
u(zx) ~ ;ln (f) +In¥(d(x)) asd(xz)— 0,

where U(t) is given by

/ s)dt for all t € (0,7), 7 > 0 small enough.

v(t) Y/ f lny 0

For more results of boundary blow-up problem with nonlinear gradient terms,
see [177, 7, (211 [8] 141 23], 6], [T], [T9].
We remark at this point that lim, ., £(u) = oo with £’ € NRV_; if and only if

L(u)zCexp{/ @dt}, Yu > B > 0,
B

where C' > 0 is a constant and s(¢) is a normalised slowly varying function satisfying

lim s(u) =0, lim / ?dt =

U— 00 U— 00 B

Note that f oL € RV,(p > 0) is equivalent to the existence of g € RV, so that
f(u) = g(L~ (u)) for u large, where £~ denotes the inverse of £, By Proposition
we know that if £’ € NRV_q, then £ is rapidly varying with index oco; i.e.,

0, ifAe(0,1),
L (Ow) . (0,1)
lim =<1, ifx=1,

oo, if A>1,

Therefore, the nonlinear term f(u) satisfies (F2), then it is rapidly varying at
infinity with index oo, namely f(u) € RV.

The main purpose of this article is to describe the asymptotic behavior of the
boundary blow-up solution to (L.1)), when f satisfies

(F3) foL € RV, (p>0) for some £ € C?[A, 00) satisfying £ € NRV_, with
0<r<l.

Our main results are the following.

thmeorem 1.1. Let f satisfy (F1), (F3) with ¢ < p/(1 — 1), b(z) satisfies (B1),
(B2) and

(B6) limg(z)—o % = cg, where k(z) € K; for some 0 <1 < co.
(i) If
(1.8)
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then for any solution ux to problem (1.1|) satisfies
U4

lim = 1.9
d(z)—0 (L o q)(d(z)) S (1.9)
where
llp+r—1)+2(1—r
§1=[<p 2) ( )},H.T T
Co
and @1 is defined by (1.4]), moreover,
$, € RV_ - (0+).
(i) The same statement is true if ¢ = pipﬂ and limy, oo L'(u)/u™" = Lo,
moreover
t 2(1*") 2(1—r)
. 1 +7r—1\ "5 =1
1 ( k dt) AR e (pi) 1.1
e (49 T (110

thmeorem 1.2. Let b(z) satisfy (B1), (B2), (B4) with 0 <l < oo, f satisfy (F1)
and (F3) with ¢ < p/(1 —r). If

2p p

—_— << —. 1.11
p—r+1 =1 ( )
Then problem (1.1), with plus sign, have a solution uy, which satisfies

Ug B
d(lac)—>0 (Lo ®y)(d(z)) &2, (1.12)

1—r
where & = ¢ and @y is defined by (1.6); moreover,
Dy e RV___q__(0+4).

l(p+q(r—1))

thmeorem 1.3. Assume f satisfies (F1) and (F3) with ¢ < £, b(z) satisfies
(B1), (B2), (B6). If

1 2 1.13
max{p+r_1, P <qg<2, (1.13)

then any solution u_ of problem (1.1), with the minus sign, satisfies

U_ T —171/(¢g-1)
lim = , 1.14
o Eo B @) ~ g2 (119
where ®3 is given by
o0 E/ é%q
/ %dy =t,Vz € (0,7) with small T > 0. (1.15)
D3(t) Yy2-a

and @3 € RV___4—2 _(0+4).

@D
Remark 1.4. There are many functions satisfying (F1) and (F3), for example:

(1) f(u) = uT (In(u + 1))°, for all & > 0.

(2) f(u) = uT7 exp{(Inw)¥(Ing w)§ - - - (In,, )%}, where a; € (0,1) and
In,, () = In(ln,,—1(+)).

(3) flu) = cout exp{ [’ @dt}, u >0, s(t) € C[0,+00) is nonnegative such
that lim; o s(¢) = 0 and lim;_, $(t)/t € [0, 400).
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Remark 1.5. Define ¢ (K (dz)) = ®4(t), then ¢; satisfies
0o l 1/2
[y (1.16)
o1y = [Lp(y)]'/?
Define ¢o(K(dx)) = ®o(t), then ¢y satisfies
/ —E ) o—dy =t. (1.17)
@2(0) y?/9[Ly(y)]

Remark 1.6. When k € K; with 0 < I < oo, instead of 0 < ! < 1, then b(x) may
be singular near the boundary, namely limg(,)_o4 b(7) = oco.

Remark 1.7. The existence of boundary blow-up solutions to (L.1)) for I € (0, 1],
has been shown in [28, Lemma 2.5]. The existence of boundary blow-up solutions
to (1.1) for I € (1,00), has been shown in [29] Theorem 1.4 and Remark 1.7].

Remark 1.8. Note that, the asymptotic behavior of the boundary blow-up solu-
tions to (1.1)) is independent on |Vu| if (1.8]) holds. The asymptotic behavior of the

boundary blow-up solutions to (1.1f), with the minus sign, is independent on the
nonlinear terms b(x) f(w) if (1.13]) holds.

Remark 1.9. The above Theorems |1.1| and [1.2] - are independent of the choice of
Ly. Indeed, if ®¢(t) and ®(t) are deﬁned by (1.4) corresponding to Ly and L/,
respectively, by we infer that limy,_ 4o Lf/L’f = 1, in view of [28, Lemma
2.4], we derive that lim;_,o @1 (¢)/®} (¢) = 1, this fact, combined with lim;_,o ®1(t) =
lim;_,o ®7(t) = 400, shows that

(Lo®q)(¢)

2 Coa) ~ -
Subject to ®o(t), the same conclusion is holds.
Remark 1.10. Let FEL(® (1))
A& = i o) ey
Then a direct computation shows that
o fEL(D1(1)))
T = B W eco
== b(z) = JL(@1(1)))
Ao (@1 () (1(2))? + L7(D1(2)) (7 (1)
. ba) L FE@0)

dmwmwmmﬁb@<ww@m»
Lo K@) (D)L (1)
a0 (@ (1) (@ (1)2 + £/(®1(6) (¥0)
e (—1(1)L'(31(1))
a0 B (8) (L7(® (8) (@) ()% + £/(01 () (D] (1))
1

= I e ECHOING
OE®) T CHOP
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it can be easily seen that &; satisfies J1(&1) = 1.
In a similar way we can prove that & satisfies J2(&2) = 1, where

Lo ®,)'(1))

- 1 q— 1[( 2 )

Fol8) = lim &)

Remark 1.11. It is important to notice that by Proposition L' € NRV_, with
0 <r < 1 implies that L~ € NRV;,1_y, then f(u) = g(L™(u)) € RV, 1_p),
instead of f(u) € RV, for r = 1. This fact will bring a significant change in

the explosion speed of the large solution of | . Firstly, by [20, Lemmas 2.1
and 2.2], we know that ®; € NRV_ z (0+), which defined by . ) for r = 1, and

Py € NRV_ o (0+4), which defined by (1.7 - for r = 1, we conclude that Lo®; € RV,

Loy € RVO By (1.3) and ., we know that the solution regularly varying
at infinity with index O, namely the solution to problem is slowly varying
functions if r = 1.

While we replace £ € NRV_; by the hypothesis £ € NRV_, with 0 < r < 1,
according to Lemma Lemma and Proposition (see below), we get that

Lo P, € RV_ 2(1=r) , Lo b, € RV_ q(1—7)

G =1 Toratr=10
where @1 (®5) defined by (1.4)(1.7) )with 0 < r < 1, in this case, the solution
regularly varying at infinity with index
B 2(1—r) (7 q(1—r) )
(p+r—1) Wp+alr—1))"
Secondly, for r = 1, we know that it is sufficient to know the bounds of
b
LN
d(z)—0+ k2 (x)
we can obtain that (1.3]) holds, namely,

b(z) : b(z)
0 < liminf and limsup
d(a)—0+ k2(x) d(z)—0+ k*(2)

(1.18)

< 00,

implies (1.3]) holds.
While for 0 < r < 1, in order to get (1.9), the weight function b(x) should satisfy
(B6), that is we need to know the exact value of ((1.18)). Indeed, if ([1.8) holds and

b(x)
lim inf > .,
a2 2@y 7

we can prove that

. u llp+r—1)+2(1—-7)
1 < r>+r 1
0 Eewna@) | 2. ]
and b(a)
x
lim inf < e,
d(lgl—l%-‘r k2(z) — ¢
implies
u llp+r—1)+2(1—r) A
= ]
d(r —>0 (Lodq)(d(x)) 2¢,

The outline of the article is as follows. Section 2 gives some notion and results
from regular variation theory. The main Theorem will be proved in Section 3.
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2. PRELIMINARIES

In this section, we collect some notions and properties of regularly varying func-
tions. For more details, we refer the reader to [4] 25] 26].

Definition 2.1. A positive measurable function f defined on [D,oc0) for some
D > 0, is called regularly varying (at infinity) with index g € R (written f € RV,)

if forall £ >0
)

u—oo f(u)
When the index of regular variation g is zero, we say that the function is slowly
varying. We say that f(u) is regularly varying (on the right) at the origin with index
¢ € R (in short f € RV,(0+)) provided f(1/u) € RV_,. The transformation f(u) =
u?L(u) reduces regular variation to slow variation. Some typical example of slowly
varying functions are given by: (1) Every measurable function on [4, o) which
has a positive limit at co. (2) The logarithm logu, its iterates log,, u and powers
of log,, u. (3) L(u) = exp{(logu)'/? cos((logu)'/?)}, exhibits infinite oscillation in
the sense that

= ¢,

lim inf L(u) =0 and lim sup L(u) = co.

U—00
This shows that the behavior at infinity for a slowly varying function cannot be
predicted. Next we state a uniform convergence theorem,

Proposition 2.2. The convergence L(§u)/L(u) — 1 as u — oo holds uniformly
on each compact e—set in (0,00).

Now, we have some elementary properties of slowly varying functions.

Proposition 2.3. If L is slowly varying, then

(1) For any o> 0, u®L(u) — 0o, u=*L(u) — 0 as u — 0o;

(2) (L(w))* varies slowly for every a € R;

(3) If Ly varies slowly, so do L(u)L1(u) and L(u) 4+ L1 (u).
Proposition 2.4 (Representation Theorem). The function L(u) is slowly varying
if and only if it can be written in the form

L(u) = M(u) exp { /Bu @dt} (u > B) (2.1)

for some B > 0, where y € C[B,c0) satisfies limy oo y(u) = 0 and M(u) is
measurable on [B,00) such that limy, oM (u) = M € (0, 00).

If M (u) is replaced by M in (2.1), we get a normalised regularly varying function.

Definition 2.5. A function f(u) defined for u > B is called a normalised regularly
varying function of index ¢ (in short f € NRV,) if it is C! and satisfies

i 4 (W)
u—oo f(u)
Note that f € NRV,4; if and only if f is C! and f' € RV,. And NRV,(0+)
(resp.,NRV,) denote the set of all normalised regularly varying functions at 0
(resp.,00) of index ¢q. A typify example function f(u) = w9t + sin(u?"?) (defined
for large w) belongs to RVyy1 but not NRV 4.
Next we presente[Karamata’s Theorem, direct half.

=q. (2.2)
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Proposition 2.6. Let f € RV, be locally bounded in [A,oc0). Then (1) For any

7(Q+ 1)7 i1
ulﬁoof“x]ff() —j+q+1. (2.3)
(2) For any j < —(q+1), (and for j = —(q+1) if [* 2=V f(2)dr < o0)
w ™t f(u) ,
Jim i fl)de =—(+q+1). (2.4)

Definition 2.7. A non-decreasing function f defined on (A, c0) is I'—varying at
oo (written f € I') if lim,,_,o0 f(u) = 0o and there exists x : (4,00) — (0, 00) such
that \
lim 7f(u + () =e¢*, forall A e R.
The function y is called an auxiliary function and is unique up to asymptotic
equivalence. The following functions f with the specified auxiliary functions y.

(1) f(x) = exp(aP) for p > 0 with

)T for x <0,
X= p~lzl=P  for z > 0.

(2) f(z) = exp(zlny x) with

Rt for x <1,
= (Inz)~t, forz > 1.

(3) f(x) = exp(e®) with x = e~ 7.
For a non-decreasing function H on R, we define the (left continuous) inverse of
H by
H™ (y) =inf{s: H(s) > y}.
Proposition 2.8. We have
(1) If f(u) € RV, then limy oo In f(u)/Inu = q.
(i) If fi(u) € RV, and fo(u) € RV, with lim,_.o fo(u) = oo, then fro fo €
RVys.
(iii) Suppose f(u) is non-decreasing, lim,_. f(u) = oo and f(u) € RV,, 0 <
q < 0o, then f~ € RVy,.
Now we a Characterization of ®.

Lemma 2.9. Suppose that [ satisfies (F3). Then
(i) The function ®1 given by is well defined. Moreover, ®; € C%(0,7)
satisfies limy 04 O(t) = oo;
(ii) &1 € NRV___» - (0+) satisfies

I(r+p—
; In,, (I)l(t) _ _4l(r+2pfl)’ m=1,
t—0+ In,, t -1 m > 2,

)

where we set Ing,41(-) = In(In,,(+)), m > 1.

(iii) limg_os = A g = limy o4 g;,,(( )) = limy o4 <I>”((3 —0.

(iv) hmtéo+w_1+l(r++l).
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) If (L) holds, lim, o, i = 0.

Proof. In a similar way as [I3] Lemma 3.4], we can prove (i)-(iv). Here we only
prove (v). We differentiate ([1.4]) to obtain

(=@L(0))2 L (P1(t) = (R1(1)" T Ly(D1(2))K* (1),
then we have
(=®1(1)*~
0% (®(t))r(a-1-1
= T L (@3 (0)k02(0)) (B1(0)7L/(B1(1))"T (@ (1) " 4100,
Recalling that Ly € NRVy, £L € NRV_, and (1.8), by Proposition we get that
(v) holds. O

Corollary 2.10. The function ¢1 given by (1.16) is well defined and satisfies
(i) ¢1 € C%(0,7) and lim;—04 P(t) = oo;
(i) ¢1 € NRV__»_(0+) satisfies
r+p—

lnm¢1(t) _ {7"-&-;2)—1’ m:L

t—0+ In,, t 1, m > 2.

(i) Ty~ % = lim¢ o+ i’l’((t)) limy o4 ¢“(t)> =0

(iv) limy_o4 7¢|1$)(f)1‘gt) 1+

r—i—p 1°
£)*~*

(v) lim¢—o4 Mﬁ =0.
Next we Characterize ®,.
Lemma 2.11. Suppose that f satisfies (F3). Then

(i) The function ®5 given by (L.7) is well defined. Moreover, ®3 € C?(0,7)
satisfies limy_, g+ Po(t) = oo;

(i) @2 € NRV_ o (0+) satisfies
. q =
i Iny, 2(2) _ { Gra—y M= (255)
t—0+ lnmt *1, m Z 23

where we set Iny,1(-) = In(ln,, (1), m > 1;

. o D
(iil) lims—o4 @thg limy 4 <I>”((t)) limy o4 q>,,(tt)) 0;

(iv) Timy oy ZEPTO = 1 4 Uetalr=1)),
2—q

(V If - hOldS llmt_,o_i_ ('}é(t)gt% =0.

Proof. (i) Let b > 0 such that £'(t), Ly(¢t) are positive on (b, 00). Since L' € RV_,
and Ly € RV}, by Proposition we have

/ T/
lim L e = lim L)
t—oo tP/9[L 4 (1)]1/a t—oo [Lz(t)]1/
This shows that, for some D > 0,

747" = 0, for some 7 € (0, B+r71).
q

_ [T L
h(z) = /I Wdt < oo, forallz>D.



EJDE-2014/09 BOUNDARY BLOW-UP SOLUTIONS 11

So, @, is well defined on (0, 7) for small enough 7.

We easily see that h: (D, 00) — (0, k(D)) is bijective and lim;_,o fot k(s)ds =0,
U = h_l(fg k(s)ds) for t € (0,7), 7 is small enough. Then lim; ,o ®2(f) = oo.
Moreover, by direct differentiating, we have ®, € C2.

(ii), Note that, k(t) € NRVy(0+) with 6 = 1/l — 1, then by Definition and
Proposition [2.6] it follows that

R (1) T k(s)ds
1 =0, im 22— =] 2.6
20 k() R0 k() ’ (2:6)
on the other hand, by , we have
—P5(1) L' (P2(1))
— k(t), Vt € (0,7), 2.7
S aLy (e T E O 27
thanks to Proposition [2.6] we obtain
/
t
im —— £1) :—(1—8—7‘)28—1—7"—1,
=% L (O] eh() « "
hence, in view of (|1.7)),
L'(@2(1)) _r

lim 71 7 =—+r—-1, 2.8
0 By (05 Ly (Ra(0)] V1 [ K(s)dt 2

which, together with (2.7)), yields,

o B0 [ikG)ds g
=0+  Do()k(t)  pHqlr—1)

(2.9)

by and (2.9),

t@y(t) _ m B (t) [ k(s)ds th(t) q
A0 A T ek [ k(s)yds — Up+a(r=1)) (2.10)

this implies
b, € NRV_ q
I(pt+q(r—1))

By (2.10) and L’Hospital’s rule, we obtain
In ®5(t t®L(t
n@y(t) 1R g

(0+).

0 Int o0t @o(h) lp+qr—1))
and m(n®a(t)) . dh(1) Int
0 TIn(lnt) o0 Dy(t) ¥
we now prove by induction, Let m = n(n > 2), we have
i lnn q?g (t)
t—0+ In,t

=1

Then, if m = n + 1, we obtain

n+1 Pa(t In(In, ®o(t _ In,, t

lim 7ln 1 P2(t) = lim 7n(n 2(t)) = lim _ el =1,
t—0+  Inpiqt t—0+ In(In, t) t—0+ In,, Po(t)

this prove (2.5]).

(iii) Following from (ii), 3 € NRV_
clear.

(0+4), then the claim of (iii) is

q
l(p+aq(r—1))
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(iv) Differentiating (2.7]), we deduce that
L _
o PR P (1) [Ly(Da(1))]

(b// —
[0 KO%0) | L@018(0) 0502 (Dalr) |
q  k()P5(t) qLs(®2(t)) L£(®a(t)  V
since Ly € NRV, and L' € NRV_,, by Definition we have
Do ()L (Do (¢ "
im —2( ) f( 2(t)) =0, lim —(I)Z(t)ﬁ (22(t)) = -, (2.12)
A L (,(0) A8 (@)
which combined (2.7) with (2.11]), leads to
@// !/ ¢ _ 1
- 4O (1) g fotatr 1))
20E QL ()k () Do (t) e [Ly(Pa(t))]/ q
then, thanks to (2.7, we have
1" —
RO Uptalr 1)
=0+ [D5(8)] q
(v) In a similar way to Lemma[2.9] (v), we can prove that (v) holds, here we omit
its proof. O

Corollary 2.12. The function ¢y given by (1.17) is well defined and
(i) ¢o € C%(0,7) and lim,_g+ po(t) = oo;
(ii) ¢p2 € NRV__a _(0+) satisfies

p¥a(r—1)

lnm¢2(t) _ {_PJFQ(QTU’ m = 1,

t—0+ lnmt 71, m Z 2.
(ifi) limy_oy j—gg = limy_o4 j—g = limy o4 g—g =0.

S\ T b5 (Dp2(t) _ pta(r—1)
(IV) hthOJr W =1 + f’

. / t 2—q
(v) limg—o @{‘B&% =0
Next we Characterize of ®3.

Lemma 2.13. Suppose that [ satisfies (F3). Then
(i) ®3 € C%(0,7) and lim;_g+ ®3(t) = oo;
(ii) 3 € NRV___,-2 _(0+4) satisfies
(CES )
-2
- In,, ®3(t) _ {_(‘1‘1])(7'1)7 m=1,
t—0+ In,, ¢ -1, m > 2;

(11) limtﬂ0+ %8 = limtﬁ0+ % = hrnt‘“)+ % =0;
(i) Jimy—oy ZHHEO = 1 4 @=DED),
— /3 t 2 . ;
. . q>/ t 2—q
<1V> hmtAOJr U}@(),(SST% =0.
The Proof of the above Lemma is similarly to the previous lemmas, here we omit
it.

Proposition 2.14. Let ¥(z,s,§) satisfy the following two conditions
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(i) W is non-increasing in s for each (z,£) € Q x RV,
(ii) W is continuously differentiable with respect to the £ variable in Qx (0, 00) X
RY,
Ifu,v € C(Q)NC2(Q) satisfy Au+¥(z,u, Vu) > Av+¥(z,v, Vo) in Q and u < v
on 082, then u < wv in Q.

3. PROOF OF MAIN RESULTS

In this section we prove Theorems [I.IJI.3] The proof of each theorem will be
split in two cases according to the values of . Given 6 > 0, for V3 € (0,6), denote

Qs ={zeQ,0<d(z) <d}, 0% ={xecQd(z)=>7},
Oy = D25\, QF = Qos-p,
Proof of Theorem[1.1. Case 1: (i) l € (0,1]. Set
L (2=2r+lp+r—1)\FT
5 o ( 2(60 + E) ) ’
where € € (0,¢) is arbitrary. We now diminish ¢ € (0,3/2), such that
(i) d(zx) is a C?-function on the set {x € RN : d(x) < 26};
(ii) k() is non-decreasing on (0, 24);
(iii) cok?(d(x) — B) < b(x) < cok?(d(z) + B); for all x € {x € RN : d(x,00) <
26}.
Let 5 € (0,6) be arbitrary, we define
uf = EXL(P(d(x) + B), =€ Qf,
uj = € L@ (d() - B), weQ,
by the definition of ug we derive
Vujy = 5L (@1 (d(x) £ 7))@ (d() = B)Vd(x);
since |Vd(z)| = 1, it follows that
Aug = E5L" (D1 (d(w) + 8))[@)(d(z) £ B)]* + 5L (@1(d(z) + )] (d(w) + 5)
+ EEL (@1 (d(w) £ 9) @1 (d(x) = B)Ad(x).

(3.1)

Then
Auér + |Vug(x)|q — b(x)f(ug)
> k?(d(z) + B) f(uf)(Af (d(z) + B) + A3 (d(z) + B)
+ A (d(z) + B) £ A (d(z) + B) — <o),
and

Aug = [Vug ()7 = b(z) f(ug)
< k*(d(x) — B) f(uz) (AL (d(z) — §) + A3 (d(z) — )
+ Az (d(x) — B) £ Ay (d(z) — B) — co),
where we denote

s EELT(@(0)[@ (1))
A = EnrEeEc@ )

(@, (1) (1)
A0 = BErEELE: @)
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i - EL@OAOME) L (EPL@0)- 30
’ R2(4) f(EEL(D1(8) R f(EEL(@1(E)
According to £ € NRV_, and (L)), it is clear that

lim A = (€)' 7 lim §<( 0 f((?l)(f (t>)>}>2 ’

i A5 = (62 oy L0
lim A5 = (%) 7 lim "“’,i?&({}??i’ééi @U;gw) ’
fi 4 = (67775 i (ST

Thanks to ) and (| - we have
. <<1> (OPLAB) | (~20)’L(@1(0)
=0 f(L(P1(2))) D=0 k2(E)(D1(2) L (21(2))
By L' € NRV_,., we obtain
o BOL(@1(0)
0 L@ (1)

=1

=—r

= —7"

o @IOPLA®0) | CROPL@) | B (Bi(0)
ST HE@) P RO@ )L (@1(0) 0 L (@i(0)

which implies

lim Ali = 77L7 .
t—0 (S =
In view of Lemma we have
@)
=0 k2(t) f(L(®1(1)))
L @OPL® ) CHWOPL@0) B0
=0 f(L(D1(1)) =0 R2()(Rr(D)PHILp(D1(2)) =0 (= Pa(2))?
=1+ wv

which yields
1 + l(T+p—1)
lim AjE —_— 2
=0 (¢¥)=""

We notice that

(1)
A AQi @// (t)

and we infer that lim;_.g ASi =0.

Considering Aff, since

(L7(P1 () (=1 (1))
k2(6) f(L(D1(1)))
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_ (@u(®)PLp(R1(#)  (=Pu(1)2L(D1(1)) " g1
(@@
(@:(0) o1
we use Lemma (v) to obtain lim; .o AT = 0. Then we have

soim (AT (d() +8) + A7 (d(@) + B) + Af (d(2) + ) £ A] (d(x) + B) — co)
= +¢,

Jm (A7 (@) = B) + Az (d@) = B) + 45 (d(x) = B) & 4] (d() = B) = o)
= —¢,

Now we can choose § > 0 small enough so that
Aug +|Vd(z)]? — b(x)f(ug) <0, ze€ ng,
Aug = [Vd(2)|? = b(z)f(uz) 20, z€Qy,

Let u(z) be a non-negative solution of (L.I) and M(2§) = maxg(g)>as u(z),
N(26) = L(§ B(20)), it follows that

u(z) < M(20) +ug, x€0Q,
uf < N(26) +u(z), xedQf,
This, combined with Proposition yields
u(z) < M(20) +uy, =z€Qg,
B B
uf < N(26) +u(z), = € QF,
for each = € Q7 NQ, we have
u;; — N(26) <u < M(20) +ug,

we arrive at

UE 3 N(26) < u(z)
(Lo®y)(d(x)) (Lo®i)(d(x)) ~ (Lo P1)(d(x))
Ug M (26)

< )
T (Lo®)(d(x)) (Lo Pq)(d(x))
we note that (1.9) and Proposition leads to
Lo® € RV 21 (0+)

(p+r—1)
thus, we deduce that limg,)—o L o ®1(d(x) = oo. Then letting d(z) — 0, we

conclude (|1.3).
Case 2: | € (1,400). We now diminish ¢ € (0, 5/2), such that

(i) d(z) is a C?-function for all z € Qas;
(ii) k() is non-increasing on (0,20);
(iii) cok?(d(x)) < b(z) < cok?(d(x)) for all z € Q5.
Let 8 € (0,6) be arbitrary, we define
uy =& L(G1(d(x) +P)), @€y,

uy = € L(Gi(dw) - B), weQ;,
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where ¢+ defined by and ¢; defined by (L.16). We infer that
Aujy = EXL" (€5 1 (d(z) + 5))[64 (d(=) F B)1Pk(d())
+EL(Epu(d(x) £ 6))d (d(x) £ B)K (d())
T EEL (€261 (d(w) + B) 6 (dle) + AW (d())
T EEL (€51 (dlw) + B)) (d(x) + Ak(d(x)) Ad(x).
Then we obtain
Auf + [Vuf ()| = b(z) f(uf)
> k*(d(x) + B) f(uf)(A] (d(z) + B) + AS (d(x) + B)
+ A (d(z) + B) + A (d(x) + B8) £ A (d(2) + B) — co),
and
Au + [V ()7 — b(a) f(u)
< K2(d(@) - B)f(u3)(AT (d(x) - B) + A7 (d(x) - B)
+ A5 (d(z) — B) + Ay (d(z) — B) £ A5 (d(x) — B) — ¢o),
where we denote
()L (E (1) [1 ()] EEL (€51 (1) 97 (1)
At = SRy A= S

S () (DR (d())

A0 = ) L En )
At = ELE OB OF () Ad(o)
P ILEnD)

)
(€L E D (1)1 (= (1)
A0 = ) FEE ()

Following the same arguments as above we obtain

—_r 1 + THp—1
}E%Af(t):(fi)pﬁ» }%Aét(t):wﬁ,
lim A5 (t) = o U lim AT (t) =0, lim AZ(t) = 0.
0 (EX)ptr=1 7 0 Tot500 0

Then we obtain

lim (AF () +9)+ Af (d(w) + 9

+ AT (d(w) + B) + AT (@) + B) £ AF (d(a) + 6) — o) =+,
lim (47 (d(x) - 6) + 45 (d(x) - )

d(z)—
+ A (d(z) — B) + Ay (d(z) — B) £ A5 (d(z) — B) — co) = —¢,

The remaining arguments in case 1 also apply here, so that case 2 is proved.
(ii) The proof this case follows from [28, Lemma 2.4]. O

Proof of Theorem[I.4 Case 1: | € (0,1]. Set

§i—( 1 )ﬁ
cq e ’
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where ¢ € (0, ¢,) is arbitrary. We now diminish § > 0, such that
(i) d(z) is a C?*—function on the set {x € RY : d(x) < 2§};
(ii) k(z) is non-decreasing on (0,20);
(iil) c k?(d(x) — B) < b(z) < cik?(d(z) + B), for all x € {z € RN : d(x,00) <
26}.
Let 8 € (0?6) be arbitrary, we define
uj = L€ Bad(a) 4 B). we Q.
uf = L€ @a(d(x) - B). €.
By the definition of ug we have
Vuj = 5L/ @o(d(x) + 8))Ph(d(x) & B) V().
Since |Vd(x)| = 1 it follows that
Auj = (£5)°L" (€5 (d(x) £ 8
+EFL(EF Py (d(x) +
( +

N[5 (d(z) + 8)]?
( !
+EEL (€5 By (d(x)

B))®5(
B3))®5(
Then
Auﬁ + |Vuﬁ x)|9 — b(a:)f(u;)
> k(d(x) + B) f (uf)[BY (d(x) + 8) + By (d(x) + )
+ B3 (d(x) + B) + B (d(z) + B) — cg),
and
Aug + [Vug (2)]* = b(x) f(ug)
< Ki(d(x) — B) f(ug)[By (d(z) — B) + B, (d(z) — )
+ B3 (d(x) — B) + By (d(z) — ¢4,
where we denote
(E5)2L"(E522(1)) [@5(1)]?
L (fi];q(ft))J;( ((f)iq) ((t;)) |
+ L (E5 Dy d(z
B0 = e em)

A direct computation shows that

(D) B
B ) = i e ean)
o (ER)ILEE (1)) (O,
B = ) FlL (e a(0)

B (1) =
0

1

+ C BN 0 T RE() — Rt
lim By (1) = 0, lim By (1) = 0, lim By (¢) = 0, th_I}(l)Ba;(t)—W

t—0

Thus

o (B (d(@) + 8) + B (d(2) + B) + By (d(x) + ) + By (d(x) + ) - cy)

= +€7

i (B (dle) = )+ By (dla) — 6) + By (dla) = 6) + B (dla) - 6) ~ )
= —E’
Similar arguments show that (1.12]) holds.
Case 2: [ € (1,00). This case is similarly, here we omit it. O
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Proof of Theorem[I-3 The main idea is the same as in the proof of Theorems [I.]]

and . We consider two cases, and give the proof of the case [ € (0, 1], the other
case is omitted. Set

&= ((q —TQ)_(llj: e))m'

uy = EEL(O5(d(x) £ 8)), w €.

Define

We infer that
Aot + |V (@)~ b() ()
> (€2)1(L!(®3(d(2) + B))7(@4(d(z) + B)[CT (d(z) + B) + CF (d() + B)
+Cf (d(2) + B) — 1 - CF (d(w) + )],
and
Aug + [Vug ()7 = b(z) f(ug)
< (€9)U(L"(@s(d(x) — 8)(@5(d(2) — B8))[Cr (d(z) — B) + Cy (d(z) — 5)
+ Cy (d(z) — ) — 1+ Cy (d(z)],

where
N £ £7(@, (1)) (@) (1)]2 oL@ (1))
CrO = @@ @smyu@yme 2D T @@ 0) @)
Lo EL@® )P (DAd) b(x) f(u3)
O = @@ @myn@ynr 0T @ @)@ ny
A direct computation shows that
. + - . + 1+ (qitlz)—(gil)
iy O (0 = Temana 1% 0 = @i

. + . +
lim O3 (1) = lim O (1) = 0.
then we can choose § > 0 small enough so that
Aug +|Vd(z)]? — b(:ﬂ)f(u;) <0, z€Qf,
Aug = |Vd(2)|? = b(z)f(uz) 20, z€Qy,
In a similar way we can prove that that (1.14)) holds. d
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